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Lattice models on Lefschetz thimbles
x! CR(" RM# x+iy=2z! C"

S[x]! S[x+ iy]= S[z]

7 = 'CR Oijexpl” S} = Dlzlexpl” 2} (PII= e'x)

the contour of path-integration is selected by
using the result of Morse theory A Pham (1983) ]

Cr = nJ, n = &R, K
11
h1" ReS[z] o
h!" ReS[z]
d .. 1949 d . _ 1S[z]
az(t)——!z, az(t)— R t# R
! S[z]

critical points z o

Lefschetz thimble 3, (x,) (n-dim.real mfd.)
=the union of all down(up)ward [3ows which

trace back to z in the limit t goes to - &), K=" = $ (intersection numbers



Lattice models on Lefschetz thimbles
x! CR(" RM# x+iy=2z! C"

S[x]! S[x+ iy]= S[z]

Z = | D[x]exp{" S[X]} = | D[z]exp{" S|[z]}
Cr C

the contour of path-integration is selected by
using the result of Morse theory A Pham (1983) ]
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Partition function
!

Z = nexp{! S[zi ]} Z,, n = &R, K"
1! , A
Z = D[z]exp{! Re S[z]! S[z]}
J
Observables

!
#O[Z]$= % N exp{! S[Z! ]} Z #O[Z]%!

1 # $
#HO[z]H, = 7, D[z]exp{! Re S[z]! S[z/] } O|z]

HR,Ki$=0 Thiv Respy #RKi$=1 #HR, K1 $=0

{z) } satisfying ! ReS[z ] > max{! ReS[x]} (x " R)

Cn

HRr,Ki $=1
{z'} in the original cycle G

the relative weights proportional to exp(! S|z ])

2vac - R l ReS[zyac] = max{! ReS[x]} (x " R)



Observables
I
#HO[z]$= % ni exp{! S[z ]} Z, #O[z]%,

1 # $
#H[z]H, = 7 D[z]exp{! Re S[z]! S[z/] } O[z]



Observables

#O[z]$= %

#0[2]%,

Z

n exp{! S[z [} Z, #O[z]%,

P

Ji

# $
D[z]exp{! Re S[z]! S[z] } O[z]

It is not straightforward to
compute the sum, in general

_ o
[ =1/ detK
Kij & !i!js[z]|z=21

in the saddle point approximation



Observables
I
#HO[z]$= % ni exp{! S[z ]} Z, #O[z]%,
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It is not straightforward to
compute the sum, in general

H[zl%, = Zi J D[z] expf! Re#S[Z]! S[z ]$} Olz] 1/¥ Jeik
1, L= €

Kij & | i!jS[Z]lz:m

in the saddle point approximation

The functional measure should be specibed &
the tangent spaces of the thimble

It may give rise t@an extra phase factor !
>> residual sign problem

if {U,} is an orthonormal basisof the tangent spact
lz=UlI"t |1z)2=1"2
d'z[, =d"I" detU,

detV,

"z = det U, =
°t 22T detvy]
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11—

It is not straightforward to
compute the sum, in general

1 # $
#H[z]H, = — D[z]exp{! Re S[z]! S[z/] } O[z]

Zi =1/ detkK
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Observables
I
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It is not straightforward to
compute the sum, in general

1 # $
#H[z]H, = — D[z]exp{! Re S[z]! S[z/] } O[z]

Zi Z, =1/ detK
Kij & | i!jS[Z]lz:z!
in the saddle point approximation
Since Im(S) stays constant, The functional measure should be specibed L
this part may be evaluated b§C, the tangent spaces of the thimble
but with the residual phase factor It may give rise t@an extra phase factor !
reweighted >> residual sign problem

: : : if {U,} is an orthonormal basisof the tangent spact
a possible approximation :

take a single thimble ) vac lz=UlI"t iz)2=1"2

d"z = d"I" detU
H0[Z)$= #0[2]% . b, = o7 detl

"2 = det U. = detV;
(AuroraScience Collaboration ) - et = | det ;|




Geometric properties of Lefschetz thimbles

a) Tangent spaces of Lefschetz thimbles

basis of tangent vectors{V, }(! =1,44an)

at a generic point ”ny,

(V,$+ E&V) ! {V)$+ ¥8V, =0

d, | £ -
g = 8987 V(1) (! =1,aaan)
9% 97
In the vicinity of critical point ,z (g +@BV, " {V,1 + ¥ Bg=0
linearized 3ow equation and its solution:
4 4 v K vz g
% zi(t) ! Z!i$= e 7(t)! ﬂ.j$, Kij & 1iljS[z]l,-,, Vi K "l i
0($=1,444n)
! | i | | sz Z
zi(t)! zi= v exp "' (t! to) #, # " R(! =1,aaan) v (I =1,444n) are orthonormal
{v'}(! =1,444n) spans the tangent spact Ty,
WV IV, =00 (1, %=1,448 D (v
zi Vzi zi Vzi (1, d an) dtlm{\@z (OV; (1)}
V, = UFE™ {U!} is an orthonormal basis =Im {V, 1 *S[z]V, (t) + ¥, P F[R¥] (1)} =0

E is a real upper triangle matrix



b) Normal directions of thimbles

the set of normal vectors

{iUu;}or{iV, }(# =1,44a4n) v, [, ]

VZI [e(n)’ t'(n)] ‘

Z[e(n) , tl(n)]

Re (" i)\_/zfi)‘ sz =0 - thimble J -

c) Parametrization of points z on thimbles

Asymptotic solutions of Flow equations

z(t) $ zx+ V' exp(t)e ; ee =n
V, (1) $ V' exp(@ t),

the direction ofthe Bow: € (#=1,44an;%% = n)

the time of the Bow : t'=1t" tg

Zlet]: (€ ,t) & z! Jg
z[e,t] = z(t)le=t+ 1t

1z[e,t] = V, [e,t]('€ + %€ It)



Algorithm of HMC on Lefschetz thimbles
the saddle-point structures !
a) To generate a thimble
use the parameterization z[e,t]: (e’ ,t') & z! J
solve the [3ow egs. foboth z[e,t’] & V.*[e,t’] by 4th-order RK

b) To formulate / solve the molecular dynamics
Introduce a dynamical system constrained to the thimble
use 2nd-order constraint-preserving symmetric integrator

c) To measure observables
try to reweight the residual sign factors

I\iconf
!e| ZO Z ||! 1 M
oy, = O pere 1o, = ol
le 2"y N conf k=1
T _ detV,
e z=detU, = TdetV, |

{1e"="} }(! #!) should not be vanishingly small
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Algorithm of HMC on Lefschetz thimbles
the saddle-point structures !
a) To generate a thimble
use the parameterization z[e,t]: (e’ ,t') & z! J
solve the [3ow egs. foboth z[e,t’] & V.*[e,t’] by 4th-order RK

numerically very demanding !
b) To formulate / solve the molecular dynamics
Introduce a dynamical system constrained to the thimble
use 2nd-order constraint-preserving symmetric integrator

c) To measure observables
try to reweight the residual sign factors

& op L Mo
10[z]"; = |ei"z["!]Ja where !0[z]"}, = Noorr o[z)]
S k=1
'"Z _ _ detVZ
e z=detU, = etV ]

{1e"="} }(! #!) should not be vanishingly small

A possible sign problem ! Need a careful and systematic study !



b) To formulate/solve Molecular Dynamics on the thimble
Constrained dynamical system

Equations of motion
= w,
W = "297" iV, # # # R ($=1,444an)

Constraints

z = z[e,t] wi = V) [e,tlw', w #R

A conserved Hamiltonian:

1 1% Y .1 1$ _ %
H = é\MiWi + 5 S[z] + 9[7 H = §{WiWi + Wi W; } —|—§ "1S[z|z +"S|z]z ’
1$ 1l P %
=35 (HiV5i# )W +w (" iV, # )
; & '
I | " =1 n " _n I
= W VRVt Vg =0



b) To formulate/solve Molecular Dynamics on the thimble

Second-order constraint-preserving symmetric integrator

Zn = Z[e(”),t!(”)],
wh = VZ! [e(n),t!(n)]w! (n)’ W' (n) #R
1 1 ..

Wn+1/2 — Wn | E' | lgg[d]] | é| | |VZ| [e(n)’t'(n)]#ir]’

N+l — on + 1 !Wn+1/2

Wn+1 — Wn+1/2! ]é-! ! @g[dwl]! %! ! iVZ! [e(n+1) ’t!(n+1)]#iv]

#:, and #,, are Pxed by

ne 1,2,
yALR Z[e(n+1) ,t!(”+1)], Phwe® Sht 298| 1

"SRV, [ E ]

Wn+1 — VZ! [e(n+1) ’t!(n+1) ]W! (n+1) ’ W! (n+1) u R

Vv, [eM, t'(M]
Z[e(n+1) ,t!(n+1) ]
iV, [eM, 1M

'thimble J -



Solving the constraints 1

L wn 5! | 2227

n 1 H
5! ! 2iv, [, 1 M#

Vz! [e(n),t!(n)]
Z[e(n+l) ’ t!(n+1) ]

!
VAREQREQ) Z[€(k) Lo

z[e(™, t'(M]

“thimble J- the sequencese,,,t,) (k = 0,1,a&pwith (€, t) = (€ ™, ')

| | | : L
€)= €1 P Eke | o€ M =0,
1 =1

! Y [
Pl = Ly ' L
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the constraints to be solved

1 1 .o .
2™ ¢TI [, O] = 1wt D1 # 0GR S #V, [e(™, M) {

the sequencese%k),t!(k)) (k =0, 1,aaBwith (e!(O),t!(O)) = (& (M ')

| ! :
| €y = € ! o | eye M =0
=1

! — ¢! !
'l T ey ot

where
e+ e st t, =Re {V, M, t' M} #

%
# 1
zi[e™ M+ 1 1w 5! 128! zi[en, th]

1, i S i oy ) m 3
= Im {VZ [e', ]}I zi[e'", tVV]! Zi[e(k),t'(k)]

T2y

1 " 1 5
{VZ| [e(n),t!(n)] ' e! (k) + e! (n)#! ' t|(k)#{ # n$2

stopping cond. :

9
1 ) 1 F w2, 10, $
5! g = Im 7V, et g e 5! 284" ]



a HMC update

A hybrid Monte Carlo update then consists of the following steps for a given trajectory
length !ya; and a number of stepsnsgtep:

1. Set the initial Peld conbguration z;:

{e @t} = (e t}, 2= z[et]

2. Refresh the momentaw; by generating n pairs of unit gaussian random numbers
“i,#), setting tentatively w; = "; + i#, and chopping the non-tangential parts:

w? =V, RefV; '} (") + i#)] = U, Ref{U, 3 (' + i#)].

3. Repeatngep times of the second order symmetric integratior
the step size! ! = !yaj /N step.

4. Accept or reject by | H = H[w"ser  zMser )1 H [wP, 2.

As for the initialization procedure, one may generate unit gaussian random numbers
# ($=1,44aan), set |

| | n n |
e. = # n n o T = ! t ]
T H# °

and then preparez[e, t'], {V, [e,t']}, and the inverse matrix V, [e,t].



Test inthe A@*, model

Complex Langevin simulation
G.Aarts, PRL 102:131601, 2009, arXiv:0810.2089
Dual variables / worm algorithm

C. Gattringer and T. Kolber, NP B869 (2013) 56, arXiv:1206.2954

$(x) = H#i(X)+ i#(x) 1 2

#Ha(X) # R (a=1,2)

(X)) & za(x) # C(a=1,2)

| " " |3
S[z] = ' + }Za(X)Za(X) + ZO#Za(X)Za(X)$2$ KO' Za(X)Za(Xx + Q)

X" L4 2 k:].
%

. &
$Koza(X)zp(x + 0) &pcoshu) $ i’ apsinh(p)

whereKo = iy, #o = K§#

K=1.0,$=1.0,%0.0~1.8
L=4 (... 12)



Test inthe A@*, model

Complex Langevin simulation
G.Aarts, PRL 102:131601, 2009, arXiv:0810.2089
Dual variables / worm algorithm

C. Gattringer and T. Kolber, NP B869 (2013) 56, arXiv:1206.2954

$(x) = H#i(X)+ i#(x) 1 2 How SEVERE IS THE SIGN PROBLEM ?

AVERAGE PHASE FACTOR

#Ha(X) # R (a=1,2)

I?\ ‘ ‘ \
'\
i 5
ol B = 6" _
(X)) & zz(x) # C(a=1,2) A oog
7l\:'. \ a-Aqg!
_-Ago.ef\‘; \‘\ |
| 2R
. 1 n 0# o |‘ \\
S[z] = + EZa(X)Za(X) + — Za(X): o 0-4*\‘ L He ! 1.15 |
x" L4 4 \o ‘\\ 1
@ & 3 0.2 Zk\ \ .
$Koza(X)zp(x + B) & COS N -___.ﬂlx\ 7
0 \\.‘_ AN
L g---. \e a u ‘ U‘i ' i i
whereK g = ﬁ’ #o = KCZ)# 0 0.5 1 15

average phase factor e’ "pq

K=1.0, $=1.0,9%-0.0~1.8

G.Aarts, PRL 102:131601, 2009, arXiv:0810.2089
L=4 (... 12)

Kyoto, January 2010 b p.28



Test inthe Ag?,model (contOd)
critical points with constant field z,(x)=z;

15[ |

. =(1! 6Kg! 2Kgcosh(u)) za+ "o(zZ+ 25)za=0 (a=1,2)
! Za(x) .za(x): Za
) % 4 o &
. . 11 6Ko® T PIT 6K o2
critical value ofo(classical) ke =In Ky T Ky 1

% ~0.962 for K=1.0$=1.0
1. For p" K,

@) 2= 2=0;SE1=0 <« the thimble 1-(a)
(b) Z1 = i#o Cosg}b Zp = i#osin$; S[Z]’= ! L4!TO#61’

\
+ 1! 6Ko! 2K g cosh(u)
| [l
‘o

where #q =

2. For p> R,

@) 2= 2=0: Slz1=0. the thimble 2-(a)
(b) z1 = #o COS%A)Z&: #osin$ ; S[z] = ! L4!T0#61v

\
I 1! 6K ! 2K g cosh(n)
'o :

<«— the thimble 2-(b)
where #q =




ReS[z]

HMC on the thimble 1-(a)

simulation parameters :

HMC histories ¢o= 0.9)

400

350

300

250

200

150 -

100 -

50 -

0

p=0.9

1
1000
HMC trajectories

1
0 500

M< Pt

Parameters Resulting conditions ,,
Thimble to=1!5.0 |Re S[z(to)]! Slzvac] |! 1.0
(Solving Bow egs.) | Niers = 100 ImS[z]|! 1.0# 10 *

h=t/nes" 005] $29! V'# & $/2V % 1.0# 10 *
Molecular Dynamics | !y =1.0 scale variable range :t' & [4.9,5.1]
(Solving constraint) | nstep = 20 I'H! 0.1

't =0.05 acceptance rate" 0.99

$=1.0# 103 number of iterations : || 4
Auto-corr. time lint " 2 for ReS|[z]

lint * 3 for %

HMC trajectories




HMC on the thimble 1-(a)

100

50

simulation parameters :

M< Pt

Parameters Resulting conditions ,,
Thimble to=1!5.0 |Re S[z(to)]! Slzvac] |! 1.0
(Solving Bow egs.) | Niers = 100 ImS[z]|! 1.0# 10 *

h=t/nes" 005] $29! V'# & $/2V % 1.0# 10 *
Molecular Dynamics | !y =1.0 scale variable range :t' & [4.9,5.1]
(Solving constraint) | nstep = 20 I'H! 0.1

't =0.05 acceptance rate" 0.99
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HMC on the thimble 1-(a) H< K

generated 4,250 traj.
sampling 300 conf. with the separation of 10

residual phase : number density :
: 0.025 .
H nal! z#] Thimble 1-(a) :--o---
0.1 | (9.99e-01, -1.15e-03} (5.7e-02, 7.4e-04)
0.3 | (9.99e-01, -1.03e-03} (5.7e-02, 2.1e-03) 002 | .
0.5 | (9.98e-01, -2.68e-03}% (5.7e-02, 3.3e-03) 5
0.7 | (9.97e-01, 5.24e-04% (5.7e-02, 4.3e-03) _
0.9 | (9.94e-01, -7.40e-03f (5.7€-02, 5.9e-03) & 45 |
s 0.01 .
detV, 5
€ 2=detU, = ———=
| det V| 0
0.005 .
o
0 © 1 1 1
0 0.2 0.4 0.6 0.8 1
M (chemical potential in lattice unit)
1) LK . +
nizl= 7 KozZa(X)zo(x + 8) "apsinh(p) ! i(abcoshiu)

X



HMC on the thimble 2-(b) H~> K

Critical region of real dimension one : /$ # [0, 24
! V11 #
za(;:1) | Ra(") $m%+  o(x)' exp(t't)¢€ (t" 0) zero mode
1 =1 1Y =0,
H
% %_ & V'1 0—
$2a(x:1) = Va(x:1)° % V§" + Vi(X;1)' ($e' + 1€ $t) Va(X)" = &2l
=1
.. . 11 = 0 .
Critical Ructuation :  lowestmode ' - 2%% . getsverylight! (M ! o)
Va(X)™ = $aa/ V
& #1 *
Za(X:t) % Rap(%, &1 $ %o o vp(x)' exp(l't)€ Nild e =2v-2
1! Jvioel exp(! 1t) |-, + Lo _—
Va(x: )0 % Rap(% vo(x)° $ 1 | the global 3ow modez,(X;t) = z4(t)
11 2 el exp(! 1) d !
0 I 1t az*’*‘(t) B lﬂaxg[z]'Za(X:tF Za(t
exp(! "
Va(X; 1) % Ran(9 vi(X)* - PC0 32 = #o m()B(t) ! $3 m(t)

11 2 el exp(! 1t)
V"o

Va(X;t)" % Rap(Dvp(x)' exp(! ' 1) ( =2,444V! 1)



simulatio

HMC on the thimble 2-(b) H> K
n parameters :

Parameters Resulting conditions ,,

Thimble to="! 3.0 |IRe S[z(to)]! Slzvac] |! 2.0$ 10
Niefs = 100 [Im(S[z]! S[zvac])]! 5.0% 10 2
h = t'/n s # 0.03 VPGl V'# e %/2V & 3.0$ 10 ?

MD ltraj = 0.3 t'" [2.5,3.5]
Nstep = 10,30 (0 =1.0,1.1) |! H! 0.05

1 1 50.03,001 (u=1.0,1.1)

Acceptance rate# 0.99

$= 10%$ 103 |1 4,6 u=1.0),14 u=1.1)
Auto-corr. time | (for ReS[z]) lint # 10,14 @ =1.0,1.1)
(for %) it # 15,14 @=1.0), 28 (u=1.1)

generated 11,250 traj.

sampling 1,000 conf. with the separation of 10|

residual phase averages:

lgtz"

\] vac

1.0
11
1.2
1.3
1.5

(9.94e-01
(9.94e-01
(9.95e-01
(9.97e-01
(9.99e-01

, -8.77e-03} (3.1e-02, 3.1e-03)
, -3.21e-03} (3.1e-02, 3.4e-03)
, -8.25e-04} (3.1e-02, 3.0e-03)
, -3.08e-03} (3.1e-02, 2.2e-03)

,-1.06e-03} (3.1e-02, 1.0e-03)

number density :

3.5

Thimble 2-(b) &

25

15

<n[z]> (number density)

05

0.9 1 11

I I I I
1.2 1.3 14 15 1.6
Mgy | Tl lom 1A M




HMC on the thimble 2-(b)

simulation parameters :

generated 11,250 traj.

M > B
Parameters Resulting conditions ,,
Thimble to="! 3.0 |IRe S[z(to)]! Slzvac] |! 2.0$ 10
Niefs = 100 [Im(S[z]! S[zvac])]! 5.0% 10 2
h = t'/n s # 0.03 VPGl V'# e %/2V & 3.0$ 10 ?
MD ltraj = 0.3 t'" [2.5,3.5]
Nstep = 10,30 (0 =1.0,1.1) |! H! 0.05

1 1 50.03,001 (u=1.0,1.1)

Acceptance rate# 0.99

$= 10%$ 103 |1 4,6 u=1.0),14 u=1.1)
Auto-corr. time | (for ReS[z]) lint # 10,14 @ =1.0,1.1)
(for %) it # 15,14 @=1.0), 28 (u=1.1)

HOw SEVERE IS THE SIGN PROBLEM ?

AVERAGE PHASE FACTOR

sampling 1,000 conf. with the separation ¢

residual phase averages:

m lgtz"

J vac

1.0
11
1.2
1.3
1.5

(9.94e-01, -8.77e-03} (3.1e-02, 3.1e-03)
(9.94e-01, -3.21e-03} (3.1e-02, 3.4e-03)
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(9.97e-01, -3.08e-03} (3.1e-02, 2.2e-03)
(9.99e-01, -1.06e-03} (3.1e-02, 1.0e-03)
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simulatio

HMC on the thimble 2-(b) H> K
n parameters :
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1 1 50.03,001 (u=1.0,1.1)

Acceptance rate# 0.99

$= 10%$ 103 |1 4,6 u=1.0),14 u=1.1)
Auto-corr. time | (for ReS[z]) lint # 10,14 @ =1.0,1.1)
(for %) it # 15,14 @=1.0), 28 (u=1.1)

generated 11,250 traj.

sampling 1,000 conf. with the separation of 10|
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<n[z]> (number density)

Comparison to Complex Langevin simulations

dz(t) _  !S[z] . ... PR N !
T _!!Z + (1), <" ()"(t)>=2#1! t)
n M 1; t #
10" = Iim = dt*O(z(t%)
t! t o

parameters of CL simulations:
step size&=5.0 x 106°, 5,000,000 time steps
sampling 10,000 conbgurations with the separation of 500

number density :

0.025

T T
Thimble 1-(a) - ' Thimble 2-(b) @ |
C Langevin :--><-- 3 C Langevin +--><-- X
0.02 X s |
¢
E 2

0.015 | g i
©
@
E

S 15
£
0.01 | %
=
\%

X 1t a
ol X
0.005 -
05
S
X
)4
0 )4 1 1 1 I 0 W X
0 0.2 0.4 0.6 0.8 1 0.9 1 11 1.2 13 1.4 15

U (chemical potential in lattice unit) H (chemical potential in lattice unit)



<n[z]> (number density)

Comparison to Complex Langevin simulations

dz(t) _  !S[z] . ... PR N !
T _!!Z + (1), <" ()"(t)>=2#1! t)
n M 1; t #
10" = Iim = dt*O(z(t%)
t! t o

parameters of CL simulations:
step size&=5.0 x 106°, 5,000,000 time steps
sampling 10,000 conbgurations with the separation of 500

number density :

0.025

T
Thimble 1-(a) - ' ' Thimble 2-(b) @ |
C Langevin :--><-- 3 C Langevin +--><-- X
0.02 X s |
¢
E 2
0.015 | g i
©
o
E
S 15
£
0.01 | %
s
v I
>< 1| lJ.C H 1- 15 >E]<
o
0.005 - .
05
S
X
)4
0 )4 1 1 1 I 0 W X
0 0.2 0.4 0.6 0.8 1 0.9 1 11 1.2 13 1.4 15

U (chemical potential in lattice unit) H (chemical potential in lattice unit)



<n[z]> (number density)

2.5

=
o

0.5

HMC on the thimbles |1-(a) & 2-(b)
number density :

Thimblle 1-(a) :—”@,I,,l T T ; : |
~  Thimble 2-(b) :--&--- ]
| o i

]
| | | . a . & | ,
0 0.2 0.4 0.6 0.8 1 10 »
u (chemical potential in lattice unit)
A

Ue ! 1.15

ke $ 0.962

1.6

W | Reln[z]"y,, (k. error) | Relé'zn[z]"} | Re!n[z]"}
0.1 3.34e-04 (9.2e-05) 3.35e-04 2.15e-04
03| 1.20e-03 (2.7e-04) 1.19e-03 8.56e-04
0.5 3.02e-03 (5.0e-04) 3.01e-03 2.44e-03
0.7| 6.74e-03 (6.7e-04) 6.71e-03 5.91e-03
0.9 1.89e-02 (1.4e-03) 1.85e-02 1.73e-02
1.0 3.14e-02 (4.3e-03) 3.12e-02 3.00e-02
1.1 7.17e-02 (1.3e-02) 7.12e-02 7.01e-02
1.2 2.92e-01 (1.8e-02) 2.90e-01 2.90e-01
1.3 9.88e-01 (2.6e-02) 9.85e-01 9.87e-01
15 2.91e-00 (2.7e-02) 2.90e-00 2.90e-00




Summary & Discussions

¥ We have formulated a HMC algorithm which is applicable to lat
models dePned on Lefschetz thimbles

¥ We have tested the algorithm ithe $' 4 omodel on the lattice
V=4
¥ the thimbles associated with the classical vacua

¥ the residual phase factors reweighted successfully
¥ known results of thenumber density reproduced (cf. CL, dual

¥ Need the careful study dhe systematic errors

¥ setup ofthe asymptotic regions
¥ contributions ofother thimbles, ex. thimble 2-(a), ...

¥ Need the study othe residual sign problem on larger lattices

¥ Numerical cost per traj. literally, scales as OfW Nstep)
solving Bow egs. (all tangent vectors) : ORhier)

computing V4, detV (residual sign factors) : O{V

¥ Dynamical fermions
possible applications to QCE  cf. D. Sexty, arXiv:1307.7748



Test inthe Ag?,model (contOd)
critical points with constant field z,(x)=z;

|
! S[z] |
! Za(x) !Za(X): Za

=(1! 6Kg! 2Kgcosh(u)) za+ "o(zZ+ 25)za=0 (a=1,2)

. . H1 ek HIT eRgST
critical value oPo(classical) ke =1In Ko T Ko 11
% ~0.962 for K=1.0$=1.0
1. For p" K,
(@) z2=2,=0; S[z] =0, <— the thimble 1-(a)

(b) Z1 = i#ocosg}b Zp = i#oSIiNG ; S[Z]’= ! L4!TO#61’

\
+ 1! 6Ko! 2K g cosh(u)
| 1]
‘o

where #¢g =

2. For p> g,

@) zn=2=0; Sk=0 <«— the thimble 2-(a)
(b) z1 = #o COS%A)Z&: #osSIinS ; S[z] :{ ! L4!T0#61v

\
I 1! 6K ! 2K g cosh(n)
'o '

<«— the thimble 2-(b)
where #¢g =
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Summary & Discussions

¥ We have formulated a HMC algorithm which is applicable to lat
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Solving the constraints 1

L wh e 5! | 2'09[7"]

[1] 1 H
5! ! 2iv, [, 1 M#

Vz! [e(n),t!(”)]

Z[e(n+l) ’ t!(n+1) ]

!
VAREQREQ) z[ego o)

z[e(™, t'(M]

“thimble J- the sequencese,,,t,) (k = 0,1,a&pwith (€, t) = (€ ™, ')

| | | : l
€)= €1 P Eke | o€ M =0,
=

L |
Pl = Ly ' L

1
/ | 24l M1 Z (€™, O] L rwE S0 2 A 7 fe, )

/ Lo [e™, M) = V) [, ] 1 e+ € MRt

: 1,
X ! Z(k)[e(n)st!(n)]# = iv, [, tM)] 5! 2#Er](k)

1 1 #' 2
iv; [ M1 & o+ & M L1 # n$?



