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The QCD and Confinement

Quarks and Gluons

But are confined and not
detectable:

Hadrons

Are detectable*, but not a
basic objects of the QCD.

Several way to deal with this:
Effective theories in terms of hadrons

Nonperturbative QCD: Lattice, Functional methods
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Problem of the dynamical mass generation

Mass generation by weak and strong interaction:

Quark masses

up down strange charm bottom

Mweak [MeV /c2] 3 5 80 1200 4500

Mstrong [MeV /c2] 350 350 350 350 350

Mtotal [MeV /c2] 350 350 450 1500 4800

The weak masses are input parameters
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Nonperturbative QCD: approaches for spectroscopy

Lattice

Ab initio
Gauge invariant

Quark models

Constituent quarks
Quark-quark potential

Functional method: Bethe-Salpeter equation

Infinite volume and continuum limit
Poincare invariance
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QCD in Functional approach

QCD generating functional:

ZQCD =

∫
D[Ψ,A]exp

{
−
∫

d4x

(
Ψ̄(iD/ −m)Ψ− 1

4
(F a
µν)2 + ...

)}

Quark and Gluon propagators in
momentum space:

DGluon
µν =

(
δµν −

pµpν
p2

)
Z (p2)

p2

SQuark =
[
−ip/A(p2) + B(p2)

]−1

Euclidean space

F a
µν = ∂µA

a
ν−∂νAa

µ−gf abcAb
µA

c
ν

Dµ = ∂µ + igtaAa
µ

Landau gauge ∂µA
a
µ = 0

The idea is to extract the gauge independent information from the
gauge dependent approach
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The Dyson-Schwinger equations

S−1(p) = Z2S
−1
0 + g2Z1f

∫
k
γµS(k)Γν(k , p)Dµν

Pieces are still needed:

- Dressed Quark-Gluon vertex.
- Dressed Gluon propagator.

Two approaches:
1. calculate gluon and vertex from their DSE

Strauss, Kellermann, Fischer PRL 109 (2012), R. Williams et al. PRD 89 (2014)

2. use rainbow-ladder model (Maris-Tandy model) for quark-gluon
kernel
Maris, Tandy PRC 78 1999

SK, C. Fischer, R. Williams Meson spectroscopy in a study of the BSE 24.09.2014 8 / 29



The Rainbow-Ladder model

αeff(p2) = πη7p
2

Λ2
e−p

2 η2

Λ2 + αUV (p2)

P. Maris, R. Tandy, PRC 78 1999

Z1f CF
g 2

4π
Dµν(q)Γν(k , p) = Z 2

2CFT
q
µν

αeff(q2)

q2
γν

K
(2)
rs;tu(p, k ;P) = 4πZ 2

2CF
αeff(q2)

q2
T q
µν [γµ]rt [γ

ν ]su

two parameters η and Λ fixed by mπ and fπ
αUV (p2) from perturbation theory

Renormalizable and momentum dependent
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The Maris-Tandy model: how good is it?
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The Dyson-Schwinger equations

S =
[
−ip/A(p2) + B(p2)

]−1

The dynamically generated quark mass
function M(p2) = B(p2)/A(p2) :

- M(p2) momentum
dependent

- MStrong ≈ 350 MeV
- Flavor dependence
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The Bethe-Salpeter equation

Bethe-Salpeter equation → meson masses and wave functions

[Ψ(p;P)]tu = λ

∫
k

K
(2)
rs;tu

[
S(k +

P

2
)Ψ(k ;P)S(k − P

2
)

]
sr

Kernel K is uniquely related to quark-DSE
via AxWTI

- Pion is bound state and Goldstone
boson

- f 2
πm

2
π = 2mn 〈qq̄〉 GMOR is fulfilled
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The Recipe

Quark DSE

S−1(p) = Z2S
−1
0 + g2Z1f

∫
k

γµS(k)Γν(k , p)Dµν

Meson BSE

[Ψ(p;P)]tu = λ

∫
k

K
(2)
rs;tu(p, k ;P) [SΨ(k ;P)S ]sr

Kernel as an effective
one-gluon exchange

αeff(p2) = πη7 p
2

Λ2
e−p2 η2

Λ2

+ pQCD
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General J = N Dirac basis construction

Tensor Structure

D(1) =
(

1 tµγ
µ rµγ

µ rµtν
1
2 [γµ, γν ]

)
D(5) =

(
γ5 γ5tµγ

µ γ5rµγ
µ γ5rµtν

1
2 [γµ, γν ]

)
Ψ(P)
µ1...µJ

(r , t) =
4∑

i=1

[
λiQµ1...µJ D̄

(P)
i + λi+4Tµ1...µJ D̄

(P)
i

]

J=1

Qµ = τ (t)
µν rν , Tµ = τ (t)

µα τ
(Q)
αν γ

ν

J=2

Qµ1µ2 = Qµ1Qµ2 −
1

3
Q2τµ1µ2 ,

Tµ1µ2 = T(µ1
Qµ2) −

2

3
6Qτµ1µ2
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General J = N Dirac basis construction (continuation)

J=3

Qµ1µ2µ3 = Qµ1Qµ2Qµ3 −
1

5
Q2τ(µ1µ2

Qµ3)

Tµ1µ2µ3 = T(µ1
Qµ2Qµ3) −

1

5
2 6Qτ(µ1µ2

Qµ3) −
1

5
Q2τ(µ1µ2

Tµ3)

Quantum numbers

- J - total spin and P-parity are fixed by given tensor structure
- C -parity detected by C = γ2γ4 charge conjugation
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nn̄ spectrum
nn̄ spectrum

π0

π0(1300)

π0(1800)

a0(1450)

ρ(770)

ρ(1450)

ρ(1700)

π1(1400)

a1(1260)b1(1235)
a2(1320)

π2(1670) ρ3(1690)

M
[G

eV
]

0

0.5

1

1.5

2

JPC
0−+ 1−− 0++ 1+− 1++ 2++ 2−− 2−+ 3−− 3+− 3++ 0−− 0+− 1−+ 2+−

PDG
η = 1.8
η = 2.0

C. Fischer, SK, R. Williams arXiv:1406.4370

JPC = 0−+, 1−− spiting

JPC = 1−−, 2++, 3−− in ”good” agreement with experiment
Exotic channels
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ss̄ spectrum
ss̄ spectrum

φ(1020)

φ(1680)

φ(2175)

f'2(1525)

φ'3(1850)

η(1405)

M
[G

ev
]

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

2.4

JPC
0−+ 1−− 0++ 1+− 1++ 2++ 2−− 2−+ 3−− 3+− 3++ 0−− 0+− 1−+ 2+− 3−+

7
8
14

PDG
η = 1.8
η = 2.0

UA(1) anomaly is missing in the model

JPC = 1−−, 2++, 3−− in ”good” agreement with experiment
Exotic channels
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ns̄ spectrum

ns̄ spectrum

K0(493)

K0*(1430)

K*(892)

K*(1410)

K*(1680)

K1(1270)

K1(1400) K2*(1430)

K2(1770)
K2(1820) K3(1780)

M
[G

eV
]

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

JP
0− 0+ 1− 1+ 2− 2+ 3− 3+

η = 2.0
9
14
PDG

PDG
η = 1.8
η = 2.0
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Regge trajectories

M2
X (J) = M2

X (0) + βX J - the Regge slope

nn̄ Regge trajectory

1--
2++ 3--

JPC

0,0

1,0

2,0

3,0

4,0

M
2  [G

eV
2 ]

isovector nnρ(770)

a2(1320)

ρ3(1690)

M2
ρ (0) = −0.42 (−0.05) GeV2

βρ = 0.99 (0.62) GeV2

ss̄ Regge trajectory

1--
2++ 3--

JPC

0,0

1,0

2,0

3,0

4,0

M
2  [G

eV
2 ]

isoscalar ss

φ(1020)

f'
2(1525)

φ3(1850)

M2
φ(0) = 0.05 (0.36) GeV2

βφ = 1.12 (0.78) GeV2
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cc̄ spectrum

cc̄ spectrum

ηc(2.98)

ηc(2S)(3.63)

χc0(3.41)

X(3.918)

J/ψ(3.09)

ψ(2S)(3.68)
ψ(3.77)

ψ(4.04)ψ(4.15)

X(4.26)

X(4.36)
ψ(4.42)

ψ(4.66)

χc1(3.51)

X(3.872)

hc(3.52) χc2(3.55)

X(3.927)

M
[G

eV
]

3

3.2

3.4

3.6

3.8

4

JPC
0−+ 1−− 0++ 1+− 1++ 2++ 2−− 2−+ 3−− 3+− 3++ 0−− 0+− 1−+

PDG
η = 1.157

Contour border

C. Fischer, SK, R. Williams arXiv:1409.5076

M3−− = 3896 MeV
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Lattice charmonium

Charmonium spectrum on the lattice

Liuming Liu et al., JHEP 07 (2012) 126
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bb̄ spectrum

bb̄ spectrum

γ(1S)(9.46)

χb0(9.85)
χb1(9.89)hb(9.89) χb2(9.91)

γ(2S)(10.02)

γ(1D)(10.16)
χb0(10.23) χb1(10.25)χb2(10.26)

γ(3S)(10.35)

γ(4S)

ηb(9.40)

ηb(10.0)

M
[G

ev
]

9.4

9.6

9.8

10

10.2

10.4

JPC
0−+ 1−− 0++ 1+− 1++ 2++ 2−− 2−+ 3−− 3+− 3++ 0−− 0+− 1−+

Contour border

PDG
η = 1.357

M3−− = 10232 MeV
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bc̄ spectrum

bc̄ spectrum

Bc

M
[G
eV
]

6.2

6.3

6.4

6.5

6.6

6.7

6.8

JP
0− 0+ 1−

PDG
η = 1.257

Large numerical error for
the extraction

Quark poles contribution
to BSE
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Maris-Tandy model variation

Effective running coupling αeff(p2)

a1 a4

αeff(x2) = πη7Pn(x2)e−x2η2
+ pQCD, x2 =

p2

Λ2

Pn(x2) =
n∑

i=0

aix
2i−2
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Maris-Tandy model variation

Masses

M
[G
eV
]

2.8

3

3.2

3.4

3.6

3.8

a1
−0.5 −0.25 0 0.25 0.5

ηc
J/ψ
ψ(2S)
χc0
χc1
χc1'

 

M
[G
eV
]

2.8

3

3.2

3.4

3.6

3.8

a4
0 0.2 0.4 0.6 0.8 1

ηc
J/ψ
ψ(2S)
χc0
χc1
χc1'

Gradient decent
Simplex method
Simulated annealing

No way to fit all spectra
within the Rainbow-Ladder

approach
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Summary
Outlook

J 6 3 Light meson spectrum
- JPC = 0−+, 1−− spiting
- JPC = 1−−, 2++, 3−− in ”good” agreement with experiment
- Regge behavior

J 6 3 Heavy meson spectrum
- Overall good comparison with data
- MCharm

3−− = 3896 MeV

- MBottom
3−− = 10232 MeV

- Agreement for J = 2 and J = 3 with the lattice

Futher Development

Charmonium decays

Charm form factors and transition form factors

Beyond Rainbow-Ladder approach

Extract the quark-quark potential
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