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Generic structure of diagrammatic expansions:

Example:

These functions are visualized 
with diagrams.

= + + +

+  … + + …+

Q y( ) can be sampled by Monte Carlo 

Feynman diagrams 



Diagrammatic MC: Random walk in the diagrammatic space

The space =  diagram order + topology + internal/external continuous variables 

Not to be confused with the diagram-by-diagram evaluation! 

Diagram order

Diagram topology

Continuous variables

MC update

MC up
da

teMC update



Convergence of the series. Sign blessing



Dyson’s collapse as the guiding principle

Dyson’s argument (1952): The perturbative series has zero convergence 
radius if changing the sign of interaction renders the system pathological.

A conjecture:    Finite convergence radius if no Dyson’s collapse.

Pauli principle protects lattice and momentum-truncated fermions from 
Dyson’s collapse. 



Resonant Fermions

Hubbard model

Fermionized spin-1/2 on a triangular lattice



c ∼ n1/3 ∼ kF ⇒

c = 0 ⇒

Model of Resonant Fermions

BCS regime

BEC regime

unitarity point: scale invariance

No explicit interactions—just the boundary conditions:

(In the two-body problem, the parameter c defines the s-scattering length:  a = -1/c .)

(from ultra-cold atoms to neutron stars)
Works whenever                   ,
where          is the range 
of interaction.

the crossover



G 
= 

G0 
+ 

G0 
Σ 

G 

= 
Γ Γ0 

+ 
Γ0 

Π 

Γ 

Σ =  + 

G 

Γ 
+ … 

+ Π = 

G 

G 

‐ 

G0  

G0 

+ … 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Number density EoS

Bold DiagMC

MIT expt. (w/ systematic error)

Virial expansion (first 3 terms)

K. Van Houcke, F. Werner, E. Kozik, N. Prokofev, B. Svistunov, M. Ku, A. Sommer, L. W. Cheuk, A. Schirotzek, and M. W. Zwierlein,   
Nat. Phys. 8, 366 (2012).



Distribution over momenta

K. Van Houcke, F. Werner, E. Kozik, N. Prokof'ev, and B. Svistunov, arXiv:1303.6245.

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6  1.8  2

n !
(k

)

k / kF

"µ = 2.25 [T/TF = 0.19]
"µ = 1.5 [T/TF = 0.26]
"µ = 1 [T/TF = 0.34]
"µ = 0 [T/TF = 0.65]

3

FIG. 3: Temperature dependence of the contact in the low-
temperature region of the normal phase, in terms of (a) canon-
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FIG. 3: Temperature dependence of the contact in the low-temperature region of the normal phase, in terms of (a) canonical
and (b) grand canonical variables. BDMC (this work): blue solid circles, JILA experiment [21]: brown solid diamonds, lattice
AFQMC simulations [25]: grey crosses. The curves correspond to di�erent diagrammatic approximations: non self-consistent
T -matrix [22]: dashed black line, self-consistent T -matrix [23]: solid red line, Nozières-Schmitt-Rink [24]: dotted green line in
(a) and dashed black line in (b). The transition point to the superfluid phase from Refs. [34, 35] is indicated by the green
arrow.

pronounced enhancement when decreasing temperature.
The self-consistent T -matrix results of Ref. [23] are re-
markably close to our data in Fig. 3a. The contact in
terms of grand canonical variables, C(µ, T ) or equiva-
lently C/µ2 versus �µ, is shown in Fig. 3b. It is nat-
ural to use these variables to discuss the di⇤erent dia-
grammatic results since the diagrammatic technique is
formulated in the grand-canonical ensemble. The func-
tions C(n, T ) and C(µ, T ) are connected by the equation
of state n(µ, T ), given for each of the considered ap-
proaches in Refs. [26, 36–38]. The non self-consistent T -
matrix and Nozières-Schmitt-Rink approaches yield the
same result for C(µ, T ). Indeed, in both approaches, C
is given by Eq. (3) with � replaced by �0 which is the
sum of the ladder diagrams built on the ideal gas propa-
gators G(0). The self-consistent T -matrix approach over-
estimates C(µ, T ) as seen in Fig. 3b, and also overesti-
mates the equation of state n(µ, T ) (see [26]). These two
systematic errors largely cancel out when one considers
C(n, T ) as in Fig. 3a.

We now turn to the momentum distribution. The
large-momentum physics governed by the contact en-
ters in the following way the bold-line diagrammatic
formalism (see also [24, 39]). In short, the tail of the
momentum distribution comes from the diagram de-
picted in Fig. 4. More precisely, for k ⌅ ⌃ the
Dyson equation simplifies to n⌅(k) = G⌅(k, 0�) ⇧
�
� �/2
��/2 d⇤1

� �/2
��/2 d⇤2 G

0
⌅(k,�⇤1)⇥⌅(k, ⇤1 � ⇤2)G0

⌅(k, ⇤2).

Here the large-momentum ideal gas propagators G0 can
be replaced by vacuum propagators, which are retarded

and quickly decaying functions of imaginary time. Hence
the integral is dominated by ⇤2 ⌅ 0+ and ⇤1 ⌅ 0�,
and the imaginary time argument ⇤1 � ⇤2 of the self-
energy tends to 0�. The behavior of ⇥(k, ⇤) for k ⌅ ⌃,
⇤ ⌅ 0� can be determined analytically by consider-
ing the bold diagrammatic series. The lowest-order dia-

gram reads ⇥(1)(k, ⇤) =
� d3p

(2⇤)3 �(p, ⇤)G�⌅(�k+p,�⇤),
where the integral is dominated by momenta p ⇤ k and
the propagator G can be replaced by the vacuum expres-
sion �e�⇥k|⇧ | in the relevant region 0 < �⇤ <⇥ 1/k2 ⌅ 0
(here ⇥k = k2/2). As for the higher order bold diagrams,
their contribution is suppressed because they include in-
tegrations over internal times which are restricted to nar-
row ranges, since G and � become narrow functions of
time at large momentum. Hence

⇥(k, ⇤) ⇧ C e⇥k⇧ , k ⌅ ⌃, ⇤ ⌅ 0�. (8)

After substituting this form into the asymptotic Dyson
equation given above, the large-momentum tail, Eq. (2),
is recovered.
These analytical considerations have the following im-

plications for our BDMC calculation. Since the C/k4 tail
of the momentum distribution comes exclusively from the
lowest-order self-energy diagram, this tail is automati-
cally built into our self-consistent BDMC scheme pro-
vided this diagram is evaluated with high precision. We
achieve this by using numerical Fourier transformations
(rather than Monte Carlo) and analytical treatments of
leading-order singularities [27], in the spirit of [31]. Our
value of C, of course, still di⇤ers from the one of the self-
consistent T -matrix approximation of Refs. [23, 31], since
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FIG. 3: Temperature dependence of the contact in the low-temperature region of the normal phase, in terms of (a) canonical
and (b) grand canonical variables. BDMC (this work): blue solid circles, JILA experiment [21]: brown solid diamonds, lattice
AFQMC simulations [25]: grey crosses. The curves correspond to di�erent diagrammatic approximations: non self-consistent
T -matrix [22]: dashed black line, self-consistent T -matrix [23]: solid red line, Nozières-Schmitt-Rink [24]: dotted green line in
(a) and dashed black line in (b). The transition point to the superfluid phase from Refs. [34, 35] is indicated by the green
arrow.

pronounced enhancement when decreasing temperature.
The self-consistent T -matrix results of Ref. [23] are re-
markably close to our data in Fig. 3a. The contact in
terms of grand canonical variables, C(µ, T ) or equiva-
lently C/µ2 versus �µ, is shown in Fig. 3b. It is nat-
ural to use these variables to discuss the di⇤erent dia-
grammatic results since the diagrammatic technique is
formulated in the grand-canonical ensemble. The func-
tions C(n, T ) and C(µ, T ) are connected by the equation
of state n(µ, T ), given for each of the considered ap-
proaches in Refs. [26, 36–38]. The non self-consistent T -
matrix and Nozières-Schmitt-Rink approaches yield the
same result for C(µ, T ). Indeed, in both approaches, C
is given by Eq. (3) with � replaced by �0 which is the
sum of the ladder diagrams built on the ideal gas propa-
gators G(0). The self-consistent T -matrix approach over-
estimates C(µ, T ) as seen in Fig. 3b, and also overesti-
mates the equation of state n(µ, T ) (see [26]). These two
systematic errors largely cancel out when one considers
C(n, T ) as in Fig. 3a.

We now turn to the momentum distribution. The
large-momentum physics governed by the contact en-
ters in the following way the bold-line diagrammatic
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momentum distribution comes from the diagram de-
picted in Fig. 4. More precisely, for k ⌅ ⌃ the
Dyson equation simplifies to n⌅(k) = G⌅(k, 0�) ⇧
�
� �/2
��/2 d⇤1

� �/2
��/2 d⇤2 G

0
⌅(k,�⇤1)⇥⌅(k, ⇤1 � ⇤2)G0

⌅(k, ⇤2).

Here the large-momentum ideal gas propagators G0 can
be replaced by vacuum propagators, which are retarded

and quickly decaying functions of imaginary time. Hence
the integral is dominated by ⇤2 ⌅ 0+ and ⇤1 ⌅ 0�,
and the imaginary time argument ⇤1 � ⇤2 of the self-
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row ranges, since G and � become narrow functions of
time at large momentum. Hence

⇥(k, ⇤) ⇧ C e⇥k⇧ , k ⌅ ⌃, ⇤ ⌅ 0�. (8)

After substituting this form into the asymptotic Dyson
equation given above, the large-momentum tail, Eq. (2),
is recovered.
These analytical considerations have the following im-

plications for our BDMC calculation. Since the C/k4 tail
of the momentum distribution comes exclusively from the
lowest-order self-energy diagram, this tail is automati-
cally built into our self-consistent BDMC scheme pro-
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achieve this by using numerical Fourier transformations
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value of C, of course, still di⇤ers from the one of the self-
consistent T -matrix approximation of Refs. [23, 31], since

3

FIG. 3: Temperature dependence of the contact in the low-
temperature region of the normal phase, in terms of (a) canon-

 0.08

 0.1

 0.12

 0.14

 0.1  0.2  0.3  0.4  0.5  0.6  0.7

co
n
ta
ct

in
te
rm

s
of

ca
n
on

ic
al

va
ri
ab

le
s,

al
en
tl
y
C/

k
4

F

versus T/TF , is shown in Fig. 3a. Our versus �µ, is shown in Fig. 3b. It is nat-

le
nt
ly

C/
µ
2

temperature region of the normal phase, in terms of (a) canon-
ical and (b) grand canonical variables. The transition point to

 2

 3

 4

 1  2

FIG. 3: Temperature dependence of the contact in the low-temperature region of the normal phase, in terms of (a) canonical
and (b) grand canonical variables. BDMC (this work): blue solid circles, JILA experiment [21]: brown solid diamonds, lattice
AFQMC simulations [25]: grey crosses. The curves correspond to di�erent diagrammatic approximations: non self-consistent
T -matrix [22]: dashed black line, self-consistent T -matrix [23]: solid red line, Nozières-Schmitt-Rink [24]: dotted green line in
(a) and dashed black line in (b). The transition point to the superfluid phase from Refs. [34, 35] is indicated by the green
arrow.

pronounced enhancement when decreasing temperature.
The self-consistent T -matrix results of Ref. [23] are re-
markably close to our data in Fig. 3a. The contact in
terms of grand canonical variables, C(µ, T ) or equiva-
lently C/µ2 versus �µ, is shown in Fig. 3b. It is nat-
ural to use these variables to discuss the di⇤erent dia-
grammatic results since the diagrammatic technique is
formulated in the grand-canonical ensemble. The func-
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estimates C(µ, T ) as seen in Fig. 3b, and also overesti-
mates the equation of state n(µ, T ) (see [26]). These two
systematic errors largely cancel out when one considers
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(a) and dashed black line in (b). The transition point to the superfluid phase from Refs. [34, 35] is indicated by the green
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pronounced enhancement when decreasing temperature.
The self-consistent T -matrix results of Ref. [23] are re-
markably close to our data in Fig. 3a. The contact in
terms of grand canonical variables, C(µ, T ) or equiva-
lently C/µ2 versus �µ, is shown in Fig. 3b. It is nat-
ural to use these variables to discuss the di⇤erent dia-
grammatic results since the diagrammatic technique is
formulated in the grand-canonical ensemble. The func-
tions C(n, T ) and C(µ, T ) are connected by the equation
of state n(µ, T ), given for each of the considered ap-
proaches in Refs. [26, 36–38]. The non self-consistent T -
matrix and Nozières-Schmitt-Rink approaches yield the
same result for C(µ, T ). Indeed, in both approaches, C
is given by Eq. (3) with � replaced by �0 which is the
sum of the ladder diagrams built on the ideal gas propa-
gators G(0). The self-consistent T -matrix approach over-
estimates C(µ, T ) as seen in Fig. 3b, and also overesti-
mates the equation of state n(µ, T ) (see [26]). These two
systematic errors largely cancel out when one considers
C(n, T ) as in Fig. 3a.

We now turn to the momentum distribution. The
large-momentum physics governed by the contact en-
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energy tends to 0�. The behavior of ⇥(k, ⇤) for k ⌅ ⌃,
⇤ ⌅ 0� can be determined analytically by consider-
ing the bold diagrammatic series. The lowest-order dia-

gram reads ⇥(1)(k, ⇤) =
� d3p

(2⇤)3 �(p, ⇤)G�⌅(�k+p,�⇤),
where the integral is dominated by momenta p ⇤ k and
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(here ⇥k = k2/2). As for the higher order bold diagrams,
their contribution is suppressed because they include in-
tegrations over internal times which are restricted to nar-
row ranges, since G and � become narrow functions of
time at large momentum. Hence

⇥(k, ⇤) ⇧ C e⇥k⇧ , k ⌅ ⌃, ⇤ ⌅ 0�. (8)

After substituting this form into the asymptotic Dyson
equation given above, the large-momentum tail, Eq. (2),
is recovered.
These analytical considerations have the following im-

plications for our BDMC calculation. Since the C/k4 tail
of the momentum distribution comes exclusively from the
lowest-order self-energy diagram, this tail is automati-
cally built into our self-consistent BDMC scheme pro-
vided this diagram is evaluated with high precision. We
achieve this by using numerical Fourier transformations
(rather than Monte Carlo) and analytical treatments of
leading-order singularities [27], in the spirit of [31]. Our
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FIG. 3: Temperature dependence of the contact in the low-
temperature region of the normal phase, in terms of (a) canon-
ical and (b) grand canonical variables. The transition point to
the superfluid phase [34, 35] is indicated by the green arrow.

and of imaginary time. In contrast with the non self-
consistent T -matrix results of Ref. [22] and the Nozières
Schmitt-Rink results of Ref. [24], we do not observe any
pronounced enhancement when decreasing temperature.
The self-consistent T -matrix results of Ref. [23] are re-
markably close to our data in Fig. 3a. The contact in
terms of grand canonical variables, C(µ, T ) or equiva-
lently C/µ2 versus �µ, is shown in Fig. 3b. It is nat-
ural to use these variables to discuss the di⇤erent dia-
grammatic results since the diagrammatic technique is
formulated in the grand-canonical ensemble. The func-
tions C(n, T ) and C(µ, T ) are connected by the equation
of state n(µ, T ), given for each of the considered ap-
proaches in Refs. [26, 36–38]. The non self-consistent T -
matrix and Nozières-Schmitt-Rink approaches yield the
same result for C(µ, T ). Indeed, in both approaches, C
is given by Eq. (3) with � replaced by �0 which is the
sum of the ladder diagrams built on the ideal gas propa-
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FIG. 4: Leading diagrammatic contribution to the momen-
tum distribution n�(k) at large k, which can be interpreted
physically as the simultaneous propagation of two opposite-
spin particles of large and nearly opposite momenta and of a
missing pair of lower momentum p � k. Imaginary time runs
from right to left. The single-particle lines propagate forward
in time and can be replaced by vacuum propagators. The pair
propagator runs backwards in time and is fully dressed.

gators G(0). The self-consistent T -matrix approach over-
estimates C(µ, T ) as seen in Fig. 3b, and also overesti-
mates the equation of state n(µ, T ) (see [26]). These two
systematic errors largely cancel out when one considers
C(n, T ) as in Fig. 3a.
We now turn to the momentum distribution. The

large-momentum physics governed by the contact en-
ters in the following way the bold-line diagrammatic
formalism (see also [24, 39]). In short, the tail of the
momentum distribution comes from the diagram de-
picted in Fig. 4. More precisely, for k ⌅ ⌃ the
Dyson equation simplifies to n⌅(k) = G⌅(k, 0�) ⇧
�
� �/2
��/2 d⇤1

� �/2
��/2 d⇤2 G

0
⌅(k,�⇤1)⇥⌅(k, ⇤1 � ⇤2)G0

⌅(k, ⇤2).

Here the large-momentum ideal gas propagators G0 can
be replaced by vacuum propagators, which are retarded
and quickly decaying functions of imaginary time. Hence
the integral is dominated by ⇤2 ⌅ 0+ and ⇤1 ⌅ 0�,
and the imaginary time argument ⇤1 � ⇤2 of the self-
energy tends to 0�. The behavior of ⇥(k, ⇤) for k ⌅ ⌃,
⇤ ⌅ 0� can be determined analytically by consider-
ing the bold diagrammatic series. The lowest-order dia-

gram reads ⇥(1)(k, ⇤) =
� d3p

(2⇤)3 �(p, ⇤)G�⌅(�k+p,�⇤),
where the integral is dominated by momenta p ⇤ k and
the propagator G can be replaced by the vacuum expres-
sion �e�⇥k|⇧ | in the relevant region 0 < �⇤ <⇥ 1/k2 ⌅ 0
(here ⇥k = k2/2). As for the higher order bold diagrams,
their contribution is suppressed because they include in-
tegrations over internal times which are restricted to nar-
row ranges, since G and � become narrow functions of
time at large momentum. Hence

⇥(k, ⇤) ⇧ C e⇥k⇧ , k ⌅ ⌃, ⇤ ⌅ 0�. (8)

After substituting this form into the asymptotic Dyson
equation given above, the large-momentum tail, Eq. (2),
is recovered.
These analytical considerations have the following im-

plications for our BDMC calculation. Since the C/k4 tail
of the momentum distribution comes exclusively from the

 2

 3

 4

 1  2

C
 / 
µ

2

!µ

3

 0.08

 0.1

 0.12

 0.14

 0.1  0.2  0.3  0.4  0.5  0.6  0.7

C
 / 

k F
4

T / TF

BDMC (this work)
JILA experiment [21]

T-matrix, non self-consitent [22]
T-matrix, self-consistent [23]

Nozieres-Schmitt-Rink [24]
lattice AFQMC [25]

 2

 3

 4

 1  2

C
 / 
µ

2

!µ

FIG. 3: Temperature dependence of the contact in the low-
temperature region of the normal phase, in terms of (a) canon-
ical and (b) grand canonical variables. The transition point to
the superfluid phase [34, 35] is indicated by the green arrow.

and of imaginary time. In contrast with the non self-
consistent T -matrix results of Ref. [22] and the Nozières
Schmitt-Rink results of Ref. [24], we do not observe any
pronounced enhancement when decreasing temperature.
The self-consistent T -matrix results of Ref. [23] are re-
markably close to our data in Fig. 3a. The contact in
terms of grand canonical variables, C(µ, T ) or equiva-
lently C/µ2 versus �µ, is shown in Fig. 3b. It is nat-
ural to use these variables to discuss the di⇤erent dia-
grammatic results since the diagrammatic technique is
formulated in the grand-canonical ensemble. The func-
tions C(n, T ) and C(µ, T ) are connected by the equation
of state n(µ, T ), given for each of the considered ap-
proaches in Refs. [26, 36–38]. The non self-consistent T -
matrix and Nozières-Schmitt-Rink approaches yield the
same result for C(µ, T ). Indeed, in both approaches, C
is given by Eq. (3) with � replaced by �0 which is the
sum of the ladder diagrams built on the ideal gas propa-
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tum distribution n�(k) at large k, which can be interpreted
physically as the simultaneous propagation of two opposite-
spin particles of large and nearly opposite momenta and of a
missing pair of lower momentum p � k. Imaginary time runs
from right to left. The single-particle lines propagate forward
in time and can be replaced by vacuum propagators. The pair
propagator runs backwards in time and is fully dressed.

gators G(0). The self-consistent T -matrix approach over-
estimates C(µ, T ) as seen in Fig. 3b, and also overesti-
mates the equation of state n(µ, T ) (see [26]). These two
systematic errors largely cancel out when one considers
C(n, T ) as in Fig. 3a.
We now turn to the momentum distribution. The

large-momentum physics governed by the contact en-
ters in the following way the bold-line diagrammatic
formalism (see also [24, 39]). In short, the tail of the
momentum distribution comes from the diagram de-
picted in Fig. 4. More precisely, for k ⌅ ⌃ the
Dyson equation simplifies to n⌅(k) = G⌅(k, 0�) ⇧
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Here the large-momentum ideal gas propagators G0 can
be replaced by vacuum propagators, which are retarded
and quickly decaying functions of imaginary time. Hence
the integral is dominated by ⇤2 ⌅ 0+ and ⇤1 ⌅ 0�,
and the imaginary time argument ⇤1 � ⇤2 of the self-
energy tends to 0�. The behavior of ⇥(k, ⇤) for k ⌅ ⌃,
⇤ ⌅ 0� can be determined analytically by consider-
ing the bold diagrammatic series. The lowest-order dia-

gram reads ⇥(1)(k, ⇤) =
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sion �e�⇥k|⇧ | in the relevant region 0 < �⇤ <⇥ 1/k2 ⌅ 0
(here ⇥k = k2/2). As for the higher order bold diagrams,
their contribution is suppressed because they include in-
tegrations over internal times which are restricted to nar-
row ranges, since G and � become narrow functions of
time at large momentum. Hence

⇥(k, ⇤) ⇧ C e⇥k⇧ , k ⌅ ⌃, ⇤ ⌅ 0�. (8)

After substituting this form into the asymptotic Dyson
equation given above, the large-momentum tail, Eq. (2),
is recovered.
These analytical considerations have the following im-

plications for our BDMC calculation. Since the C/k4 tail
of the momentum distribution comes exclusively from the

FIG. 3: Temperature dependence of the contact in the low-temperature region of the normal phase, in terms of (a) canonical
and (b) grand canonical variables. BDMC (this work): blue solid circles, JILA experiment [21]: brown solid diamonds, lattice
AFQMC simulations [25]: grey crosses. The curves correspond to di�erent diagrammatic approximations: non self-consistent
T -matrix [22]: dashed black line, self-consistent T -matrix [23]: solid red line, Nozières-Schmitt-Rink [24]: dotted green line in
(a) and dashed black line in (b). The transition point to the superfluid phase from Refs. [34, 35] is indicated by the green
arrow.

and of imaginary time. In contrast with the non self-
consistent T -matrix results of Ref. [22] and the Nozières
Schmitt-Rink results of Ref. [24], we do not observe any
pronounced enhancement when decreasing temperature.
The self-consistent T -matrix results of Ref. [23] are re-
markably close to our data in Fig. 3a. The contact in
terms of grand canonical variables, C(µ, T ) or equiva-
lently C/µ2 versus �µ, is shown in Fig. 3b. It is nat-
ural to use these variables to discuss the di⇤erent dia-
grammatic results since the diagrammatic technique is
formulated in the grand-canonical ensemble. The func-
tions C(n, T ) and C(µ, T ) are connected by the equation
of state n(µ, T ), given for each of the considered ap-
proaches in Refs. [26, 36–38]. The non self-consistent T -
matrix and Nozières-Schmitt-Rink approaches yield the
same result for C(µ, T ). Indeed, in both approaches, C
is given by Eq. (3) with � replaced by �0 which is the
sum of the ladder diagrams built on the ideal gas propa-
gators G(0). The self-consistent T -matrix approach over-
estimates C(µ, T ) as seen in Fig. 3b, and also overesti-
mates the equation of state n(µ, T ) (see [26]). These two
systematic errors largely cancel out when one considers
C(n, T ) as in Fig. 3a.

We now turn to the momentum distribution. The
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Dyson equation simplifies to n⌅(k) = G⌅(k, 0�) ⇧
�
� �/2
��/2 d⇤1

� �/2
��/2 d⇤2 G

0
⌅(k,�⇤1)⇥⌅(k, ⇤1 � ⇤2)G0

⌅(k, ⇤2).

Here the large-momentum ideal gas propagators G0 can
be replaced by vacuum propagators, which are retarded
and quickly decaying functions of imaginary time. Hence
the integral is dominated by ⇤2 ⌅ 0+ and ⇤1 ⌅ 0�,
and the imaginary time argument ⇤1 � ⇤2 of the self-
energy tends to 0�. The behavior of ⇥(k, ⇤) for k ⌅ ⌃,
⇤ ⌅ 0� can be determined analytically by consider-
ing the bold diagrammatic series. The lowest-order dia-

gram reads ⇥(1)(k, ⇤) =
� d3p

(2⇤)3 �(p, ⇤)G�⌅(�k+p,�⇤),
where the integral is dominated by momenta p ⇤ k and
the propagator G can be replaced by the vacuum expres-
sion �e�⇥k|⇧ | in the relevant region 0 < �⇤ <⇥ 1/k2 ⌅ 0
(here ⇥k = k2/2). As for the higher order bold diagrams,
their contribution is suppressed because they include in-
tegrations over internal times which are restricted to nar-
row ranges, since G and � become narrow functions of
time at large momentum. Hence

⇥(k, ⇤) ⇧ C e⇥k⇧ , k ⌅ ⌃, ⇤ ⌅ 0�. (8)

After substituting this form into the asymptotic Dyson
equation given above, the large-momentum tail, Eq. (2),
is recovered.
These analytical considerations have the following im-

plications for our BDMC calculation. Since the C/k4 tail
of the momentum distribution comes exclusively from the
lowest-order self-energy diagram, this tail is automati-
cally built into our self-consistent BDMC scheme pro-
vided this diagram is evaluated with high precision. We
achieve this by using numerical Fourier transformations
(rather than Monte Carlo) and analytical treatments of
leading-order singularities [27], in the spirit of [31]. Our
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Hubbard model

Diagram elements:



DiagMC vs high-temperature series expansion

2nd order in t/T
8th order in t/T

10th order in t/T

E. Kozik, K. Van Houcke, E. Gull, L. Pollet, N. Prokof'ev, B. Svistunov, and M. Troyer, EPL 90, 10004 (2010).



DiagMC vs DMFT

E. Kozik, K. Van Houcke, E. Gull, L. Pollet, N. Prokof'ev, B. Svistunov, and M. Troyer, EPL 90, 10004 (2010).
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Ladder:(
(contact(poten9al)(

Bold DiagMC for Hubbard Model Youjin Deng et al. (in progress)



Trick to suppress statistical fluctuation �

Define%a%``fake”%func-on:%

Subtlety of ladder summation  in imaginary-time representation



Σ G[ ]

Pseudo-Bold vs Bold

Presumption of existence of               may prove wrong!

E. Kozik and A. Georges, 2014

Pseudo-bold expansion is a bare expansion that diagrammatically looks like the bold 
one:  irreducible diagrams only. 

(Extra label for the order of expansion of the propagator.)



Popov-Fedotov fermionization trick

Heisenberg model

Dynamical--but not statistical--equivalent

Dynamical and statistical equivalent



(i) Treat non-fermionic systems (spins, bosons) as fermions with order-
unity coupling.

(ii) The so-called second fermionization:  View dublons in the large-U 
Hubbard model as  bosons and then fermionize them.  The trick 
eliminates the large-U problem.

From Popov-Fedotov trick to universal fermionization
N. Prokof’ev and BS, 2011

Z = Tr e
−βH ≡ Tr e−β

H

H

H

Solution of the form:

is  the original Hamiltonian of the system.

is a purely fermionic non-Hermitian pseudo-Hamiltonian 
with order-unity couplings.  



!H = H + H*
j( )

j
∑ , H*

j( ) =
iπT
2

nj↑ + nj↓ −1⎡⎣ ⎤⎦

H intersite =
i≠ j
∑ Λα ,β ,γ ,δ

ij

α ,β ,γ ,δ
∑ Qα→β

(i ) Qγ →δ
( j )

Qα→β
(i ) = Aα→β

(i ) Pα
(i ), Qm→l

(i ) = fil
† fim

k≠m,l
∏ (1− nik )

H*
( j ) = T !µ (n̂ j −1), n̂ j =

m
∑ njm

Popov-Fedotov case (spin-1/2): 

General principle: Trace over non-physical states of each site factorizes and nullifies.

changes the state 
of the i-th site

corresponding 
projector

typical example



Employing projectors onto non-physical states

sum over non-
physical states

projector onto a 
particular non-
physical state

Employing  auxiliary fermionic mode

H*
( j ) = T

α
∑ ln(wα )Pα

( j ),
α
∑ wα = 0

H*
( j ) = iπT P*

( j ) !nj

projector onto non-
physical sector

occupation number of 
the auxiliary fermion



Universal fermionization of spins and bosons; second fermionization.

 Advantages:

(i) Feynman diagrammatics with finite convergence radius

(ii) All couplings are order unity (crucial for Diagrammatic Monte Carlo)

Price:

(i) Projected hoppings (many-particle couplings)

(ii) Multi-componentness



On-going projects

Resonant fermions with broken U(1) symmetry 

Cooper pairing in Hubbard model at moderate fillings: Fermi liquid+BCS regime

Boldification of the vertex for spins

Dynamic problems for Fermi polaron (by pseudo-bold DiagMC in real time)

Plan for near future 

t-J and Hubbard  models by second fermionization 


