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Hard exclusive processes and GPDs

. GPDs combine momentum and spatial information
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Nucleon distributions
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Generalized Parton Distributions

x+ ξ

2
P

+ x− ξ
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P
+

P1 =
1 + ξ
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P

+
P2 =

1− ξ
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P
+

P = P1 + P2

∆ = P2 − P1

GPDs: Ha(x, ξ, t;µ) a ∈ {q, g}

x average longitudinal momentum fraction

ξ = −∆+

P+ longitudinal momentum transfer (skewness)

t = ∆2 momentum transfer

[Müller et al. ’94, Radyushkin, Ji ’96]
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Generalized parton distributions: properties

GPDs: F a(x, ξ, t), a ∈ {q, g}

(twist-2) GPDs
Partons

helicity conserving

(vector)

helicity conserving

(axial)

helicity flip

(transversity)

N
u

cl
eo

n

non-flip H H̃ ĒT , ẼT

spin flip E Ẽ HT , H̃T

. H, H̃,HT (x, 0, 0) −→ PDFs(x)

.

∫ 1

−1
dx F (x, ξ, t) → form factors(t)

. higher moments → angular momentum and EMT
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How do we unravell GPDs?

I theory input:

factorization

perturbative calculation

GPD models

meson distribution amplitudes (DAs)

I deconvolution problem (GPDs are not measured directly)

amplitudes = convolutions of GPDs with hard part:

A ∼
∫
dx C(x, ξ,Q2)H(x, ξ, t)

→ observables ∼ |A|2

I GPDs are universal (same GPDs → different processes )
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Hard exclusive processes: focus on meson production

Compton scattering
→ deeply virtual (DVCS)

γ∗p→ γp

meson production
→ deeply virtual (DVMP)

GPD

p

M(=V  )

N

0

γ∗p→MN

→ meson distribution amplitude (DA): φM(z)

z . . . longitudinal momentum fraction
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Factorization for hard exclusive processes

Amplitude =
Hard-scattering

amplitude
(parton interactions)

⊗
Hadron wave

functions
(GPD, DA)

⇒ observables

hard scale (e.g. Q2, s, M2
J/Ψ, . . . ) → perturbative QCD

expansion in αs(Q)

power corrections ∼ 1/Q (higher twist)
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Generic questions

factorization proven/assumed? broken?

pQCD calculation:

accessible energies high enough ?

finite order predictions ⇒ theoretical uncertainties ?, dependence on
factorization and renormalization scales ?

higher-orders in αS ?

higher-twist effects ?

nonperturbative input:

form/modeling of GPDs and DAs
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Hard exclusive processes: focus on meson production

Compton scattering
→ deeply virtual (DVCS)

γ∗TN → γN
[Collins, Freund ’99]

H
q

, E
q

, H̃
q

, Ẽ
q

NLO:

H
G

, E
G

, H̃
G

, Ẽ
G

, F
G
T

meson production
→ deeply virtual (DVMP)

GPD

p

M(=V  )

N

0

γ∗LN →MN ′ twist-2

[Collins, Frankfurt, Strikman ’97]

M = VL: H
qi , E

qi ; H
G

, E
G

M = PS: H̃
qi , Ẽ

qi

γ∗TN →MN ′ twist-3

Mtwist-3 ⇒ F
q
T
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Meson production status

experimental data from HERA, COMPASS and JLab,
expected from EIC . . .

DVρ0P, DVφP, DVωP:

data show importance of γ∗L contributions (Q
2
< 100 GeV

2
)

→ twist-2 predictions to describe σL

in contrast to DVπP:

data show suppression of γ∗L contributions (Q
2
< 10 GeV

2
)

→ twist-3 predictions describing γ∗T contributions needed
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DVMP γ∗L p→MN to NLO

A ∼ hard amplitude(µR, µF )⊗GPD(µF )⊗DA(µF )
µR, µF → f(Q)

LO ∼ αS(µR)

M

p p

M

p p

NLO ∼ α2
S(µR)

[Belitsky, Müller ’01, Ivanov et al ’04,

Duplančić, Müller, KPK ’17]

large NLO corrections [Diehl, Kugler

’07, Müller, Lautenschläger, KPK, Schäfer ’14] ,
(and large ln(1/ξ) terms for ξ �)

strong renormalization scale
dependence at LO but
improved stability at NLO
(due to α2

S(µR) logµR terms)

GPD, DA (NLO) evolution to
factorization scale µF

few DVMP analysis to NLO
[Lautenschläger, Müller, KPK, Schäfer ’14

(unpublished), Čuić, Duplančić, Kumerički, KPK

’23, Guo et al. ’24 ’25]12 / 19



From x-space to j-space: CPaW formalism

A ∼ hard amplitude⊗GPD ⊗DA

x
⊗≡

∫ 1

−1

dx

2ξ
x-space (momentum fraction)

→ 2
∑∞

j=0 ξ
−j−1

j-space (conformal moments)

(as Mellin moments in DIS

x
n → C

3/2
n (x), C

5/2
n (x))

→
j
⊗≡ 1

2i

∫ c+i∞
c−i∞ dj ξ−j−1

[
i±
{

tan
cot

}(πj
2

)]
(Mellin-Barnes integral)

CPaW(conformal partial wave): [Müller ’06, Müller, Schäfer ’06],
[Kumerički, Müller, KPK, Schäfer ’07, Müller, Lautenschläger, KPK, Schäfer ’14]

I widely used, intuitive
→ see P. Sznajder talk

(PARTONS software)

I simpler evolution

I efficient phenomenology

(Gepard software) [Kumerički ’22]

→ existing NLO DVMP phenomenology: conformal representation
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NLO analysis: global NLO fits DIS, DVCS, DVρ0
LP

[Čuić, Duplančić, Kumerički, KPK ’23]

fits to small-x HERA collider data

CPaW formalism

small-x kinematics ⇒ only dominant GPD Ha, a ∈ {sea,G},
updated [Kumerički, Müller ’10] model, 11 parameters

LT separation: R ≡
σ
ρ
0

L

σ
ρ
0

T

→ R(W,Q2) fit
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NLO analysis: global NLO fits DIS, DVCS, DVρ0
LP

[Čuić, Duplančić, Kumerički, KPK ’23]

I successful description of Q2

dependence at NLO
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σL asymptotically ∼ 1/Q6

exp: ∼ 1/Q4 for fixed xB ,
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I ! only NLO fit successful

goodness of GPD extraction:
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NLO analysis: global NLO fits DIS, DVCS, DVρ0
LP

global DIS+DVCS+DVMP fits show importance of NLO

⇒ universal GPDs

DVVLP can only be described at NLO

! meson DA additional nontrivial nonperturbative input

⇒ end-point supressed ρ0
L DA favoured?

→ work in progress (Kishore, Kumerički, KPK)
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Near threshold kinematics: DV φ production proposed

γ∗p→ φ p

near threshold ⇒ large ξ (ξ → 1)
⇒ dominance of first conformal
moment → ∼ D(t) → presure in p

φ ' ss̄ ⇒ sensitivity to Ds(t)

complementary to DVCS (u, d) and
J/ψ production (gluons) [Guo, Ji, Yuan ’24]

proposed measurement at JLab

[Hatta, Klest, KPK, Schoenleber ’25]
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Beyond leading-twist collinear DVMP

→ x-space representation

Modified perturbative approach (MPA) [Goloskokov, Kroll ’05]

meson-side k⊥ + Sudakov suppression; nucleon side unchanged

realistic Q2 dependence already at LO

broad phenomenology and GPD-model development

difficult to extend consistently to NLO

Higher twist /transverse photons

[Anikin, Teryaev ’02] γ∗TN → VTN
′: endpoint singularities; collinear

factorization breaks; no pheno

[Goloskokov, Kroll ’13] γ∗TN → VLN
′: partial twist-3 + MPA;

phenomenology for ρ, ω and polarization observables
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Concluding remarks

Theoretical uncertainties

Factorization: controlled
channel γ∗LN → VLN

′ (twist-2)

Perturbative accuracy: NLO
and GPD/DA evolution needed
→ scale dependence, possibly
resummation needed

Higher-twist: transverse
photons γ∗TN → V N ′

→ endpoint singularities,
factorization breaking

Nonperturbative input:
GPD ansatz, vector-meson DA

Systematics effects

Measured vs. controlled object:
experiments measure σT + εσL;
theory controls σL

Separation assumptions:
R = σL/σT , SDMEs, SCHC

Input to GPD fits:
the extracted σL carries the
assumptions used in the
separation

Thank you.
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Appendix



Hard exclusive processes: focus on meson production

Compton scattering
→ deeply virtual

(DVCS)

γ∗p→ γp

meson production
→ deeply virtual (DVMP)

GPD

p

M(=V  )

N

0

γ∗p→MN

(γM)
photopro-

duction

γp→ (γM)N

→ meson distribution amplitude (DA): φM(z)

z . . . longitudinal momentum fraction



Hard exclusive processes: focus on meson production

Compton scattering
→ deeply virtual

(DVCS)

γ∗TN → γN
[Collins, Freund ’99]
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NLO:
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meson production
→ deeply virtual (DVMP)

GPD

p

M(=V  )

N

0

γ∗LN →MN ′ twist-2

[Collins, Frankfurt, Strikman ’97]

M = VL: H
qi , E

qi ; H
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M = PS: H̃
qi , Ẽ

qi

γ∗TN →MN ′ twist-3

Mtwist-3 ⇒ F
q
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(γM)
photopro-

duction

γN → (γM)N ′

[Qiu, Yu ’22]
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Meson production status

experimental data from HERA, JLab and COMPASS (CERN),

expected from EIC . . .

DVρ0P:

data show importance of γ∗L contributions (Q
2
< 100 GeV

2
)

→ twist-2 predictions describe σL

global DIS+DVCS+DVVLP fits at NLO [Čuić, Duplančić, Kumerički, P-K. ’23]

DVπP:

data show suppression of γ∗L contributions (Q
2
< 10 GeV

2
)

→ twist-3 predictions describing γ∗T contributions needed

twist-3 contributions analyzed [Duplančić, Kroll, P-K., Szymanowski ’24]



Global NLO fits (DIS+DVCS+DVVLP)
small-x global fits to HERA collider data (ρ0)

only NLO predecessor: [Lautenschlager, Müller, Schäfer ’13 unpublished]

hard scattering amplitude corrected [Duplančić, Müller, P-K. ’17]

new NLO fit [Čuić, Duplančić, Kumerički, P-K. ’23]:
improved treatment of experimental data

GPD model: [Kumerički, Müller, P-K., Schäfer ’07, Kumerički, Müller ’10]

Ha
j (ξ, t) = qaj

1 + j − αa0
1 + j − αa0 − α

′at

(
1− t

m2
a

)−2 (
1 + sa2 ξ

2 + sa4 ξ
4)

qaj = Na
B(1− αa0 + j, βa + 1)

B(2− αa0, β
a + 1)

small-x kinematics ⇒ a ∈ {sea,G}, only dominant H GPD

Fit parameters:

DIS: {Nsea , α
sea
0 , α

G
0 }

DVCS+DVMP: {α′sea , α′G , m2
sea , m

2
G , s

sea
2 , s

G
2 , s

sea
4 , s

G
4 }



Global NLO fits (DIS+DVCS+DVVLP)

0 20 40 60 80 100

Q2 [GeV2]

0.6

0.8

1.0

1.2

1.4

1.6
F

p 2
(x

B
,Q

2
)

. xB = 0.0005

0.0013

0.0032

0.008

NLO DVCS+DVMP

LO DVCS+DVMP

H1

HERA combined

may seem trivial, but not all popular models describe DIS



Global NLO fits (DIS+DVCS+DVVLP)
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NLO analysis: global NLO fits DIS, DVCS, DVρ0
LP

[Čuić, Duplančić, Kumerički, KPK ’23]
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NLO analysis: global NLO fits DIS, DVCS, DVρ0
LP

[Čuić, Duplančić, Kumerički, KPK ’23]

strong constraints on GPDs

! only NLO fit successful

measures goodness of GPD extraction:
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Global NLO fits (DIS+DVCS+DVVLP)
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Global NLO fits (DIS+DVCS+DVVLP)

NLO DVCS-DVMP fit describes the data well



Global NLO fits (DIS+DVCS+DVVLP)

Skewness ratio r =
H(x, x)

H(x, 0)
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NLO for DV VL production
D. Müller et al. / Nuclear Physics B 884 (2014) 438–546 523

Fig. 6. Relative NLO corrections to the imaginary part of the flavor singlet TFF FS
V (solid) broken down to the gluon

(dashed), pure singlet quark (dash-dotted) and ‘non-singlet’ quark (dotted) at t = 0 GeV2 (left panel) and t = −0.5 GeV2

(right panel) at the initial scale Q2
0 = 4 GeV2.

Our discussion of the imaginary part for the flavor singlet TFF, evaluated from the minimalist
GPD model, is visualized in Fig. 6 for t = 0 (left panel) and t = −0.5 GeV2 (right panel). Here
we display the relative NLO corrections, evaluated analogously to (5.38b), that arise from the
gluonic NLO coefficients (dashed curves), the pure singlet quark (short dash-dotted curves), the
remaining quark part (dotted curves), and the net contribution (solid curves). Clearly, the large-xB

asymptotic arises from the valence content, compare with Fig. 4, where the contributions from the
‘non-singlet’ hard scattering amplitude dominate the net result. As stated, in the valence region
the non-singlet contribution is moderately positive and the pure singlet is negative, while it turns
out that in our model the gluonic one yields a rather sizeable positive correction. In the small-xB

region the gluons dominate in our model and their contributions are essentially governed by the
j = 0 pole. These large corrections increase further with growing −t since the ‘pomeron’ pole
at j = 0.247 + 0.15t gets slightly softer. Note that the shape of the curves in the small-xB region
is governed by the functional forms as it arises from the j = 0 pole contributions, e.g., shown in
(5.50), and R-ratios (5.41c). For our model the quark content vanishes in the xB → 0 limit while
the gluon ones is as sizable as −144% [−233%] for t = −0 [t = −0.5 GeV2].

• Model dependency

Finally, let us also demonstrate in Fig. 7 for the modulus (left panel) and the phase change (right
panel), defined as in (5.27), that the NLO corrections in the flavor singlet sector are rather model-
dependent. We display again the minimalist model (solid curves) and the nnl-SO(3) PW model as
specified in Table 7 (dashed curves) with the narrow DA (5.28) for t = −0 GeV2 (thick curves)
and t = −0.5 GeV2 (thin curves). For the minimalist model the corrections to the modulus are
smaller than 100% and they become negative in the small xB region. As we have discussed
the reduction of relative NLO corrections to the modulus in the large-xB region is a naturally
consequence of analyticity, i.e., the validity of the DR. Compared to Fig. 6, the relative NLO
corrections to the modulus in the small-xB region are looking rather mild (solid curves). Note
that this is caused by the negative size of the NLO contribution, dominated by the j = 0 pole,
which overcompensates the positive LO contribution and induces a phase difference of π in
the small-xB asymptotic. Entirely different features appear for our nnl-SO(3) PW model. Here
the size of NLO corrections is for t = 0 positive in the small-xB region and gets for a softer
‘pomeron’ behavior at t = −0.5 GeV2 negative, where the phase difference slightly increases.

[Müller, Lautenschlager, P-K., Schäfer ’14]

large NLO corrections for small xB , i.e., ξ

⇑

big ln(1/ξ) terms for ξ �, i.e, j = 0 pole, in gluon evolution and gluon
coefficient function



Improving DA description

→ work in progress with Raj Kishore, K. Kumerički

φρ(u, µF ) = 6u(1− u)
[
1 + a2(µF )C

3/2
2 (2u− 1) + . . .

]
a2(µ0) = 0.132, µ0 = 2 GeV [Braun et al. ’16]
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⇒ significant impact of the DA form



Improving DA description

→ work in progress with Raj Kishore, K. Kumerički

new GPD fit:

a2(fit)= −0.369

a2[lattice: Braun et al. ’16]= 0.132, a4(fit)= −0.519

⇒ dominant influence of LO ∼
∑
an

⇒ indication of end-point supressed ρL DA [Liu, Shuryak, Zahed ’24]

⇒ GPDs not changed much
(similar skewness ratio, W dependence improved)



Improving DA description

→ work in progress with Raj Kishore, K. Kumerički
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Improving DA description

→ work in progress with Raj Kishore, K. Kumerički
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Improving DA description

→ work in progress with Raj Kishore, K. Kumerički
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When the simple picture fails: twist-3 effects in DVMP

γ∗ p→ πp

twist-2 . . . non-flip subprocess amplitudes

GPD

p N

t w 2

H̃, Ẽ

twist-3 . . . flip subprocess amplitudes

GPD

p N

T

t w 3

GPD

p N

+

+

−

−
T

tw3

HT , ĒT = 2H̃T + ET , . . .

I twist-2 contribution insufficient

I twist-3 contributions ∼ µπ/Q
(µπ = 2 GeV) important

. factorization challenging

[Kroll, KPK ’21]



DVπP at twist-3

! σT (twist-3) dominant

! σL (twist-2) negligible

(except for COMPASS

kinematics at xB < 0.1)
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[Duplančić, Kroll, KPK, Szymanowski ’24]



Treatment of end-point singularities: MPA

⇒ Modified perturbative approach (MPA) [Goloskov, Kroll, ’10]

k⊥ quark transverse momenta in pion

1

((x+ ξ)τ − k2
T /Q

2(2ξ) + iε)

1

(x+ ξ + iε)

φπ → light-cone wave function Ψπ ∼ φπ exp [−a2
πk

2
⊥]

∫ 1
0 dτ →

∫
d2kT

∫ 1
0 dτ

FT→
∫
d2b

∫ 1
0 dτ

Sudakov form factor exp [−S(τ,b, Q2)]

I consistently treated 2- and 3-body tw3 contributions, as well as tw2

I involved multidimensional integrations

I calculation of NLO corrections would be complicated



Appendix: EMT matrix element

〈p′, s′|Tµνa |p, s〉 = ū(p′, s′)

[
Aa(t) γ(µP ν) +Ba(t)

P (µiσν)ρ∆ρ

2M

+Da(t)
∆µ∆ν − gµν∆2

4M
+ C̄a(t)M gµν

]
u(p, s)

P =
p+ p′

2
, ∆ = p′ − p, t = ∆2

Aa → momentum / energy

Aa +Ba → angular momentum

Da → mechanical properties



Appendix: GPD moments and GFFs

∫ 1

−1
dxxHa(x, ξ, t) = Aa(t) + ξ2Da(t)

∫ 1

−1
dxxEa(x, ξ, t) = Ba(t)− ξ2Da(t)

∫ 1

−1
dxx

[
Ha + Ea

]
= Aa(t) +Ba(t)

Ja(t) =
1

2

[
Aa(t) +Ba(t)

]

D(t) =
∑
a

Da(t)



DVMP differential cross-sections

d4σ

dW 2dQ2dtdϕ
=

αem(W 2 −m2
N )

16π2E2
Lm

2
NQ

2(1− ε)

(
dσT
dt

+ ε
dσL
dt

+ ε cos (2ϕ)
dσTT
dt

+
√

2ε(1 + ε) cosϕ
dσLT
dt

)
dσU
dt

=
dσT
dt

+ ε
dσL
dt

dσL
dt

: H̃, Ẽ
dσT
dt

: HT , ĒT
dσTT
dt

: ĒT
dσLT
dt

: Ẽ,HT

∣∣∣∣dσTTdt

∣∣∣∣ ≤ dσT
dt


