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Motivation: Extending lattice QCD to             

T
 [

M
eV

] QCD

hadron gas

nuclear matter
neutron stars

0

vacuum

quark-gluon-plasma
154(9)

chemical potential µB

Expected phase diagram of QCD:

critical 
end-point

What are the Phases of QCD ?
1) hadronic states at low T, low densities
2) quasi-free quarks and gluons at high T 

and/or high densities

What are the underlying 
mechanisms ?
1) spontaneous chiral symmetry breaking
2) (de-)confinement

Is there a critical end-point?

µB 6= 0
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and/or high densities

What are the underlying 
mechanisms ?
1) spontaneous chiral symmetry breaking
2) (de-)confinement

Is there a critical end-point?

what we really know...

µB 6= 0
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Problem: The complex determinant             

• Integrating out the fermion fields

Z(V, T, µ) =
�

DAD⇤D⇤̄ exp{SF (A, ⇤, ⇤̄) � �SG(A)}

=
�

DA det[M ](A, µ) exp{��SG(A)}

no probabilistic interpretation! 
no MC with importance sampling!complex for µ > 0

we find: [detM(µ)]� = detM(�µ�)

� determinant is real only for 

µ = 0 µ = iµIor
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• Integrating out the fermion fields

Z(V, T, µ) =
�

DAD⇤D⇤̄ exp{SF (A, ⇤, ⇤̄) � �SG(A)}

=
�

DA det[M ](A, µ) exp{��SG(A)}

no probabilistic interpretation! 
no MC with importance sampling!complex for µ > 0

we find: [detM(µ)]� = detM(�µ�)

� determinant is real only for 

µ = 0 µ = iµIor

new variables ?
new algorithms ?

Problem: The complex determinant             
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(Some) Approaches to nonzero density QCD            

Complex
Langevin

Lefschetz
Thimbles

Taylor 
Expansion

canonical
approach

Reweighting

Fodor, Katz, 2001

Bielefeld-Swansea, 
2002imaginary

chem. pot.
deForcarnd, Philipsen, 2002

D’Elia, Lomardo 2003

Kratochvila, deForcrand, 2004
Alexandru, Farber, Horvath, Liu 2005

Karsch, Wyld 1985

Aarts et al., 2009
Sexty 2013

Cristoforetti, Di Renzo, 
Scorzato, 2012

flux variables

Fromm, deForcrand, 2008
Wolff et al., 2009

Gattringer et al., 2011

Wolff, Rossi 1984
Karsch, Muetter, 1989
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Gattringer et al., 2011

next afternoon
Wolff, Rossi 1984

Karsch, Muetter, 1989
th

ur
sd

ay

thursday
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Outline

1) Methodology
• The Taylor Expansion
• Definitions of cumulants and correlations

2) The lattice setup and results
• HISQ action, parameter, numerical methods, ...
• results: cumulants and correlations up to 6th order

3) QCD critical behavior
• critical points in the QCD phase diagram
• sensitivity of cumulants to universal scaling

4) Summary

BNL-Bielefeld Collaboration: 
A. Bazavov, H.-T. Ding, P. Hegde, O. Kaczmarek, F. Karsch, E. Laermann, 
S. Mukherjee, P. Petreczky, C. Schmidt, S. Sharma, W. Soeldner,  M. Wagner
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Expansion of the pressure:

X = B,Q, S: conserved charges

Lattice Experiment

generalized susceptibilities

cumulants of net-charge fluctuations
�NX ⌘ NX � hNXi

� only at                ! µX = 0

� only at freeze-out (                          )!µf(
p
s), Tf(

p
s)

µB,Q,S• derivatives of lnZ with respect to               can also be studied in heavy ion collisions

p

T 4
=

1X

i,j,k=0

1

i!j!k!
�BQS

ijk,0

✓
µB

T

◆i ✓µQ

T

◆j ✓µS

T

◆k

Generalized Susceptibilites vs Cumulants

V T 3 �X
2 =

⌦
(�NX)2

↵

V T 3 �X
4 =

⌦
(�NX)4

↵
� 3

⌦
(�NX)2

↵2

V T 3 �X
6 =

⌦
(�NX)6

↵

�15
⌦
(�NX)4

↵ ⌦
(�NX)2

↵

+30
⌦
(�NX)2

↵3

�X
n,0 =

1

V T 3

@n lnZ

@(µX/T )n

����
µX=0



!
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Important Applications         

1) Explore the QCD phase diagram

• Analyze higher order cumulants and 
test universal scaling behavior 

make prediction on the radius 
of convergence and possible 
experimental observables 

2) Analyze freeze-out conditions

• Match various cumulant ratios of 
measured fluctuations to QCD 
! determine freeze-out parameter 

see BNL-Bielefeld, PRL 109 (2012) 192302.(this talk)

3) Identify the relevant degrees of freedom 

• Compare (lattice) QCD fluctuations to 
various hadronic/quasiparticle models:

!
!

deconfinement vs. chiral transition 
dissolution of boundstates

see BNL-Bielefeld, PRL 111 (2013) 082301.

       talk by
Sayantan Sharma
!



N = 1500
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The Lattice Setup

mq = ms/20

243 ⇥ 6, 323 ⇥ 8, 483 ⇥ 12

m⇡ ⇡ 160 MeV!

Action:  highly improved staggered quarks (HISQ)

Lattice size: 

Mass:

Statistics: O(103) - O(104)  

@ lnZ

@µ
=

1

Z

Z
DU Tr

⇥
M�1M 0⇤ eTr lnMe��SG

=
⌦
Tr

⇥
M�1M 0⇤↵

@2 lnZ

@µ2
=

⌦
Tr

⇥
M�1M 00⇤↵ �

⌦
Tr

⇥
M�1M 0M�1

⇤↵
+

D
Tr

⇥
M�1M 0⇤2

E

M 0 = @M/@µMObservables: traces of combinations of      and

Method: stochastic estimators with                    random vectors

Tr [Q] ⇡
1

N

NX

i=1

⌘†
iQ⌘i lim

N!1

1

N

NX

i=1

⌘†
i,x

⌘
i,y

= �
x,y

with    
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(electric charge fluctuations are more tricky, due to contributions from the light pions)
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Results: fluctuations up to 4th order

BQS off-diagonal cumulants
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Results: aproach to the HRG

states in the strange quark sector may survive the QCD transition and still exist in
the QGP [16, 17]. As this is of relevance also for the production and experimental
observation of strange hadrons in heavy ion experiments [18] it clearly is important
to obtain more information on properties of the strangeness sector of the QGP and
the fate of strange hadrons in the crossover region of QCD at finite temperature.

We recently started to improve earlier studies of higher order cumulants of fluctu-
ations of conserved charges [19] using an improved staggered fermion discretization
scheme [20]. This also provides information on up to fourth order cumulants and cor-
relations of various moments of net strangeness and net electric charge fluctuations
[21]. We want to use this information here to analyze properties of the strangeness
sector in the low as well as high temperature phases of QCD. In particular we will
compare with Hadron Resonance Gas (HRG) model [22] calculations at low temper-
ature and perturbative [23] as well as resummed perturbative [25, 26] calculations
at high temperature.

2 Correlations between net strangeness and net
baryon number fluctuations

We want to analyze the temperature dependence of mixed susceptibilities of net
strangeness and net baryon number fluctuations,

χBS
nm =

∂(n+m)p/T 4

∂µ̂n
B∂µ̂

m
S

∣

∣

∣

∣

µ=0

, (1)

where1 µ̂X = µX/T , X = B, S, and p denotes the pressure of (2+1)-flavor QCD
at temperature T and volume V . The pressure is obtained from the QCD partition
function Z(V, T, µB, µS) as

p

T 4
=

1

V T 3
lnZ(V, T, µB, µS) . (2)

We will consider various combinations of mixed susceptibilities χBS
nm which are

motivated by their interpretation in terms of a free quark gas at high temperature
or a free hadron gas at low temperature. The latter is given in terms of a non-
interacting gas of mesons and baryons, i.e., the hadron resonance gas (HRG) model,

pHRG

T 4
=

1

V T 3

∑

i∈ mesons

lnZM
mi
(T, V, µS) +

1

V T 3

∑

i∈ baryons

lnZB
mi
(T, V, µB, µS) , (3)

1Throughout this work we set the electric charge chemical potential to zero, µQ = 0.

2

HRG:

HotQCD, PRD 86 (2012) 034509
[arXiv: 1203.0784]
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at                , 4th order 
cumulants develop a 
cusp, 6th oder 
cumulants diverge

µB = 0
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QCD critical behavior

assume scaling hypothesis 
for the free energy:
f = fs(t, h) + regular

in the chiral limit (h=0):
f ⇠ A± |t|2�↵ + regular

�

↵
O(4)   -0.213
Z(2)   +0.107

2nd order, O(4)

2nd order, Z(2)

1st order

crossover

T

La
tti

ce

Experiment 
(freeze-out)

mu,d

mphys
u,d

µB

µCEP
Bµtri

B

Donnerstag, 18. Oktober 12
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LHC may 
establish contact 
with the QCD 
chiral phase 
transition

RHIC may 
establish 
evidence for a  
QCD critical point

analyze universal scaling behavior�



t0, h0,

�(n)
B ⇠ m(2�↵�n/2)/��

q f (n/2)
f (t/h1/��)
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QCD critical behavior

t =
1

t0

 ✓
T � Tc

Tc

◆
+ 

✓
µB

T

◆2
!

µB = 0matching scaling fields to QCD at               :

2nd order, O(4)

2nd order, Z(2)

1st order

crossover

T

La
tti

ce

Experiment 
(freeze-out)

mu,d

mphys
u,d

µB

µCEP
Bµtri

B

Donnerstag, 18. Oktober 12

� critical behavior of cumulants:

p

T 4
= �h(2�↵)/��ff(t/h

1/��) � fr(V, T, ~µ)
(universal scaling function) (regular part)

h =
mq

h0

controlled by non-universal normalization 
constants 

  

F. Karsch, NFQCD  2013 F. Karsch, NFQCD  2013 17

alpha

O(4) -0.213

Z(2) +0.107

Critical behavior and higher order cumulants Critical behavior and higher order cumulants 

pressure:

 
 become singular at Tc
 in the chiral limit
 are no longer strictly

 positive  

{

controlled by 

                         universal,
                           O(4) scaling function

FK, J. Engels, PRD 85, 094506 (2012) 

higher order cumulants:

–  the breakdown of the HRG model description in the “vicinity of Tc” 
    becomes obvious in properties of higher order cumulants, 

cumulants:

Karsch, Engels, PRD 85 (2012) 094506
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F. Karsch, NFQCD  2013 F. Karsch, NFQCD  2013 5

  Chiral limit: O(4) scalingChiral limit: O(4) scaling

– scaling analysis in (2+1)-flavor QCD with HISQ fermions

staggered fermions:

O(2) instead of O(4)

for non-zero cut-off

small enough to be sensitive to O(4) scaling

behavior in the chiral limit

H.-T. Ding et al., Lattice 2013

magnetic equation of state:

preliminary
preliminary

QCD critical behavior

evidence for universal scaling behavior with HISQ from chiral 
condensate and chiral susceptibility (H.-T. Ding et al. Lattice 2013)

� scaling region extents to physical pion mass
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QCD critical behaviorQCD critical behavior

  

F. Karsch, NFQCD  2013 F. Karsch, NFQCD  2013 20

  6th order light and strange quark number cumulants 

strange light

– no evidence for 
   'typical' O(4) singular structure
– regular contribution dominates

–  clear evidence for 
   'typical O(4) singular structure
– regular and singular contributions

depth of the minimum at high T
fixes maximal sinular contribution
at low T  !!! 

this is important for following
the discussion on estimates
of the critical point location !!

strange light

clear evidence for typical 
O(4) singular structure

�

regular and singular 
contribution

�

no evidence for typical 
O(4) singular structure

�

regular contribution 
dominates

�



z+ ⇡ �1.48

�z = z+ � z� ⇡ 3

T+ � T� =
1

�z

t0Tc

h1/��
0

✓
ml

ms

◆1/��

T+ � T� ⇡ 0.2Tc

�B
6
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QCD critical behavior

some universal numbers:

  

F. Karsch, NFQCD  2013 F. Karsch, NFQCD  2013 17

alpha

O(4) -0.213

Z(2) +0.107

Critical behavior and higher order cumulants Critical behavior and higher order cumulants 

pressure:

 
 become singular at Tc
 in the chiral limit
 are no longer strictly

 positive  

{

controlled by 

                         universal,
                           O(4) scaling function

FK, J. Engels, PRD 85, 094506 (2012) 

higher order cumulants:

–  the breakdown of the HRG model description in the “vicinity of Tc” 
    becomes obvious in properties of higher order cumulants, 

cumulants:

width of the transition 
region (as seen by       ):

z� ⇡ �1.50

�

at the physical point: 



�B,min

6 /�B,max

6 ⇡ �6.7
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QCD critical behavior

some universal numbers:

  

F. Karsch, NFQCD  2013 F. Karsch, NFQCD  2013 17

alpha

O(4) -0.213

Z(2) +0.107

Critical behavior and higher order cumulants Critical behavior and higher order cumulants 

pressure:

 
 become singular at Tc
 in the chiral limit
 are no longer strictly

 positive  

{

controlled by 

                         universal,
                           O(4) scaling function

FK, J. Engels, PRD 85, 094506 (2012) 

higher order cumulants:

–  the breakdown of the HRG model description in the “vicinity of Tc” 
    becomes obvious in properties of higher order cumulants, 

cumulants:

�B,min
6

�B,max

6

ratio of minimum to 
maximum:

� depth of minimum at high T 
fixes maximal singular 
contribution at high T
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F. Karsch, NFQCD  2013 F. Karsch, NFQCD  2013 21

  6th order light quark number cumulants 

On the interplay of regular and singular contributions –On the interplay of regular and singular contributions – a guess, not a fit a guess, not a fit

singular part
generates dip
at high-T

regular part
dominated by
HRG at low-T

total=total=singularsingular++regularregular::
one may expect an overshooting of HRGone may expect an overshooting of HRG
by (at most)  a factor 2  ??by (at most)  a factor 2  ??

QCD critical behavior

on the interplay of regular and singular contributions (so far a guess and not a fit)

F. Karsch, NFQCD 2013

regular part 
dominated by 
HRG at low T

singular part 
generates dip at 
high T

total = singular + regular 
one may expect an overshooting of HRG by at most a factor of 2 ?



Christian Schmidt                                             Sign 2014 25

  

F. Karsch, NFQCD  2013 F. Karsch, NFQCD  2013 

Critical Point searchesCritical Point searches

STAR Collaboration, arXiv:1309.5681

lattice QCD

reweighting:
Z. Fodor, S. Katz, 
JHEP 04, 204 (2004)

Taylor expansion:
R.V. Gavai, S. Gupta, 
PRD78, 114503 (2008)

cumulants of net proton number fluctuations

Critical point search

  

F. Karsch, NFQCD  2013 F. Karsch, NFQCD  2013 27

BNL-Bielefeld
preliminary

similar: S. Borsanyi et al, PRL 111, 062005 (2013)

Taylor expansion of the pressureTaylor expansion of the pressure

for                              the relative strength of the next-to-leading order 
correction to the pressure is controlled by

for

proton number fluctuations

STAR Collaboration, arXiv: 
1309.5681

  

F. Karsch, NFQCD  2013 F. Karsch, NFQCD  2013 27

BNL-Bielefeld
preliminary

similar: S. Borsanyi et al, PRL 111, 062005 (2013)

Taylor expansion of the pressureTaylor expansion of the pressure

for                              the relative strength of the next-to-leading order 
correction to the pressure is controlled by

for

relative strength of the NLO correction to 
the pressure is controlled by �B

4 /�B
2



n2

�B
n > 0 n > n0
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Critical point search by radius of convergence
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Radius of convergence and the critical pointRadius of convergence and the critical point

e.g., assume vanishing electric charge and strangeness  chemical
        potential:

– radius of convergence:
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Radius of convergence and the critical pointRadius of convergence and the critical point

e.g., assume vanishing electric charge and strangeness  chemical
        potential:

– radius of convergence:

� consider radius of convergence 

� basic quantities

=1 for HRG

need to deviate from HRG like 
to obtain finite radius of convergence 

� singularity on the real axis only if

�B
n /�B

n+2
for all 
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Radius of convergence and the critical pointRadius of convergence and the critical point

basic observables                       need to deviate from HRG like  n2

However, so far no evidence for large enhancement over HRG for 
...remember: 

this suggests a large

Critical point search by radius of convergence
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Summary 

• Approximate agreement with HRG model calculations at freeze-out and sensitivity 
to O(4) singular behavior are not inconsistent with each other

• 6th order cumulants are sensitive to O(4) scaling but will pick up only a small 
singular contribution at low T. This favors estimates for the location of a critical 
end point at large baryon chemical potentials



�B
4 (µB) < 0

Tc
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QCD critical behavior at 
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44thth order cumulant: A dip in the kurtosis ? order cumulant: A dip in the kurtosis ?    

dominates in the 
chiral limit, or if

+ regular

B.Friman, FK, K.Redlich,V.Skokov,
Eur. Phys. J. C71, 1694 (2011)

Conserved charge fluctuations in QCD and HICConserved charge fluctuations in QCD and HICµB > 0

µ̂c
B > 0 & 1

dominates in the chiral 
limit or if 
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 0.15

-4 -2  0  2  4

�f (4)
f (z) � close to     : 

� mapping of scaling variables non trivial 
M. Stephanov, PRL 107 (2011) 052301

B.Friman, FK, K.Redlich,V.Skokov,
Eur. Phys. J. C71, 1694 (2011)
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Tc = 154(9) MeV Tc(µB) = Tc(0)
⇥
1 � 0.0066(7)µ2

B

⇤

HotQCD, PRD 85 (2012) 054503 BNL-BI, PRD 83 (2011) 014504

Does deconfinement take place above the chiral crossover temperature? 

Freeze-out line         

The chiral crossover line: 

LQCD: Tc(µB)

STAR + HRG: PRC 79, 034909 (2009)

STAR charge flucn. (prelim.) + LQCD

PHENIX charge flucn. (prelim.) + LQCD

STAR proton flucn. (prelim.) + LQCD baryon flucn.
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Karsch, CPOD 2013, arXiv:1307.3978 

� freeze-out points are in agreement with the chiral crossover line
� apparent discrepancies among the freeze-out points that need to be resolved


