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Properties of Baryonic Matter

• Introduction 
• Revisit net charge fluctuations 
• Cumulants and Correlations  
• Non critical baseline 
• Comparison with RHIC BES data 

- what have we learned so far 
- next steps 

• Conclussions
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Thanks to: Volodymyr Vovchenko, Jonathan Parra, Bengt Friman,  Adam Bzdak 



The phase diagram
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Increase chemical potential by lowering the beam energy 

In reality, we add baryons (nucleons) from target and projectile to mid-rapidity 



What we know about the Phase Diagram
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Figure from HotQCD coll., PRD ‘14

T

µ~920 MeV

Lattice QCD: 
Tc ~ 155 MeV 
pseudo-critical line up to O(µ4) 
pressure (EoS) up to O(µ8)

Theory, 
Measurements 

155MeV

Nuclear  
Liquid-Gas

Pion gas



What we are looking for
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T

µ~920 MeV

155MeV

Nuclear  
Liquid-Gas

Critical Point / co-existence ?

Remnants of chiral criticality

We are dealing with small system of finite lifetime 

NO real singularities!



Recent results on CP
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Figure courtesy of A. Sorensen



Fluctuations and the phase diagram
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κn(q) =
∂n

∂(μq/T)n
ln(Z); q = B, Q, S

Fluctuations of conserved charges measure derivatives of the partition function (pressure) 

The are also sensitive to the degrees of freedom (fractional charges, correlations):

κ2(B) ∼ b2Nquarks =
1
9

Nquarks Asakawa, Heinz and Müller, PRL 86, 2000

κ2(Q) ∼ q2Nquarks =
1
9

Nup +
4
9

Ndown Jeon, V.K. PRL 86, 2000



Update on Charge fluctuations 
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1. Hadronization

12

variance at hadronization

charged multiplicity

Hadron gas: ;,- ≈ 1 (Poisson statistics + Bose)

Free QGP*: ;.-/ ≈ 0.36 (Stefan-Boltzmann limit)

More generally:

(LHC) 
Data-driven [P. Hanus, A. Mazeliauskas, K. Reygers, PRC (2019)]

The EoS
@.≈1.67 (decays)

ω from lattice QCD

e.g. lattice QCD

for !!"  and "/##

from thermal model

*Same/similar for SQGB scenario of Fujimoto et al., PRD 112, 074006 (2025) 

D = 4
κ2(Q)
⟨Nch⟩

= 4
χ2(Q)
s/T3

S
⟨Nch⟩

Proposed observable: (Jeon, V.K. PRL 86, 2000)

D = 4
ω
γQ

Courtesy V. Vovchenko



Update on Charge fluctuations 
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D-measure at LHC: comparison with experiment

16

Parameters used:
!01 = 1.1 !213 = 0.36

32 = 1.67
Vary 81 to accommodate global vs local charge 
conservation, based on VV, PRC 110, L061902 (2024)

Hadron gas scenario requires a very local charge conservation range

Experiment applies additional correction for 
global charge conservation which we repeat

D-measure at LHC: Bayesian analysis

17

Vary primordial fluctuation ; (HG vs QGP) and correlation volume VC (local conservation) freely

à Moderate evidence for freeze-out of 
charge fluctuations in the QGP phase (9).

“Moderate” evidence for fractional charges

J. Parra et al, PRL 135 (2025) 

D = 4
κ2(Q)
⟨Nch⟩

Dcorr : simple corrections for charge conservation included
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Event mixing: Data driven volume fluctuation correction

QM25, 11.04.2025 6

Ø  TAM: It eliminates residual volume fluctuations after centrality bin width correction (CBWC)

Ø Question: Can we eliminate volume fluctuations completely without any model dependence?
Ø Idea: Mix events in a given category wrt event shape and centrality

Quark Matter 2025 

ALI-SIMUL-603771ALI-SIMUL-603766

26

Volume fluctuation correction using event mixing

Ilya Fokin · Higher-Order Fluctuations: Unveiling the Final Frontier of QCD at the LHC with ALICE

New New

Quark Matter 2025 

• In mixed events: destroy correlations, keeping the volume fluctuations  
→ data-driven correction

• Test in simulations with 10% and 5% centrality bins

•  = 1 in mixed events: no correlations from LBCμ2/∂p + p̄Δ

12

Volume fluctuation correction using event mixing (I)

Ilya Fokin · Higher-Order Fluctuations: Unveiling the Final Frontier of QCD at the LHC with ALICE

A. Rustamov, J. Stroth, R. Holzmann, Nucl.Phys.A 1034 (2023) 122641

ALI-SIMUL-603761

New

2nd order 4th order 4th order

It kills all correlations Volume Fluctuations remain Very narrow CBW doe not help

New

Mesut Arslandok, Yale University

2nd order net-Q: Subvolume vs Correlation length

QM25, 11.04.2025 11

Ø Question: What is the right modeling of charge conservation?

Subvolume approach Gaussian correlation

Particles may contain 
the memory of where the 
Q-fluctuations freeze out

D-Measure

11

We obtain the equation for D-measure inside momentum acceptance:

- Resonance decays
- Charge fluctuations at hadronization
0*+ = 1.1 0,+- = 0.36

- Local charge conservation

J. Parra | Quark Matter 2025

Skellam baseline 2-particle correlations long-range 2-particle correlations

Gaussian correlation
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We obtain the equation for D-measure inside momentum acceptance:

- Resonance decays- Charge fluctuations at hadronization
0*+ = 1.1 0,+- = 0.36

- Local charge conservation

J. Parra | Quark Matter 2025

Skellam baseline 2-particle correlations long-range 2-particle correlations

Gaussian correlation

D-measure at LHC: Run 2

18

LHC Run 2 analysis is nearing completion
From M. Arslandok (ALICE preliminary), QM2025

Experiment still uses Dcorr which diminishes discriminating power
We advocate for direct comparisons with uncorrected D-measure (in progress)

(9 approach
direct comparison with UNCORRECTED D-measure preferred

ALICE: RUN 2



Back to Critical Point
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Figure courtesy of A. Sorensen



Conventions, conventions conventions
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5Mesut Arslandok, Yale UniversityQM25, 11.04.2025

How to link LQCD to experiment? 

""(Δ%#)
"$(Δ%#)

= ("#
($#

($# =
"$(Δ%#)
)*%

"& = %# + −1 & % '#

((# = ./([1(3̂#)/*"]
/3̂#( )*+

LQCD
(susceptibilities)

Experiment
(cumulants)

Poissonian 
baseline !!/!" is 0 (n odd) or 1 (n even)

LQCD: Only after 4th order there is light !
""(Δ%#)
"$(Δ%#)

≈ 0.75
",(Δ%#)
"$(Δ%#)

≈ −0.5

STAR
Cumulants (C)

Factorial cumulants (!)

Others
Cumulants (!)

Factorial cumulants (C)

Arslandok, QM25

, (FC)

People love conventions… 

That’s why we have so many of them!!

, (K)



Cumulants of (Baryon) Number
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Kn =
�n

�(µ/T )n
ln Z =

�n�1

�(µ/T )n�1
�N�

Kn � VCumulants scale with volume (extensive):

Volume not well controlled in heavy ion collisions 

Cumulant Ratios: K2

�N� ,
K3

K2
,

K4

K2

K1 = �N� , K2 = �N � �N��2 , K3 = �N � �N��3

-1.0 -0.5 0.0 0.5 1.0 μ-μc
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5

K1 = ⟨N⟩

K2 =
∂

∂(μ/T )
K1

K3 =
∂

∂(μ/T )
K2

K4 =
∂

∂(μ/T )
K3



Cumulants and Factorial cumulants
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Cumulants: 

generating function: g(t) = ln [∑
n

P(n)en t]
κn =

∂n

∂tn
g(t)

t=0

Factorial Cumulants (no anti-particles): 

generating function: gF(z) = ln [∑
n

P(n)zn]
FCn =

∂n

∂zn
gF(z)

z=1

Gaussian:                   κn = 0; n ≥ 2 Poisson:                     FCn = 0; n ≥ 1

Relations :  g(t) = gF(et)

FCn =
n

∑
k=1

s(n, k)κk; κn =
n

∑
k=1

S(n, k)FCk  Sterling numbers 1st and 2nd kinds(n, k); S(n, k)

Same singularity structure!

For example: FC1 = κ1 = ⟨n⟩; FC2 = κ2 − κ1; FC3 = κ3 − 3κ2 + 2κ1;



Factorial cumulants and correlation functions
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Poisson:                ;    in contrast with   FCn = 0; n ≥ 1 κn = ⟨n⟩

ρ2(p1, p2) = ρ1(p1)ρ1(p2) + C2(p1, p2)Two particle density:

ρ1(p) =
dN
dp

; ρ2(p1, p2) =
d2N

dp1dp2
; ⋯

Three particle density: ρ3(p1, p2, p3) = ρ1(p1)ρ1(p2)ρ1(p3) + ρ1(p1)c2(p2, p3) + ρ1(p2)c2(p1, p3)

+ρ1(p3)c2(p1, p2) + c3(p1, p2, p3)

 n-particle genuine correlations functionscn(p1, ⋯, pn)

FCn = ∫acceptance
dp1⋯dpn c(p1, ⋯, pn)Factorial cumulants are integrals over correlation functions:
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Calculation of non-critical contributions at RHIC-BES

• (3+1)-D viscous hydrodynamics evolution (MUSIC-3.0)
• Collision geometry-based 3D initial state
• Crossover equation of state based on lattice QCD

• Cooper-Frye particlization at 3() = 0.26 GeV/fm3

• Non-critical contributions are computed at particlization
• QCD-like baryon number distribution (6*!) via excluded volume b = 1 fm3

• Exact global baryon conservation* (and other charges)
• Subensemble acceptance method 2.0 (analytic)
• or FIST sampler (Monte Carlo)

• Absent: critical point, local conservation, initial-state/volume fluctuations, hadronic phase

22

[VV, V. Koch, Phys. Rev. C 103, 044903 (2021)]

VV, V. Koch, C. Shen, Phys. Rev. C 105, 014904 (2022)

[Monnai, Schenke, Shen, Phys. Rev. C 100, 024907 (2019)] 

[Shen, Alzhrani, PRC 102, 014909 (2020)]

[VV, Phys. Rev. C 106, 064906 (2022)] 
https://github.com/vlvovch/fist-sampler

*If baryon conservation is the only effect (no other correlations), non-critical baseline can be computed without hydro
Braun-Munzinger, Friman, Redlich, Rustamov, Stachel, NPA 1008, 122141 (2021) 

[VV, Phys. Rev. C 105, 014903 (2022)]

Courtesy: V. Vovchenko, RHIC-BES seminar,Oct 2024 



Results (Prediction) for proton cumulants
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PROTON NUMBER CUMULANTS AND CORRELATION … PHYSICAL REVIEW C 105, 014904 (2022)

! ! "

! ! "

! ! "

^^

^^

^^

FIG. 5. Collision energy dependence of scaled (anti)proton cumulants and factorial cumulants (correlation functions) in 0–5% Au-Au
collisions up to fourth order. The solid lines depict calculations that incorporate both the baryon conservation and excluded volume effects
(EV-HRG model) while the dashed lines correspond to baryon conservation only (ideal HRG model). The red squares and gray triangles
correspond to the experimental data of the STAR Collaboration [10] for protons and antiprotons, respectively. The blue circles correspond to
the canonical ensemble ideal HRG model calculation based on (anti)proton acceptance fractions from Ref. [27].

D. Acceptance dependence

The cumulants and correlation functions have been mea-
sured by the STAR Collaboration as a function of acceptance
in rapidity. Here we compare our model predictions for the
acceptance dependence of cumulants with the STAR data. As
neither the model nor the STAR data show conclusive notable

deviations from zero for the higher-order normalized correla-
tion functions Ĉ3/Ĉ1 and Ĉ4/Ĉ1, we focus the analysis of the
acceptance dependence on the second normalized correlation
function Ĉ2/Ĉ1.

The results for proton and antiproton number Ĉ2/Ĉ1 as
a function of the rapidity cut ymax (i.e., |y| < ymax) are

014904-9

Vovchenko, Shen, VK, 2107.00163

• Viscous hydro 
• EOS tuned to LQCD 
• Correct for global charge  conservation  
• Protons NOT baryons  

• Baseline! 
No critical point or phase 

   transition 

• No volume fluctuations

See also: Braun-Munzinger et al, 
NPA 1008 (2021) 122141

STAR BESI data



STAR BESII data
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critical baselines/references is shown in Fig. 4 for net-
proton C4/C2 (a), proton ω2/ω1 (b), proton ω3/ω1 (c),
and proton ω4/ω1 (d). These deviations are obtained by
taking the di!erence between the 0-5% data and base-
lines and dividing with the total uncertainties (εtotal,
obtained adding uncertainties in data and baselines in
quadrature). Three typical calculations including the
UrQMD, the HRG CE, and the hydro EV are used in
the analysis. In addition, the 70-80% peripheral collision
data are used for comparison.

For the net-proton cumulant ratio C4/C2, maximum
deviations of 2 – 5ε are seen at

→
sNN = 19.6 GeV from

all references. A minimum at same collision energy is
also seen for data after subtracting the references (see
Fig. 5 of the supplemental material [31]). On the other
hand, in the case of collisions at 3 GeV [18] or above 27
GeV [15], the central data is consistent with all of the
references within ↑ 2ε. For the factorial cumulants ra-
tios, the amplitude of the deviation seems to decrease as
a function of the order of the correlation: the maximum
deviation is seen in ω2/ω1 while the minimum is in ω4/ω1,
shown in Fig. 4 (b) and (d), respectively. Clearly, precise
experimental data between

→
sNN = 3.0 and 7.7 GeV is

needed to extend the search for the signal of the QCD
critical point and the 1st-order phase boundary at the
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Cumulants

Factorial  
Cumulants (FC)

arXiv:2504.00817



Significance
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X. Dong, CPOD 2026

April 15, 2026                                   CPOD 2026, CERN                                 X.Dong/LBNL

Quantify Deviations

11

1) C4/C2 shows a minimum at ~20 GeV comparing to non-CP models/70-80% data
 - Maximum deviation:  2 – 5 s at  20 GeV  (1.3 – 2s at BES-I)

2) Deviations also seen in proton k2/k1, k3/k1 etc.

S
TA

R
, P

R
L 135 (2025) 142305 

factorial Cumulant

factorial Cumulant

factorial Cumulant

significant difference  
between data and baselines 

for 
FC2

FC1



The “signal” (relative to baseline)

5 6 7 10 20 30 100 200

0

5

10
1/C2C (1)

BES-II
BES-I
Hydro (cons)
Hydro (cons+EV)

 

5 6 7 10 20 30 100 200

0.2

0.4

0.6

0.8

2/C3C (2)

 < 2.0 GeV/c
T

0.4 < p
net-proton, |y| < 0.5
0-5% Au+Au Collisions

5 6 7 10 20 30 100 200

0

0.5

1
2/C4C (3)

 (GeV)NNsCollision Energy 

C
um

ul
an

t R
at

io
s

5 6 7 10 20 30 100 200

0.2−

0.1−

0
1κ
2κ(1) 

p
p

 

 

 

 
BES-II

 

 
BES-I

 

 
Hydro

 

 
Hydro EV

5 6 7 10 20 30 100 200

0

0.05
1κ
3κ(2) 

 < 2.0 GeV/c
T

0.4 < p
(anti-) proton, |y| < 0.5
0-5% Au+Au Collisions

5 6 7 10 20 30 100 200

0

0.5
1κ
4κ(3) 

 (GeV)NNsCollision Energy 

0.25−

0.25

Fa
ct

or
ia

l C
um

ul
an

t R
at

io
s

10

STAR STAR

s(GeV )

s(GeV )

 - baselineFC3

FC1

 - baselineFC2

FC1

97.73

97.73

HIGHER-ORDER CUMULANTS AND CORRELATION … PHYSICAL REVIEW C 107, 024908 (2023)

0 100 200 300

500−

0

500
0

20

40

60

0

10

20

30

0 100 200 300

5000−

0

5000

50−

0

50

100

150
0

10

20

30

40

0 100 200 300
200−

100−

0

100

200
2−

0

2

4

6

1.0

1.2

1.4

1.6

0 100 200 300

20−

0

20

40

1.0

1.5

2.0

〉
part

N〈

C
um

ul
an

ts

C
um

ul
an

t R
at

io
s

1C

3C

5C

2C

4C

6C

1/C2C

2/C4C

2/C6C

2/C3C

1/C5C

 = 3.0 GeVNNsAu + Au, 
Proton, -0.5 < y < 0

 < 2.0 GeV/c
T

0.4 < p

without VF corr.
VF corr. (Glauber)
VF corr. (UrQMD)

FIG. 14. Experimental results on centrality dependence of cumulants (left panels) and cumulant ratios (right panels) up to sixth order of
the proton multiplicity distributions in Au+Au collisions at

√
sNN = 3 GeV. The open squares are data without VF correction while red circles

and blue triangles are results with VF correction with Npart distributions from Glauber and UrQMD models, respectively.

0 100 200 300

200−

0

200

10−

0

10

0

10

20

30

0 100 200 300
2000−

0

2000

4000

40−

20−

0

20

0

5

10

15

0 100 200 300
50−

0

50

100

150

1−

0

1

0.0

0.2

0.4

0.6

0 100 200 300

10−

0

10

0.5−

0.0

0.5

〉
part

N〈

C
or

re
la

tio
n 

F
un

ct
io

ns

C
or

re
la

tio
n 

F
un

ct
io

n 
R

at
io

s

1κ

3κ

5κ

2κ

4κ

6κ

1κ/2κ

1κ/4κ

1κ/6κ

1κ/3κ

1κ/5κ

 = 3.0 GeVNNsAu + Au, 
Proton, -0.5 < y < 0

 < 2.0 GeV/c
T

0.4 < p

without VF corr.
VF corr. (Glauber)
VF corr. (UrQMD)

FIG. 15. Same as Fig. 14 but for correlation function (left panels) and their normalized ratios (right panels).

024908-15

HIGHER-ORDER CUMULANTS AND CORRELATION … PHYSICAL REVIEW C 107, 024908 (2023)

0 100 200 300

500−

0

500
0

20

40

60

0

10

20

30

0 100 200 300

5000−

0

5000

50−

0

50

100

150
0

10

20

30

40

0 100 200 300
200−

100−

0

100

200
2−

0

2

4

6

1.0

1.2

1.4

1.6

0 100 200 300

20−

0

20

40

1.0

1.5

2.0

〉
part

N〈

C
um

ul
an

ts

C
um

ul
an

t R
at

io
s

1C

3C

5C

2C

4C

6C

1/C2C

2/C4C

2/C6C

2/C3C

1/C5C

 = 3.0 GeVNNsAu + Au, 
Proton, -0.5 < y < 0

 < 2.0 GeV/c
T

0.4 < p

without VF corr.
VF corr. (Glauber)
VF corr. (UrQMD)

FIG. 14. Experimental results on centrality dependence of cumulants (left panels) and cumulant ratios (right panels) up to sixth order of
the proton multiplicity distributions in Au+Au collisions at

√
sNN = 3 GeV. The open squares are data without VF correction while red circles

and blue triangles are results with VF correction with Npart distributions from Glauber and UrQMD models, respectively.

0 100 200 300

200−

0

200

10−

0

10

0

10

20

30

0 100 200 300
2000−

0

2000

4000

40−

20−

0

20

0

5

10

15

0 100 200 300
50−

0

50

100

150

1−

0

1

0.0

0.2

0.4

0.6

0 100 200 300

10−

0

10

0.5−

0.0

0.5

〉
part

N〈

C
or

re
la

tio
n 

F
un

ct
io

ns

C
or

re
la

tio
n 

F
un

ct
io

n 
R

at
io

s

1κ

3κ

5κ

2κ

4κ

6κ

1κ/2κ

1κ/4κ

1κ/6κ

1κ/3κ

1κ/5κ

 = 3.0 GeVNNsAu + Au, 
Proton, -0.5 < y < 0

 < 2.0 GeV/c
T

0.4 < p

without VF corr.
VF corr. (Glauber)
VF corr. (UrQMD)

FIG. 15. Same as Fig. 14 but for correlation function (left panels) and their normalized ratios (right panels).

024908-15

HIGHER-ORDER CUMULANTS AND CORRELATION … PHYSICAL REVIEW C 107, 024908 (2023)

0 100 200 300

500−

0

500
0

20

40

60

0

10

20

30

0 100 200 300

5000−

0

5000

50−

0

50

100

150
0

10

20

30

40

0 100 200 300
200−

100−

0

100

200
2−

0

2

4

6

1.0

1.2

1.4

1.6

0 100 200 300

20−

0

20

40

1.0

1.5

2.0

〉
part

N〈

C
um

ul
an

ts

C
um

ul
an

t R
at

io
s

1C

3C

5C

2C

4C

6C

1/C2C

2/C4C

2/C6C

2/C3C

1/C5C

 = 3.0 GeVNNsAu + Au, 
Proton, -0.5 < y < 0

 < 2.0 GeV/c
T

0.4 < p

without VF corr.
VF corr. (Glauber)
VF corr. (UrQMD)

FIG. 14. Experimental results on centrality dependence of cumulants (left panels) and cumulant ratios (right panels) up to sixth order of
the proton multiplicity distributions in Au+Au collisions at

√
sNN = 3 GeV. The open squares are data without VF correction while red circles

and blue triangles are results with VF correction with Npart distributions from Glauber and UrQMD models, respectively.

0 100 200 300

200−

0

200

10−

0

10

0

10

20

30

0 100 200 300
2000−

0

2000

4000

40−

20−

0

20

0

5

10

15

0 100 200 300
50−

0

50

100

150

1−

0

1

0.0

0.2

0.4

0.6

0 100 200 300

10−

0

10

0.5−

0.0

0.5

〉
part

N〈

C
or

re
la

tio
n 

F
un

ct
io

ns

C
or

re
la

tio
n 

F
un

ct
io

n 
R

at
io

s

1κ

3κ

5κ

2κ

4κ

6κ

1κ/2κ

1κ/4κ

1κ/6κ

1κ/3κ

1κ/5κ

 = 3.0 GeVNNsAu + Au, 
Proton, -0.5 < y < 0

 < 2.0 GeV/c
T

0.4 < p

without VF corr.
VF corr. (Glauber)
VF corr. (UrQMD)

FIG. 15. Same as Fig. 14 but for correlation function (left panels) and their normalized ratios (right panels).

024908-15

HIGHER-ORDER CUMULANTS AND CORRELATION … PHYSICAL REVIEW C 107, 024908 (2023)

0 100 200 300

500−

0

500
0

20

40

60

0

10

20

30

0 100 200 300

5000−

0

5000

50−

0

50

100

150
0

10

20

30

40

0 100 200 300
200−

100−

0

100

200
2−

0

2

4

6

1.0

1.2

1.4

1.6

0 100 200 300

20−

0

20

40

1.0

1.5

2.0

〉
part

N〈
C

um
ul

an
ts

C
um

ul
an

t R
at

io
s

1C

3C

5C

2C

4C

6C

1/C2C

2/C4C

2/C6C

2/C3C

1/C5C

 = 3.0 GeVNNsAu + Au, 
Proton, -0.5 < y < 0

 < 2.0 GeV/c
T

0.4 < p

without VF corr.
VF corr. (Glauber)
VF corr. (UrQMD)

FIG. 14. Experimental results on centrality dependence of cumulants (left panels) and cumulant ratios (right panels) up to sixth order of
the proton multiplicity distributions in Au+Au collisions at

√
sNN = 3 GeV. The open squares are data without VF correction while red circles

and blue triangles are results with VF correction with Npart distributions from Glauber and UrQMD models, respectively.

0 100 200 300

200−

0

200

10−

0

10

0

10

20

30

0 100 200 300
2000−

0

2000

4000

40−

20−

0

20

0

5

10

15

0 100 200 300
50−

0

50

100

150

1−

0

1

0.0

0.2

0.4

0.6

0 100 200 300

10−

0

10

0.5−

0.0

0.5

〉
part

N〈

C
or

re
la

tio
n 

F
un

ct
io

ns

C
or

re
la

tio
n 

F
un

ct
io

n 
R

at
io

s

1κ

3κ

5κ

2κ

4κ

6κ

1κ/2κ

1κ/4κ

1κ/6κ

1κ/3κ

1κ/5κ

 = 3.0 GeVNNsAu + Au, 
Proton, -0.5 < y < 0

 < 2.0 GeV/c
T

0.4 < p

without VF corr.
VF corr. (Glauber)
VF corr. (UrQMD)

FIG. 15. Same as Fig. 14 but for correlation function (left panels) and their normalized ratios (right panels).

024908-15

s = 3GeV

STAR 2209.11940

CAVEAT: 3 GeV has acceptance −0.5 ≤ Y ≤ 0



New STAR data (BESII)
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Looks like we need some kind of attraction!



Attraction does the trick 
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FIG. 5. The transition from attractive to repulsive correlations with increasing collision energy for the ratio F (2,0)/F (1,0). The
solid purple line, connecting the calculation at HADES energy that includes three-particle attractive interactions (open red
box) with calculations that account for two-particle repulsive interactions (open blue boxes) is drawn to guide the eye. The
filled symbols represent experimental measurements, also shown in panel (a) of Fig. 3.

formulations provide consistent results, as shown also in Fig. 3.
The energy dependence of the factorial cumulant ratios reveals a compelling indication for an interplay between

repulsive and attractive interactions. Our calculations show that at high collision energies, repulsive correlations domi-
nate, whereas at lower energies, attractive correlations become increasingly important. This behavior is schematically
illustrated in Fig. 5. Such a trend is reminiscent of the dynamics in classical systems described by the Van der
Waals equation of state, where the competition between short-range repulsion and long-range attraction governs the
liquid–gas phase transition.

VII. SUMMARY AND CONCLUSIONS

The main objective of these studies was to calculate fluctuations of the multiplicity distributions of baryons,
antibaryons, as well as their sum and di!erence in a canonical ensemble. We have focused on cumulants and factorial
cumulants, assuming that baryons are correlated by exact conservation of the net-baryon number in the full system.
To this end we have adopted a statistical model of baryons and antibaryons in the spirit of the S-matrix approach,
where to leading order in the fugacity expansion, the partition function takes the form of an ideal gas.

We have derived analytic expressions for the cumulants and factorial cumulants of the baryon and antibaryon
numbers in the canonical ensemble. Moreover, based on the generalized Faà di Bruno formula for computing the
derivatives of composite functions, we obtained closed-form results for cumulants and factorial cumulants of arbitrary
order in a subsystem constrained by exact conservation of the net-baryon number in the full system. We also presented
general relations, independent of assumptions on the partition function, between cumulants and factorial cumulants
as well as between net-baryon-number fluctuations in a subsystem and those of the baryon and antibaryon numbers
of the full system.

One of the essential novelties of this contribution is the inclusion of correlations, modelled by introducing attractive
and repulsive interactions among multiparticle systems, while preserving baryon number conservation in the full phase
space.

By comparing these developments to recent measurements from the STAR BES-II and HADES experiments, we
arrive at an important conclusion: to describe the energy dependence of proton factorial cumulants over a broad range
of collision energies, from

→
sNN = 17.3GeV down to

→
sNN = 2.5GeV, it is essential to account for correlations among

protons. The consideration of global baryon number conservation alone is insu”cient to reproduce the experimental
observations.

The inclusion of correlations, also successfully describes more di!erential measurements, such as the rapidity cov-

Friman, Redlich, Rustamov, arXiv: 2508.18879

Interaction in momentum space 
Strength of interaction is adjusted to fit the data

NOTE: change from attractive to repulsive at ~ 10 GeV



Beth-Uhlenbeck 
                                                                                                                                                                       B. Friman, V.K. in preparation
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ZGC(μB, T ) = exp (eμB/T z1 + e2 μB/T z2)
z1 = V ∫

d3p
(2 π)3

e−εp/T

z0
2 = V ∫

d3p
(2 π)3 ∫

∞

2 mN

d M
π

∞

∑
j=0 (even)

(2j + 1)
∂δ1 0

j j

∂M
e− p2 + M2/T, (S = 0)

z1
2 = V ∫

d3p
(2 π)3 ∫

∞

2 mN

d M
π

∞

∑
ℓ=1 (odd)

ℓ+1

∑
j=ℓ−1

(2j + 1)
∂δ1 1

j ℓ

∂M
e− p2 + M2/T, (S = 1)

 proton proton phase shift 

center of mass energy

δj,l

M =

Phase shifts are extracted up to  (SAID data base, G.W. University) 

Complication: for  inelastic channels are needed

M ≃ 2 GeV
T ≃ 150 MeV



Beth-Uhlenbeck 
grand canonical
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ZGC(μB, T ) = exp (eμB/T z1 + e2 μB/T z2)
Cumulants: 

 

 

 

 

        No 3-particle correlations

κ1 =
∂

∂(μ/T)
ln(Z) = eμB/T z1 + 2e2 μB/T z2

κ2 = eμB/T z1 + 4e2 μB/T z2

κ3 = eμB/T z1 + 8e2 μB/T z2

FC2 = κ2 − κ1 = 2 e2 μB/T z2

FC3 = κ3 − 3κ2 + 2κ1 = 0

2nd Order factorial cumulant “measures” the strength of the interaction 



Beth-Uhlenbeck 
canonical
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ZC(B, T; u, v) =
∞

∑
n=0

∞

∑
m=0

z1(u, v)n

n!
z2(u, v)m

m!
δ(B − n − 2m)

ZC,S(B, T; u, v) =
B

∑
BS=0

ZC(BS, T; u, v) ZC(B − BS, T)

z1(u, v) = u z1,p + v z1,n, z2(u, v) = u2z2,p + v2z2,n + v u z2,np

FCn,m =
∂n∂m

∂un∂vm
log[ZC,S(B, T; u, v)]

u=0,v=0
Factorial cumulants:

For subsystem S:



Beth-Uhlenbeck  FC2/FC1
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STAR STAR
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STAR STAR

attractive to repulsive at ~ 10GeV!

FC2

FC1

Use freeze out parametrization Andronic et al, Nature 561 (2018) 

Use  from PBM et al, NPA1008 (2021); Fit provided by A. Rustamovα( s) =
Np

NB



Limitations and open questions

• No inelastic channels (yet) 
• Only protons and neutrons; no resonances 

• NOT (yet) ready for comparison with data!!! 

• Elastic interactions effective even after chemical freeze out!! 

30
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However….



Possible Spoiler

32

Energy Scan of (Factorial) Cumulants
• C4/C2 right on baseline
• !4/!1 shows no strong energy dependence within uncertainties

Zachary Sweger                        9/4/2025 Quark Matter 45

STAR

Zachary Sweger (for STAR) QM 2025

UrQMD (WITHOUT mean field) get energy dependence qualitatively right!!!

Factorial  
Cumulants

Cumulants



The (possible) culprit
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4

FIG. 5. Collision energy dependence of proton cumulant ra-

tios (C2/C1, C3/C2 and C4/C2) and factorial cumulant ratios

(ω2/ω1, ω3/ω1 and ω4/ω1) in 0-5% central Au+Au collisions

from the UrQMD model. Black solid circles and red open

squares represent proton results in the rapidity acceptance -

0.5 < y < 0 and |y| < 0.5, respectively. Blue solid crosses and

open crosses are calculations with a cut on b → 3 fm, for -0.5

< y < 0 and |y| < 0.5, respectively.

FIG. 6. Collision energy dependence of proton and net-proton

cumulant ratio, C4/C2, in 0%-5% central Au+Au collisions

from the UrQMD model. The blue and red band represent

proton and net-proton results in UrQMD, respectively. The

red and cyan markers represent STAR measurements, red

from BES-II, cyan form fixed-target experiment. In addition,

the green and blue arrows indicate collision energy range of

STAR fixed-target experiment at RHIC and CBM experiment

at FAIR, respectively.

matic acceptance 0.4 < pT < 2.0 GeV/c. Results of b →
3 fm are shown as solid cross (-0.5 < y < 0) and open
cross (|y| < 0.5). As the collision energy increases, While
all C3/C2, C4/C2 and ω3/ω1 ratios show a initial fast in-

crease and saturation at energy above 5 GeV, the ratios
of C2/C1 and ω2/ω1 just behave in the opposite way. In
any case, protons from wider rapidity bins show more
sensitivity to initial volume fluctuation especially at the
high baryon density region.
Figure 6 depicts the collision energy dependence of the

proton and net-proton C4/C2 ratios from 0-5% central
collisions. The experimental measurements in

↑
sNN =

7.7 - 19.6 GeV Au+Au collisions from RHIC-STAR BES-
II data are also shown as red solid circles [18] from col-
lider collisions and the 3 GeV result is shown as blue
square. Results of UrQMD model calculations are dis-
placed as colored bands: protons from ↓0.5 < y < 0 and
net-protons from |y| < 0.5 are presented as blue and red
band, respectively. In both cases, both bands decreased
as collision energy decreases due to both baryon number
conservation and volume fluctuations. Due to large ac-
ceptance in case of the net-protons from |y| < 0.5, the
decreases of the C4/C2 ratios are much faster at the low
energy region. While large deviation between data and
UrQMD calculation at the 19.6 GeV, the transport model
well reproduced the data at

↑
sNN = 3 GeV. The result

implies that if the critical point exists, it should be some-
where between 3 <

↑
sNN < 19.6 GeV Au+Au collisions.

In addition to the beam energy scan program at RHIC,
the physics program at the FAIR CBM experiment [34]
is essential in order to finally determine the location of
the QCD critical point.

IV. SUMMARY

In summary, we presented results of proton (from
↓0.5 < y < 0) and net-proton (from |y| < 0.5) high order
cumulants ratios from Au+Au collisions at

↑
sNN = 3.0

– 19.6 GeV from the hadronic transport model UrQMD
calculations. These results are valuable dynamic refer-
ences for the QCD critical point search and there are
two main observations from these analysis: (i) At low
energy

↑
sNN < 5 GeV, initial volume fluctuation is im-

portant, the larger the acceptance the stronger the e!ect
of the fluctuation and (ii) In the FXT Au+Au collisions
below

↑
sNN < 5 GeV, UrQMD model calculations well

reproduced C4/C2 ratios implying that if the QCD crit-
ical point exist, it should be in the energy

↑
sNN > 3.0

GeV.
Recently, preliminary results of proton cumulant on

RHIC-STAR fixed-target experiment at
↑
sNN = 3.2 - 3.9

GeV are reported [35]. The future Compressed Baryonic
Matter (CBM) experiment in Facility for Antiproton and
Ion Research (FAIR) [34] will cover a collision energy of↑
sNN = 2.4 - 4.9 GeV, with excellent acceptance and

higher statistics to reduce both statistical and systematic
uncertainties, will play an important role in the QCD
critical point search.

X. Zhang, Y. Zhang, X. Luo, N. Xu, arXiv: 2506.18832

Cumulants Factorial Cumulants
Fluctuating impact parameter 
STAR centrality selection

Fixed impact parameter (3=3 fm) 
minimal volume fluctuations.

N.B.: Centrality Bin Width Corrections 
(CBWC) applied to both

Possible culprit: 
• volume fluctuations 

• CBWC does not work well at low energies  (Friman, VK 2511.11869, NPA in print) 
• New methods  (Rustamov et al, 2211.14849;   Wang et al, 2505.03666) 
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Both global charge conservation and volume fluctuations are long range correlations

Factorial cumulant: FCn = ∫ΔY

dy1⋯∫ΔY

dync(y1, ⋯, yn)

Long range correlations:

: n-particle correlations functionc(y1, ⋯, yn)

 within  c(y1, ⋯, yn) = const ΔY

⇒ Cn ∼ (ΔY)n

  as function of ⇒
FCn

FC1
n = const ΔY

A. Bzdak, V. Vovchenko, VK, arXiv:2503.16405



Test of Baseline
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Both GLOBAL charge conservation and volume fluctuations introduce only 

LONG Range correlations in rapidity (larger than acceptance)



36Nov 5, 2025             INT Workshop on “The QCD Critical Point Search: Are We There Yet”            X.Dong/LBNL

Acceptance Dependence

3

Yige Huang, PHD 25

x10-4

Looks like REPULSION even at s = 7.7 GeV



Summary
• Net charge fluctuations may finally say something about fractional charges 
• STAR has delivered on the BESII data!  
• Baseline with baryon number conservation and repulsive interaction tuned to LQCD agrees with 

data down to   
• Known and measured  nucleon-nucleon interaction gets this trend qualitatively right 

• Work is still needed to get a quantitive result 
• HOWEVER, UrQMD get the trend in the energy dependence right. Volume fluctuations at low 

energy? 
• Possible test of a baseline involving baryon number conservation and volume fluctuations via ratio 

of factorial cumulants  

• Does not seem to scale in BES II data. Looks like repulsion down to 

s ∼ 10 GeV

FCn

FCN
1

s = 7.7 GeV
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Happy Birthday, Peter!


