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The evolution of low-energy collective excitations…

…structure phenomena across the chart of nuclides.

The atomic nucleus is a unique finite quantum system in which single-particle  
and collective degrees of freedom coexist.



…formation and evolution  
of exotic cluster states in  
light nuclei



…modification of shell structure and the occurrence of deformations in closed-shell  
nuclei far from β-stability

N=28 isotones



Location of the nucleon drip lines and the limits of the nuclear landscape:



Neutron-rich nuclei → weak binding of the excess neutrons, diffuse neutron densities,  
formation of a neutron skin, pygmy dipole resonances (PDR) in medium-mass and  
heavy nuclei.  

68Ni photoabsorption cross section E1 strength function



III. RESULTS AND DISCUSSION

A. The 3D PESs of 148,150,152Nd
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FIG. 1: (Color online) The calculated potential energy surfaces of 148,150,152Nd.
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TABLE I: The B(E2) values and quadrupole shape invariant q2(0+
n ; k) (in unit of e2b2) in Nd

isotopes, where q2(0+
n ; k) =

k∑
j=1

B(E2; 0+
n → 2+

j ).

144Nd 146Nd 148Nd 150Nd 152Nd 154Nd 156Nd

B(E2; 0+
1 → 2+

1 ) 0.41243 0.796875 1.353881 2.384046 3.548996 4.080346 4.345655

B(E2; 0+
1 → 2+

2 ) 0.003803 0.040853 0.063625 0.003361 0.0002 0.101858 0.106663

B(E2; 0+
1 → 2+

3 ) 0.003146 0.014203 0.056151 0.178894 0.187663 0.072398 0.061663

B(E2; 0+
1 → 2+

4 ) 0.000001 0.000186 0.004067 0.005471 0.002464 0.000127 0.000029

q2(0+
1 ; k = 4) (e2b2) 0.41938 0.852117 1.477724 2.571772 3.739323 4.254729 4.51401

B(E2; 0+
2 → 2+

1 ) 0.098967 0.166729 0.198274 0.205903 0.139194 0.087872 0.07251

B(E2; 0+
2 → 2+

2 ) 0.006116 0.028769 0.362488 1.957861 2.267689 0.10286 0.041417

B(E2; 0+
2 → 2+

3 ) 0.590782 1.005561 1.44571 1.000794 0.718995 2.952074 3.754696

B(E2; 0+
2 → 2+

4 ) 0.001867 0.009202 0.002254 0.001864 0.020941 0.077057 0.059296

q2(0+
2 ; k = 4) (e2b2) 0.697732 1.210261 2.008726 3.166422 3.146819 3.219863 3.927919

FIG. 1: (color online) (a) q2(0+
1 ; k = 4) and q2(0+

2 ; k = 4) in Nd isotopes. (b) the difference between

q2(0+
2 ; k = 4) and q2(0+

1 ; k = 4).

In fig. 1 (a) we show the quadrupole shape invariants q2(0
+
1 ; k = 4) and q2(0

+
2 ; k = 4) in

1

q2(0+
n ; k) =

k�

j=1

B(E2; 0+
n � 2+

j )

q shape invariants:

Shape coexistence and shape (phase) transitions in medium-heavy and heavy nuclei



Octupole deformed (pear-shaped) heavy nuclei:



Subshell closures and stability of superheavy nuclei: rotational band structure
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Universal collective phenomena that reflect the organisation of nucleonic matter in finite 
nuclei → global theory framework that can be applied to different mass regions.



Energy Density Functionals

✔ the nuclear many-body problem is effectively mapped onto a one-body problem without 
explicitly involving inter-nucleon interactions!

✔ the exact density functional is approximated with powers and gradients of ground-state 
densities and currents.

✔ universal density functionals can be applied to all nuclei throughout the chart of nuclides.

Important for extrapolations to regions far from stability!



Kohn-Sham Density Functional Theory

… a universal functional: 

Kinetic energy of the  
non-interacting system Hartree term

Exchange-correlation 
energy

Self-consistent Kohn-Sham DFT: includes correlations  
and therefore goes beyond Hartree-Fock. It has the 
advantage of being a local scheme.

Jacob’s ladder of DFT approximations for the Exc. 

F [⇢] = T
s

[⇢] + U [⇢] + E
xc

[⇢]

Hartree world

⇢

r⇢

{ i}

"
x

⌧

r2⇢

generalized RPA

hyper-GGA

meta-GGA

GGA

LDA

and/or

unoccupied



Nuclear Many-Body Correlations

short-range 
(hard repulsive core of  

the NN-interaction)

long-range  
nuclear resonance 
modes (giant resonances)

collective correlations 
large-amplitude soft modes: 
(center of mass motion, rotation, 
low-energy quadrupole vibrations)

...vary smoothly with nucleon number! 
Can be included implicitly in an effective  
Energy Density Functional.

...sensitive to shell-effects and strong variations 
with nucleon number! Cannot be included in 
a simple EDF framework.  



The constrained self-consistent mean field method produces semi-classical  
energy surfaces as functions of intrinsic deformation parameters.

→ include static correlations: deformations & pairing 
→ do not include dynamic (collective) correlations that arise from symmetry 
restoration and quantum fluctuations around mean-field minima
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1. Mean-field calculations, with 
a constraint on the 
quadrupole moment. 

2.  Angular-momentum and  
    particle-number projection. 

3. Generator Coordinate Method 
 ⇒ configuration mixing

Restoration of broken symmetries 
(rotational, particle number) and  
fluctuations of collective variables  
(quadrupole deformation).



Particle-number projected 3D AMP + GCM model

... larger variational space for projected GCM calculations!



Five-dimensional collective Hamiltonian

... nuclear excitations determined by quadrupole vibrational and rotational degrees of 
freedom

Hcoll = Tvib(�, ⇥) + Trot(�, ⇥,�) + Vcoll(�, ⇥)

Tvib =
1
2
B�� �̇2 + �B�⇥ �̇⇥̇ +

1
2
�2B⇥⇥ ⇥̇2

Trot =
1
2

3�

k=1

Ik�2
k

The entire dynamics of the collective Hamiltonian is governed by the seven functions 
of the intrinsic deformations β and γ: the collective potential, the three mass 
parameters: Bββ, Bβγ, Bγγ, and the three moments of inertia Ik. 

Phys. Rev. C 79, 034303 (2009). 

Prog. Part. Nucl. Phys. 66, 519 (2011). 
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Microscopic EDF  
original energy surface

... mapped on the  
IBM surface.

Mapping the microscopic PES on the expectation value of the IBM Hamiltonian in the  
sdf-boson condensate state: 

More complex shapes: additional (octupole) degrees of freedom

Phys. Rev. C 88, 021303(R) (2013).

Phys. Rev. C 89, 024312 (2014).



Coexisting shapes in N=28 isotones

Single-particle levels

Proton levels

Neutron levels
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Probability density distributions:



Shape evolution and triaxiality in germanium isotopes
Phys. Rev. C 89, 044325 (2014). 
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Distribution of K components (projection of the angular  
momentum on the body-fixed symmetry axis) in the 
collective wave functions of the nucleus 76Ge.



The level of K-mixing is reflected in the staggering in energy between odd- and even-spin states in the γ band:

Deformed γ-soft potential ⇒ S(J) oscillates between negative values for even-spin states and positive values 
for odd-spin states.

γ-rigid triaxial potential ⇒ S(J) oscillates between positive values for even-spin states and negative values for 
odd-spin states.

4 5 6 7
J
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The mean-field potential of 76Ge is γ soft. The inclusion of collective correlations (symmetry restoration and 
quantum fluctuations) drives the nucleus toward triaxiality, but not strong enough to stabilize a γ ≈ 30◦ shape.



Octupole shape-phase transitions in light actinides

Axially symmetric deformation energy surfaces of 222–232Th in the (β2,β3) plane:

Phys. Rev. C 89, 024312 (2014).



POSITIVE PARITY NEGATIVE PARITY



Extrapolation to SHE

EDFs and the corresponding structure models are applied to a region far from those in 
which their parameters are determined by data ➠ large uncertainty in model predictions? 

Much higher density of single-particle states close to the Fermi energy ➠ details of the 
evolution of deformed shells with nucleon number will have more pronounced effects on 
energy gaps, separation energies, Qα-values, band-heads in odd-A nuclei, K-isomers …

Much stronger competition between the attractive short-range nuclear interaction and 
the long-range electrostatic repulsion ➠ pronounced effects on the Coulomb, surface and 
isovector energies! Fast shape transitions! Exotic shapes!



Shape transitions in superheavy nuclei
Nuclear Physics A (2015)
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Phys. Rev. C 88, 044324 (2013)
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✔ NEDFs provide an economic, global and accurate microscopic approach to 
nuclear structure that can be extended from relatively light systems to superheavy 
nuclei, and from the valley of β-stability to the particle drip-lines.  

Nuclear Energy Density Functional Framework

✔ NEDF-based structure models that take into account collective correlations → 
microscopic description of low-energy observables: excitation spectra, transition 
rates, changes in masses, isotope and isomer shifts, related to shell evolution with 
nuclear deformation, angular momentum, temperature and number of nucleons. 

✔ …description of universal collective phenomena that reflect the organisation of 
nucleonic matter in finite nuclei and the underlying inter-nucleon forces → universal 

theory framework that can be applied to different mass regions. 


