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Double beta decay: origin

Double beta decay only appears when single-� decay
is energetically forbidden or hindered by large J difference
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• Violates the leptonic number conservation

• Neutrinos are massive Majorana particles 

• Mass hierarchy of neutrinos

• Experimentally not observed (T1/2 >1025 y)

• Beyond the Standard Model

• Most plausible mechanism: exchange of light 
Majorana neutrinos
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Double beta decay

Double beta decay is a second-order
process which appears when single-�
decay is energetically forbidden or
hindered by large �J
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Only lower limits to the half-lives 
have been measured so far

Current experimental status

Experiment Decay Present limit 
T1/2

Forecast limit 
T1/2

Ref.

GERDA 76Ge > 2.1x1025 yr  ~2x1026 yr PRL. 111, 122503 
(2013) 

Majorana 76Ge ——  ~4x1027 yr arXiv:nucl-ex/ 0311013

EXO-200 136Xe > 1.1x1025 yr ~1.3x1028 yr Nature 510, 229 (2014)

KamLAND-
Zen

136Xe > 1.9x1025 yr ~4x1026 yr PRL 110, 062502 (2013)

NEXT 136Xe —— ~1026 yr JINST 7, C11007 (2012)

(S)NEMO3 82Se > 3.6x1023 yr ~1.2x1026 yr PRL 95, 182302 (2005)

CUORICINO 
(CUORE)

130Te > 3x1024 yr ~2x1026 yr PRC 78, 035502 (2008)

(S)NEMO3 150Nd > 1.8x1022 yr ~5x1025 yr PRC 80, 032501 (2009)

SNO+ 150Nd —— > 1.6x1025 yr J. Phys. Conf. Ser. 447, 
012065 (2013)
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Figure 5: (Color online) (a) Decomposition of the total NMEs from the fi-
nal GCM+PNAMP (PC-PK1) calculation; (b) the total NMEs calculated with
either only spherical configuration or full configurations, in comparison with
those of GCM+PNAMP (D1S) from Ref. [34]. The shaded area indicates the
uncertainty of the SRC effect within 10%. See text for more details.

the tensor terms were neglected. These two effects can bring a
difference up to ∼ 15% in the NMEs. By taking into account
this point, one can draw the conclusion from Fig. 5(b) that these
two calculations give consistent results for the total NMEs for
all the candidate nuclei with the exception of 150Nd.
Moreover, we note that in the calculation with pure spher-

ical configuration, PNP increases significantly the NMEs for
the 0νββ-decay evolved with one (semi)magic nucleus, includ-
ing 48Ca (127%), 116Cd (49%), 124Sn (55%), and 136Xe (58%),
where pairing collapse occurs in either protons or neutrons. The
increase in the NMEs by the PNP is mainly through the su-
perfluid partner nucleus. For 48Ca, pairing collapse is found
in both neutrons and protons, leading to about twice enhanced
normalized NME than the other three ones. It can be under-
stood from Eq.(6) that the ⟨βF = 0|Ô0νP̂J=0P̂NI P̂ZI |βI = 0⟩ for
48Ca-Ti does not change by the PNP, while the normalization
factorNF for the daughter nucleus 48Ti is increased, resulting in
the enhanced normalized NME. The comparison of the results
of “Sph+PNP (PC-PK1)” and “Sph+PNP (D1S)” in Fig. 5(b)
shows a large discrepancy in 100Mo-Ru and 150Nd-Sm. This
discrepancy could be attributed to different pairing properties.
However, after taking into account the static and dynamic de-
formation effects, which turn out to decrease the NME signif-
icantly, the discrepancy in 100Mo-Ru is much reduced, while
that in 150Nd-Sm remains and is mainly attributed to the differ-
ence in the overlap between the initial and final collective wave
functions, as already discussed in Ref. [37].
Figure 6 displays our final NMEs for the 0νββ-decay in

comparison with those by the ISM [23], renormalized QRPA
(RQRPA) [30], PHFB [33], NREDF (D1S) [34], and the
IBM2 [32]. There are also other calculations that are not taken

Figure 6: (Color online) Comparison of the NME M0ν for the 0νββ-decay from
different model calculations. The shaded area indicates the uncertainty of the
SRC effect within 10%. The adopted values are available on the web site [52].

Table 2: The upper limits of the effective neutrino mass ⟨mββ⟩ (eV) based on the
NMEs from the present GCM+PNAMP (PC-PK1) calculation, the lower limits
of the half-life T 0ν1/2(×10

24 yr) for the 0νββ-decay from most recent measure-
ments [56, 10, 57, 58, 8, 9, 59] and the phase-space factor G0ν(×10−15 yr−1)
from Ref. [14].

48Ca 76Ge 82Se 100Mo 130Te 136Xe 150Nd
⟨mββ⟩ ≤ 2.92 ≤ 0.20 ≤ 1.00 ≤ 0.38 ≤ 0.33 ≤ 0.11 ≤ 1.76
T 0ν1/2 ≥ 0.058 ≥ 30 ≥ 0.36 ≥ 1.1 ≥ 2.8 ≥ 34 ≥ 0.018
G0ν 24.81 2.363 10.16 15.92 14.22 14.58 60.03

for comparison. Here, only the calculations considering the
SRC effect with the UCOM (except for the IBM2 calculation
with the coupled-cluster model (CCM)) and using the radius
parameter R = 1.2A1/3 fm are adopted for comparison. Our
results are amongst the largest values of the existing calcula-
tions in most cases, except for 100Mo-Ru, 124Sn-Te and 130Te-
Xe. Moreover, the NME for 96Zr in both EDF-based calcu-
lations is significantly larger than the other results, which can
be traced back to the overestimated collectivity. If the ground
state of 96Zr was taken as the pure spherical configuration, the
NME becomes 5.64 (PC-PK1) and 3.94 (D1S), respectively.
We note that the consideration of higher-order deformation in
nuclear wave functions, such as octupole deformation in 150Sm-
Nd [53, 54], and triaxiality in 76Ge-Se [50, 51] and 100Mo-
Ru [55], is expected to hinder the corresponding NMEs further
in the DFT calculation.
Table 2 lists the upper limits of the effective neutrino mass
⟨mββ⟩ based on the present calculated NMEs for the nuclei
whose lower limits of the half-life T 0ν1/2 for the 0νββ-decay have
been recently measured [56, 10, 57, 58, 9, 59]. The smallest
value (≤ 0.11 eV) for the upper limit ⟨mββ⟩ is found based on the
combined results from KamLAND-Zen [9] and EXO-200 [8]
collaborations for the0νββ-decay half-life (T 0ν1/2 ≥ 3.4 × 10

25 yr
at 90% confidence level) of 136Xe. This value is closest to but
still larger than the estimated value (20 − 50 meV based on the
inverted hierarchy for neutrino masses [19]) by a factor of 2−5.
Summary and outlook.− In summary, we have reported a

5

J. M. Yao et al., arXiv:1410.6326

Current theoretical status

J. BAREA, J. KOTILA, AND F. IACHELLO PHYSICAL REVIEW C 87, 014315 (2013)

TABLE XII. Final IBM-2 matrix elements with M-S SRC and
error estimate.

Decay Light neutrino exchange Heavy neutrino exchange

48Ca 1.98(59) 16.3(95)
76Ge 5.42(103) 48.1(255)
82Se 4.37(83) 35.6(189)
96Zr 2.53(40) 59.0(309)
100Mo 3.73(60) 99.3(516)
110Pd 3.62(58) 95.7(498)
116Cd 2.78(44) 67.1(321)
124Sn 3.50(67) 37.8(200)
128Te 4.48(85) 48.4(257)
130Te 4.03(77) 44.0(233)
136Xe 3.33(63) 35.1(186)
148Nd 1.98(32) 59.4(309)
150Nd 2.32(37) 68.4(356)
154Sm 2.50(40) 67.1(349)
160Gd 3.62(58) 92.9(483)
198Pt 1.88(30) 61.5(320)

error is dominated by SRC. In Table XII we have used 58%
in 48Ca, 53% in nuclei with protons and neutrons in the same
major shell, and 52% in nuclei with protons and neutrons in
different major shells.

Finally, having investigated the effect of short-range corre-
lations on 0νββ we are now able to compare our results with
all available calculations done with the same SRC including
DFT [43] and HFB [42]. These are shown in Fig. 7. We
note now that while the ISM, the QRPA, and IBM-2 have
the same trend with A, the other two do not. For the isotopic
ratio M (0ν)(128Te)/M (0ν)(130Te) the DFT method gives 0.86,
in sharp contrast with the value 1.11. Also, while the ISM,
the QRPA, and IBM-2 have a small value for 96Zr, DFT has
a large value. We therefore conclude that the approximations
made in the DFT and HFB method lead to a different behavior
with A. This point is currently being investigated [50]. Also,
the Fermi matrix elements in DFT are comparable to those in
IBM-2 and larger than those in the ISM [50].

IBM 2
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FIG. 7. (Color online) IBM-2 results for 0νββ nuclear matrix
elements compared with QRPA-Tü [13], the ISM [14], QRPA-Jy
[36,54–56], QRPA-deformed [41], DFT [43], and HFB [42].
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FIG. 8. (Color online) Expected half-lives for ⟨mν⟩ = 1 eV, gA =
1.269. The points for 128Te and 148Nd decays are not included in this
figure. The figure is in semilogarithmic scale.

D. Limits on neutrino mass

1. Light neutrino exchange

The calculation of nuclear matrix elements in IBM-2 can
now be combined with the phase-space factors calculated in [8]
and given in Table III and Fig. 8 of that reference to produce
our final results for half-lives for light neutrino exchange in
Table XIII and Fig. 8. The half-lives are calculated using the
formula

!
τ 0ν

1/2

"−1 = G
(0)
0ν |M0ν |2

####
⟨mν⟩
me

####
2

. (21)

We note here that the combination must be done consistently.
If the value of gA is included in M0ν , then it should not be
included in G

(0)
0ν , and similarly for a factor of 4 included in

some definition of G
(0)
0ν [2] and not in others [57]. See Eq. (53)

of Ref. [8]. This point has caused considerable confusion in
the literature. In Table XIII and Fig. 8 the values ⟨mν⟩ = 1 eV
and gA = 1.269 are used. For other values they can be scaled
with |⟨mν⟩/me|2 and g4

A.
The effective neutrino mass is the quantity we want

to extract from experiment. Unfortunately, the axial vector
coupling constant is renormalized in nuclei to gA,eff . A
(model-dependent) estimate of gA,eff can be obtained from
the experimental knowledge of single-β decay and/or of 2νββ
decay. This will be discussed in the following section. Here
we show in Fig. 9 and Table XIII the limits on neutrino
mass from current experimental upper limits using IBM-2
matrix elements of Table V and gA = 1.269. In addition to
the experimental upper limits, a value has been reported for
the half-life in 76Ge, 1.2 × 1025 yr [59]. This is also reported
in Fig. 9.

The average light neutrino mass is constrained by atmo-
spheric, solar, reactor, and accelerator neutrino oscillation
experiments to be [64]

⟨mν⟩ =
##c2

13c
2
12m1 + c2

13s
2
12m2e

iϕ2 + s2
13m3e

iϕ3
## ,

cij = cos ϑij , sij = sin ϑij , ϕ2,3 = [0, 2π ],

014315-10

J. Barea, J. Kotila and F. Iachello, Phys. Rev. C 87, 014315 (2013)

Different methods give different values of NME’s with a factor ~3 difference
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Figure 5: (Color online) (a) Decomposition of the total NMEs from the fi-
nal GCM+PNAMP (PC-PK1) calculation; (b) the total NMEs calculated with
either only spherical configuration or full configurations, in comparison with
those of GCM+PNAMP (D1S) from Ref. [34]. The shaded area indicates the
uncertainty of the SRC effect within 10%. See text for more details.
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Table 2: The upper limits of the effective neutrino mass ⟨mββ⟩ (eV) based on the
NMEs from the present GCM+PNAMP (PC-PK1) calculation, the lower limits
of the half-life T 0ν1/2(×10

24 yr) for the 0νββ-decay from most recent measure-
ments [56, 10, 57, 58, 8, 9, 59] and the phase-space factor G0ν(×10−15 yr−1)
from Ref. [14].

48Ca 76Ge 82Se 100Mo 130Te 136Xe 150Nd
⟨mββ⟩ ≤ 2.92 ≤ 0.20 ≤ 1.00 ≤ 0.38 ≤ 0.33 ≤ 0.11 ≤ 1.76
T 0ν1/2 ≥ 0.058 ≥ 30 ≥ 0.36 ≥ 1.1 ≥ 2.8 ≥ 34 ≥ 0.018
G0ν 24.81 2.363 10.16 15.92 14.22 14.58 60.03

for comparison. Here, only the calculations considering the
SRC effect with the UCOM (except for the IBM2 calculation
with the coupled-cluster model (CCM)) and using the radius
parameter R = 1.2A1/3 fm are adopted for comparison. Our
results are amongst the largest values of the existing calcula-
tions in most cases, except for 100Mo-Ru, 124Sn-Te and 130Te-
Xe. Moreover, the NME for 96Zr in both EDF-based calcu-
lations is significantly larger than the other results, which can
be traced back to the overestimated collectivity. If the ground
state of 96Zr was taken as the pure spherical configuration, the
NME becomes 5.64 (PC-PK1) and 3.94 (D1S), respectively.
We note that the consideration of higher-order deformation in
nuclear wave functions, such as octupole deformation in 150Sm-
Nd [53, 54], and triaxiality in 76Ge-Se [50, 51] and 100Mo-
Ru [55], is expected to hinder the corresponding NMEs further
in the DFT calculation.
Table 2 lists the upper limits of the effective neutrino mass
⟨mββ⟩ based on the present calculated NMEs for the nuclei
whose lower limits of the half-life T 0ν1/2 for the 0νββ-decay have
been recently measured [56, 10, 57, 58, 9, 59]. The smallest
value (≤ 0.11 eV) for the upper limit ⟨mββ⟩ is found based on the
combined results from KamLAND-Zen [9] and EXO-200 [8]
collaborations for the0νββ-decay half-life (T 0ν1/2 ≥ 3.4 × 10

25 yr
at 90% confidence level) of 136Xe. This value is closest to but
still larger than the estimated value (20 − 50 meV based on the
inverted hierarchy for neutrino masses [19]) by a factor of 2−5.
Summary and outlook.− In summary, we have reported a
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TABLE XII. Final IBM-2 matrix elements with M-S SRC and
error estimate.

Decay Light neutrino exchange Heavy neutrino exchange

48Ca 1.98(59) 16.3(95)
76Ge 5.42(103) 48.1(255)
82Se 4.37(83) 35.6(189)
96Zr 2.53(40) 59.0(309)
100Mo 3.73(60) 99.3(516)
110Pd 3.62(58) 95.7(498)
116Cd 2.78(44) 67.1(321)
124Sn 3.50(67) 37.8(200)
128Te 4.48(85) 48.4(257)
130Te 4.03(77) 44.0(233)
136Xe 3.33(63) 35.1(186)
148Nd 1.98(32) 59.4(309)
150Nd 2.32(37) 68.4(356)
154Sm 2.50(40) 67.1(349)
160Gd 3.62(58) 92.9(483)
198Pt 1.88(30) 61.5(320)

error is dominated by SRC. In Table XII we have used 58%
in 48Ca, 53% in nuclei with protons and neutrons in the same
major shell, and 52% in nuclei with protons and neutrons in
different major shells.

Finally, having investigated the effect of short-range corre-
lations on 0νββ we are now able to compare our results with
all available calculations done with the same SRC including
DFT [43] and HFB [42]. These are shown in Fig. 7. We
note now that while the ISM, the QRPA, and IBM-2 have
the same trend with A, the other two do not. For the isotopic
ratio M (0ν)(128Te)/M (0ν)(130Te) the DFT method gives 0.86,
in sharp contrast with the value 1.11. Also, while the ISM,
the QRPA, and IBM-2 have a small value for 96Zr, DFT has
a large value. We therefore conclude that the approximations
made in the DFT and HFB method lead to a different behavior
with A. This point is currently being investigated [50]. Also,
the Fermi matrix elements in DFT are comparable to those in
IBM-2 and larger than those in the ISM [50].
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FIG. 7. (Color online) IBM-2 results for 0νββ nuclear matrix
elements compared with QRPA-Tü [13], the ISM [14], QRPA-Jy
[36,54–56], QRPA-deformed [41], DFT [43], and HFB [42].
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FIG. 8. (Color online) Expected half-lives for ⟨mν⟩ = 1 eV, gA =
1.269. The points for 128Te and 148Nd decays are not included in this
figure. The figure is in semilogarithmic scale.

D. Limits on neutrino mass

1. Light neutrino exchange

The calculation of nuclear matrix elements in IBM-2 can
now be combined with the phase-space factors calculated in [8]
and given in Table III and Fig. 8 of that reference to produce
our final results for half-lives for light neutrino exchange in
Table XIII and Fig. 8. The half-lives are calculated using the
formula
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If the value of gA is included in M0ν , then it should not be
included in G
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0ν , and similarly for a factor of 4 included in

some definition of G
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0ν [2] and not in others [57]. See Eq. (53)

of Ref. [8]. This point has caused considerable confusion in
the literature. In Table XIII and Fig. 8 the values ⟨mν⟩ = 1 eV
and gA = 1.269 are used. For other values they can be scaled
with |⟨mν⟩/me|2 and g4

A.
The effective neutrino mass is the quantity we want

to extract from experiment. Unfortunately, the axial vector
coupling constant is renormalized in nuclei to gA,eff . A
(model-dependent) estimate of gA,eff can be obtained from
the experimental knowledge of single-β decay and/or of 2νββ
decay. This will be discussed in the following section. Here
we show in Fig. 9 and Table XIII the limits on neutrino
mass from current experimental upper limits using IBM-2
matrix elements of Table V and gA = 1.269. In addition to
the experimental upper limits, a value has been reported for
the half-life in 76Ge, 1.2 × 1025 yr [59]. This is also reported
in Fig. 9.

The average light neutrino mass is constrained by atmo-
spheric, solar, reactor, and accelerator neutrino oscillation
experiments to be [64]

⟨mν⟩ =
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Different methods give different values of NME’s with a factor ~3 difference

REDUCE THE UNCERTAINTIES: 
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- NUCLEAR MANY-BODY METHOD (CORRELATIONS)

M0⇥��
⇤ = �0+

f |Ô0⇥��
⇤ |0+

i ⇥
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We want to study the role of


- Deformation and shape mixing.

- Pairing pp/nn/pn correlations.

- Shell effects.

- Isospin conservation.

- Pair breaking (seniority).

- Occupation numbers.

- Size of the valence space.


in the nuclear matrix elements using a standard prescription for the 
transition operator.

NME: Nuclear structure aspects

M0⇥��
⇤ = �0+

f |Ô0⇥��
⇤ |0+

i ⇥
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⇤ |0; NiZi; qi⇥�

�0; NfZf ; qf |0; NfZf ; qf ⇥�0; NiZi; qi|0; NiZi; qi⇥

-0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

4.5

2.5

0.5

0.5

0.5

0.5

0.0

1.0

2.0

3.0

4.0

5.0

6.0

GTF

� (150Nd)

�
(1

5
0
Sm

)

� (150Nd)
�

(1
5
0
Sm

)

NME: deformation and mixing

T.R.R., Martínez-Pinedo, PRL 105, 252503 (2010)

- Final result depends on the distribution of probability of the corresponding initial and final collective states within 
this plot

A=150



EuNPC 2015 | Groningen | Neutrinoless double beta decay nuclear matrix elements with energy density functional methods | Tomás R. Rodríguez

2. Nuclear structure effects1. Introduction 3. Summary

1 2 3 4 5 6
b (136Xe)

1

2

3

4

5

6

b’
 (13

6 Ba
)

0

1

2

3

4

5

5

5

4

4

3

3

2

2

11

1

-0.4 0 0.4 0.8
`2 (136Xe)

-0.4

0

0.4

0.8

`’
2 

(13
6 Ba

)

0

1

2

3

4

5

4

3

3

2

2

2

2

1

1
1

1

(a) (b)

GT GT

Dependence on deformation Dependence on pp/nn pairing

N. López-Vaquero, T.R.R., J.L. Egido, PRL 111, 142501 (2013)

Shape and pp/nn pairing fluctuations



EuNPC 2015 | Groningen | Neutrinoless double beta decay nuclear matrix elements with energy density functional methods | Tomás R. Rodríguez

2. Nuclear structure effects1. Introduction 3. Summary

pn pairing fluctuations

2

nuclear radius, inserted by convention to make the ma-
trix element dimensionless. The form factors hF(q) and
hGT(q) contain the vector and axial vector coupling con-
stants, forbidden corrections to the weak current, nucleon
form factors, and the “Argonne” short-range correlation
function [13]. See, e.g., Ref. [14] for details; note that
we absorb the inverse square of the axial-vector coupling
constant into our definition of hF .

To compute the matrix element in Eq. (1) we need
good representations of the initial and final ground states
|Ii and |F i. In this first application to A = 76 nuclei,
we construct the states in a Hilbert space consisting of
36 particles moving freely in the oscillator fp and sdg
shells. Our Hamiltonian has the form

H = h0 �
1X

µ=�1

gT=1
µ S†

µSµ � �

2

2X

K=�2

Q†
2KQ2K

� gT=0
1X

⌫=�1

P †
⌫P⌫ + gph

1X

µ,⌫=�1

Fµ†
⌫ Fµ

⌫ , (2)

where h0 contains spherical single particle energies, Q2K

are the components of a quadrupole operator defined in
Ref. [15], and

S†
µ =

1p
2

X

l

l̂[c†l c
†
l ]
001
00µ , P †

µ =
1p
2

X

l

l̂[c†l c
†
l ]
010
0µ0 ,

Fµ
⌫ =

1

2

X

i

�µ
i ⌧

⌫
i =

X

l

l̂[c†l c̄l]
011
0µ⌫ . (3)

In this last equation, c†l is a creation operator, l labels
single-particle multiplets with good orbital angular mo-
mentum, l̂ ⌘

p
2l + 1, S†

µ creates a correlated isovector
pair with orbital angular momentum L = 0 and spin
S = 0 (and with µ labeling the isospin component Tz),
P †
µ creates an isoscalar pn pair with L = 0 and S = 1

(Sz = µ), and the Fµ
⌫ are the components of the Gamow-

Teller operator. Although the Hamiltonian is not fully
realistic, it combines and extends both the SO(8) model
[16, 17] and the pairing-plus-quadrupole model [15, 18],
and contains the most important (collective) parts of
shell-model interaction [19]. We discuss the values of the
couplings in Eq. (2) shortly.

A direct diagonalization in a space this large is not
possible, even with our simple Hamiltonian, and we have
already discussed the drawbacks of the QRPA. We there-
fore turn to the GCM, which has been reviewed in many
places (see, e.g., Ref. [4]) and is useful in very-large-scale
shell-model problems. The procedure is variational, with
an ansatz for the ground state of the form

| i =
X

a1a2...an

f(a1, a2, . . . , an)P |a1, a2, . . . , ani . (4)

Here the kets |a1, a2, . . . , ani are mean-field states —
Slater determinants or, in our case, quasiparticle vacua
— with n expectation values ai specified, P is an operator

that projects onto states with well-defined values for an-
gular momentum and neutron and proton particle num-
bers, and f is a weight function. The starting point, if
we want to include the e↵ects of pn pairing, is a Hartree-
Fock-Bogoliubov (HFB) code that mixes neutrons and
protons in the quasiparticles, i.e. (schematically):

↵† ⇠ upc
†
p + vpcp + unc

†
n + vncn . (5)

The actual equations contain sums over single particle
states as well, so that each of the u’s and v’s above are
replaced by matrices as described, e.g., in Ref. [20].
We use the generalized HFB (neglecting the Fock terms

in this step) without any symmetry restriction to con-
struct a set of quasiparticle vacua that are constrained
to have a particular deformation � (defined here as
0.438 fm2 MeV�1 � hQ20i) and isoscalar-pairing ampli-
tude � = hP0 + P †

0 i /2 (these are the ai in Eq. (4)), that
is, we solve the HFB equations for the Hamiltonian with
linear constraints

H 0 = H��ZNZ��NNN��QQ20�
�P

2

⇣
P0 + P †

0

⌘
, (6)

where the NZ and NN are the proton and neutron num-
ber operators — they are part of the usual HFB min-
imization — and the other �’s are Lagrange multipli-
ers to fix the deformation and isoscalar pairing ampli-
tude. (When computing the Fermi part of the 0⌫��
matrix element we substitute the isovector pn operators
(S0 � S†

0)/2i for (P0 + P †
0 )/2 in Eq. (6).) As already

noted, without the last multiplier the isoscalar pairing
amplitude vanishes unless the strength gT=0 of the cor-
responding interaction is larger than some critical value.
For realistic Hamiltonians that is never the case, hence
the need to generate amplitudes by force, as it were.
Having obtained a set of HFB vacua with varying

amounts of axially symmetric deformation and pn pair-
ing, we project the vacua onto states with the correct
number of neutrons and protons and with angular mo-
mentum zero. We then solve the Hill-Wheeler equa-
tion [4], which amounts to diagonalizing H in the space
spanned by our nonorthogonal projected vacua, to deter-
mine the weight function f in Eq. (4).
To carry out a fairly realistic calculation, we need ap-

propriate values for the couplings in the Hamiltonian of
Eq. (2). We determine them by trying to reproduce the
results of calculations with two di↵erent Skyrme interac-
tions (SkO0 [21] and SkM* [22]) in 76Ge and neighbor-
ing nuclei. We first do Skyrme-HFB calculations [23] in
76Ge to determine appropriate volume pairing constants.
We then take single-particle energies for each nucleus,
which we show for SkO0 in Table I, from the results of
constrained HFB calculations for 76Ge and 76Se, which
we temporarily force to be spherical. Next we adjust
the like-particle part of our isovector pairing interaction
(gT=1

1 and gT=1
�1 ) to get the same pairing gaps as the

original Skyrme calculations. The resulting occupation
numbers are close to the spherical Skyrme-HFB numbers
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TABLE II. The 0⌫�� matrix element M0⌫ for the decay of
76Ge in a simplified calculation that neglects deformation, at
various levels of approximation. The first column contains the
source of the couplings in Eq. (2), the second the matrix ele-
ment when the spin-isospin and isoscalar pairing interactions
are absent, the third the matrix element with only isoscalar
pairing missing, the fourth the full GCM result, and the last
the result of the QRPA with the same Hamiltonian (except
for a slightly modified gT=0). The matrix elements in paren-
theses are obtained by quenching our B(GT+).

Skyrme no gph, g
T=0 no gT=0 full QRPA

SkO0 14.0 9.5 5.4 (5.4) 5.6 (5.0)

SkM* 11.8 9.4 4.1 (2.8) 3.5 (2.5)

called gpp when divided by ḡT=1) in exactly the same
way. The values we obtain are only slightly di↵erent.
The last column of Table II contains the QRPA 0⌫��
matrix elements. They are fairly close to those of the
GCM calculation, but much more sensitive to gT=0.

To clarify this last statement, we show the GCM and
QRPA matrix elements as functions of gT=0/ḡT=1 in Fig.
2. The QRPA curves lie slightly above their GCM coun-
terparts until gT=0/ḡT=1 reaches a critical value slightly
larger than 1.5; at that point a mean-field phase tran-
sition from an isovector pair condensate to an isoscalar
condensate causes the famous QRPA “collapse.” The col-
lapse is spurious, as the GCM results show. Its presence
in mean-field theory makes the QRPA unreliable near the
critical point. It is actually a bit of a coincidence that
the QRPA matrix elements in the table are as close as
they are to those of the GCM; a small change in gT=0

would a↵ect them substantially (though because it also
alters B(GT+) a lot, fitting to B(GT+) = 0.62 rather
than 1.0 does not have a huge e↵ect on the 0⌫�� matrix
element). The GCM result is not only better behaved
near the critical point but also, we believe, quite accu-
rate. In the SO(8) model used to test many-body meth-
ods in �� decay many times, the GCM result is nearly
exact for all gT=0. That is not the case for extensions of
the QRPA that attempt to ameliorate its shortcomings
[32, 33], though some of those work better around the
phase transition than others.

To show why the GCM behaves well, we display
in the bottom right part of Fig. 3 the quantity
N�IN�F h�F | PF M̂0⌫PI |�Ii, where |�Ii is a quasiparti-
cle vacuum in 76Ge constrained to have isoscalar pairing
amplitude �I , �F is an analogous state in 76Se, PI , PF

project onto states with angular momentum zero and the
appropriate values of Z and N , and N�I ,N�F normalize
the projected states. This quantity is the contribution to
the 0⌫�� matrix element from states with particular val-
ues of the initial and final isoscalar pairing amplitudes.
The contribution is positive around zero condensation in
the two nuclei and negative when the final pairing ampli-
tude is large. Thus the GCM states must contain compo-
nents with significant pn pairing when gT=0 is near its fit
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FIG. 2. (Color online.) Dependence of the GCM (solid) and
QRPA (dashed) 0⌫�� matrix elements on the strength gT=0

of the isoscalar pairing interaction. The red (upper) and blue
(lower) lines of each type correspond to the interaction pa-
rameters extracted from SkO0 and SkM*. The divergence in
the QRPA near gT=0/ḡT=1 = 1.5 is discussed in the text.

value. The appearance of this plot is di↵erent from those
in which the matrix element is plotted versus initial and
final deformation [6–8]. Here the matrix element is small
or negative even if the initial and final pairing ampli-
tudes have the same value, as long as that value is large.
The behavior reflects the qualitatively di↵erent e↵ects of
isovector and isoscalar pairs on the matrix element [3],
e↵ects that have no analog in the realm of deformation.
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pairing amplitudes �I and �F , from the SkO0-based interac-
tion (see text). Top and bottom left: Square of collective
wave functions in 76Ge and 76Se.

N. Hinohara and J. Engel, PRC 031031(R) (2014)
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we construct the states in a Hilbert space consisting of
36 particles moving freely in the oscillator fp and sdg
shells. Our Hamiltonian has the form

H = h0 �
1X

µ=�1

gT=1
µ S†
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where h0 contains spherical single particle energies, Q2K

are the components of a quadrupole operator defined in
Ref. [15], and
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In this last equation, c†l is a creation operator, l labels
single-particle multiplets with good orbital angular mo-
mentum, l̂ ⌘

p
2l + 1, S†

µ creates a correlated isovector
pair with orbital angular momentum L = 0 and spin
S = 0 (and with µ labeling the isospin component Tz),
P †
µ creates an isoscalar pn pair with L = 0 and S = 1

(Sz = µ), and the Fµ
⌫ are the components of the Gamow-

Teller operator. Although the Hamiltonian is not fully
realistic, it combines and extends both the SO(8) model
[16, 17] and the pairing-plus-quadrupole model [15, 18],
and contains the most important (collective) parts of
shell-model interaction [19]. We discuss the values of the
couplings in Eq. (2) shortly.

A direct diagonalization in a space this large is not
possible, even with our simple Hamiltonian, and we have
already discussed the drawbacks of the QRPA. We there-
fore turn to the GCM, which has been reviewed in many
places (see, e.g., Ref. [4]) and is useful in very-large-scale
shell-model problems. The procedure is variational, with
an ansatz for the ground state of the form

| i =
X

a1a2...an

f(a1, a2, . . . , an)P |a1, a2, . . . , ani . (4)

Here the kets |a1, a2, . . . , ani are mean-field states —
Slater determinants or, in our case, quasiparticle vacua
— with n expectation values ai specified, P is an operator

that projects onto states with well-defined values for an-
gular momentum and neutron and proton particle num-
bers, and f is a weight function. The starting point, if
we want to include the e↵ects of pn pairing, is a Hartree-
Fock-Bogoliubov (HFB) code that mixes neutrons and
protons in the quasiparticles, i.e. (schematically):

↵† ⇠ upc
†
p + vpcp + unc

†
n + vncn . (5)

The actual equations contain sums over single particle
states as well, so that each of the u’s and v’s above are
replaced by matrices as described, e.g., in Ref. [20].
We use the generalized HFB (neglecting the Fock terms

in this step) without any symmetry restriction to con-
struct a set of quasiparticle vacua that are constrained
to have a particular deformation � (defined here as
0.438 fm2 MeV�1 � hQ20i) and isoscalar-pairing ampli-
tude � = hP0 + P †

0 i /2 (these are the ai in Eq. (4)), that
is, we solve the HFB equations for the Hamiltonian with
linear constraints

H 0 = H��ZNZ��NNN��QQ20�
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0
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where the NZ and NN are the proton and neutron num-
ber operators — they are part of the usual HFB min-
imization — and the other �’s are Lagrange multipli-
ers to fix the deformation and isoscalar pairing ampli-
tude. (When computing the Fermi part of the 0⌫��
matrix element we substitute the isovector pn operators
(S0 � S†

0)/2i for (P0 + P †
0 )/2 in Eq. (6).) As already

noted, without the last multiplier the isoscalar pairing
amplitude vanishes unless the strength gT=0 of the cor-
responding interaction is larger than some critical value.
For realistic Hamiltonians that is never the case, hence
the need to generate amplitudes by force, as it were.
Having obtained a set of HFB vacua with varying

amounts of axially symmetric deformation and pn pair-
ing, we project the vacua onto states with the correct
number of neutrons and protons and with angular mo-
mentum zero. We then solve the Hill-Wheeler equa-
tion [4], which amounts to diagonalizing H in the space
spanned by our nonorthogonal projected vacua, to deter-
mine the weight function f in Eq. (4).
To carry out a fairly realistic calculation, we need ap-

propriate values for the couplings in the Hamiltonian of
Eq. (2). We determine them by trying to reproduce the
results of calculations with two di↵erent Skyrme interac-
tions (SkO0 [21] and SkM* [22]) in 76Ge and neighbor-
ing nuclei. We first do Skyrme-HFB calculations [23] in
76Ge to determine appropriate volume pairing constants.
We then take single-particle energies for each nucleus,
which we show for SkO0 in Table I, from the results of
constrained HFB calculations for 76Ge and 76Se, which
we temporarily force to be spherical. Next we adjust
the like-particle part of our isovector pairing interaction
(gT=1

1 and gT=1
�1 ) to get the same pairing gaps as the

original Skyrme calculations. The resulting occupation
numbers are close to the spherical Skyrme-HFB numbers
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For realistic Hamiltonians that is never the case, hence
the need to generate amplitudes by force, as it were.
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mine the weight function f in Eq. (4).
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Eq. (2). We determine them by trying to reproduce the
results of calculations with two di↵erent Skyrme interac-
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ing nuclei. We first do Skyrme-HFB calculations [23] in
76Ge to determine appropriate volume pairing constants.
We then take single-particle energies for each nucleus,
which we show for SkO0 in Table I, from the results of
constrained HFB calculations for 76Ge and 76Se, which
we temporarily force to be spherical. Next we adjust
the like-particle part of our isovector pairing interaction
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�1 ) to get the same pairing gaps as the

original Skyrme calculations. The resulting occupation
numbers are close to the spherical Skyrme-HFB numbers
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TABLE II. The 0⌫�� matrix element M0⌫ for the decay of
76Ge in a simplified calculation that neglects deformation, at
various levels of approximation. The first column contains the
source of the couplings in Eq. (2), the second the matrix ele-
ment when the spin-isospin and isoscalar pairing interactions
are absent, the third the matrix element with only isoscalar
pairing missing, the fourth the full GCM result, and the last
the result of the QRPA with the same Hamiltonian (except
for a slightly modified gT=0). The matrix elements in paren-
theses are obtained by quenching our B(GT+).

Skyrme no gph, g
T=0 no gT=0 full QRPA

SkO0 14.0 9.5 5.4 (5.4) 5.6 (5.0)

SkM* 11.8 9.4 4.1 (2.8) 3.5 (2.5)

called gpp when divided by ḡT=1) in exactly the same
way. The values we obtain are only slightly di↵erent.
The last column of Table II contains the QRPA 0⌫��
matrix elements. They are fairly close to those of the
GCM calculation, but much more sensitive to gT=0.

To clarify this last statement, we show the GCM and
QRPA matrix elements as functions of gT=0/ḡT=1 in Fig.
2. The QRPA curves lie slightly above their GCM coun-
terparts until gT=0/ḡT=1 reaches a critical value slightly
larger than 1.5; at that point a mean-field phase tran-
sition from an isovector pair condensate to an isoscalar
condensate causes the famous QRPA “collapse.” The col-
lapse is spurious, as the GCM results show. Its presence
in mean-field theory makes the QRPA unreliable near the
critical point. It is actually a bit of a coincidence that
the QRPA matrix elements in the table are as close as
they are to those of the GCM; a small change in gT=0

would a↵ect them substantially (though because it also
alters B(GT+) a lot, fitting to B(GT+) = 0.62 rather
than 1.0 does not have a huge e↵ect on the 0⌫�� matrix
element). The GCM result is not only better behaved
near the critical point but also, we believe, quite accu-
rate. In the SO(8) model used to test many-body meth-
ods in �� decay many times, the GCM result is nearly
exact for all gT=0. That is not the case for extensions of
the QRPA that attempt to ameliorate its shortcomings
[32, 33], though some of those work better around the
phase transition than others.

To show why the GCM behaves well, we display
in the bottom right part of Fig. 3 the quantity
N�IN�F h�F | PF M̂0⌫PI |�Ii, where |�Ii is a quasiparti-
cle vacuum in 76Ge constrained to have isoscalar pairing
amplitude �I , �F is an analogous state in 76Se, PI , PF

project onto states with angular momentum zero and the
appropriate values of Z and N , and N�I ,N�F normalize
the projected states. This quantity is the contribution to
the 0⌫�� matrix element from states with particular val-
ues of the initial and final isoscalar pairing amplitudes.
The contribution is positive around zero condensation in
the two nuclei and negative when the final pairing ampli-
tude is large. Thus the GCM states must contain compo-
nents with significant pn pairing when gT=0 is near its fit
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FIG. 2. (Color online.) Dependence of the GCM (solid) and
QRPA (dashed) 0⌫�� matrix elements on the strength gT=0

of the isoscalar pairing interaction. The red (upper) and blue
(lower) lines of each type correspond to the interaction pa-
rameters extracted from SkO0 and SkM*. The divergence in
the QRPA near gT=0/ḡT=1 = 1.5 is discussed in the text.

value. The appearance of this plot is di↵erent from those
in which the matrix element is plotted versus initial and
final deformation [6–8]. Here the matrix element is small
or negative even if the initial and final pairing ampli-
tudes have the same value, as long as that value is large.
The behavior reflects the qualitatively di↵erent e↵ects of
isovector and isoscalar pairs on the matrix element [3],
e↵ects that have no analog in the realm of deformation.
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N�IN�F h�F | PF M̂0⌫PI |�Ii for projected quasiparticle
vacua with di↵erent values of the initial and final isoscalar
pairing amplitudes �I and �F , from the SkO0-based interac-
tion (see text). Top and bottom left: Square of collective
wave functions in 76Ge and 76Se.
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that annihilates a correlated pair of neutrons and creates a
correlated pair of protons. This operator can be written, to a
good approximation, as [23]

P
(0)
+πP

(0)
−ν = απανs

†
π (%π − Nπ )1/2 (%ν − Nν)1/2 s̃ν, (42)

where %π and %ν are the pair degeneracies of the major shells
and Nπ and Nν are the boson numbers (numbers of pairs). The
matrix elements of the operator in Eq. (42) are

⟨Nπ + 1, Nν − 1
!!P (0)

+πP
(0)
−ν

!!Nπ , Nν⟩

= απαν

"
(Nπ + 1)(%π − Nπ )(%ν − Nν + 1)Nν . (43)

The coefficients απ ,αν are characteristic quantities of each
major shell. The behavior (43) is shown in Fig. 6. (This
is slightly different from the realistic calculation of Fig. 5
obtained with single-particle levels for protons slightly differ-
ent than for neutron.) Equation (43) provides a simple estimate
of M (0ν). As an example of application of Eq. (43), consider the
ratio 128

52 Te76/
130
52 Te78. For Te, protons and neutrons are in the

50–82 shell, %π = %ν = 16 and Nπ = 1 and Nν = 13(128Te),
Nν = 14 (130Te). From (43) one obtains

M (0ν)(128Te)
M (0ν)(130Te)

= 1.11. (44)

The result of our calculation (IBM-2 in Table IV) gives
M (0ν)(128Te)/M (0ν)(130Te) = 4.517

4.059 = 1.11. This calculation
includes FSC and SRC effects. Formula (43), derived in GS
and spherical nuclei, appears also to be valid for the full
calculation (IBM-2) and weakly deformed nuclei. The analogy
between neutrinoless double-β decay and 2n and 2p transfer
suggests that the physical decay occurs in a correlated pair
and is thus enhanced by pairing correlations. It also allows a
model-independent prediction for ratios of matrix elements,
by resorting to experimental data for 2n (and 2p) transfer
reactions

A
ZXN (p, t)AZXN−2. (45)

The intensities of these reactions are proportional to the square
of the matrix elements of the operator P

(0)
−ν and thus, for fixed

proton number, to the square of the matrix elements M (0ν). As
reported in Ref. [23], the experimental two-neutron transfer
reactions in Te appear to be well described by Eq. (43).

The relation described above is also well satisfied by
QRPA. For example, from Table IV, row QRPA, we have
M (0ν)(128Te)/M (0ν)(130Te) = 3.770

3.338 = 1.13.
We suggest that the relation

M (0ν) ≃ απαν

"
Nπ + 1

"
Nν

"
%π − Nπ

"
%ν − Nν + 1

(46)

be used to estimate M (0ν) for spherical and weakly deformed
nuclei with A >∼ 60. By fitting our calculation in 76Ge with (43)
we find απαν = 0.186 for protons and neutrons in the 28–
50 shell and by fitting in 128Te we find απαν = 0.114 for
protons and neutrons in the 50–82 shell. These values are used
in Fig. 6, where also the two points 128Te and 130Te are shown.

As mentioned above, this estimate applies to spherical
and weakly deformed nuclei. For strongly deformed nuclei,
it should be modified as discussed in Ref. [23].

C. Effects of deformation

The effects of deformation can be easily seen within the
microscopic IBM framework. In spherical nuclei, the ground
state is composed of S pairs (s bosons) and is well described
by generalized seniority. As the deformation increases, the
number of d-bosons in the ground state increases, reaching
a maximum of (2/3)(Nπ + Nν) in SU(3) nuclei. The effects
of the deformation are the differences between the rows GS
and IBM-2 in Table I. For the nuclei described in this article,
the effect is a reduction by about 20%. The advantage of the
method discussed in this article is that one can do calculations
in any nucleus with A >∼ 70. For semimagic nuclei, one can
use GS, whereas for all others one can use IBM-2. To study
further the effects of strong defomation, we are planning to
calculate the matrix elements in the decay of 160Gd, 232Th, and
238U, for which we need first to obtain realistic wave functions
that describe accurately all observed properties. The results of
the calculation will be presented in a forthcoming publication.

044301-9

J. Barea and F. Iachello, Phys. Rev. C 79, 044301 (2009)
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- Same pattern in spherical EDF, seniority 0 Shell Model, and 
Generalized Seniority model (overall scale?) 


- What is the effect of including more correlations?

Where do the differences come from?
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FIG. 1. (Color online) Gamow-Teller part of the nuclear matrix element, M0ν
GT, for Ca→Ti (a), Ti→Cr (b) and Cr→Fe (c) 0νββ decays,

calculated with shell model (SM) and energy density functional (EDF) methods. The D1S EDF interaction is used (circles). In the SM case,
the KB3G (squares) and GXPF1A (lozenges) effective interactions are employed.

Refs. [31,50]. Maxima are more marked in SM calculations,
where the initial and final states share the same isospin
quantum number, T . In the SM case the two states are exactly
isospin-symmetric, because Coulomb and isospin-symmetry-
breaking terms in the nuclear interaction are neglected, but the
overlap between mirror initial and final states is also maximal
in the EDF approach, which includes the Coulomb term. For
EDF calculations, however, T is not a good quantum number.

The configuration space and nuclear correlations included
in SM and EDF calculations are very different, with the SM
being able to take into account more general correlations but
in a rather limited valence space. Regarding the size of the
configuration space it is important to note that in the pf shell
the SM includes all orbitals with their corresponding spin-
orbit partner. This is relevant because in the 0νββ decay of
heavier nuclei, some spin-orbit partners are not included in
SM calculations, and this has been pointed out as a possible
cause of the relatively small SM NMEs. The SM calculations
analyzed in this work are thus free from this shortcoming.

We can get more insight in the comparison of SM and
EDF NMEs by simplifying the nuclear structure correlations
present in the initial and final states of the 0νββ decay. Figure 2
shows M0ν

GT calculated with the same transition operator as
Fig. 1, but with simplified nuclear states. For the EDF, spherical
symmetry is assumed. In the SM case, only configurations
with zero seniority (s = 0) are permitted, this is, protons and
neutrons are coupled in J = 0 pairs; no proton-neutron J =
0 pairs are included. We observe that the GT parts of the
NMEs calculated in these simplified schemes are significantly
larger than in the full calculation for both approaches, with a

striking agreement between SM and EDF NMEs. Indeed SM
GXPF1A calculations lie within 10% of EDF values, while
SM KB3G calculations are about 25% larger. The difference
between the two SM results stems from the different J = 0,
T = 1 pairing. As shown in Fig. 1, this difference between
effective interactions is washed out when full calculations are
performed. The agreement between SM and EDF NMEs is in
strong contrast with the full NME calculations shown in Fig. 1,
where SM NMEs were half of the EDF values.

This implies that the spherical EDF and seniority-zero
SM calculations, while conceptually very different, capture
approximately the same physics, leaving out the nuclear
structure correlations that reduce the 0νββ decay NMEs.
Some of these have been identified in Refs. [15,17,31] as the
correlations associated with high-seniority components in the
SM, and collective deformation effects in EDF calculations.
High seniority components have been also studied within the
QRPA in Ref. [21].

Figure 2 also shows that the trends followed by the NMEs
calculated in both approaches are very similar, and indeed
they follow to a good approximation the generalized seniority
scheme in a single shell [51]:

M0ν
GT ≃ απαν

!
Nπ + 1

!
%π − Nπ

!
Nν

!
%ν − Nν + 1,

(6)

where Nπ(ν) is the number of proton (neutron) pairs in the shell,
%π(ν) the pair degeneracy and απ(ν) coefficients characteristic
of a major shell. Deviations from Eq. (6) are due to nonperfect
shell closures and the A dependence in the neutrino potentials.
The “inverted parabola” from initial number of neutrons
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FIG. 2. (Color online) Gamow-Teller part of the nuclear matrix element, M0ν
GT, for Ca→Ti (a), Ti→Cr (b), and Cr→Fe (c) 0νββ decays,

with seniority-zero shell model (SM) and spherical energy density functional (EDF) states. Interactions are as in Fig. 1.
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- NMEs are reduced with respect to the 
spherical value when correlations are included.


- The biggest reduction is produced by angular 
momentum restoration and configuration 
mixing produces an increase of the NME.


- Cross-check nuclei: 42Ca, 50Ca, 56Fe J. Menéndez, T. R. R., A. Poves, G. Martínez-Pinedo, PRC 90, 024311 (2014).
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corresponding PES to calculate the NMEs (EDFmin). Finally,
the full EDF calculation uses self-consistent shape mixing of
the collective states, within the GCM framework, to obtain the
NMEs (EDFfull).

Figure 3 shows that the M0ν
GT pattern found with EDF

spherical states disappears when PES minima are used.
Moreover, the NMEs are significantly reduced when the
deformation effects are included. Furthermore, the full EDF
NMEs roughly follow the trends of the PES minima solution,
and configuration (shape) mixing only produces a shift to
larger values, which is larger in the Ti and Cr decays after
the neutron f7/2 orbital is filled.

Figure 4 compares SM calculations of NMEs obtained
using the KB3G interaction with seniority-zero initial and
final states and the full pf calculation. In addition, NMEs for
the exact isospin projection of seniority-zero states are also
compared. The left-hand panels in Figure 4—panels (a), (c),
and (e)—show that the Fermi components of the NMEs are
strongly reduced when projection to good isospin is performed.
Therefore, 0νββ decay calculations where isospin symmetry is
not conserved are expected to significantly overestimate M0ν

F .
In particular the ratio of Fermi to GT components, defined
as χF = (gV /gA)2M0ν

F /M0ν
GT, is reduced from −χF ∼ 0.3, for

seniority-zero calculations without good isospin, to −χF ∼
0.15, for the complete pf results where isospin symmetry is
conserved. Typical χF values obtained in QRPA and IBM cal-
culations are −χF ∼ 0.3, . . . ,0.4 [19,22], while EDF values
range −χF ∼ 0.20, . . . ,0.25. The sizable χF values reflect the
isospin nonconservation of these calculations. Very recently
Ref. [19] attempted an approximate restoration of isospin
symmetry in the context of the QRPA, leading to a reduction
of Fermi matrix elements up to −χF ∼ 0.20, . . . ,0.25.

On the other hand, the right-hand panels in Fig. 4—panels
(b), (d), and (f)—show that isospin projection is only a small
correction to M0ν

GT. For the GT component, the reduction
is maximal at N = Z nuclei, and non-negligible in general,
but it becomes very minor in the most neutron-rich systems.
Therefore, the impact of isospin projection to M0ν

GT is expected
to be modest. The correlations associated with high-seniority
components in the initial and final states are responsible for the
strong reduction of M0ν

GT, and these correlations also wash out
the trend which appears with seniority-zero initial and final
states. In addition, it follows from Figs. 3 and 4 that these
correlations reduce the NMEs more significantly than the ones
associated with collective deformation in the EDF approach.

Figure 5 gives a detailed account of the evolution of the
SM M0ν

GT and M0ν
F parts of the NMEs as a function of the

maximum seniority allowed in the initial and final nuclear
states. This figure shows that for the 50Ca→50Ti 0νββ decay,
which relates two semimagic nuclei, seniority components
up to s = 4 are necessary for a reliable M0ν

GT and M0ν
F

calculation. The seniority decomposition of the full SM states
in s = 0/s = 4/s > 4 components is 97%/3%/0% for 50Ca
and 77%/21%/2% for 50Ti. On the other hand, higher seniority
components up to s = 8 are needed in the 48Ti→48Cr decay.
In this case the decomposition in seniority is 58%/37%/5%
for the s = 0/s = 4/s > 4 parts in 48Ti and 27%/42%/31%
for 48Cr. High-seniority components are therefore associated
with the description of the deformed 48Cr.
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FIG. 5. (Color online) Gamow-Teller [M0ν
GT, panels (a),(b)] and

Fermi [M0ν
F , panels (c),(d)] parts of the nuclear matrix element of the

0νββ decays of 50Ca→50Ti [panels (a),(c)] and 48Ti→48Cr [panels
(b),(d)]. Shell model (SM) results are shown as a function of the
maximum seniority permitted in the initial and final states (squares),
and also after isospin projection (circles). Energy density functional
(EDF) results using spherical initial and final states (dashed lines)
and the full EDF calculation (dashed-dotted lines) are also shown.
The EDF Gogny D1S and SM KB3G interactions are used.

Spherical and full EDF results are also shown in Fig. 5.
We have discussed above that spherical EDF results roughly
correspond to seniority-zero SM calculations. However, the
full EDF NMEs behave quite differently in the two decays
shown in in Fig. 5. For 50Ca→50Ti decay, the final EDF number
agrees with the results of the spherical NME calculation.
This is due to the semimagic character of the initial and
final states, which prevents any collective correlation in these
nuclei (this also applies to the 42Ca→42Ti decay). In contrast,
the full NMEs for the 48Ti→48Cr decay get contributions
from collective deformation and shape mixing. These final
NMEs are roughly equivalent to the SM s = 6 results.
This suggests that correlations associated to high-seniority
components in the SM are not completely captured in EDF
calculations. These could be partially responsible for the
differences between SM and EDF NMEs shown in Fig. 1.
Since the EDF states are built as linear combinations of
projected Hartree-Fock-Bogoliubov-type states with different
axial quadrupole deformations, these intrinsic states are fully
paired—in time-reversed single-particle orbits—by definition.
Therefore, pair-breaking in the seniority scheme is obtained
by deforming the system, but not by including explicitly
quasiparticle excitations on top of each intrinsic state. A step
further, beyond the scope of this work, would include on
equal footing both pair-breaking mechanisms into the GCM
framework, and study their influence in the NMEs.
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corresponding PES to calculate the NMEs (EDFmin). Finally,
the full EDF calculation uses self-consistent shape mixing of
the collective states, within the GCM framework, to obtain the
NMEs (EDFfull).

Figure 3 shows that the M0ν
GT pattern found with EDF

spherical states disappears when PES minima are used.
Moreover, the NMEs are significantly reduced when the
deformation effects are included. Furthermore, the full EDF
NMEs roughly follow the trends of the PES minima solution,
and configuration (shape) mixing only produces a shift to
larger values, which is larger in the Ti and Cr decays after
the neutron f7/2 orbital is filled.

Figure 4 compares SM calculations of NMEs obtained
using the KB3G interaction with seniority-zero initial and
final states and the full pf calculation. In addition, NMEs for
the exact isospin projection of seniority-zero states are also
compared. The left-hand panels in Figure 4—panels (a), (c),
and (e)—show that the Fermi components of the NMEs are
strongly reduced when projection to good isospin is performed.
Therefore, 0νββ decay calculations where isospin symmetry is
not conserved are expected to significantly overestimate M0ν

F .
In particular the ratio of Fermi to GT components, defined
as χF = (gV /gA)2M0ν

F /M0ν
GT, is reduced from −χF ∼ 0.3, for

seniority-zero calculations without good isospin, to −χF ∼
0.15, for the complete pf results where isospin symmetry is
conserved. Typical χF values obtained in QRPA and IBM cal-
culations are −χF ∼ 0.3, . . . ,0.4 [19,22], while EDF values
range −χF ∼ 0.20, . . . ,0.25. The sizable χF values reflect the
isospin nonconservation of these calculations. Very recently
Ref. [19] attempted an approximate restoration of isospin
symmetry in the context of the QRPA, leading to a reduction
of Fermi matrix elements up to −χF ∼ 0.20, . . . ,0.25.

On the other hand, the right-hand panels in Fig. 4—panels
(b), (d), and (f)—show that isospin projection is only a small
correction to M0ν

GT. For the GT component, the reduction
is maximal at N = Z nuclei, and non-negligible in general,
but it becomes very minor in the most neutron-rich systems.
Therefore, the impact of isospin projection to M0ν

GT is expected
to be modest. The correlations associated with high-seniority
components in the initial and final states are responsible for the
strong reduction of M0ν

GT, and these correlations also wash out
the trend which appears with seniority-zero initial and final
states. In addition, it follows from Figs. 3 and 4 that these
correlations reduce the NMEs more significantly than the ones
associated with collective deformation in the EDF approach.

Figure 5 gives a detailed account of the evolution of the
SM M0ν

GT and M0ν
F parts of the NMEs as a function of the

maximum seniority allowed in the initial and final nuclear
states. This figure shows that for the 50Ca→50Ti 0νββ decay,
which relates two semimagic nuclei, seniority components
up to s = 4 are necessary for a reliable M0ν

GT and M0ν
F

calculation. The seniority decomposition of the full SM states
in s = 0/s = 4/s > 4 components is 97%/3%/0% for 50Ca
and 77%/21%/2% for 50Ti. On the other hand, higher seniority
components up to s = 8 are needed in the 48Ti→48Cr decay.
In this case the decomposition in seniority is 58%/37%/5%
for the s = 0/s = 4/s > 4 parts in 48Ti and 27%/42%/31%
for 48Cr. High-seniority components are therefore associated
with the description of the deformed 48Cr.
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FIG. 5. (Color online) Gamow-Teller [M0ν
GT, panels (a),(b)] and

Fermi [M0ν
F , panels (c),(d)] parts of the nuclear matrix element of the

0νββ decays of 50Ca→50Ti [panels (a),(c)] and 48Ti→48Cr [panels
(b),(d)]. Shell model (SM) results are shown as a function of the
maximum seniority permitted in the initial and final states (squares),
and also after isospin projection (circles). Energy density functional
(EDF) results using spherical initial and final states (dashed lines)
and the full EDF calculation (dashed-dotted lines) are also shown.
The EDF Gogny D1S and SM KB3G interactions are used.

Spherical and full EDF results are also shown in Fig. 5.
We have discussed above that spherical EDF results roughly
correspond to seniority-zero SM calculations. However, the
full EDF NMEs behave quite differently in the two decays
shown in in Fig. 5. For 50Ca→50Ti decay, the final EDF number
agrees with the results of the spherical NME calculation.
This is due to the semimagic character of the initial and
final states, which prevents any collective correlation in these
nuclei (this also applies to the 42Ca→42Ti decay). In contrast,
the full NMEs for the 48Ti→48Cr decay get contributions
from collective deformation and shape mixing. These final
NMEs are roughly equivalent to the SM s = 6 results.
This suggests that correlations associated to high-seniority
components in the SM are not completely captured in EDF
calculations. These could be partially responsible for the
differences between SM and EDF NMEs shown in Fig. 1.
Since the EDF states are built as linear combinations of
projected Hartree-Fock-Bogoliubov-type states with different
axial quadrupole deformations, these intrinsic states are fully
paired—in time-reversed single-particle orbits—by definition.
Therefore, pair-breaking in the seniority scheme is obtained
by deforming the system, but not by including explicitly
quasiparticle excitations on top of each intrinsic state. A step
further, beyond the scope of this work, would include on
equal footing both pair-breaking mechanisms into the GCM
framework, and study their influence in the NMEs.
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- The biggest reduction (in Shell model 
calculations) is produced by including 
higher seniority components in the 
nuclear wave functions.


- Isospin projection is relevant for the 
Fermi part of the NME and less 
important for the Gamow-Teller part.


- Isospin projection tends to reduce the 
NME.


- EDF does not include properly those 
higher seniority components, specially 
in spherical nuclei.


- p-n pairing effects could also be 
important in the reduction of the NME.

J. Menéndez, T. R. R., A. Poves, G. Martínez-Pinedo, PRC 90, 024311 (2014).
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Summary

๏ Experimental data are already able to constrain very long lower 
limit half-lives (we cross fingers for a positive signal soon!). 

๏ NMEs differ a factor of three between the different methods but 
we need to understand which are the pros/cons of each method 
to provide reliable numbers (precision vs. accuracy). 

๏ Nuclear physics aspects like deformation, pairing, shell effects, 
isospin restoration, etc. are understood similarly within different 
approaches.  

๏ Systematic comparisons between ISM/EDF methods have been 
performed.


