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Positronium 

   Positronium is the simplest bound system. 
 
The constituents are structureless pointlike particles. 
 
The binding is almost completely through the usual Coulombic attraction 
between particles of opposite charge.  The structure of positronium can 
be described (in lowest approximation) by a Schrödinger equation (as with 
hydrogen but with reduced mass mr=me/2). 
 
While there are relativistic and other electromagnetic corrections to the 
properties of positronium, strong and weak effects are very small. 
(Coupling to the strong force is indirect, e.g. by hadronic vacuum polarization 
and is suppressed by the mass scale.  Weak effects are intrinsically small.) 



Why Study Positronium? 

Positronium is intrinsically interesting.  Many fundamental aspects of 
quantum field theory enter into its description.  It differs from other 
exotic atoms in having large recoil effects, little sensitivity to hadronic 
physics, and is subject to real and virtual annihilation. 
 
Positronium is accessible both to high precision experiments and to 
detailed calculations, so its study allows for a stringent test of the  
theory of bound state in QED (quantum electrodynamics) and quantum 
field theory generally. 
 
Positronium is ideal for tests of fundamental symmetries and is useful 
in searches for “new physics”. 
 



Positronium Spectrum: n=1 and n=2 
and hyperfine splitting 
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Hyperfine Structure 

This table shows the two main periods of experimental 
work on the positronium hyperfine interval: the 1950s 
and the 1970s.  The present era promises to be a third 
such exciting period of progress. 
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TABLE I: Experimental Results for the Positronium Hyperfine Interval

Year Frequency Shift Precision Experimenters

1951 227(34) GHz 15% Deutsch and Dulit
1952 203.2(3) GHz 1477 ppm Deutsch and Brown
1954 203350(50) MHz 246 ppm Weinstein, Deutsch, and Brown
1955 203300(40) MHz 197 ppm Weinstein, Deutsch, and Brown
1957 203330(40) MHz 197 ppm Hughes, Marder, and Wu
1970 203403(12) MHz 59 ppm Theriot, Beers, Hughes, and Zioch
1972 203396(5) MHz 25 ppm Carlson, Hughes, Lewis, and Lindgren
1975 203387.0(1.6) MHz 8 ppm Mills and Bearman
1977 203384(4) MHz 20 ppm Carlson, Hughes, and Lindgren
1977 203384.9(1.2) MHz 6 ppm Egan, Hughes, and Yam
1983 203387.5(1.6) MHz 8 ppm Mills (“Line-shape e↵ects”)
1984 203389.10(74) MHz 3.6 ppm Ritter, Egan, Hughes, and Woodle
2014 203394.2 (1.6)stat(1.3)sys MHz 10 ppm Ishida, Namba, Asai, Kobayashi, Saito, Yoshida, Tanaka, and Yamamoto

13. A. Ishida et al., “Precise measurement of the positronium hyperfine splitting using the Zeeman method”, Hy-
perfine Int. 212, 133-140 (2012).

Reports progress on a Zeeman-based measurement of the ps hfs. “A measurement with a precision of O(ppm)
is expected within a year.”

14. D. B. Cassidy, T. H. Hisakado, H. W. K. Tom, and Mills, A. P., Jr., “Positronium hyperfine interval measured
via saturated absorption spectroscopy”, Phys. Rev. Lett. 109, 073401 (2012).

Reports progress on a method of measurement that might lead to an O(ppm) measurement of the ps hfs.

IV. EFFECTIVE QUANTUM MECHANICS (EQM) AND EFFECTIVE FIELD THEORY (EFT)
APPROACH

1. S. N. Gupta, “Particle–particle and particle–antiparticle interactions”, Nucl. Phys. 57, 19-28 (1964).

The author develops e↵ective interaction operators for use in calculating energy levels of simple atomic systems
like positronium and muonium. Gupta uses an instantaneous transverse photon propagator, and it isn’t clear
that this approach is amenable to second-order perturbation theory because of the UV divergences that would
be generated, so this method will only go so far.

2. P. Labelle, “NRQED in bound states: applying renormalization to an e↵ective field theory”, arXiv hep-
ph/9209266 (1992). Published in the proceedings of the 14th MRST meeting in Toronto, Ontario, 1992.

Labelle gives a pedagogical introduction to NRQED and NNRQED. He calculates the one-photon-annihilation
contribution to the ps hfs at O(m↵5).

3. T. Zhang, L. Xiao, and R. Koniuk, “Bound state QED e↵ects from the Schrdinger equation”, Can. J. Phys.
70, 670-682 (1992).

The authors develop an e↵ective interaction method and apply it to the ps hfs at O(m↵5). They don’t claim to
have developed a method that could be applied to higher orders.

4. G. P. Lepage, “How to renormalize the Schrödinger equation”, Lectures at the VIII Jorge André Swieca Summer
School (Brazil, Feb. 1997), arXiv:nucl-th/9706029.

Required reading. Excellent discussion of EQM and EFT with a worked out example of an EQM problem.
Discusses the e↵ects of soft photons–like the ones responsible for the Lamb shift.

5. A. Pineda and J. Soto, “E↵ective field theory for ultrasoft momenta in NRQCD and NRQED”, Nucl. Phys. B
(Proc. Suppl.) 64, 428-432 (1998).

The authors describe their development of“potential NRQCD” (pNRQCD) and “potential NRQED” (pNRQED)
and give some details of the matching calculations involved.
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Hyperfine Structure: Experiment 

Allen Mills and 
collaborators 
U.C. Riverside 

!Terahertz!Direct!Spectroscopy!of!
Positronium!Hyperfine!Spli9ng�

Akira!Miyazaki!
The!University!of!Tokyo!

!

collaborated!with!
T.!Yamazaki,!T.!Suehara,!!

T.!Namba,!S.!Asai,!T.!Kobayashi,!H.!Saito,!
!Y.!Tatematsu,!I.!Ogawa,!T.!Idehara,!and!S.!Sabchevski�

Dr.!Yamazaki�

Dr.!Suehara�

��

Two groups are currently 
pursuing measurements of the 

positronium hyperfine 
splitting: at U. Tokyo and at 

U.C. Riverside  



Hyperfine Structure 
Experiment vs. Theory 

A recent result by the Tokyo group throws perhaps a new light on 
the situation.  Additional experimental work with the promise of 
new ppm measurements is ongoing. 
 
 
              



Hyperfine Structure 

e.g. Hyperfine Structure 
 
From the electron’s perspective, there is a magnetic field produced 
by the positron due to the positron magnetic moment: 
 
 
The interaction energy is 
 
 
This interaction separates o-Ps from p-Ps.  This “Fermi splitting” is 
       
 
 
 
 

~B / ~µp / ~Sp

The fine and hyperfine structure comes from small 
corrections to the energy levels due to relativity, magnetic 
effects, recoil and virtual annihilation. 

HHFS = �~µe · ~B / ~Se · ~Sp

�EF =
1

3
m↵4



Hyperfine Structure 

      
 
Another contribution to the hyperfine structure is the process of 
virtual annihilation.  Due to charge parity invariance, this only 
affects orthopositronium (which has C=-1). 
 
 
The contribution of this process 
to the o-Ps energy, and hence  
to the hyperfine splitting, is 
(for the n=1 triplet o-Ps state) 
 
 
 
The total (lowest order) splitting is 

September 13, 2004 15:29 WSPC/139-IJMPA 02014

3890 S. G. Karshenboim

opinion, results of such analysis can depend on a model introducing neutrino mass
and magnetic moment. Still, studies of the pure neutrino modes can provide a limit
on the τ -neutrino magnetic moment at a level above (but possibly not much above)
the current limits.58 Since systematic effects are different and the interpretation
depends on the model, we think it may be important to have several independent
limitations.

Fig. 8. Annihilation of orthopositronium into a pair of νν: via Z-boson (left) and photon (right).
The former diagram is related to the Standard Model, while the latter is present only if µν ̸= 0.

7. Positronium and Other QED Tests

Tests with positronium are quite different from other tests. Advantages and dis-
agvantages of positronium studies and some other QED experiments are listed in
Table 8.

Table 8. Advantages and disadvantages of different QED tests for conventional light atoms,
pure leptonic bound systems and free leptons.

System Value Dominant uncertainties

Hydrogen Lamb shift Nuclear size, higher-order two-loop effects, R∞
Hydrogen 1s HFS Huge uncertainty due to nuclear structure
Hydrogen D21 Experiment
3He+ D21 Higher-order two-loop, recoil, nuclear effects, experiment
4He+ Lamb shift Nuclear size, higher-order two-loop effects, experiment

Muonium 1s HFS Higher-order recoil effects, µµ/µB , α
Positronium 1S HFS Higher-order recoil effects, experiment
Positronium 1S − 2S Higher-order recoil effects, experiment
Positronium 2S − 2P Experiment
Orthopositronium Γ(1s) Experiment
Parapositronium Γ(1s) Experiment

Electron g − 2 Uncertainty: α, cavity QED effects
Muon g − 2 Uncertainty: hadronic effects

To compare different QED tests with/without positronium, we also check which
contributions are crucial for a comparison of theory to experiments. They are sum-
marized in Table 9.
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Hyperfine Structure 
     History 

The calculation of corrections to the ps hfs commenced in 1952 with 
the work of Karplus and Klein.  The one-loop graphs are shown below. 
The complete result at this order is   
 
 
 
 
 
 
 
 
 
 
 
 
 
[This calculation appears in the texts of Schwinger (1970) and Itzykson 
and Zuber (1980).] 
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Hyperfine Structure 
     History 

 
The calculation of two-loop         corrections to the ps hfs began 
in 1970 and was completed by 1998 and involved many workers.                                      

!a" !b" !c"

!d" !e" !f"

(O(↵2))



Hyperfine Structure 
     History 

 
The first contributions to be successfully completed were the two-loop 
logs, done by 1979. 

1γ A 1
24
ln 1

α
⎛
⎝⎜

⎞
⎠⎟ mα

6 3.825MHz

3γ E 1
6
ln 1

α
⎛
⎝⎜

⎞
⎠⎟ mα

6 15.300MHz

total 5
24
ln 1

α
⎛
⎝⎜

⎞
⎠⎟ mα

6 19.125MHz



Hyperfine Structure 
     History 

 
The two-loop constants were completed by 1998:  

1γ A −1.2401mα 6 /π 2 −2.344MHz 1997

2γ A −0.3206mα 6 /π 2 −0.606MHz 1993

3γ A −0.5126mα 6 /π 2 −0.969MHz 1988

1γ E −0.1356mα 6 /π 2 −0.256MHz −

2γ E −5.3824mα 6 /π 2 −10.175MHz 1983,1998

3γ E 3.7141mα 6 /π 2 7.021MHz 1997

total −3.8771mα 6 /π 2 −7.329MHz 1998



Hyperfine Structure 
     History 

 
The analytic value for the two-loop correction was obtained in 1999 
by Czarnecki, Melnikov, and Yelkhovsky. 

�E20 =

⇢
�53

32
⇣(3) +

221

24
⇣(2) ln 2� 5197

576
⇣(2) +

1

2
ln 2 +

1367

648

�
m↵6

⇡2

= �3.8771
m↵6

⇡2
= �7.329MHz



  Hyperfine Structure 
Three-Loop Contributions 

 
The present challenge for the positronium hyperfine structure is to 
complete the calculation of all three-loop corrections.  A schematic 
representation of this set of graphs is shown below. 
 
                                      

!a" !b" !c" !d" !e"

!f" !g" !h" !i" !j"



  Hyperfine Structure 
Three-Loop Contributions 

 
           The three loop logs have already been done. 
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  Hyperfine Structure 
  Status as of 2000 

 
The theoretical formula for the hfs can be written as 
 
 
 
 
 
 
 
where all terms through the three loop logs were known by 2000.  
The numerical value was found to be 
 
 
 
with an uncertainty variously estimated to be 0.16MHz to 0.6MHz.  
This uncertainty is comparable to the experimental uncertainty, and 
should be reduced by computing the three-loop non-log contributions. 
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  Hyperfine Structure 
  Status as of 2000 

 
The various known contributions to the energy splitting are as shown: 
 

Coefficient Term Contribution
C0 = 7 /12 = 0.583 mα 4 204386.631MHz

C1 = −1.235 mα 5 /π −1005.497MHz

C21 = 0.208 mα 6 ln(1 /α ) 19.125MHz

C20 = −3.877 mα 6 /π 2 −7.329MHz

C32 = −0.875 m(α 7 /π )ln2(1 /α ) −0.918MHz

C31 = −1.517 m(α 7 /π )ln(1 /α ) −0.323MHz
total 203391.69MHz
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The natural order of (“hard”) three-loop corrections is 
 
 
 
 
 
None of the C’s is particularly big—the largest being C20=-3.877. In 
order to describe a correction that amounts to 0.6MHz, C30 would 
have to be quite large—about 14π2≈138. Is such a large C possible?  
Apparently it is. 
 
 
 

m↵7

⇡3
⇡ 0.00439MHz
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The first work on three-loop constants was by Simona Marcu (Master of 
Science thesis, University of Alberta, 2011), working under the direction 
of Alexander Penin, using the techniques of NRQED/pNRQED. 
 
Typical energies and momenta of Coulombic bound states satisfy 
 
 
 
Exchange photon types: 
 
Hard photon: 
 
Soft photon:  
 
Ultrasoft photon: 
 
                                      

E
bound

⇠ me↵
2

; p
bound

⇠ me↵ (so r ⇠ 1/(m
e

↵))

E, k ⇠ ↵2me ) V (t, r) ⇠ V (t, r) (but kr << 1)

E, k ⇠ me ) V (t, r) ⇠ �(t)�(r)

E, k ⇠ ↵me ) V (t, r) ⇠ �(t)V (r)
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Marcu evaluated the contribution of ultrasoft photon exchange using 
dimensional regularization in the     scheme (which implies that the 
associated hard and soft contributions must be computed in the same 
scheme).  Her result was a contribution to the hfs of 
 
 
 
 
 
 
(3/7 of this can be attributed to the annihilation channel and 4/7 to 
the exchange channel.) 
 
                                      

MS

�E =
7

12
m↵4 ⇥ ↵3

⇡
{18.8646(17)} = 0.477MHz
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The one-photon-annihilation contribution was obtained this year by 
Baker, Marquard, Penin, Piclum, and Steinhauser [PRL 112, 120401 
(2014)].  Their result is dominated by the ultrasoft contribution, which 
is already present in the result of Marcu.  They used results for the 
multi-loop diagrams that were recently obtained for QCD. 
 

         Their result is: 
 
 
 
                       of which the ultrasoft contribution is: 
 
 
 
                       in agreement with the result of Marcu. !a" !b" !c" !d" !e"

!f" !g" !h" !i" !j"

�E =
7

12
m↵4 ⇥

⇣↵
⇡

⌘3
{84.8(5)} = 0.2174(13)MHz

�Eus =
7

12
m↵4 ⇥

⇣↵
⇡

⌘3
{79.79} = 0.2044MHz
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We (Adkins and Fell) calculated one set of three-loop graphs—those 
involving the exchange of two photons that undergo a light-by-light 
scattering process [PRA 89, 052518 (2014)].  For this contribution 
various apparent IR and UV divergences cancel.  All momenta can be 
taken to be hard, so this set of light-by-light graphs contributes 
at           . 
 
 
 

       The contribution of this set of graphs is 
 
                                      

!a" !b" !c" !d" !e"

!f" !g" !h" !i" !j"
�E = �0.2354

m↵7

⇡3
= �1.033kHz

O(m↵7/⇡3)
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Eides and Shelyuto have obtained results for several gauge-invariant 
sets of graphs that contribute in the two-photon-exchange channel  
[Phys. Rev. D 89, 111301(R), 2014].  These contributions involve “hard” 
photons exclusively.  They also evaluated the light-by-light scattering 
contribution and verified the previous result.  The net contribution of 
all such graphs is 
 
                                      !a" !b" !c" !d" !e"

!f" !g" !h" !i" !j"

�E = �1.2917(1)
m↵7

⇡3
= �5.672kHz
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We have recently obtained a preliminary value for another set of 
three-loop graphs—those involving light-by-light scattering in the 
annihilation channel (graphs (c) below). 
 
 
                                      

!a" !b" !c" !d" !e"

!f" !g" !h" !i" !j"
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We have recently obtained a preliminary value for another set of 
three-loop graphs—those involving light-by-light scattering in the 
annihilation channel (graphs (c) below). 
 
 
                                      

!a" !b" !c" !d" !e"

!f" !g" !h" !i" !j"
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This graph (and its partners with crossed photons) is interesting 
because it contains an imaginary part—that was confirmed to reproduce 
the known decay-rate correction due to light-by-light scattering. 
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This graph (and its partners with crossed photons) is interesting 
because it contains an imaginary part—that was confirmed to reproduce 
the known decay-rate correction due to light-by-light scattering. 
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This graph (and its partners with crossed photons) is interesting 
because it contains an imaginary part—that was confirmed to reproduce 
the known decay-rate correction due to light-by-light scattering. 
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The net contribution of the light-by-light scattering graph in the 
annihilation channel is 
 
 
 
 
 
giving a contribution to the hfs of -6.95kHz and a decay rate 
correction 
 
 
 
 
consistent with the known result. 
(Adkins, Fell, Parsons, Salinger, and Wang) 
 
 
 
                                      

�� = 1.294
⇣↵
⇡

⌘2
�0(p-Ps)

�E = {1.58377(8)� 1.01626(2) i} m↵7

⇡3
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 Why should we expect to be getting the correct answers? 
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 Why should we expect to be getting the correct answers? 

 
 

 Remember what happened with the two-loop calculation… 

!a" !b" !c"

!d" !e" !f"
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 Why should we expect to be getting the correct answers? 

 
 
 
 
 
                               (c) Error in regularization of IR 
                                  -0.907MHz è -0.969MHz 

!a" !b" !c"

!d" !e" !f"
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 Why should we expect to be getting the correct answers? 

 
 
 
 
 
                               (c) Error in regularization of IR 
                               (b) Calculational mistakes 
                                  13.131MHz è -0.606MHz !a" !b" !c"

!d" !e" !f"
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 Why should we expect to be getting the correct answers? 

 
 
 
 
 
                               (c) Error in regularization of IR 
                               (b) Calculational mistakes 
                               (a) Done by two groups 
             pre-publication interaction helpful 
                                    in sorting out differences 
!a" !b" !c"

!d" !e" !f"
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 Why should we expect to be getting the correct answers? 

 
 
 
 
 
                               (c) Error in regularization of IR 
                               (b) Calculational mistakes 
                               (a) Done by two groups 
  
                               (f) Three calculations at least, two  
                                  incorrect. 
                               3.12(66)MHz; 7.03(3)MHz; 1.32(7)MHz 
                                  è 7.021MHz 

!a" !b" !c"

!d" !e" !f"
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 Why should we expect to be getting the correct answers? 

 
 
 
 
 
                               (c) Error in regularization of IR 
                               (b) Calculational mistakes 
                               (a) Done by two groups 
  
                               (f) Three calculations at least, two  
                                  incorrect. 
                               (e) 4σ difference between numerical 
                                  and exact values 
                                

!a" !b" !c"

!d" !e" !f"
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 Why should we expect to be getting the correct answers? 

 
 
 
 
 
                               (c) Error in regularization of IR 
                               (b) Calculational mistakes 
                               (a) Done by two groups 
  
                               (f) Three calculations at least, two  
                                  incorrect. 
                               (e) 4σ difference between numerical 
                                  and exact values 
                               (d) Trivial 

!a" !b" !c"

!d" !e" !f"
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 Why should we expect to be getting the correct answers? 

 
•  Cancellation of IR and UV divergences 
•  Gauge invariance (terms proportional to the gauge parameter vanish) 
•  Trivial internal mistakes will usually cause integrals to diverge 
•  Comparisons to related calculations: 

 no-recoil limit of exchange terms must agree with known results  
  (muonium, hydrogen) 
 imaginary part of annihilation terms should reproduce known decay 
  rate corrections (orthopositronium, parapositronium) 

•  Computer assistance as much as possible 
•  Every contribution should eventually be evaluated by more than one 

group—preferable using at least somewhat different methods. 
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      Summary 

Ultrasoft: exchange channel          272.5 kHz 
 
Ultrasoft: annihilation channel         204.4 kHz 
 
Additional one-photon-annihilation contribution      12.8(1.3) kHz 
 
Anomalous moment in one-photon-exchange    3.0 kHz 
 
Light-by-light: exchange channel         -1.0 kHz 
 
Other two-photon-exchange contributions       -4.7 kHz 
 
Light-by-light: annihilation channel      -6.9 kHz 
 
Total (very incomplete)           480.1 kHz 



Thank you! 

Greg Adkins 
Franklin & Marshall College 


