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Complex actions
complex action problem
7= / dz o 5@) S(z) € C
explore the complex plane/complexified configuration space
today: two approaches

#® complex Langevin dynamics

® Lefschetz thimbles

Cristoforetti, D Renzo, Mikherjee, Scorzato

Ki kukawa et al

relation?
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Outline

three slightly disconnected observations:

#® complex-mass model: distributions
GA, PG & ES 1306. 3075 (Annals Phys) GA 1308.4811 (PRD)

# finite-density inspired models, log det problem
#® gauge cooling
as part of a joint effort with Nucu Stamatescu, Erhard
Seiler, Denes Sexty
and Pietro Giudice, Jan Pawlowski
and for this talk in particular Lorenzo Bongiovanni

also correspondence with Gerald Dunne and Mithat Unsal
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Langevin versus Lefschetz

zero-dimensional example

Langevin dynamics: complex action S(z)

® :=-0,52)+n 2 =T+ 1y
# associated Fokker-Planck equation

P(z,y;t) = |0:(0r + Re 0,5(2)) + 0,Im 0,5(2)| P(z, y; t)

® (equilibrium) distribution in complex plane: P(z,y)
® observables

iy [ dxdy P(z,y)O(x + iy)
(O(z +1y)) = fdxdy P(x,)

® P(z,y) real and non-negative: no sign problem

® criteria for correctness
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Lefschetz thimble:

°

Langevin versus Lefschetz

zero-dimensional example
complex action S(z)

critical points z; where 9,5(z) =0
thimbles: Im S = cst, stable 7.. and unstable K,
iIntegrate over stable thimbles

Z — Z mke—ilm S(Zk> / dZ 8—Re S(Z)
L Tk

:kaeiImS(zk)/dS ()~ ReS(:(s)
k

residual sign problem: complex Jacobian J(s) = 2/(s)

global sign problem: phases e~ 5(z)
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Langevin versus Lefschetz

#® Langevin

_ [ dxdy P(z,y)O(x + iy)

O(2)) f dxdy P(z,y)

® |Lefschetz

B Zk mke—iImS(zk) fjk; d~ e—Re S(Z)O(Z)
Zk mke—ilm S(zk) fjk dz e—ReS(z)

(0(2))

# two- versus one-dimensional
# real versus residual/global phases

relation?
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Quartic model
o0 g A 4
Z:/ dx e S(z) = -2+ —x
complex mass parameterc = A+ iB, A € R

often used toy model anbjorn & Yang 85, K auder & Petersen 85,

Ckanoto et al 89, Duncan & Ni edernmi er 12
essentially analytical proof*: GA, PG & ES 13

# CL gives correct result for all observables (z™)
provided that A > 0 and A > B?/3

# based on properties of the distribution P(x,y)
o follows from classical flow or directly from FPE

*GA ES, 10S 09, + FJ 11
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Quartic model

classical flow

(A=B=1)
® determine where drift K1 = —Im 0,.5(z) vanishes
(blue lines)

# at the extrema: impenetrable barrier (for real noise)
o distribution localised between dashed lines
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Quartic model

from Fokker-Planck equation:
® FPE canbe writenas P =V -.J

® vanishing charge, with 9,Q(y) = 0,

Qy) = /d:r Jy(z,y) = /deI (z,y)P(z,y) =0

since P(z,y) > 0:
#® when Kj has definite sign, P(x,y) has to vanish

stripes: y: <yt <yt

with

ya = % (Ai VA2 — B?/s)

SIGN 2014 —p.5



Quartic model

o numerical solution of FPE for P(x,y)
following Duncan & Ni edernaier 12

o distribution is localised in a strip around real axis
® |yl <y_withy_ =0.3029for A=B =1

GA, PG & ES 13
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Quartic model

relation to Lefschetz thimbles GA 13

& critical points:

20 =0 _ /// _
Az o=14,A=1 o ///, ]

24 = iim
o th|mb|eS Can be > 0_—stab|eth|mb|e <<<<<<<<<<<<<<<<<<<<<<<< / ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, |
computed - hotconubuing -
analytically e |
Im S(ZO) =0 22 = ] )I(é i 2

Im S(z1) = —AB/2)\

o for A > 0: only 1 thimble contributes

# Integrating along thimble gives correct result, with
Inclusion of complex Jacobian
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Quartic model

compare thimble and FP distribution P(z,y)

0.3

0.15

-0.15

i > 0.98 local saddle point &(x,y)
— thimble

\
-0.3 ‘
-1 -0.5

\
0
X

# thimble and P(x,y) follow each other
#® however, weight distribution quite different

Intriguing result: CLE finds the thimble — is this generic?
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Quartic model

compare thimble and FP distribution P(z,y)

0.3

o=14,A=1 |

0.15

> 0.5 global max oP(x,y)
015 — thimble

|
0.5 1 15

><o‘

# thimble and P(x,y) follow each other
#® however, weight distribution quite different

Intriguing result: CLE finds the thimble — is this generic?
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U(1) model at nonzero density

U(1) one-link model for finite density GA & | OS 08
/= /dUe_SB det M

= / dz P 3?1 + k cos(z — ip)]

—7r

#® when x < 1. correct results for real 5 and all i
# smooth deformation of distributions as . IS increased

#® when k > 1: real sign problem already at ;. =0
# presence of logdet of interest for CLE and thimbles

Mol l gaard & Splittorff 13, Seiler et al 14
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U(1) model at nonzero density

GA & | OS 08

lex plane

ion in comp

distribut

|
7 > 3
7 >
- > 4
7 > =
7 >
- > >
7 >
7 >
= >

= 7
Il

7 T
? 1A
N A oA
NNKNNRNRNRNNRNRDY b
CoR R R RN RN R R R A

SSSNXXXKRNNKXN N

™ = % >

a > Se> > 7 7|
1 7 > > > 7
A A
7 7 5> > > > A
N NS > > 7T

o
V¢ALT¢¢,2¢¢AZT¢¢,95
[ ] L)
[C<<<ry yecccecr gy
\NNQQ\\NRNNNKNhﬁ
RRRRK\RRRRR,mf

N

v

Vv
v
v
Y
N

y e =
y e & <
v e e <
v £« =T,
PRV IR
y e & <™
PR
r & & ST
r e & = =

v
Vv
Vv
\ \
NNy

xxxsxxxx\x\X\x

7
4
Iy
N

NN N N N N N N N N Yy
A N N N NN
>>3>33>3335 33 >
>>>>5>55>55>3 553
R i A A A A A A

7 AaAaAAAAAAAA AR

< &« ¢ 3y N N>

<>
.
NSNS < <ccec 0 555> > 7 7

< <o 3
\s~$«»ek_zw
NN s <«

°
©=

$ YUV K rrer

WA A e
L e e«
Sescec<e< |
RN sss<
ANRNRNNNK |
NNKRR NN

\,I

[ ]
<& « $ZR§N§N\@

‘\wngixxnwuw

- =
D
3

PAPEEES R
y e < S ~ N
Vs e e = N
A
Y o e e =SS
DA et
y o e = T
P e o
PR
< S <
Lo <0 @ <
ey
AR R e D i s oy

& &

V6
[N NN N NN NNy ﬂ
RN R
A¢¢¢¢1YW¢¢¢Jfﬂ
> > > S>> > >> > T 7
g r a2 T AAT]
(777220022272 1F

AAAAAAAADLD

A
1
\v
\ﬁ
A/

N i

o
by N - > >
NN > > > T
T s> s > > > 7

SS <<y N it

NS S e e e o v
NS s e ey v
NSNS <<« e~
NSNS < <« e 0 « N
NSNS« opy

A
N

VbV Vv rerrerery
RRN&NN&NNNN\
reecc <
Nes << |
NRNNSSSSSSSS
NNRNNNNNNKSNN|
MNRNNXNXKXNXKKNKNK

> > 7

> > > =
> > > 7
> > > 7
>

> > 7 7
> > 7 7
> > 7 7
- > F 7
- > 7 7
> > 7 7|
-2

o

A

2= 5 5 7

° |

o |

9s$§$9$§$»»»»»ﬁa)@znﬂ11ﬂ1_ﬁzza
aa»a»aa»aaaaaaz»ﬁm$7ﬂﬂﬂﬂzzzaaa
iziﬁiﬁjiww_«ﬂz;;iii
zzzzzzzzzzzzzzZﬂfﬁﬁﬂﬂﬂﬂzﬂ»a»$$
ﬁﬁﬁﬁﬂﬁﬂﬂﬂﬂﬁﬂﬂﬂﬂﬁﬂﬂ%ﬂﬂﬂﬂﬂz»»g\x
TTTT¢T¢Tﬂ¢TTTT?TTWTTT¢T¢¢ﬂ 7 > >4

[ ] w [ ]
(e cccccrpecccccccocccc sy (>

e bcbbbbprebbcbbGeeescscry | | \NY

NRNRNRNRNRRNR\NRN\\NNNNRRseezm
\\\\\\\\\\\RRRRRKWKNRNR\\&$eek
gg\gggg«g«\\xx\k\ﬁWmexxx\«$«e
$$$$@$$*$$$$s$$w B L LYY
R R R R R TR UEUVEUYLL LYY
\yeeeeeeeee&kee«wm VELVELL LY AL
NNNNNNNNNNNNNNY Y prrvevvrevr
RSN R S SRR 9 Yprrrrrree

RS 5 5 S SO N Y
)

Yt
B e N e o o - D

%%V%&%N%%V%N%N%& A

NNNNNNNNNNN\A\NV&NB
\N\N\NM\N\\\\\%%
\x\xxxxxxxxxuxgﬁ
PAATALD AP GPE NRRRRRRKKN |
PAPAAADN DA AN NRRXKRKXKKRKNKNA
»»»»aaaa»aa»ﬁd NRKRRKRRNRA AR

»az»a»aw»zzzzzﬂ?ﬁﬂﬂZWWZWZZza»»

AA S SRR N NN

NRRRRRSRRR

NRRRRNRRRKK

© < N o N

>

N
7 7 >

=
> =
2
o0 5

el

£
NN
ofe
N

|

7 7 >
7 7 >
7 7 >
7 7 >
7 7 > )
7 7 > )
7 7 >
72 7

A A A S

uJu
uﬁu
XN XNKXKXKXKKXNXAXNX,

A A A 7 2 2

N
N
N
N
N
~

SRR EEEEW RSN AAKX

A A A B 2 A 4
RS - > > 7 7
Y oN s - > 7 7
> > 7
YN N

NsecccssN 7T A< <
[ ] ° [ ]
\A\A\TA\A\TNF\ zu(\NA\

1

{
v

SS <oy v

N < <«

v

N

R\NNA\N\\\&,\\RNN
VWKV xxf$\
VU VKLY §$%x

‘ez\

NN S <Ss<c<c <0 >-> > 77 A

NN S s <«

ze’ef’“‘\R
N
N

v

v
v
v
\
\

RR»RR‘
v e
& & & &
< < <
S>> > > > > > > m << << |
NNN\NNNN\VuI A SR SN SN S
AAAAAAATA P N N NN
X X X X

XX KN |

TTESINNTY Wy T

g aAaA A2 P PARNRNNNNSNSNSNNNN P T 77597
=z A

7 7 7 7777 7NN S &€ SN KN

o 7 7 7 7 7 727X KXNSSNSSNSSNTSNRNNKX
A7 a2 P AXNXNXKRKSNSNSNSXKXNANY P T 75755
a2 A A7 PP APRNRNRNNNR S www NN

> 7 7
> = 7
> > 7

=

SIGN 2014 —-p. 8



U(1) model at nonzero density

relation with thimble  S(z) = —f8cosz — In|1 + Kk cos(z — i)

new feature:
# action not holomorphic
® diverging drift when 1 + xcos(z — i) =0
® ImS jumps



U(1) model at nonzero density

relation with thimble  S(z) = —f8cosz — In|1 + Kk cos(z — i)

new feature:
# action not holomorphic
® diverging drift when 1 + xcos(z — i) =0
® ImS jumps

some thimbles easily found: z = iy and z = £ + iy



U(1) model at nonzero density

relation with thimble  S(z) = —f8cosz — In|1 + Kk cos(z — i)

new feature:
# action not holomorphic
® diverging drift when 1 + xcos(z — i) =0
® ImS jumps

nature of thimbles depends on «

® k<1
s action realwhen =0
s drift diverges on x = +7 axis

® k> 1.
s action complex even when ;. = 0 — sign problem
s drift diverges away from x = +7 axis
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U(1) model at nonzero density

4 I
— contributing I
k=0.25 <1 /'l*\ — not contributing /I
5 p— 1 / \\\ //
/’L p— 2+ Se z//

| D [
\ full: stable

\  dashed: unstable ,

\

>\"I\+/‘I\

— ——
-

# circles: critical points

X

® Dboxes: drift diverges, Im S jumps by =, flow changes

direction

one stable contributing thimble (blue)
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U(1) model at nonzero density

- \ full: stable
K =2 > 1 \ dashed: unstable

# circles: critical points

# Dboxes: drift diverges, Im .S jumps by amount depending
on parameters, flow changes direction

two stable thimbles (blue), global phase problem
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U(1) model at nonzero density

4 Il‘ T T T T T [
L LR — contributing
k=020 <1 /' 1'\' — not contributing ,"‘\
— /7 1A ’ 4
7 I \
v N 7 N
/’L p— 2 2k _ | ~ o - 7/ N B
— — I — — —
|
|
> \ I /I\
|
ol |
: full: stable
I dashed: unstable
B I ————— Q= — —
~ I - ~ =
~ N . I - -~ ~
2 ] LN\ | yal ] | | |
2 -1 0 1 2 3 4 5
X

#® comparison with scatter plots of CLE from 2008 paper
® P(x,y) and thimble find each other
#® CLE and single thimble both give correct result
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U(1) model at nonzero density

' | ' |
\ .
\ — contributing

kK=2>1

T
|
I '\ — not contributing
| \
5 — |
| T S=ao
/’L — 2 |
|
1
|
> I
~ ~
N | 7
ok N : / |
\ | / full: stable
\\ I I/ dashed: unstable
g Vg _——_m Tt =
S >< VL P < =~
N
N V1 s
2 LN 11 yal | | |
-2 -1 0 1 2 3 4 5
X

#® comparison with scatter plots of CLE when « > 1
#® CLE gives wrong result
# Dboth stable thimbles contribute, global phase problem

SIGN 2014 — p. 10



U(1) model at nonzero density

diverging drift, action not holomorphic

o thimbles end at singular points
#® ImS jumps
# potential for global phase problems

In this model
when x < 1:

# Nno sign problem when =0

# at nonzero i, both CLE and thimble are effective
when x > 1:

# real sign problem when ;=0

# Dboth CLE and thimbles are ineffective
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SU(2) model

SU(2) one-link model with complex 3

7 = /dUe—5<U> S(U) = —gTrU

can be solved with CL in different ways:

o fully ‘gauge fixed’: diagonalise and include reduced
Haar measure

Z:/ dx sin2xeﬁcosx:/ dr e 5 (@)

# diagonalise after each CL update Berges & sexty 08
# group dynamics with gauge cooling Es, bps & 1 cs 13

U' = QRUO ! R — eioa(eKaty/ena)
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SU(2) model: gauge fixed

first approach: fully gauge fixed

A :/ dz e 5@) S(z) = —Bcosx — Insin® z

—Tr

® drift 0,5(z) = fBsinz — 2cot z has poles at z =0, &«

2 /I/ ! l =

/ ' SU2)
» fixed points given by ° | Rt
COS 2 =
—1(1 + /1 + 5?)
® thimbles easily found 1 ' ]
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SU(2) model: gauge fixed

comparison between Langevin and Lefschetz

CL histogram in zy plane

o well-localised, correct results obtained

SIGN 2014 —p. 14



SU(2) model: gauge fixed

comparison between Langevin and Lefschetz

2

|
SU(2)

B = (14 sqrt(3))/2 |

CL distribution and thimbles follow each other
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SU(2) model

comparison between Langevin and Lefschetz

# Uuse gauge invariant variable Tr U

CL histogram in Tr U plane
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SU(2) model

comparison between Langevin and Lefschetz

# Uuse gauge invariant variable Tr U
#® map thimbles into Tr U plane

#® comparison with CL histogram for Tr U

4

Im TrU

\ SU(2)
\\ B = (14 sqrt(3))/2
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SU(2) model: gauge cooling

use group dynamics and gauge cooling

o distribution in Tr U plane

#® number of cooling steps: O
# wide distribution, wrong results
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SU(2) model: gauge cooling

use group dynamics and gauge cooling

o distribution in Tr U plane

#® number of cooling steps: 1
# wide distribution, wrong results
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SU(2) model: gauge cooling

use group dynamics and gauge cooling

o distribution in Tr U plane

Lt

#® number of cooling steps: 2

® narrow distribution, correct results
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SU(2) model: gauge cooling

use group dynamics and gauge cooling

o distribution in Tr U plane

///w

#® number of cooling steps: 4
® narrow distribution, correct results
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SU(2) model: gauge cooling

use group dynamics and gauge cooling

o distribution in Tr U plane

A ——

#® number of cooling steps: 6
® narrow distribution, correct results
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SU(2) model: gauge cooling

use group dynamics and gauge cooling

2

N /*
: /
: /
/
. .
S
= E |
E : S
: e
- -~
0 '“:....“.3*. .................... _
I
: |
CL - fully gauge fixed : SU(2)
- CL - gauge cooling 'I B = (14 sqrt(3))/2
: 1
) | | i ! | L | L
13 -2 1 0 1 2 3
Re TiU

# gauge cooling and full gauge fixing yield the same
distributions

# CL dynamics under control
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SU(2) model

special case 6 =3 Berges & Sexty 08

degenerate critical point at cos z = i, 9°S(z) = 0
thimbles can be computed analytically

L

o(u) = taiu (u £yfu? = (1 - ) tan? u)

® Interms of

2_
%Tr U = cosz

= u+ 1w

® CL distribution . -
plnChed by thlmbles O T D .
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Summary

observations in simple models:

o CL distribution and thimbles related
#® CL samples ‘smeared’ distribution close to thimble
# since CL distribution is real: 1D — 2D Is necessary

# log det problem depends on details of model (for both)

crisp relation between CL and thimble structure is lacking
only circumstantial
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