




� Z:S h`B;;2`
#�b2/ QM *QMpQHmiBQM�H L2m`�H L2irQ`F

7Q` i?2 *"J 1tT2`BK2Mi

.Bbb2`i�iBQM
xm` 1`H�M;mM; /2b .QFiQ`;`�/2b

/2` L�im`rBbb2Mb+?�7i2M

pQ`;2H2;i #2BK 6�+?#2`B+? AM7Q`K�iBF mM/ J�i?2K�iBF
/2` CQ?�MM qQH7;�M; :Q2i?2@lMBp2`bBi i
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oQK 6�+?#2`2B+? AM7Q`K�iBF mM/ J�i?2K�iBF
/2` CQ?�MM qQH7;�M; :Q2i?2@lMBp2`bBi i

�Hb .Bbb2`i�iBQM �M;2MQKK2M

.2F�M, S`Q7X .`X "�biB�M pQM >�``�+?@a�KK2i

:mi�+?i2`, S`Q7X .`X Ap�M EBb2H

S`Q7X .`X oQHF2` GBM/2Mbi`mi?

.�imK /2` .BbTmi�iBQM, keX LQp2K#2` kyk8





�#bi`�+i

h?2 MQp2H K2i?Q/ T`2b2Mi2/ BM i?Bb i?2bBb /2KQMbi`�i2b i?2 TQi2MiB�H Q7 �TTHvBM;
KQ/2`M /22T H2�`MBM; i2+?MB[m2b iQ BKTH2K2Mi �M QMHBM2 i`B;;2` 7Q` b2H2+iBM; `�`2
2p2Mib �bbQ+B�i2/ rBi? i?2 7Q`K�iBQM Q7 [m�`F@;HmQM TH�bK� UZ:SV BM ?2�pv@
BQM +QHHBbBQMbX h?2 7mim`2 *"J 2tT2`BK2Mi- TH�MM2/ 7Q` i?2 6�A_ �++2H2`�iQ`
+QKTH2t- Bb �BK2/ �i bim/vBM; i?2 T?�b2 /B�;`�K Q7 [m�MimK +?`QKQ/vM�KB+b
UZ*.V mM/2` +QM/BiBQMb Q7 ?B;? #�`vQM /2MbBiv- i?2`2#v QT2MBM; M2r T2`bT2+iBp2b
7Q` mM/2`bi�M/BM; i?2 2pQHmiBQM Q7 K�ii2` BM 2ti`2K2 2MpB`QMK2MibX

AM i?Bb rQ`F- +QMpQHmiBQM�H M2m`�H M2irQ`Fb U*LLbV �`2 /2p2HQT2/ �M/ QT@
iBKBx2/- r?B+? MQi QMHv +H�bbB7v 2p2Mib #�b2/ QM i?2 T`2b2M+2 Q7 Z:S #mi �HbQ
bBKmHi�M2QmbHv `2+QMbi`m+i F2v T?vbB+�H T�`�K2i2`b ě bm+? �b i?2 MmK#2` Q7
T�`iB+H2b T�`iB+BT�iBM; BM i?2 T?�b2 i`�MbBiBQM- i?2 BKT�+i T�`�K2i2`- �M/ i?2
7`�+iBQM Q7 2M2`;v /2TQbBi2/ BM Z:SX h?2 KQ/2Hb r2`2 i`�BM2/ �M/ p�HB/�i2/ QM
/�i� ;2M2`�i2/ #v i?2 S>a. �M/ l`ZJ. i`�MbTQ`i KQ/2Hb- 2Mbm`BM; i?�i i?2
�H;Q`Bi?Kb `2K�BM BM/2T2M/2Mi Q7 �Mv T�`iB+mH�` i?2Q`2iB+�H KQ/2HX

aT2+B�H 2KT?�bBb Bb TH�+2/ QM BMi2`T`2iBM; i?2 M2irQ`FǶb QmiTmib mbBM; i?2
a?�TH2v �//BiBp2 1tTH�M�iBQMb Ua>�SV K2i?Q/X a>�S [m�MiBi�iBp2Hv /Bb@
i`B#mi2b i?2 +QMi`B#miBQM Q7 2�+? BMTmi 72�im`2 iQ i?2 KQ/2HǶb T`2/B+iBQM- i?2`2#v
T`QpB/BM; i`�MbT�`2M+v iQ i?2 M2irQ`FǶb /2+BbBQM@K�FBM; T`Q+2bb �M/ B/2MiB7v@
BM; i?2 F2v +?�`�+i2`BbiB+b i?�i BM~m2M+2 2p2Mi +H�bbB}+�iBQMX h?2 �TTHB+�iBQM
Q7 a>�S MQi QMHv +QM}`Kb i?2 +Q``2+iM2bb Q7 i?2 �H;Q`Bi?K #mi �HbQ QT2Mb M2r
QTTQ`imMBiB2b 7Q` � T?vbB+�H BMi2`T`2i�iBQM Q7 i?2 T`Q+2bb2b Q++m``BM; /m`BM; Z:S
7Q`K�iBQMX

h?2 /2p2HQT2/ �H;Q`Bi?Kb ?�p2 #22M BMi2;`�i2/ BMiQ i?2 6G1a bvbi2K Q7 i?2
*"J 2tT2`BK2MiX �Hi?Qm;? i?Bb BMi2;`�iBQM ?�b MQi v2i #22M /2KQMbi`�i2/ rBi?
`2�H /�i�- Bi Bb 2tT2+i2/ iQ 2M�#H2 `2�H@iBK2 T`Q+2bbBM; Q7 H�`;2 /�i� bi`2�Kb �M/
iQ `2/m+2 i?2 /�i� pQHmK2 #v b2p2`�H Q`/2`b Q7 K�;MBim/2 r?BH2 T`2b2`pBM; +`BiB@
+�H BM7Q`K�iBQM QM+2 i?2 �++2H2`�iQ` #2+QK2b QT2`�iBQM�H �M/ `2�H /�i� �M�HvbBb



Bb T2`7Q`K2/X h?2 �+?B2p2/ +H�bbB}+�iBQM �++m`�+v Q7 �TT`QtBK�i2Hv 3yĜ38W +QM@
}`Kb i?2 2z2+iBp2M2bb Q7 i?2 �TT`Q�+? 2p2M r?2M i`�MbBiBQMBM; 7`QK JQMi2 *�`HQ
/�i� iQ `2+QMbi`m+i2/ /�i� i?�i �++QmMi 7Q` /2i2+iQ` HBKBi�iBQMbX

h?mb- i?Bb i?2bBb T`2b2Mib � +QKT`2?2MbBp2 �TT`Q�+? i?�i +QK#BM2b i?2 7mM@
/�K2Mi�H +QM+2Tib Q7 Z:S T?vbB+b rBi? KQ/2`M /22T H2�`MBM; i2+?MB[m2b �M/
BMi2`T`2ib i?2 `2bmHib mbBM; a>�S- i?2`2#v QT2MBM; M2r QTTQ`imMBiB2b 7Q` bim/v@
BM; i?2 Z*. T?�b2 /B�;`�K �M/ BMi2;`�iBM; K�+?BM2 H2�`MBM; BMiQ i?2 �M�HvbBb
Q7 ?2�pv@BQM 2tT2`BK2Mi�H /�i�X



Em`x7�bbmM;

.B2 BM /B2b2` .Bbb2`i�iBQM pQ`;2bi2HHi2 M2m�`iB;2 J2i?Q/2 x2B;i /�b SQi2MxB�H
/2` �Mr2M/mM; KQ/2`M2` .22T@G2�`MBM;@h2+?MBF2M xm` AKTH2K2MiB2`mM; 2BM2b
PMHBM2@h`B;;2`b xm` �mbr�?H b2Hi2M2` 1`2B;MBbb2- /B2 KBi /2` "BH/mM; pQM Zm�`F@
:HmQM@SH�bK� UZ:SV #2B a+?r2`BQM2MFQHHBbBQM2M BM wmb�KK2M?�M; bi2?2MX .�b
xmFɃM7iB;2 *"J@1tT2`BK2Mi- /�b �K 6�A_@"2b+?H2mMB;2`FQKTH2t ;2TH�Mi Bbi-
xB2Hi /�`�m7 �#- /�b S?�b2M/B�;`�KK /2` Zm�Mi2M+?`QKQ/vM�KBF UZ*.V mMi2`
"2/BM;mM;2M ?Q?2` "�`vQM2M/B+?i2 xm mMi2`bm+?2M mM/ 2`ƺzM2i bQKBi M2m2 S2`@
bT2FiBp2M 7Ƀ` /�b o2`bi M/MBb /2` J�i2`B22MirB+FHmM; mMi2` 2ti`2K2M "2/BM;mM@
;2MX

AM /B2b2` �`#2Bi r2`/2M M2m`QM�H2 6�HimM;bM2ix2 U*LLbV 2MirB+F2Hi mM/ QT@
iBKB2`i- /B2 MB+?i Mm` 1`2B;MBbb2 �M?�M/ /2b oQ`?�M/2Mb2BMb pQM Z:S FH�bbB@
}xB2`2M- bQM/2`M ;H2B+?x2BiB; rB+?iB;2 T?vbBF�HBb+?2 S�`�K2i2` `2FQMbi`mB2`2M ě
rB2 /B2 �Mx�?H /2` �K S?�b2MɃ#2`;�M; #2i2BHB;i2M h2BH+?2M- /2M aiQĽT�`�K2i2`
mM/ /2M �Mi2BH /2` BK Z:S /2TQMB2`i2M 1M2`;B2X .B2 JQ/2HH2 rm`/2M �m7 "�bBb
pQM .�i2M �mb /2M h`�MbTQ`iKQ/2HH2M S>a. mM/ l`ZJ. i`�BMB2`i mM/ p�HB@
/B2`i- rQ/m`+? bB+?2`;2bi2HHi rB`/- /�bb /B2 �H;Q`Bi?K2M mM�#? M;B; pQM 2BM2K
#2biBKKi2M i?2Q`2iBb+?2M JQ/2HH #H2B#2MX

"2bQM/2`2` q2`i rB`/ �m7 /B2 AMi2`T`2i�iBQM /2` L2ixr2`F�mb;�#2M KBi?BH72
/2` a?�TH2v �//BiBp2 1tTH�M�iBQMb Ua>�SV@J2i?Q/2 ;2H2;iX a>�S p2`i2BHi /2M
"2Bi`�; D2/2` 1BM;�#27mMFiBQM [m�MiBi�iBp xm` oQ`?2`b�;2 /2b JQ/2HHb mM/ #B@
2i2i bQ h`�MbT�`2Mx BK 1Mib+?2B/mM;bT`Qx2bb /2b L2ixr2`Fb bQrB2 /B2 A/2MiB@
}xB2`mM; /2` a+?HɃbb2HK2`FK�H2- /B2 /B2 1`2B;MBbFH�bbB}xB2`mM; #22BM~mbb2MX .B2
�Mr2M/mM; pQM a>�S #2bi iB;i MB+?i Mm` /B2 EQ``2Fi?2Bi /2b �H;Q`Bi?Kmb- bQM@
/2`M 2`ƺzM2i �m+? M2m2 Jƺ;HB+?F2Bi2M 7Ƀ` 2BM2 T?vbBF�HBb+?2 AMi2`T`2i�iBQM /2`
r ?`2M/ /2` Z:S@"BH/mM; �#H�m72M/2M S`Qx2bb2X

.B2 2MirB+F2Hi2M �H;Q`Bi?K2M rm`/2M BM /�b 6G1a@avbi2K /2b *"J@
1tT2`BK2Mib BMi2;`B2`iX P#rQ?H /B2b2 AMi2;`�iBQM MQ+? MB+?i KBi `2�H2M .�i2M



/2KQMbi`B2`i rm`/2- rB`/ 2`r�`i2i- /�bb bB2 2BM2 1+?ix2Bip2`�`#2BimM; ;`QĽ2`
.�i2Mbi`ƺK2 2`Kƺ;HB+?i mM/ /�b .�i2MpQHmK2M mK K2?`2`2 :`ƺĽ2MQ`/MmM;2M
`2/mxB2`i- r ?`2M/ F`BiBb+?2 AM7Q`K�iBQM2M 2`?�Hi2M #H2B#2M- bQ#�H/ /2` "2b+?H2@
mMB;2` BM "2i`B2# ;2MQKK2M rB`/ mM/ /B2 `2�H2 .�i2M�M�Hvb2 2`7QH;iX .B2 2``2@
B+?i2 EH�bbB}F�iBQMb;2M�mB;F2Bi pQM 2ir� 3yĜ38 W #2bi iB;i /B2 1z2FiBpBi i /2b
�Mb�ix2b �m+? #2BK ɂ#2`;�M; pQM JQMi2@*�`HQ@.�i2M xm `2FQMbi`mB2`i2M .�i2M-
/B2 .2i2FiQ`#2b+?` MFmM;2M #2`Ƀ+FbB+?iB;2MX

.B2b2 .Bbb2`i�iBQM T` b2MiB2`i bQKBi 2BM2M mK7�bb2M/2M �Mb�ix- /2` /B2
;`mM/H2;2M/2M EQMx2Ti2 /2` Z:S@S?vbBF KBi KQ/2`M2M .22T@G2�`MBM;@
h2+?MBF2M FQK#BMB2`i mM/ /B2 1`;2#MBbb2 KBi a>�S BMi2`T`2iB2`i mM/ bQKBi M2m2
Jƺ;HB+?F2Bi2M 7Ƀ` /B2 lMi2`bm+?mM; /2b Z*.@S?�b2M/B�;`�KKb mM/ /B2 AMi2;`�@
iBQM pQM K�b+?BM2HH2K G2`M2M BM /B2 �M�Hvb2 pQM a+?r2`BQM2M@1tT2`BK2Mi�H/�i2M
2`ƺzM2iX
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*QMi2Mib

R AMi`Q/m+iBQM j

k 6QmM/�iBQMb Q7 Zm�`F@:HmQM SH�bK� 6Q`K�iBQM d
kXR *QM}M2K2Mi �M/ �bvKTiQiB+ 6`22/QK X X X X X X X X X X X X X X X d
kXk h?2 Z*. S?�b2 .B�;`�K X X X X X X X X X X X X X X X X X X X X X X 3
kXj E2v aB;M�im`2b �M/ S`QT2`iB2b Q7 i?2 Zm�`F@:HmQM SH�bK� X X X X Ry
kX9 1tT2`BK2Mi�H aim/v Q7 i?2 Z:S X X X X X X X X X X X X X X X X X X X RR

j h?2 *QKT`2bb2/ "�`vQMB+ J�ii2` U*"JV 1tT2`BK2Mi Rj
jXR h?2 6�+BHBiv 7Q` �MiBT`QiQM �M/ AQM _2b2�`+? U6�A_V X X X X X X X Rj
jXk h?2 *"J 2tT2`BK2Mi X X X X X X X X X X X X X X X X X X X X X X X X R8
jXj h?2 *"J /2i2+iQ`b b2imT X X X X X X X X X X X X X X X X X X X X X X Re
jX9 S>a., Zm�`F@:HmQM SH�bK� X X X X X X X X X X X X X X X X X X X X X j8

9 L2m`�H L2irQ`Fb �M/ .22T G2�`MBM; jd
9XR G2�`MBM; �H;Q`Bi?K X X X X X X X X X X X X X X X X X X X X X X X X X X j3
9Xk PTiBKBx�iBQM �H;Q`Bi?Kb X X X X X X X X X X X X X X X X X X X X X X X 9R
9Xj hvT2b Q7 L2m`�H L2irQ`Fb X X X X X X X X X X X X X X X X X X X X X X 99
9X9 :2M2`�HBx�iBQM �M/ _2;mH�`Bx�iBQM X X X X X X X X X X X X X X X X X X 9N

8 �LL S�+F�;2 ě �LL96G1a 8j
8XR h?2 �LL T�+F�;2 7Q` Z:S /2i2+iBQM X X X X X X X X X X X X X X X X 8j
8Xk 6mM+iBQM�HBiv Q7 �LL T�+F�;2 X X X X X X X X X X X X X X X X X X X X 89
8Xj .2p2HQTK2Mi Q7 �LL T�+F�;2 X X X X X X X X X X X X X X X X X X X X 8d

e AMi2`T`2iBM; L2m`�H L2irQ`Fb NR
eXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X NR
eXk *H�bbB}+�iBQM, _P* *m`p2 �M/ �l* X X X X X X X X X X X X X X X X Nk
eXj G�v2`@rBb2 _2H2p�M+2 S`QT�;�iBQM UG_SV X X X X X X X X X X X X X X N9



k *PLh1Lha

eX9 L2m`�H �+iBp�iBQM S�ii2`M UL�SV .B�;`�Kb X X X X X X X X X X X X Ne
eX8 a?�TH2v �//BiBp2 1tTH�M�iBQMb Ua>�SV X X X X X X X X X X X X X X X Nd

d Z:S h`B;;2` #�b2/ QM *LL, S>a. pb l`ZJ. RRj
dXR Z:S *H�bbB}+�iBQM lbBM; S>a. JQ/2H X X X X X X X X X X X X X X X RR9
dXk Z:S *H�bbB}+�iBQM lbBM; l`ZJ. JQ/2H X X X X X X X X X X X X X X Rk8
dXj JQ/2H@AM/2T2M/2Mi Z:S *H�bbB}+�iBQM X X X X X X X X X X X X X X X Rje
dX9 Z:S *H�bbB}+�iBQM BM i?2 *"J 1tT2`BK2Mi X X X X X X X X X X X X RjN
dX8 *QM+HmbBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R99

3 amKK�`v R98

"B#HBQ;`�T?v R9N

wmb�KK2M7�bbmM; Rej



*?�Ti2` R

AMi`Q/m+iBQM

�++Q`/BM; iQ i?2 ai�M/�`/ JQ/2H Q7 2H2K2Mi�`v T�`iB+H2b- r?B+? /2b+`B#2b i?`22
Q7 i?2 7Qm` 7mM/�K2Mi�H BMi2`�+iBQMb U2H2+i`QK�;M2iB+- r2�F- �M/ bi`QM;V- �HH
i?2 Mm+H2�` K�ii2` 7�KBHB�` iQ mb Bb +QM+2Mi`�i2/ rBi?BM �iQKB+ Mm+H2B �M/ BM i?2
/2Ti?b Q7 M2mi`QM bi�`b (R)X �iQKB+ Mm+H2B +QMbBbi Q7 T`QiQMb �M/ M2mi`QMb- +QHH2+@
iBp2Hv `272``2/ iQ �b Mm+H2QMb- r?B+?- BM im`M- �`2 +QKTQbBi2 T�`iB+H2b U?�/`QMbV
+QMi�BMBM; [m�`Fb i?�i T�`iB+BT�i2 BM bi`QM;- r2�F- �M/ 2H2+i`QK�;M2iB+ BMi2`@
�+iBQMbX h?2 bi`QM; BMi2`�+iBQM 2Mbm`2b +QM}M2K2Mi, [m�`Fb `2K�BM ǳi`�TT2/Ǵ
BMbB/2 ?�/`QMb �M/ +�MMQi #2 Q#b2`p2/ BM BbQH�iBQMX h?Bb T?2MQK2MQM Q++m`b /m2
iQ i?2 2t+?�M;2 Q7 ;HmQMb- r?B+? +�``v i?2 bQ@+�HH2/ ǳ+QHQ`Ǵ +?�`;2 (k)X h?2 bim/v
Q7 i?2 bi`QM; BMi2`�+iBQM ;�p2 #B`i? iQ [m�MimK +?`QKQ/vM�KB+b UZ*.V ě i?2
7mM/�K2Mi�H i?2Q`v Q7 [m�`Fb �M/ ;HmQMbX

PM2 Q7 i?2 KQbi bB;MB}+�Mi /Bb+Qp2`B2b BM Z*. r�b i?2 T?2MQK2MQM Q7 �bvKT@
iQiB+ 7`22/QK (j), i?2 bK�HH2` i?2 /Bbi�M+2 #2ir22M [m�`Fb- i?2 r2�F2` i?2B` BMi2`@
�+iBQMX >Qr2p2`- �i /Bbi�M+2b +QKT�`�#H2 iQ i?2 bBx2 Q7 � ?�/`QM- i?2 bi`QM; 7Q`+2
BM+`2�b2b �M/ T`2p2Mib [m�`Fb 7`QK 2b+�TBM; (9)X PM i?2 QM2 ?�M/- i?Bb 2tTH�BMb
r?v [m�`Fb `2K�BM +QM}M2/ rBi?BM � ?�/`QMc QM i?2 Qi?2`- Bi bm;;2bib i?�i �i
2ti`2K2Hv ?B;? /2MbBiB2b Q` i2KT2`�im`2b- [m�`Fb �M/ ;HmQMb +�M ǳ/2+QM}M2Ǵ �M/
7Q`K � M2r bi�i2 Q7 K�ii2` ě [m�`F@;HmQM TH�bK� UZ:SVX 6B;X RXR b+?2K�iB+�HHv
BHHmbi`�i2b i?2 i`�MbBiBQM 7`QK �M Q`/BM�`v Mm+H2mb iQ i?2 [m�`F@;HmQM TH�bK�
T?�b2 mM/2` �TT`QT`B�i2 +QM/BiBQMbX

AM i?2 T`2b2Mi@/�v lMBp2`b2- [m�`Fb �`2 ivTB+�HHv +QM}M2/ rBi?BM ?�/`QMb /m2
iQ `2H�iBp2Hv HQr i2KT2`�im`2b �M/ T`2bbm`2bX >Qr2p2`- /m`BM; i?2 2�`Hv bi�;2b Q7
i?2 lMBp2`b2Ƕb 2pQHmiBQM- i?2`2 r�b � T2`BQ/ FMQrM �b i?2 [m�`F 2TQ+? (e)- r?2M
i?2 i2KT2`�im`2 r�b bQ ?B;? i?�i [m�`Fb +QmH/ MQi 7Q`K ?�/`QMb �M/ BMbi2�/



9 RX ALh_P.l*hAPL

6B;m`2 RXR, G27i, � b+?2K�iB+ `2T`2b2Mi�iBQM Q7 � Mm+H2mb +QKTQb2/ Q7 b2p2`�H
Mm+H2QMb mM/2` MQ`K�H +QM/BiBQMbX _B;?i, i?2 i`�MbBiBQM iQ � ?B;?@i2KT2`�im`2
UQ` ?B;?@/2MbBivV bi�i2- BM r?B+? [m�`Fb �M/ ;HmQMb +�M 2tBbi �b � ǳ[m�`F@;HmQM
KBtim`2Ǵ (8)X

2tBbi2/ BM � bi�i2 FMQrM �b [m�`F@;HmQM TH�bK�X h?2 b2�`+? 7Q`- �M/ 2tT2`BK2Mi�H
p2`B}+�iBQM Q7- Z:S BM H�#Q`�iQ`v +QM/BiBQMb Bb QM2 Q7 i?2 +2Mi`�H +?�HH2M;2b BM
?2�pv@BQM T?vbB+b iQ/�vX

h?2 KQbi 2z2+iBp2 r�v iQ `2+`2�i2 2ti`2K2 +QM/BiBQMb UbBKBH�` iQ i?Qb2 i?�i
2tBbi2/ BM i?2 2�`Hv lMBp2`b2V Bb i?`Qm;? i?2 +QHHBbBQM Q7 ?2�pv Mm+H2B �i `2H�iBpBbiB+
2M2`;B2bX Ai Bb BM i?2 `2;BQM Q7 BQM BMi2`�+iBQMb- �i bm{+B2MiHv ?B;? i2KT2`�im`2b
�M/ /2MbBiB2b- i?�i � T?�b2 i`�MbBiBQM Q++m`b 7`QK ?�/`QMB+ K�ii2` iQ [m�`F@
;HmQM TH�bK�X h?Bb iQTB+ Bb #2BM; �+iBp2Hv 2tTHQ`2/- 7Q` 2t�KTH2- �i i?2 �GA*1
7�+BHBiv �i *1_L (d) �M/ i?2 ah�_ 2tT2`BK2Mi �i i?2 _>A* (3) +QHHB/2`- r?2`2
i?2 +QM/BiBQMb 7Q` Z:S 7Q`K�iBQM �M/ i?2 bB;M�im`2b �++QKT�MvBM; i?Bb T`Q+2bb
�`2 bim/B2/X

Zm2biBQMb Q7 +QMbB/2`�#H2 BMi2`2bi BM+Hm/2 ?Qr 2t�+iHv i?2 i`�MbBiBQM 7`QK i?2
?�/`QMB+ T?�b2 iQ [m�`F@;HmQM TH�bK� �M/ #�+F Q++m`b- r?2i?2` i?Bb i`�MbBiBQM
Bb �#`mTi U}`bi@Q`/2`V Q` ǳbKQQi?Ǵ U+`BiB+�H TQBMi �M/ b2+QM/@Q`/2` i`�MbBiBQMV-
�M/ r?B+? `�`2 T�`iB+H2b �M/ +QHH2+iBp2 2z2+ib �`2 KQbi b2MbBiBp2 iQ i?2 T?�b2
i`�MbBiBQMX h?2 `2H2p�M+2 Q7 i?Bb iQTB+ Bb /`Bp2M MQi QMHv #v i?2 /2bB`2 iQ 2tT2`@
BK2Mi�HHv `2+`2�i2 i?2 2�`Hv lMBp2`b2 #mi �HbQ #v i?2 M22/ iQ mM/2`bi�M/ mM/2`
r?�i +QM/BiBQMb i?2 7`22 T?�b2 Q7 K�ii2` +�M 2tBbi BM M�im`2X S�`iB+mH�`Hv BKTQ`@
i�Mi �`2 bim/B2b Q7 bi`�M;2 �M/ +?�`K2/ T�`iB+H2b- �b r2HH �b H2TiQM T�B`b T`Q/m+2/
BM ?2�pv@BQM +QHHBbBQMbX h?2B` +?�`�+i2`BbiB+b T`QpB/2 /B`2+i BMbB;?i BMiQ i?2 bi�i2
Q7 i?2 K2/BmK �i i?2 KQK2Mi Q7 i?2B` 7Q`K�iBQMX

h?mb- i?2 b2�`+? 7Q` �M/ bim/v Q7 [m�`F@;HmQM TH�bK� `2K�BMb � K�DQ` 7Q+mb BM
?B;?@2M2`;v Mm+H2�` T?vbB+bX AMp2biB;�iBM; /2+QM}M2K2Mi �M/ T?�b2 i`�MbBiBQMb
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BM Z*. ?2HTb BKT`Qp2 i?2 mM/2`bi�M/BM; Q7 K�ii2`Ƕb bi`m+im`2 �M/ i?2 2pQHmiBQM
Q7 p�`BQmb �bi`QMQKB+�H Q#D2+ibX

h?2 �BK Q7 i?Bb rQ`F Bb iQ /2p2HQT �M/ BKTH2K2Mi �H;Q`Bi?Kb 7Q` QMHBM2 i`B;;2`@
BM; Q7 [m�`F@;HmQM TH�bK� 2p2Mib BM i?2 6G1a T�+F�;2 mbBM; +QMpQHmiBQM�H M2m`�H
M2irQ`Fb- r?BH2 +QMbB/2`BM; i?2 bT2+B}+b Q7 i?2 *"J 2tT2`BK2MiX hQ �+?B2p2 i?Bb-
p�`BQmb i`�MbTQ`i KQ/2Hb US>a.- l`ZJ.V ?�p2 #22M �M�Hvx2/ 7Q` 2p2Mi +H�bbB@
}+�iBQM i�bFbc � KmHiB@QmiTmi *LL +H�bbB}2` +�T�#H2 Q7 bBKmHi�M2QmbHv /2i2+iBM;
i?2 T`2b2M+2 Q7 Z:S �M/ 2biBK�iBM; b2p2`�H F2v T�`�K2i2`b UBKT�+i T�`�K2i2`-
MmK#2` Q7 Z:S T�`iB+H2b- 2i+XV ?�b #22M /2p2HQT2/c M2m`�H M2irQ`F �H;Q`Bi?Kb
?�p2 #22M QTiBKBx2/ 7Q` ?B;? +QHHBbBQM `�i2b �M/ H�`;2 /�i� pQHmK2bc �M/ i?2 T`Q@
TQb2/ K2i?Q/ ?�b #22M i2bi2/ QM S>a. �M/ l`ZJ. /�i� �M/ p�HB/�i2/ mbBM;
`2+QMbi`m+i2/ *"J /�i�X

a+B2MiB}+ MQp2Hiv Q7 i?2 rQ`F, 6Q` i?2 }`bi iBK2- � K2i?Q/ 7Q` QMHBM2 i`B;;2`@
BM; Q7 Z:S 2p2Mib #�b2/ QM +QMpQHmiBQM�H M2m`�H M2irQ`Fb ?�b #22M T`QTQb2/c
� mMBp2`b�H *LL �`+?Bi2+im`2 +�T�#H2 Q7 T`Q+2bbBM; /�i� 7`QK /Bz2`2Mi KQ/2Hb
rBi?Qmi `2i`�BMBM; ?�b #22M /2p2HQT2/c � KmHiB@QmiTmi +H�bbB}2` i?�i bBKmHi�M2@
QmbHv `2+QMbi`m+ib b2p2`�H 2p2Mi T�`�K2i2`b ?�b #22M BKTH2K2Mi2/c �M/ Bi ?�b
#22M /2KQMbi`�i2/ i?�i 2p2M r?2M i`�MbBiBQMBM; iQ `2+QMbi`m+i2/ /�i�- i?2 2{@
+B2M+v U�#Qmi 3y WV `2K�BMb �++2Ti�#H2 7Q` QMHBM2 b2H2+iBQMX

h?2 T`�+iB+�H p�Hm2 Q7 i?Bb rQ`F HB2b BM i?2 BMi2;`�iBQM Q7 i?2 /2p2HQT2/ �H;Q@
`Bi?Kb BMiQ i?2 6G1a BM7`�bi`m+im`2 Q7 i?2 *"J 2tT2`BK2MiX h?Bb rBHH 2M�#H2 i?2
T`Q+2bbBM; Q7 K�bbBp2 /�i� bi`2�Kb- bB;MB}+�MiHv `2/m+2 i?2 pQHmK2 Q7 biQ`2/ BM@
7Q`K�iBQM- �M/ 2M?�M+2 b2MbBiBpBiv iQ `�`2 T`Q+2bb2b �bbQ+B�i2/ rBi? [m�`F@;HmQM
TH�bK� 7Q`K�iBQMX

h?2 `2b2�`+? K2i?Q/b BM+Hm/2 ?2�pv@BQM +QHHBbBQM KQ/2HBM; US>a.- l`ZJ.V-
i`�+F `2+QMbi`m+iBQM BM 6G1a U*� h`�+F 6BM/2`- E6 S�`iB+H2 6BM/2`V- KQ/2`M
/22T H2�`MBM; i2+?MB[m2b U+QMpQHmiBQM�H M2m`�H M2irQ`Fb- PT2MJS T�`�HH2H +QK@
TmiBM;- aAJ.- :SlV- �M/ +QKT�`�iBp2 �M�HvbBb mbBM; SvhQ`+? �M/ �LL96G1aX
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*?�Ti2` k

6QmM/�iBQMb Q7 Zm�`F@:HmQM SH�bK�
6Q`K�iBQM

Zm�`F@;HmQM TH�bK� Bb � mMB[m2 bi�i2 Q7 bi`QM;Hv BMi2`�+iBM; K�ii2` BM r?B+?
[m�`Fb �M/ ;HmQMb �`2 MQ HQM;2` +QM}M2/ rBi?BM ?�/`QMb �M/ 2tBbi BM � `2H�iBp2Hv
7`22 bi�i2 (k- N)X lM/2` MQ`K�H +QM/BiBQMb ě HQr i2KT2`�im`2b �M/ /2MbBiB2b
ě [m�`Fb �`2 b2+m`2Hv +QM}M2/ rBi?BM ?�/`QMb /m2 iQ i?2 T?2MQK2MQM Q7 +QM@
}M2K2MiX >Qr2p2`- �i 2ti`2K2 +QM/BiBQMb- bm+? �b i2KT2`�im`2b QM i?2 Q`/2`
Q7 1012ě1013 E �M/fQ` #�`vQM /2MbBiB2b bB;MB}+�MiHv 2t+22/BM; MQ`K�H Mm+H2�`
/2MbBiv- i?2 bi`QM; BMi2`�+iBQM r2�F2Mb bm{+B2MiHv iQ �HHQr [m�`Fb �M/ ;HmQMb iQ
7Q`K � ?B;?@i2KT2`�im`2 T?�b2 FMQrM �b [m�`F@;HmQM TH�bK�X

Ai r�b BMBiB�HHv �bbmK2/ i?�i bm+? � bi�i2 Q7 K�ii2` 2tBbi2/ BM i?2 p2`v 2�`Hv
lMBp2`b2 UQM iBK2 b+�H2b Q7 i?2 Q`/2` Q7 10−5 b �7i2` i?2 "B; "�M;V �M/ +QmH/
�HbQ Q++m` BM i?2 BMi2`BQ` Q7 M2mi`QM bi�`b Q` BM KQ`2 2tQiB+ �bi`QMQKB+�H Q#D2+ibX
1tT2`BK2Mi�H `2T`Q/m+iBQM Q7 Z:S Bb �ii2KTi2/ BM ?2�pv@BQM +QHHBbBQMb �i ?B;?@
2M2`;v �++2H2`�iQ`b bm+? �b _>A* U"LG- la�V �M/ G>* U*1_L- 1m`QT2V- �b
r2HH �b �i 7mim`2 7�+BHBiB2b HBF2 6�A_ �M/ LA*� (8- Ry)X

kXR *QM}M2K2Mi �M/ �bvKTiQiB+ 6`22/QK
Zm�`Fb �M/ ;HmQMb BMi2`�+i �++Q`/BM; iQ i?2 H�rb Q7 [m�MimK +?`QKQ/vM�K@
B+b UZ*.V ě i?2 i?2Q`v /2b+`B#BM; bi`QM; BMi2`�+iBQMbX PM2 Q7 i?2 F2v T`QT2`iB2b
Q7 Z*. Bb +QM}M2K2Mi- r?B+? K2�Mb i?�i BbQH�i2/ [m�`Fb +�MMQi #2 Q#b2`p2/ BM �
7`22 bi�i2 mM/2` ǳMQ`K�HǴ +QM/BiBQMb (9)X h?2 b2+QM/ BKTQ`i�Mi 72�im`2 Bb �bvKT@
iQiB+ 7`22/QK (j)- �++Q`/BM; iQ r?B+? i?2 2z2+iBp2 +QmTHBM; +QMbi�Mi Q7 i?2 bi`QM;
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6B;m`2 kXR, a+?2K�iB+ `2T`2b2Mi�iBQM Q7 [m�`F +QM}M2K2Mi, �b i?2 /Bbi�M+2
#2ir22M [m�`Fb UqV BM+`2�b2b- i?2 2M2`;v Q7 i?2 ;HmQM }2H/ ;`Qrb- H2�/BM; iQ i?2
+`2�iBQM Q7 M2r [m�`F@�MiB[m�`F T�B`b UqqV BMbi2�/ Q7 7`22 [m�`Fb (RR)X

BMi2`�+iBQM /2+`2�b2b �b i?2 /Bbi�M+2 #2ir22M [m�`Fb /2+`2�b2bX �b � `2bmHi- �i
bK�HH /Bbi�M+2b U+QKT�`�#H2 iQ i?2 b+�H2 Q7 TQBMi@HBF2 BMi2`�+iBQMbV- [m�`Fb BM@
i2`�+i r2�FHv- r?2`2�b �i H�`;2 /Bbi�M+2b- i?2 7Q`+2 BM+`2�b2b- ǳi`�TTBM;Ǵ [m�`Fb
BMbB/2 ?�/`QMb U6B;X kXRVX

L2p2`i?2H2bb- �i p2`v ?B;? i2KT2`�im`2b UQ` #�`vQM /2MbBiB2bV- [m�`Fb +�M
ǳK2HiǴ �M/ i`�MbBiBQM BMiQ � [m�bB@7`22 bi�i2X Ai Bb #2HB2p2/ i?�i i?Bb Bb ?Qr
[m�`F@;HmQM TH�bK� 7Q`KbX

kXk h?2 Z*. S?�b2 .B�;`�K
h?2 T?�b2 /B�;`�K Q7 [m�MimK +?`QKQ/vM�KB+b UZ*.V BHHmbi`�i2b /Bz2`2Mi
bi�i2b Q7 Mm+H2�` K�ii2` �b � 7mM+iBQM Q7 i2KT2`�im`2 T �M/ #�`vQM +?2KB+�H
TQi2MiB�H µB- r?B+? +?�`�+i2`Bx2b i?2 #�`vQM /2MbBiv Q7 i?2 bvbi2KX AM i?2 `2;BQM
Q7 HQr µB �M/ ?B;? i2KT2`�im`2b- K�ii2` 2tBbib BM i?2 [m�`F@;HmQM TH�bK� bi�i2-
r?2`2 [m�`Fb �M/ ;HmQMb �`2 MQi +QM}M2/ rBi?BM ?�/`QMbX �b i?2 i2KT2`�im`2
/2+`2�b2b- � T?�b2 i`�MbBiBQM Q++m`b iQ � ?�/`QMB+ ;�b +QMbBbiBM; Q7 BM/BpB/m�H
?�/`QMb bm+? �b TBQMb- T`QiQMb- �M/ M2mi`QMbX

6B;X kXk T`2b2Mib � bBKTHB}2/ Z*. T?�b2 /B�;`�K- ?B;?HB;?iBM; b2p2`�H F2v
`2;BQMbX h?2 H27i T�`i Q7 i?2 /B�;`�K UµB ≈ 0V `2T`2b2Mib i?2 p�+mmK `2;BQM-
r?B+? +Q``2bTQM/b iQ i?2 �#b2M+2 Q7 /2Mb2 Mm+H2�` K�ii2`X �b µB �M/ i2KT2`�im`2
BM+`2�b2- � i`�MbBiBQM Q++m`b i?`Qm;? i?2 ?�/`QMB+ ;�b T?�b2 iQ i?2 ?Qii2` [m�`F@



kXk h?2 Z*. S?�b2 .B�;`�K N

Chemical freeze-out

[Andronic, Braun-Munzinger, Redlich, Stachel (2017)]

chemical freeze-out close to chiral crossover transition for large
√
s

chiral transition should be visible in higher moments 〈(NB −NB̄)
n〉

traces of the evolving chiral condensate / pion condensate ?

more insights at large µB expected from FAIR
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6B;m`2 kXk, aBKTHB}2/ Z*. T?�b2 /B�;`�K BM i?2 +QQ`/BM�i2b ǳi2KT2`�im`2 ě
#�`vQM +?2KB+�H TQi2MiB�HǴ- BM+Hm/BM; i?2 `2;BQMb Q7 [m�`F@;HmQM TH�bK�- ?�/`QMB+
;�b- �M/ +QHQ` bmT2`+QM/m+iQ` (Rk)X

;HmQM TH�bK�X AM i?2 HQr2` T�`i Q7 i?2 /B�;`�K- �i ?B;? p�Hm2b Q7 µB- i?2 2tBbi2M+2
Q7 � +QHQ` bmT2`+QM/m+iBM; bi�i2 Bb ?vTQi?2bBx2/- r?B+? K�v Q++m` �i 2ti`2K2
/2MbBiB2b- 7Q` 2t�KTH2- BM i?2 +Q`2b Q7 M2mi`QM bi�`bX

1tT2`BK2Mi�H TQBMib +Q``2bTQM/BM; iQ i?2 +QHHBbBQM 2M2`;B2b Q7 ?2�pv BQMb BM
i?2 _>A* "1a@AA 2tT2`BK2Mib �`2 K�`F2/ QM i?2 /B�;`�KX � TQbbB#H2 +`BiB+�H
TQBMi Q7 i?2 T?�b2 i`�MbBiBQM #2ir22M i?2 ?�/`QMB+ ;�b �M/ [m�`F@;HmQM TH�bK�
Bb �HbQ ?B;?HB;?i2/X A7 Bi 2tBbib- i?2M �i HQr2` p�Hm2b Q7 µB- i?2 i`�MbBiBQM Q++m`b
bKQQi?Hv- r?2`2�b �i ?B;?2` p�Hm2b Q7 µB- i?2 T?�b2 i`�MbBiBQM #2+QK2b }`bi@
Q`/2`- �++QKT�MB2/ #v �#`mTi +?�M;2b BM i?2 i?2`KQ/vM�KB+ T�`�K2i2`b Q7 i?2
bvbi2K (Rj- R9)X

h?mb- i?2 T?�b2 /B�;`�K Q7 i?2 Z*. ;Bp2b �M B/2� Q7 i?2 /Bz2`2Mi T?�b2b Q7
Mm+H2�` K�ii2`- i?2B` T`QT2`iB2b �M/ i?2 +QM/BiBQMb mM/2` r?B+? i?2v 2tBbiX h?Bb
Bb p2`v BKTQ`i�Mi 7Q` mM/2`bi�M/BM; i?2 2pQHmiBQM Q7 i?2 lMBp2`b2- i?2 /vM�KB+b
Q7 M2mi`QM bi�`b �M/ i?2 #2?�pBQ` Q7 K�ii2` BM ?2�pv BQM +QHHBbBQMbX
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kXj E2v aB;M�im`2b �M/ S`QT2`iB2b Q7 i?2 Zm�`F@
:HmQM SH�bK�

kXjXR *QHH2+iBp2 6HQrb �M/ 6Hm+im�iBQMb

PM2 Q7 i?2 F2v K2i?Q/b 7Q` bim/vBM; Z:S BMpQHp2b i?2 �M�HvbBb Q7 +QHH2+iBp2 ~Qrb-
BM T�`iB+mH�`- 2HHBTiB+ �M/ /B`2+i2/ ~Qr- r?B+? �`Bb2 /m2 iQ �MBbQi`QTv BM i?2 BMBiB�H
+QM/BiBQMb Q7 ?2�pv@BQM +QHHBbBQMb (R8- Re)X J2�bm`2K2Mib Q7 T�`iB+H2 /Bbi`B#miBQMb
�b � 7mM+iBQM Q7 i?2 �xBKmi?�H �M;H2 T`QpB/2 BMbB;?ib BMiQ i?2 2[m�iBQM Q7 bi�i2 Q7
i?2 T`Q/m+2/ K�ii2` �M/ i?2 T`2b2M+2 Q7 � T?�b2 i`�MbBiBQMX

6Hm+im�iBQMb- bm+? �b ?�/`QM KmHiBTHB+Biv Q` bi`�M;2M2bb- �`2 �HbQ +QMbB/2`2/
TQi2MiB�H bB;M�Hb Q7 +`BiB+�H T?2MQK2M�, �b i?2 bvbi2K �TT`Q�+?2b i?2 +`BiB+�H
TQBMi- i?2 +Q``2H�iBQM H2M;i? K�v BM+`2�b2- H2�/BM; iQ �MQK�HQmbHv H�`;2 ~m+im@
�iBQMb (Rd)X am+? bim/B2b �`2 TH�MM2/ iQ #2 +QM/m+i2/ BM 2tT2`BK2Mib �i _>A*-
6�A_- �M/ LA*�X

kXjXk 1M?�M+2/ S`Q/m+iBQM Q7 ai`�M;2 �M/ JmHiB@ai`�M;2 S�`@
iB+H2b

h?2 T`Q/m+iBQM Q7 Λ@ �M/ Ξ@?vT2`QMb- �b r2HH �b F�QMb UK+- K−V- Bb i`�/BiBQM�HHv
+QMbB/2`2/ QM2 Q7 i?2 F2v BM/B+�iQ`b Q7 Z:S 7Q`K�iBQM- bBM+2 bi`�M;2 [m�`Fb
UsV �`2 KQ`2 2{+B2MiHv T`Q/m+2/ BM � /2+QM}M2/ K2/BmK /m2 iQ HQr2` 2M2`;v
#�``B2`b (R3- RN)X h?2 Q#b2`p2/ 2M?�M+2K2Mi BM i?2 vB2H/ Q7 bi`�M;2 T�`iB+H2b
+QKT�`2/ iQ ?�/`QMB+ KQ/2Hb b2`p2b �b 2pB/2M+2 Q7 � i`�MbBiBQM iQ [m�`F@;HmQM
TH�bK�X

kXjXj .BH2TiQMb �M/ S?QiQMb

1H2+i`QK�;M2iB+ T`Q#2b U/B`2+i T?QiQMb- /BH2TiQMb e+e− Q` µ+µ−V BMi2`�+i r2�FHv
rBi? i?2 bm``QmM/BM; K2/BmK �M/ +�``v BM7Q`K�iBQM �#Qmi i?2 +QM/BiBQMb BMbB/2
i?2 bvbi2K �i i?2 KQK2Mi Q7 i?2B` T`Q/m+iBQMX J2�bm`BM; i?2 bT2+i`� �M/ K�bb2b
Q7 bm+? T�`iB+H2b ?2HTb `2+QMbi`m+i i?2 i?2`KQ/vM�KB+ T�`�K2i2`b Q7 i?2 K2/BmK
�i /Bz2`2Mi bi�;2b Q7 2pQHmiBQMX S�`iB+mH�`Hv BMi2`2biBM; Bb i?2 KQ/B}+�iBQM Q7
p2+iQ` K2bQM K�bb2b BM � /2Mb2 Mm+H2�` K2/BmK �M/ i?2 `QH2 Q7 +?B`�H bvKK2i`v
`2biQ`�iBQM (ky)X



kX9 1tT2`BK2Mi�H aim/v Q7 i?2 Z:S RR

kX9 1tT2`BK2Mi�H aim/v Q7 i?2 Z:S

kX9XR �++2H2`�iQ` *QKTH2t2b �M/ .2i2+iQ`b
�i T`2b2Mi- i?2 bim/v Q7 Z:S Bb #2BM; +QM/m+i2/ �i i?2 7QHHQrBM; 7�+BHBiB2b,

• _>A* U_2H�iBpBbiB+ >2�pv AQM *QHHB/2`V �i "LG- la� (3)-

• G>* UG�`;2 >�/`QM *QHHB/2`V �i *1_L- 2tT2`BK2Mi �GA*1 U� G�`;2 AQM
*QHHB/2` 1tT2`BK2MiV (d)-

• 6�A_ U6�+BHBiv 7Q` �MiBT`QiQM �M/ AQM _2b2�`+?V ě � 7�+BHBiv mM/2`
+QMbi`m+iBQM BM .�`Kbi�/i- :2`K�Mv- r?2`2 i?2 *"J 2tT2`BK2Mi Bb
TH�MM2/ (kR)-

• LA*� ULm+HQi`QM@#�b2/ AQM *QHHB/2` 7�+BHBivV �i CAL_ U.m#M�V- 2tT2`BK2Mi
JS. UJmHiBSm`TQb2 .2i2+iQ`V (R9)X

6Q` 2�+? 2tT2`BK2Mi- bT2+B�HBx2/ /2i2+iQ`b �`2 #2BM; /2p2HQT2/ rBi? ?B;? T`2+B@
bBQM BM i`�+F `2+QMbi`m+iBQM- KQK2MimK K2�bm`2K2Mi- �M/ T�`iB+H2 B/2MiB}+�iBQMX

h?mb- [m�`F@;HmQM TH�bK� `2K�BMb QM2 Q7 i?2 KQbi 7mM/�K2Mi�H bm#D2+ib Q7
bim/v BM KQ/2`M ?B;?@2M2`;v T?vbB+bX h?2Q`2iB+�H +�H+mH�iBQMb bm;;2bi i?2 TQb@
bB#BHBiv Q7 [m�`F �M/ ;HmQM /2+QM}M2K2Mi mM/2` 2ti`2K2 +QM/BiBQMb- r?BH2 HQM;@
i2`K 2tT2`BK2Mib �BK iQ +QM}`K �M/ i?Q`Qm;?Hv BMp2biB;�i2 i?Bb bi�i2 ě �M�@
HvxBM; bi`�M;2M2bb 2M?�M+2K2Mi- 2H2+i`QK�;M2iB+ T`Q#2b- �M/ p�`BQmb +QHH2+iBp2
T?2MQK2M�X � TQr2`7mH /2i2+iBQM bvbi2K Bb `2[mB`2/ iQ Q#i�BM bm{+B2Mi bi�iBb@
iB+b- �b mT iQ i2Mb Q7 KBHHBQMb Q7 +QHHBbBQMb Q++m` 2p2`v b2+QM/- 2�+? ;2M2`�iBM;
i?Qmb�M/b Q7 T�`iB+H2 i`�+FbX h?2`27Q`2- /22T H2�`MBM; �M/ M2m`�H M2irQ`F K2i?@
Q/b +�T�#H2 Q7 �miQK�iB+�HHv B/2MiB7vBM; Z:S 2p2Mib rBi?BM � p�bi #�+F;`QmM/
�`2 T�`iB+mH�`Hv BM /2K�M/X h?2 7QHHQrBM; +?�Ti2`b rBHH /2KQMbi`�i2 ?Qr i?2b2
K2i?Q/b �`2 BMi2;`�i2/ BMiQ i?2 6G1a T�+F�;2 7Q` i?2 *"J 2tT2`BK2Mi �M/ r?�i
`2bmHib *LL +H�bbB}2`b �+?B2p2 QM S>a. �M/ l`ZJ. KQ/2HbX



Rk kX 6PlL.�hAPLa P6 Zl�_E@:GlPL SG�aJ� 6P_J�hAPL



*?�Ti2` j

h?2 *QKT`2bb2/ "�`vQMB+ J�ii2`
U*"JV 1tT2`BK2Mi

jXR h?2 6�+BHBiv 7Q` �MiBT`QiQM �M/ AQM _2b2�`+?
U6�A_V

h?2 6�+BHBiv 7Q` �MiBT`QiQM �M/ AQM _2b2�`+? U6�A_V- HQ+�i2/ BM .�`Kbi�/i- :2`@
K�Mv- Bb �M BMi2`M�iBQM�H �++2H2`�iQ` +QKTH2t i?�i rBHH T`QpB/2 mMB[m2 `2b2�`+?
QTTQ`imMBiB2b BM Mm+H2�`- ?�/`QM- �iQKB+- �M/ TH�bK� T?vbB+b (kk)X h?2 6�A_
`2b2�`+? T`Q;`�K rBHH 2M�#H2 bim/B2b Q7 +QKT`2bb2/ #�`vQMB+ K�ii2` mbBM; #2�Kb
7`QK i?2 aAaRyy bvM+?`Qi`QM- r?B+? rBHH �++2H2`�i2 T`QiQMb mT iQ kN :2o �M/
?2�pv BQMb bm+? �b ;QH/ U�mV mT iQ RR� :2o (kj)X h?2b2 +�T�#BHBiB2b K�F2 6�A_
QM2 Q7 i?2 KQbi �/p�M+2/ 7�+BHBiB2b 7Q` BMp2biB;�iBM; i?2 Z*. T?�b2 /B�;`�K �i
?B;? #�`vQM /2MbBiB2bX

h?2 JQ/mH�`Bx2/ ai�`i o2`bBQM UJaoV Q7 6�A_ rBHH BMBiB�HHv T`QpB/2 #2�Kb
7`QK aAaRyy- �++2H2`�iBM; Mm+H2B rBi? Z/A = 0.5 mT iQ R9� :2oX h?2 7�+BHBiv
K�v H�i2` #2 2tT�M/2/ rBi? � ?B;?2` `B;B/Biv bvM+?`Qi`QM �b T�`i Q7 � 7mim`2
mT;`�/2 (k9)X h?2 H�vQmi Q7 6�A_ Bb b?QrM BM 6B;m`2 jXRX h?2 #2�K 2ti`�+i2/
iQ i?2 *"J +�p2 +�M `2�+? BMi2MbBiB2b Q7 mT iQ 1011 T`QiQMb �M/ 109 �m BQMb T2`
b2+QM/- K22iBM; bi`B+i [m�HBiv `2[mB`2K2MibX aT2+B}+�HHv,

• �i � /Bbi�M+2 ;`2�i2` i?�M 8 KK 7`QK i?2 #2�K �tBb- i?2 #2�K ?�HQ `2K�BMb
#2HQr 10−5 Q7 i?2 iQi�H #2�K BMi2MbBivX

• h?2 BMi2MbBiv ~m+im�iBQMb Q7 i?2 bTBHH bi`m+im`2 �`2 F2Ti #2HQr 8yW U�p2`�;2
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Figure 1.5: Layout of the Facility for Antiproton and Ion Research in Europe (FAIR)

Figure 1.6: Drawing of the experimental setup of CBM
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6B;m`2 jXR, G�vQmi Q7 i?2 6�+BHBiv 7Q` �MiBT`QiQM �M/ AQM _2b2�`+? U6�A_V (kk)X

p�Hm2 MQ`K�HBx2/ iQ i?2 K�tBKmK p�Hm2V- 2Mbm`BM; T`2+Bb2 iBKBM; +QMi`QH
/QrM iQ M�MQb2+QM/ b+�H2b (k8)X

h?2 6�A_ +BpBH +QMbi`m+iBQM ?�b #22M +QKTH2i2/- �M/ i?2 aAaRyy 2tT2`BK2Mi�H
?�HH- r?B+? rBHH ?Qmb2 i?2 *"J 2tT2`BK2Mi- ?�b #22M }M�HBx2/X *"J rBHH #2
QM2 Q7 i?2 }`bi mb2`b Q7 aAaRyy #2�Kb �M/ Bb T`BQ`BiBxBM; i?2 +QKTH2iBQM Q7 i?2
.�v@R 2tT2`BK2Mi�H b2imT #v i?2 2M/ Q7 kyk3X AM7`�bi`m+im`2 /2p2HQTK2Mi 7Q`
i?2 2tT2`BK2Mi +QMiBMm2b- rBi? bB;MB}+�Mi T`Q;`2bb QM i?2 /BTQH2 7QmM/�iBQM �M/
mTbi`2�K TH�i7Q`K /2bB;M (ke)X

h?2 *"J *QHH�#Q`�iBQM Bb �+iBp2Hv BMpQHp2/ BM i?2 #`Q�/2` b+B2MiB}+ TH�MMBM;
2zQ`ib 7Q` Mm+H2�` T?vbB+b BM 1m`QT2X h?2 LmS1** BMBiB�iBp2 ?�b H�mM+?2/ �
T`Q+2bb iQ /2}M2 � M2r GQM; _�M;2 SH�M- �M/ i?2 *"J *QHH�#Q`�iBQM ?�b +QM@
i`B#mi2/ Bib BMTmi QM i?2 BKTQ`i�M+2 Q7 bvbi2K�iB+ K2�bm`2K2Mib Q7 2t+Bi�iBQM
7mM+iBQMb- bvbi2K bBx2 /2T2M/2M+B2b- �M/ KmHiB@/Bz2`2MiB�H T?�b2@bT�+2 /Bbi`B#m@
iBQMb Q7 p�`BQmb Q#b2`p�#H2b BM 2tTHQ`BM; i?2 ?B;?@/2MbBiv `2;BQM Q7 i?2 Z*. T?�b2
/B�;`�K (kd)X



jXk h?2 *"J 2tT2`BK2Mi R8

jXk h?2 *"J 2tT2`BK2Mi

h?2 *QKT`2bb2/ "�`vQMB+ J�ii2` U*"JV 2tT2`BK2Mi Bb /2bB;M2/ iQ 2tTHQ`2 T`QT@
2`iB2b Q7 bi`QM;Hv BMi2`�+iBM; K�ii2` �i ?B;? M2i@#�`vQM /2MbBiB2b- rBi? +QM/BiBQMb
`2b2K#HBM; i?Qb2 7QmM/ BM M2mi`QM bi�` K2`;2`b �M/ i?2 2�`Hv mMBp2`b2X *"J
rBHH BMp2biB;�i2 i?2 2[m�iBQM Q7 bi�i2 Q7 Mm+H2�` K�ii2`- T?�b2 i`�MbBiBQMb 7`QK
?�/`QMB+ iQ T�`iQMB+ K�ii2`- �M/ BM@K2/BmK T`QT2`iB2b Q7 ?�/`QMb �M/ +?�`K
T`Q/m+iBQM (k3)X

h?2 b+B2MiB}+ KQiBp�iBQM #2?BM/ *"J HB2b BM Bib �#BHBiv iQ 2tTHQ`2 i?2 Z*.
T?�b2 /B�;`�K �i ?B;? #�`vQM /2MbBiB2b- r?2`2 i?2Q`2iB+�H KQ/2Hb T`2/B+i i?2
2tBbi2M+2 Q7 � }`bi@Q`/2` T?�b2 i`�MbBiBQM �M/ TQbbB#Hv � +`BiB+�H 2M/TQBMiX h?2
2tT2`BK2Mi rBHH 7Q+mb QM K2�bm`BM; F2v Q#b2`p�#H2b i?�i +?�`�+i2`Bx2 i?2 #2?�pBQ`
Q7 K�ii2` mM/2` bm+? +QM/BiBQMb- BM+Hm/BM; i?2 T`Q/m+iBQM �M/ +QHH2+iBp2 #2?�pBQ`
Q7 ?�/`QMb- ~m+im�iBQMb Q7 +QMb2`p2/ [m�MiBiB2b- �M/ 2H2+i`QK�;M2iB+ T`Q#2b bm+?
�b /BH2TiQMb (kN)X

h?2 2tT2`BK2Mi rBHH +QM/m+i ?B;?@T`2+BbBQM K2�bm`2K2Mib Q7 ?2�pv@BQM +QHHB@
bBQMb �i aAaRyy 2M2`;B2bX h?2b2 BM+Hm/2 bim/B2b Q7 +QHH2+iBp2 ?�/`QM ~Qr- ?vT2`QM
T`Q/m+iBQM- �M/ H2TiQM@T�B` /2+�vb Q7 p2+iQ` K2bQMb iQ T`Q#2 ?�/`QMB+ KQ/B}+�@
iBQMb BM /2Mb2 K�ii2`X 1p2Mi@#v@2p2Mi ~m+im�iBQMb BM +QMb2`p2/ [m�MiBiB2b bm+?
�b #�`vQM MmK#2` �M/ bi`�M;2M2bb rBHH T`QpB/2 BMbB;?i BMiQ T?�b2 i`�MbBiBQMbX
"v bvbi2K�iB+�HHv p�`vBM; i?2 #2�K 2M2`;v �M/ bvbi2K bBx2- *"J rBHH K�T Qmi
i?2 T?�b2 bi`m+im`2 Q7 Z*. K�ii2` �M/ i2bi i?2Q`2iB+�H T`2/B+iBQMb `2;�`/BM; i?2
M�im`2 Q7 /2+QM}M2K2Mi �M/ +?B`�H bvKK2i`v `2biQ`�iBQM (jy)X

*"J `2[mB`2b `2�H@iBK2 /�i� T`Q+2bbBM; /m2 iQ ?B;? BMi2`�+iBQM `�i2bX AMbi2�/
Q7 � +QMp2MiBQM�H i`B;;2`@#�b2/ bvbi2K- *"J 2KTHQvb � 7`22@bi`2�KBM; `2�/Qmi
+QK#BM2/ rBi? `2�H@iBK2 2p2Mi `2+QMbi`m+iBQM- �HHQrBM; 2{+B2Mi b2H2+iBQM Q7 `�`2
T?vbB+b bB;M�Hb (jR)X h?2 ?B;?@BMi2MbBiv 2MpB`QMK2Mi TQb2b bB;MB}+�Mi i2+?MQHQ;B@
+�H +?�HH2M;2b- `2[mB`BM; �/p�M+2/ /2i2+iQ` bvbi2Kb �M/ bQT?BbiB+�i2/ �H;Q`Bi?Kb
7Q` QMHBM2 /�i� T`Q+2bbBM;X AMMQp�iBp2 +QKTmiBM; i2+?MB[m2b- BM+Hm/BM; K�+?BM2
H2�`MBM;@#�b2/ 2p2Mi +H�bbB}+�iBQM- �`2 #2BM; /2p2HQT2/ iQ K�tBKBx2 i?2 b+B2MiB}+
QmiTmi Q7 i?2 2tT2`BK2Mi (jk)X

h?2 aAaRyy �++2H2`�iQ` Bb r2HH bmBi2/ 7Q` ;2M2`�iBM; ?B;? M2i@#�`vQM /2MbBiB2bX
6B;m`2 jXk b?Qrb i`�MbTQ`i KQ/2H +�H+mH�iBQMb 7Q` +2Mi`�H �mY�m +QHHBbBQMb- BM/B@
+�iBM; i?�i /2MbBiB2b 2t+22/BM; }p2 iBK2b Mm+H2�` b�im`�iBQM /2MbBiv UyXRd 7K−3V
+�M #2 `2�+?2/ �i Ry� :2oX lM/2` i?2b2 +QM/BiBQMb- Mm+H2QMb Qp2`H�T- �M/ i?2Q@
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1.2 Diagnostic probes of the high-density fireball

Figure 1.2: Baryon density as function of elapsed time for central Au+Au collisions calcu-
lated with different transport models [10]

The SIS100 accelerator at FAIR is very well suited to create high net-baryon densities.
This is illustrated in Figure 1.2 which depicts results of transport code calculations for
central Au+Au collisions. According to these calculations, densities beyond five times
saturation density of 0.17 fm−3 can be produced already at beam energies of 10AGeV.
Under these conditions the nucleons overlap, and theory predicts a transition to a mixed
phase of baryons and quarks.

1.2 Diagnostic probes of the high-density fireball

Figure 1.3 depicts the evolution of a heavy-ion collision at FAIR energies as calculated
with the UrQMD transport code [11], and illustrates the time of production and eventual
emission of various particle species. Particles containing charm quarks are expected to be
created in the very first stage of the reaction. Thus, D mesons and J/ψ mesons may serve
as probes for the dense fireball and its degrees of freedom. Vector mesons like ω, ρ and φ
mesons are produced continuously via ππ annihilation during the course of the reaction,
and further decay either into mesons or into a pair of leptons. However, as leptons are not
affected by final-state interactions, the dileptonic decay offers the possibility to look into
the fireball. In particular, the short-lived ρ meson is a promising diagnostic probe of hot
and dense nuclear matter. Also multi-strange hyperons and φ mesons carry information
on the dense phase of the collision, in particular via their collective flow, due to their small
hadronic cross sections. Finally, the bulk of the particles freezes out at densities below
saturation density. To date, essentially only these bulk particles have been measured
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6B;m`2 jXk, "�`vQM /2MbBiv �b � 7mM+iBQM Q7 2H�Tb2/ iBK2 7Q` +2Mi`�H �mY�m
+QHHBbBQMb +�H+mH�i2/ rBi? /Bz2`2Mi i`�MbTQ`i KQ/2Hb (jj)X

`2iB+�H T`2/B+iBQMb bm;;2bi � i`�MbBiBQM iQ � KBt2/ T?�b2 Q7 #�`vQMb �M/ [m�`FbX
h?2 �#BHBiv iQ 2tTHQ`2 bm+? 2ti`2K2 +QM/BiBQMb K�F2b *"J � +`m+B�H 2tT2`BK2Mi
7Q` �/p�M+BM; Qm` mM/2`bi�M/BM; Q7 Z*. K�ii2` �M/ i?2 7mM/�K2Mi�H BMi2`�+@
iBQMb ;Qp2`MBM; i?2 bi`QM; 7Q`+2 (j9)X

jXj h?2 *"J /2i2+iQ`b b2imT
h?2 *"J 2tT2`BK2Mi�H bi`�i2;v Bb /2bB;M2/ iQ T2`7Q`K #Qi? BMi2;`�H �M/ /Bz2`@
2MiB�H K2�bm`2K2Mib Q7 M2�`Hv �HH T�`iB+H2b T`Q/m+2/ BM Mm+H2�` +QHHBbBQMbX h?2b2
BM+Hm/2 vB2H/b- T?�b2@bT�+2 /Bbi`B#miBQMb- +Q``2H�iBQMb- �M/ ~m+im�iBQMb rBi? mM@
T`2+2/2Mi2/ T`2+BbBQM �M/ bi�iBbiB+bX h?2 2tT2`BK2Mi rBHH bim/v Mm+H2mb@Mm+H2mb-
T`QiQM@Mm+H2mb- �M/ T`QiQM@T`QiQM +QHHBbBQMb �i p�`BQmb #2�K 2M2`;B2bX hQ b2H2+i
2p2Mib +QMi�BMBM; `�`2 Q#b2`p�#H2b- i?2 /2i2+iQ` bvbi2K Kmbi 2{+B2MiHv bmTT`2bb
#�+F;`QmM/ r?BH2 2Mbm`BM; ?B;? BMi2`�+iBQM `�i2b (kj)X

lMHBF2 +QMp2MiBQM�H }t2/@i�`;2i 2tT2`BK2Mib- *"J BKTH2K2Mib � /�i�@/`Bp2M
`2�/Qmi bvbi2K i?�i QT2`�i2b rBi?Qmi � ?B2`�`+?B+�H i`B;;2`X h?Bb BMMQp�iBp2
�TT`Q�+? 2M�#H2b +QMiBMmQmb `2�/Qmi Q7 �HH /2i2+iQ` bB;M�Hb- �HHQrBM; 7Q` `2�H@
iBK2 `2+QMbi`m+iBQM �M/ }Hi2`BM; Q7 T?vbB+b 2p2MibX h?2 b2H7@i`B;;2`2/ 2H2+i`QMB+b
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Figure 1.5: Layout of the Facility for Antiproton and Ion Research in Europe (FAIR)

Figure 1.6: Drawing of the experimental setup of CBM
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6B;m`2 jXj, .`�rBM; Q7 i?2 2tT2`BK2Mi�H b2imT Q7 *"J- b?QrBM; i?2 �``�M;2@
K2Mi Q7 bm#/2i2+iQ`b (kj)X

�M/ ?B;?@bT22/ +QKTmiBM; BM7`�bi`m+im`2 �`2 +`BiB+�H 7Q` K�M�;BM; i?2 2MQ`KQmb
/�i� ~Qr ;2M2`�i2/ #v i?2 2tT2`BK2Mi (j8)X

h?2 *"J /2i2+iQ` bvbi2K +QMbBbib Q7 KmHiBTH2 bm#/2i2+iQ`b �HB;M2/ �HQM; i?2
#2�K �tBb- 2�+? bT2+B�HBx2/ 7Q` /Bz2`2Mi i�bFb- BM+Hm/BM; p2`i2t `2+QMbi`m+iBQM-
KQK2MimK /2i2`KBM�iBQM- T�`iB+H2 B/2MiB}+�iBQM- �M/ 2p2Mi +?�`�+i2`Bx�iBQMX
6B;m`2 jXj T`2b2Mib � b+?2K�iB+ pB2r Q7 i?2 7mHH /2i2+iQ` �``�M;2K2MiX

h?2 *"J /2i2+iQ` bvbi2K `2HB2b QM � bi`QM; K�;M2iB+ }2H/ iQ �+?B2p2 T`2+Bb2
KQK2MimK `2bQHmiBQM 7Q` +?�`;2/ T�`iB+H2bX h?2 /BTQH2 K�;M2i TH�vb � +`m+B�H
`QH2 BM i?Bb b2imTX

jXjXR .BTQH2 J�;M2i
h?2 *"J /BTQH2 T`QpB/2b � K�;M2iB+ }2H/ BMi2;`�H Q7 R hK- 2bb2MiB�H 7Q` �+?B2pBM;
� KQK2MimK `2bQHmiBQM Q7 ∆p/p < 2W 7Q` i`�+F `2+QMbi`m+iBQM �i #2�K 2M2`;B2b
Q7 i?2 aAaRyy bvM+?`Qi`QM Q` Bib TQbbB#H2 mT;`�/2X h?2 K�;M2i Bb �M >@ivT2
/2bB;M rBi? � r�`K B`QM vQF2fTQH2 �M/ +vHBM/`B+�H bmT2`+QM/m+iBM; +QBHbX h?2
rB`2 +QMbBbib Q7 L#@hB }H�K2Mib 2K#2//2/ BM � +QTT2` K�i`Bt- 2Mbm`BM; ?B;?
bi�#BHBiv �M/ 2{+B2M+v (je)X
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Figure 3: Assembly of the STS Units.

Mainframe and baseplate

The STS enclosure includes side areas for cabling, tub-
ing, and cooling services. Expanding this area improves the
system’s functionality and performance. This highlights
the importance of space allocation and design considera-
tions for efficient integration and operation of STS compo-
nents.

The subassemblies for both the dSTS and the mainframe
have been completed, including essential components.

The uSTS rail system and its corresponding fixtures
have been integrated into the mainframe, ensuring seam-
less functionality tailored specifically for the uSTS. At the
same time, a rail system dedicated to the units has been
incorporated into the mainframe’s design. This attention
to detail extends to the sealing concept, which ensures the
structural integrity of the mainframe assembly by protect-
ing it from environmental factors while maintaining opti-
mal internal conditions. In addition, the front wall and
strategically positioned feedthroughs have been engineered
to facilitate easy access and connectivity for external inter-
faces and instrumentation.

The completed subassemblies are important milestones
in the development of both the dSTS and the mainframe.
They play a crucial role in ensuring structural robustness,
operational efficiency, and overall system performance.
Their completion indicates significant progress towards
achieving project objectives and operational readiness.

Summary and Outlook

Key engineering issues within the project have been suc-
cessfully resolved, paving the way for production com-
mencement.

The design of cooling blocks for FEB and ROB com-
ponents has been finalized, including conceptual design
freezes and thorough validation of manufacturability. Ad-
ditionally, alignment procedures and manufacturability
checks for carbon fiber pillars and main sandwich plates
have been completed.

Secondary parts supply, including FEB and ROB cir-
cuit boards, has been validated, ensuring compatibility and
functionality within the system.

Both the FEB and ROB cooling blocks have been fully
designed, simulated, and partially tested, meeting all ther-
mal requirements and undergoing prototype validation.
Connector designs outside of the C-Frame plane have been
finalized for both components.

Alignment procedures have been implemented success-
fully, resembling a ladder assembly concept. Precision-
milled plates have been utilized to achieve accurate align-
ment between various components, ensuring optimal func-
tionality.

The modular cable tray system has been implemented
and validated, with all secondary parts, including cable
trays, thoroughly checked and verified.

All units have been designed successfully, and space
availability has been rechecked. The rail system has been
iterated for better functionality, fixtures have been designed
for efficient assembly, and the C-Frame infrastructure has
been updated. Topology optimization techniques have been
applied to enhance C-Frame performance. The next steps
include integration and testing, further refinement of the
rail system, and manufacturing with a focus on continuous
optimization.

Figure 4: The STS and MVD detector inside the CBM
dipole magnet.

The procedures for installing the CBM dipole magnet
gap (refer to Fig. 4) are addressed. A dedicated rail system
has been designed, and iterative alignment procedures are
planned.

With all major engineering activities successfully ad-
dressed and resolved, the project is primed for production,
ensuring its success and functionality.
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Fig. 1. (a) The STS detector is arranged in eight tracking stations, that will be placed inside the superconducting dipole magnet. (b) The ‘C’-frame forms part of a tracking station,
and it holds the carbon-fiber ladders, which support the STS modules. The front-end and readout electronics, as well as the power boards, are placed outside of the physics
acceptance in order to reduce the material budget in the active area.

1.1. The STS module

The main STS building block is the detector module, which consists
of a silicon microstrip sensor connected through a stack of 32 low-mass
aluminum-polyimide microcables to custom-developed readout ASICs
on two front-end boards (FEBs), see Fig. 2a. The double-sided, double-
metal silicon microstrip sensors (p+ implant, n-bulk, n+ implant) are
produced by Hamamatsu Photonics K.K., Japan [6]. The four sensors
types have been designed on a common base layout, all being 6.2 cm
wide, and 2.2, 4.2, 6.2 and 12.4 cm long. Their deployment on the
STS detector is dictated by the particle densities inside the detection
region. Despite their different sizes, each sensor has a total of 1024
strips per side, spaced at 58 μm pitch. The strips on the p-side are
inclined by 7.5° with respect to the n-side, thus providing 2D tracking
information with a single sensor and hence effectively reducing the
amount of material in the sensitive volume. The inclined short-length
strips on the corners of the p-side are interconnected using a second
metalization layer on the sensor [7]. These strips, as shown in Fig. 2b,
are referred to as Z-strips because of their geometrical shape.

Since the momentum resolution is affected by multiple scattering,
the STS design intends to minimize the material budget inside the
physics acceptance, by placing the front-end, read out electronics,
power boards and cooling structures in the periphery of the detec-
tor. Each sensor side is read out by a total of eight custom-designed
ASICs [8], each of them connected to 128 detector channels via a pair
of microcables, see Fig. 2a [5]. The low-mass microcables are used to
transfer the signals from the sensors to the front end electronics. For
the signal transmission, two layers of microcables per sensor side, with
aluminum strips and a pitch of 116 μm are used. They are separated
with a meshed spacer in order to reduce the parasitic inter-layer
capacitance [9].

Fig. 3 displays two images of an STS module. The first image shows
the module before the addition of the shielding layers, while the second
one depicts the module after the inclusion of these layers, which are
used to cover the microcables and a sensor side. Each shielding layer
consists of a low dielectric constant spacer made of 165 μm thickness
Foamtak II, a 14 μm aluminum foil referenced to the biasing potential
of the FEB, and 10 μm polyimide coating [10]. The shielding layers
contribute to mitigate the undesirable effect of the electromagnetic
interference in the microcables, and therefore, to achieve the expected
noise performance. A module is considered fully assembled only when
the shielding layers are connected to it. It is also important to note
that regardless of the testing purpose or the environment, the module
is always operated with these shielding layers [11].

The test and characterization of fully assembled STS modules are
fundamental for proving the assembly concept of the final detector.
In the course of the last years, the STS project achieved important
milestones related to the assembly and successful operation of the first
STS modules [11]. They have been used in multiple studies to demon-
strate their performance and to characterize the latest versions of the
STS front-end electronics [12–14]. In parallel to these developments, a
general testing procedure was worked out with the following purposes:
to determine the set of operating parameters for each module; to
identify flaws in the final produced devices before further integration,
and to assess their quality. This process can also be understood as the
first step towards a more detailed quality control concept, which aims
to ensure the reliable performance of the modules in the final STS
detector and high production yield.

This work details some of the fundamental tests carried out in
eleven fully assembled modules and emphasizes important observables
extracted from performance studies, such as charge calibration, noise
levels, signal readout, and the reliability of the assembly process in
terms of unconnected or missing channels.

2. Experimental setup

The module assembly is a complex process carried out in multiple
steps. All ingoing components have been thoroughly tested, graded
and selected before [7,15,16]. Along the process, the quality of the
components, the tape-automated bonds (TAB), compound objects such
as chip-cables (microcables TAB bonded to the ASICs), as well as the
basic functionalities of the front-end electronics are regularly checked.
When modules are fully assembled, as shown in Fig. 3, a detailed
characterization of each device is performed.

The eleven modules described in this work were some of the first as-
sembled objects, conceived for laboratory studies, and later on re-used
in the mini STS (mSTS) detector [14]. mSTS is part of the mini CBM
(mCBM) project, a precursor of the CBM experiment at the existing
accelerator facilities in GSI [17]. The geometric prerequisites of mSTS
placed specific constraints on module dimensions, resulting in objects
featuring the largest sensors (6.2 cm and 12.4 cm) and the longest
microcables (42 cm, 45 cm and 49 cm) of the future STS detector [5].

The naming convention adopted for these modules, such as
‘‘01Tr_3’’, is only valid for mSTS, and it can be understood as follow: the
initial two digits denote the module’s location on the supporting ladder,
with ‘01’ referring to the uppermost position, ‘02’ to the middle one,
and ‘03’ to the lowest one. These digits also correlate with the length of
the microcables: the longest microcables with 49 cm length correspond
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Fig. 1. The setup of the CBM experiment along with the MuCh detector system as implemented in the simulation.

keeping the temperature around a fixed value. To achieve this, a
microcontroller-based unit is being developed as an integral part of the
cooling system.

In this paper, we report on the working principle of the cooling
system, mechanical design, fabrication, test performances of the pro-
totypes, and the details of the control unit. This particular system is
developed keeping the MuCh detector system of the CBM experiment
in mind. However, the basic principle and technique studied here can
be used elsewhere also with proper customization of various parameters
such as shape, size, thickness, and material type of the cooling plate. In
general, this type of cooling system can be a good solution for places
where large heat is generated in a very confined space.

2. Working principle and design considerations

As discussed earlier, the MuCh detector system in the CBM exper-
iment consists of a combination of absorbers and detector layers, as
shown in Fig. 1, and it should be very compact as well. Each tracking
station has three layers (triplets) of detector chambers divided into
trapezoidal sector-shaped modules. For the first and second stations,
one trapezoidal-shaped module contains a GEM detector and its elec-
tronics attached to a trapezoidal shape aluminium plate. The curvature
of a station determines the number of sectors (or modules) per plane,
and the particle flux determines the detector technology employed in
different stations. Due to its compact geometry, the gaps for MuCh
tracking stations between the absorbers are kept as small as possible
(∼ 10 cm gap is available between two layers of a station). The FEBs of
one MuCh module (sector) dissipates ∼90 W of heat while in operation,
which implies on an average ∼4.3 kW and ∼5.4 kW of heat generation
by the first (consisting of 16 × 3 = 48 modules) and the second
(composed of 20 × 3 = 60 modules) MuCh stations respectively. In
addition, to meet the compactness requirement, the large amount of
dissipated heat within a confined space results in a rise in temperature
at the surface of the FEBs and their vicinity. A compact cooling system
is required to meet the constraint. It is accomplished by pursuing
a novel concept of using a single metal plate (with water channels
grooved within) which can serve both as a mounting structure for the
detector as well as a heat sink. The cooling system consists of several
components, i.e. a cooling plate, microcontroller board, temperature
sensors, water chiller, and suction pump. An aluminium plate with
water channels inside serves the purpose of the heat sink. Considering
the heat load, availability, and cost-effectiveness, demineralized water
is preferred over other coolants such as methane, liquid nitrogen, CO2,
etc.

The FEBs of the detector module with metallic contact on the
bottom side of the PCB as shown in Fig. 2, have been installed on
one side of the cooling plate just above the water channels, using
thermal glue for effective heat transmission. The heat generated from

Fig. 2. Back side of a FEB with metallic contact on it.

the FEBs is transmitted to the aluminium plate via this metallic contact.
A continuous flow of chilled demineralized water is circulated through
the water channels within the plate to drain the heat dissipated by
the FEBs. Analog LM35 temperature sensors [9] are mounted on the
surface of the cooling plate to measure the temperature of the heat sink
(cooling plate).

A microcontroller [10] based unit (see Section 5) is used to keep
the temperature of the heat sink at a constant value. By comparing the
data from the temperature sensors to a reference temperature value, the
microcontroller regulates the pump speed and hence the water flow. A
reference temperature is established as an external parameter in the
microcontroller using a computer interface. Fig. 3 shows the flow chart
of the working principle.

When the temperature of the plate rises above the reference temper-
ature, the microcontroller turns on the re-circulation of chilled water
through the plate. When the temperature of the plate falls below the
reference temperature, it turns the flow off. The cycle is automated, and
the temperature of the cooling plate is maintained at a predetermined
reference point.

As discussed, the use of the cooling plate is twofold: as a supporting
structure for mounting the detector modules and FEBs, and as a heat
sink for cooling. The dimension, design, and the type of material of
the cooling plate are therefore determined considering the factors like
mechanical strength, planarity, ease in building water channels inside
it, and property of good heat transfer. During the experiment, the
system will be operated in a high-radiation zone; hence the material
for the plate should have features like low radiation activity.

3. Copper-based small size prototype

A small-size prototype test is conducted in the laboratory to val-
idate the proof-of-principle of the conceptual design of the cooling
system [11,12]. As shown in Fig. 4 (left), a copper plate of thickness
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On top of the TR-signal the ROCs also collect the charge released via the specific energy loss
〈dE/dx〉 caused by primary ionization processes in the gas. Differences in the 〈dE/dx〉 between
electrons and pions additionally enhance the separation power between the two and also extend
the electron identification towards lower charged particle momenta where no TR-photons are
produced. Furthermore, the 〈dE/dx〉 measurement can be used to support the identification of
nuclear fragments.

4.2 TRD station layout

Figure 4.2: CBM-TRD geometry for SIS100 consisting of one station with four layers of detectors.
Shown here is the implementation of the TRD geometry in the CBMROOT simulation framework.
Visible are the ROCs with the radiator boxes in the front view (left), while the rear view (right)
shows the backpanels of the ROCs together with the front-end electronics.

Module type # Modules/plane # Pads Pad area (cm2)
1 10 25,600 1.2
3 24 15,360 4.6
5 8 27,648 2.7
7 12 13,824 8.0
Total for one TRD layer 54 82,432

Table 4.1: The number of different TRD module types per detector layer, together with the
corresponding number of readout channels (pads).

The required performance parameter for the SIS100, as summarized in Sect. 2.3, can be
achieved by a TRD consisting of four layers of radiators and ROCs as demonstrated in Chap. 3.
For a possible use of the TRD at a future SIS300, this setup can easily be adapted by extending
it to up to ten detector layers.
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Chapter 4

The Transition Radiation Detector

In the following we outline the design for the CBM-TRD as it is foreseen for the various
experimental setups of CBM at the SIS100. The configuration described here is based on an
established and robust readout chamber design (see Chap. 5), which fulfills the performance
parameters outlined in Sect. 2.3.

Another important aspect of the current design is its modularity and the reduction of the
number of different components to a minimum. This facilitates mass production and allows for a
flexible configuration of the detector geometry.

4.1 Working principle
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Figure 4.1: A schematic illustration of the working principle of the CBM-TRD.

The basic working principle of the CBM-TRD is illustrated in Fig. 4.1. The detector is
essentially composed of two parts, the Read-Out Chamber (ROC) and the radiator. Transition
Radiation (TR) photons are generated in the radiator by electrons with a given probability, while
the heavier pions, being too slow, pass through without producing any TR. In order to efficiently
absorb the TR-photons in the gas volume of the ROC, a xenon gas mixture, having a high
absorption cross section for photons in the TR spectral range, is used as a counting gas. Thus,
the TR-photons are predominantly absorbed in the region directly behind the entrance window.
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The CBM TOF team can look back again on a very suc-
cessful year 2023. The main focus for TOF was the final-
isation of the counter designs for mass production for all
MRPC types. The first counter PRRs are targeted for mid
2024. In the current status the MRPC4 counter will have
fishing line spacers while all other counter types will be
equipped with pad spacers (see Fig. 1 and [1]).

Figure 1: Counter of type MRPC2 and MRPC3 with pad
spacers.

X-ray aging tests performed in Bucharest, Beijing and
Hefei confirmed stability improvements by using pad spac-
ers [1, 2]. Several prototypes have been build and tested
in beam at mCBM. However, due to accelerator constrains
an high intensity aging test could not be performed up to
now and is postponed to later beam tests. In 2023 a counter
pre-production was launched by building 10 MRPC4, 15
MRPC3 and 20 MRPC2 counter. All detectors arrived
safely in Heidelberg were they are currently integrated in
modules of type M6, M5 and M4. In Heidelberg a team of
technicians from the mechanical workshop could be estab-
lished to integrate the detectors in modules. Fig. 2 shows
this team integrating MRPC2 counters in an M4 module.
In total 7 modules are planed to be build in this pre-series.

Figure 2: Module production in Heidelberg. A team of
three technicians are building an M4 module.

With the first 3 newly constructed modules a second
miniTOF wall was realized and will help contributing in

the realisation of the benchmark goals. The modules for
the outer wall reached by now a final design and a PRR
will follow in late 2024. In Bucharest the first real size
module of the inner wall with name M0 has been started
to be build [3]. It contains 30 MRPCs of type MRPC1a, b
and c. The production of these counter will start soon and
goes in parallel. First test of the entire module could start
in 2025.
Very good progress was made on the main frame. The

engineering design is far progressed and first stability cal-
culations including all module weights were performed.
Fig. 3 shows a finite element simulation of the main frame
structure.

Figure 3: Finite element simulation of the main frame
structure.

Far progressed is also the calibration status of eTOF at
STAR. Clever algorithms to mitigate TDC dropouts were
developed and applied so that about 99 % of the data could
be used in the fix target runs. Fig 4 demonstrates a very
good time resolution (left side) and a robust particle identi-
fication (right plot). The average time resolution of all 108
counter is in the order of 67 ps.

Figure 4: Left: time resolution of all 108 counter arranged
in the end-cap wheel. Right: 1/β vs. momentum.
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[1] M. Petriş et al., this report.

[2] M. Yao et al., this report.

[3] V. Aprodu et al., this report.

Time-of-Flight Detector CBM Progress Report 2023

110

6B;m`2 jXRk,
6BMBi2 2H2K2Mi
bBKmH�iBQM Q7
i?2 K�BM 7`�K2
bi`m+im`2 (8d)X

aB;MB}+�Mi T`Q;`2bb ?�b #22M K�/2 BM hP6 +�HB#`�iBQM- T�`iB+mH�`Hv 7Q` i?2
2hP6 �i ah�_X *H2p2` �H;Q`Bi?Kb r2`2 /2p2HQT2/ iQ KBiB;�i2 h.* /`QTQmib-
bm++2bb7mHHv �TTHvBM; i?2K iQ NNW Q7 i?2 +QHH2+i2/ /�i�X 6B;m`2 jXRj BHHmbi`�i2b
i?2 iBK2 `2bQHmiBQM Q7 �HH Ry3 +QmMi2`b �``�M;2/ BM i?2 2M/@+�T r?22H �M/ i?2 1/β

pbX KQK2MimK +Q``2H�iBQM (83)X
h?2b2 /2p2HQTK2Mib /2KQMbi`�i2 i?2 *"J hP6 bvbi2KǶb +�T�#BHBiv iQ QT2`�i2

�i ?B;? BMi2`�+iBQM `�i2b r?BH2 K�BMi�BMBM; T`2+BbBQM BM T�`iB+H2 B/2MiB}+�iBQMX
6m`i?2` `2b2�`+? rBHH 7Q+mb QM `2}MBM; hP6 �H;Q`Bi?Kb �M/ BKT`QpBM; J_S*
T2`7Q`K�M+2 7Q` 7mim`2 2tT2`BK2Mi�H `mMbX

TOF summary

I. Deppner for the CBM TOF working group

GSI Helmholtzzentrum für Schwerionenforschung GmbH

The CBM TOF team can look back again on a very suc-
cessful year 2023. The main focus for TOF was the final-
isation of the counter designs for mass production for all
MRPC types. The first counter PRRs are targeted for mid
2024. In the current status the MRPC4 counter will have
fishing line spacers while all other counter types will be
equipped with pad spacers (see Fig. 1 and [1]).

Figure 1: Counter of type MRPC2 and MRPC3 with pad
spacers.

X-ray aging tests performed in Bucharest, Beijing and
Hefei confirmed stability improvements by using pad spac-
ers [1, 2]. Several prototypes have been build and tested
in beam at mCBM. However, due to accelerator constrains
an high intensity aging test could not be performed up to
now and is postponed to later beam tests. In 2023 a counter
pre-production was launched by building 10 MRPC4, 15
MRPC3 and 20 MRPC2 counter. All detectors arrived
safely in Heidelberg were they are currently integrated in
modules of type M6, M5 and M4. In Heidelberg a team of
technicians from the mechanical workshop could be estab-
lished to integrate the detectors in modules. Fig. 2 shows
this team integrating MRPC2 counters in an M4 module.
In total 7 modules are planed to be build in this pre-series.

Figure 2: Module production in Heidelberg. A team of
three technicians are building an M4 module.

With the first 3 newly constructed modules a second
miniTOF wall was realized and will help contributing in

the realisation of the benchmark goals. The modules for
the outer wall reached by now a final design and a PRR
will follow in late 2024. In Bucharest the first real size
module of the inner wall with name M0 has been started
to be build [3]. It contains 30 MRPCs of type MRPC1a, b
and c. The production of these counter will start soon and
goes in parallel. First test of the entire module could start
in 2025.
Very good progress was made on the main frame. The

engineering design is far progressed and first stability cal-
culations including all module weights were performed.
Fig. 3 shows a finite element simulation of the main frame
structure.

Figure 3: Finite element simulation of the main frame
structure.

Far progressed is also the calibration status of eTOF at
STAR. Clever algorithms to mitigate TDC dropouts were
developed and applied so that about 99 % of the data could
be used in the fix target runs. Fig 4 demonstrates a very
good time resolution (left side) and a robust particle identi-
fication (right plot). The average time resolution of all 108
counter is in the order of 67 ps.

Figure 4: Left: time resolution of all 108 counter arranged
in the end-cap wheel. Right: 1/β vs. momentum.
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[1] M. Petriş et al., this report.

[2] M. Yao et al., this report.

[3] V. Aprodu et al., this report.

Time-of-Flight Detector CBM Progress Report 2023

110

6B;m`2 jXRj,
G27i, iBK2
`2bQHmiBQM Q7 �HH
Ry3 +QmMi2`b
�``�M;2/ BM i?2
2M/@+�T r?22HX
_B;?i, 1/β

pbX KQK2M@
imK (83)X



jXj h?2 *"J /2i2+iQ`b b2imT kd

jXjX3 S`QD2+iBH2 aT2+i�iQ` .2i2+iQ` USa.V
h?2 S`QD2+iBH2 aT2+i�iQ` .2i2+iQ` USa.V Bb � F2v +QKTQM2Mi Q7 *"J /2bB;M2/
iQ /2i2`KBM2 i?2 +2Mi`�HBiv Q7 Mm+H2mb@Mm+H2mb +QHHBbBQMb �M/ i?2 Q`B2Mi�iBQM Q7
i?2 `2�+iBQM TH�M2X h?2 Sa. K2�bm`2b i?2 MmK#2` Q7 MQM@BMi2`�+iBM; T`QD2+iBH2
Mm+H2QMb UbT2+i�iQ`bV i?�i /Q MQi T�`iB+BT�i2 BM i?2 +QHHBbBQM �M/ �`2 /2~2+i2/
�i bK�HH �M;H2b `2H�iBp2 iQ i?2 #2�K �tBbX h?2b2 K2�bm`2K2Mib �`2 +`m+B�H 7Q`
/2i2`KBMBM; i?2 BKT�+i T�`�K2i2` Q7 i?2 +QHHBbBQM �M/ bim/vBM; 2p2Mi@#v@2p2Mi
~m+im�iBQMb Q7 i?2 BMBiB�H 2M2`;v /2MbBiv (8N)X

h?2 Sa. Bb � 7mHHv +QKT2Mb�iBM; H2�/@b+BMiBHH�iQ` +�HQ`BK2i2`- +QMbBbiBM; Q7 99
BM/2T2M/2Mi KQ/mH2bX 1�+? KQ/mH2 +QKT`Bb2b �Hi2`M�iBM; H�v2`b Q7 H2�/ �#bQ`#2`b
�M/ TH�biB+ b+BMiBHH�iQ`b- QTiBKBx2/ iQ �+?B2p2 mMB7Q`K 2M2`;v `2bQHmiBQMX h?2
`2�/Qmi Q7 i?2 b+BMiBHH�iQ` bB;M�Hb Bb T2`7Q`K2/ mbBM; r�p2H2M;i?@b?B7iBM; UqGaV
}#2`b +QmTH2/ iQ bBHB+QM T?QiQKmHiBTHB2`b UaBSJbV- r?B+? Qz2` ?B;? T?QiQM /2@
i2+iBQM 2{+B2M+v �M/ 7�bi `2bTQMb2 iBK2X

JQMi2@*�`HQ bBKmH�iBQMb Q7 ;QH/@;QH/ U�mY�mV +QHHBbBQMb mbBM; 2p2Mi ;2M2`�@
iQ`b bm+? �b l`ZJ.- .*J@Z:aJ- G�@Z:aJ- �M/ >a. ?�p2 #22M T2`7Q`K2/
iQ 2p�Hm�i2 i?2 /2i2+iQ`Ƕb T2`7Q`K�M+2X h?2 `2�+iBQM TH�M2 `2bQHmiBQM T`QpB/2/
#v i?2 Sa. Bb #2HQr 9y /2;`22b 7Q` #2�K 2M2`;B2b 2t+22/BM; 9 �:2oX h?2b2
`2bmHib +QM}`K i?2 2bb2MiB�H `QH2 Q7 i?2 Sa. BM T`QpB/BM; T`2+Bb2 2p2Mi +?�`�+@
i2`Bx�iBQM (ey)X

� T`QiQivT2 Sa. bmT2`KQ/mH2- BHHmbi`�i2/ BM 6B;m`2 jXR9- r�b �bb2K#H2/ �M/
i2bi2/ iQ p�HB/�i2 i?2 /2i2+iQ` T2`7Q`K�M+2X h?2 bmT2`KQ/mH2 +QMbBbib Q7 N BM/B@
pB/m�H Sa. KQ/mH2b �``�M;2/ BM � 3 × 3 K�i`Bt �M/ Bb KQmMi2/ QM � /2/B+�i2/
bmTTQ`i TH�i7Q`KXFig. 1 (center) introduces the PSD supermodule consisting of 9 modules assembled in 3 × 3

array at CERN to study the calorimeter performance.

Figure 1. (Left) Design of PSD with a support platform [2]. (Center) PSD supermodule. (Right) PSD
module during assembly

2 PSD performance simulations

To study the detector performance, the Au+Au collision events in the energy range from
1 to 30 AGeV were generated by means of UrQMD, DCM-QGSM, LA-QGSM and HSD
heavy-ion models [3]. CBMROOT was used to simulate the detector response to particles
transported with GEANT4 through the CBM setup. Utilized models exhibit variation in
the directed particle flow v1 which describes the asymmetry in the azimuthal distributions
of produced particles with respect to the initial reaction plane [3]. The substantial differ-
ence in v1 strength is observed for the midrapidity region of -0.5<ynorm<0.5 as presented in
Fig. 2 (left). However, Fig. 2 (right) shows much smaller difference in v1 around the beam
rapidity ynorm ∼ 1.

Figure 2. Integrated particle flow vs beam energy around midrapidity (left) and projectile rapid-
ity (right). Simulations are done by means of different collision models for proton directed flow at
Au+Au collisions at semi-centrality with b and pT cuts corresponding to indicated experimental data
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Figure 5. (Left) Distribution of ionizing energy loss in transverse plane at 20 cm depth from the PSD
module front. (Right) Non-ionizing energy loss vs radius at transverse plane where MPPCs are located
for different configurations of the beam hole

the calorimeter where the MPPCs are located is below 2 × 1011 neq/cm2 for inner calorimeter
modules. To study the effect of neutron fluence on MPPCs, several samples were irradiated
at the cyclotron of NPI with a broad (from thermal up to 34 MeV [7]) neutron spectrum and
total fluences in the wide range of 6 × 1010 – 9 × 1012 neq/cm2. After irradiation with
2 × 1011 neq/cm2 MPPC the dark current increased by 3 orders of magnitude and reached 10
µA [8]. This resulted in the increase of noise by 1 order of magnitude and consequent drop
of the signal to noise ratio down to about 50.

Figure 6. Single module proton energy resolution vs beam energies for different neutron fluences
acquired by MPPCs (left) and vs fluence for different beam energies (right)

To study the calorimeter performance degradation due to the MPPC irradiation, single
PSD module was consequently equipped with 3 batches of irradiated photodiodes. The neu-
tron fluences accumulated by MPPCs were 2×1011, 1.5×1012 and 4.6×1012 neq/cm2. Single
module response to the proton beams measured inside the PSD supermodule in the momen-
tum range of 2 – 10 GeV/c is shown in Fig. 6 (left). Another test was performed with beams
of up to 80 GeV/c momentum at calorimeter of NA61 experiment in CERN which has a sim-
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6B;m`2 jXR8, UG27iV .Bbi`B#miBQM Q7 BQMBxBM; 2M2`;v HQbb BM i?2 i`�Mbp2`b2 TH�M2
�i ky +K /2Ti? 7`QK i?2 Sa. KQ/mH2 7`QMiX U_B;?iV LQM@BQMBxBM; 2M2`;v HQbb pbX
`�/Bmb BM i?2 i`�Mbp2`b2 TH�M2- r?2`2 JSS*b �`2 HQ+�i2/ (8N)X

hQ p2`B7v Bib `2bTQMb2 mM/2` 2tT2`BK2Mi�H +QM/BiBQMb- i?2 bmT2`KQ/mH2 r�b
i2bi2/ �i i?2 *1_L S`QiQM avM+?`Qi`QM USaV mbBM; T`QiQM #2�Kb rBi? KQK2Mi�
#2ir22M k �M/ Ry :2of+X h?2 Sa. �+?B2p2/ �M 2M2`;v `2bQHmiBQM Q7 �TT`QtB@
K�i2Hv 54W/

√
E(:2o)- rBi? � /2pB�iBQM 7`QK HBM2�`Biv #2HQr RW- r?B+? b�iBb}2b

i?2 2tT2`BK2Mi�H `2[mB`2K2Mib Q7 *"JX h?2 2M2`;v `2bQHmiBQM �M/ `2bTQMb2 HBM@
2�`Biv r2`2 +�HB#`�i2/ mbBM; KBMBKmK BQMBxBM; T�`iB+H2b UJASbV- bm+? �b #2�K
KmQMb (eR)X

hQ �bb2bb i?2 2z2+ib Q7 `�/B�iBQM /�K�;2 QM i?2 Sa.- 2ti2MbBp2 6GlE� bBK@
mH�iBQMb r2`2 +�``B2/ Qmi iQ 2biBK�i2 i?2 �#bQ`#2/ /Qb2 /m`BM; �mY�m +QHHBbBQMb
�i Ry �:2o #2�K 2M2`;vX h?2 +�H+mH�iBQMb BM/B+�i2/ i?�i i?2 iQi�H �#bQ`#2/
/Qb2 BM i?2 Sa. `2K�BMb #2HQr R F:v- r?B+? Bb �++2Ti�#H2 7Q` HQM;@i2`K QT2`�@
iBQMX >Qr2p2`- MQM@BQMBxBM; 2M2`;v HQbb2b /m2 iQ M2mi`QM ~m2M+2 TQb2 � ;`2�i2`
+?�HH2M;2X

hQ KBiB;�i2 i?2b2 2z2+ib- p�`BQmb +QM};m`�iBQMb Q7 i?2 #2�K@?QH2 `2;BQM r2`2
BMp2biB;�i2/X h?2 bBKmH�iBQMb +QMbB/2`2/ /Bz2`2Mi ?QH2 ;2QK2i`B2b- BM+Hm/BM; �
+B`+mH�` #2�K ?QH2 Uj +K `�/BmbV �M/ /B�KQM/f[m�/`�iB+@b?�T2/ ?QH2b Q7 bBx2
20 × 20 +K2X 6B;m`2 jXR8 T`2b2Mib i?2 /Bbi`B#miBQM Q7 BQMBxBM; �M/ MQM@BQMBxBM;
2M2`;v HQbb BM i?2 Sa. `2;BQMX � /2/B+�i2/ M2mi`QM b?B2H/BM; H�v2` +QMbBbiBM; Q7
TQHv2i?vH2M2 rBi? jW #Q`QM +QMi2Mi r�b BMi`Q/m+2/ iQ `2/m+2 i?2 M2mi`QM ~m2M+2
#v � 7�+iQ` Q7 }p2 (ek)X

AM �//BiBQM- i?2 `�/B�iBQM ?�`/M2bb Q7 i?2 aBSJb mb2/ BM i?2 Sa. `2�/Qmi
bvbi2K r�b i2bi2/ mM/2` M2mi`QM B``�/B�iBQM �i i?2 LSA +v+HQi`QM BM S`�;m2X
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h?2 `2bmHib b?Qr2/ i?�i M2mi`QM ~m2M+2b 2t+22/BM; 2× 1011n2[/+K2 bB;MB}+�MiHv
BM+`2�b2/ i?2 aBSJ /�`F +m``2Mi- H2�/BM; iQ � /2i2`BQ`�iBQM BM i?2 bB;M�H@iQ@MQBb2
`�iBQX "�b2/ QM i?2b2 }M/BM;b- �Hi2`M�iBp2 T?QiQ/2i2+iQ` i2+?MQHQ;B2b �`2 #2BM;
+QMbB/2`2/ 7Q` ?B;?@`�/B�iBQM �`2�b Q7 i?2 Sa.X

h?2 Sa. `2K�BMb �M 2bb2MiB�H /2i2+iQ` BM i?2 *"J 2tT2`BK2Mi- T`QpB/BM;
+`m+B�H BM7Q`K�iBQM QM +QHHBbBQM +2Mi`�HBiv �M/ `2�+iBQM TH�M2 Q`B2Mi�iBQMX h?2
`2bmHib 7`QK bBKmH�iBQMb �M/ #2�K i2bib +QM}`K i?�i i?2 Sa. K22ib i?2 2tT2`B@
K2Mi�H `2[mB`2K2Mib BM i2`Kb Q7 2M2`;v `2bQHmiBQM- `�/B�iBQM ?�`/M2bb- �M/ iBK2
`2bTQMb2X 6m`i?2` BKT`Qp2K2Mib �`2 7Q+mb2/ QM QTiBKBxBM; i?2 /2i2+iQ` ;2QK2@
i`v- mT;`�/BM; i?2 aBSJ `2�/Qmi bvbi2K- �M/ BMi2;`�iBM; `2�H@iBK2 +�HB#`�iBQM
K2i?Q/b iQ 2M?�M+2 T2`7Q`K�M+2 BM ?B;?@HmKBMQbBiv ?2�pv@BQM +QHHBbBQMbX

6mim`2 bim/B2b rBHH 2tTHQ`2 �/p�M+2/ `2+QMbi`m+iBQM i2+?MB[m2b 7Q` 2p2Mi@#v@
2p2Mi ~m+im�iBQM �M�Hvb2b- �b r2HH �b BKT`Qp2K2Mib BM b?B2H/BM; K�i2`B�Hb iQ KBiB@
;�i2 `�/B�iBQM /�K�;2X h?2 +QMiBMm2/ /2p2HQTK2Mi Q7 i?2 Sa. 2Mbm`2b Bib `2�/B@
M2bb 7Q` QT2`�iBQM BM i?2 mT+QKBM; *"J T?vbB+b T`Q;`�KX

jXjXN .�i� �+[mBbBiBQM U.�ZV �M/ QMHBM2 2p2Mi T`Q+2bbBM;

2.1 Overall architecture and scope of this document

Figure 2.1: An aerial-perspective drawing of the completed FAIR campus as planned,
showing the CBM experiment where our data will be sourced, and the Green
IT Cube where the online data will be processed.
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Figure 2.2: Schematic layout of the CBM readout system. FEEs are located at the detec-
tors in the experimental area. The FLES entry cluster is hosted in the CBM
server room. The processing nodes for online data processing and selection are
shared GSI resources and are placed inside the Green IT Cube.
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bm`BM; 2{+B2Mi 2p2Mi b2H2+iBQM �M/ T`Q+2bbBM;X lMHBF2 +QMp2MiBQM�H i`B;;2`@#�b2/
2tT2`BK2Mib- *"J 2KTHQvb � b2H7@i`B;;2`2/ `2�/Qmi bvbi2K i?�i +QMiBMmQmbHv
bi`2�Kb �HH /2i2+iQ` bB;M�Hb- 2M�#HBM; `2�H@iBK2 2p2Mi `2+QMbi`m+iBQM �M/ }Hi2`BM;
#27Q`2 /�i� Bb biQ`2/ 7Q` 7m`i?2` �M�HvbBbX

h?2 /�i� ~Qr BM i?2 .�Z bvbi2K 7QHHQrb � r2HH@/2}M2/ T�i?X h?2 7`QMi@
2M/ 2H2+i`QMB+b U611V `2�/ Qmi bB;M�Hb 7`QK i?2 /2i2+iQ`b �M/ i`�MbKBi i?2K
pB� QTiB+�H HBMFb iQ i?2 /�i� T`Q+2bbBM; mMBibX .�i� +QM+2Mi`�iQ`b i?2M �;;`2;�i2
i?2b2 bB;M�Hb �M/ 7Q`r�`/ i?2K iQ i?2 QMHBM2 +QKTmi2 7�`K- r?2`2 `2�H@iBK2 2p2Mi
b2H2+iBQM �H;Q`Bi?Kb B/2MiB7v �M/ biQ`2 i?2 `2H2p�Mi 2p2MibX h?2 Qp2`�HH b+?2K�iB+
H�vQmi Q7 i?2 .�Z bvbi2K Bb b?QrM BM 6B;m`2 jXReX

:1_A@#�b2/ _2�/Qmi *?�BMDAQ-related FPGA firmware development

W. Zabołotny, M. Gumiński, M. Kruszewski, P. Miedzik, K. Poźniak, and R. Romaniuk

Warsaw University of Technology, Institute of Electronic Systems, Warszawa, Poland

GERI-based readout chain improvements

In 2023, the work on the GERI-based readout chain was
aimed at further extending its functionality and performing
the system’s functional tests. In the GBTxEMU, the run-
time selection of the E-Link clock frequency was added.
That adds a possibility to choose between operations at
160 MHz or 80 MHz (e.g., for debugging) without repro-
gramming the FPGA. Additionally, the number of available
E-Links has been increased to the limits set by the GBT-
Link capabilities.

GERI can also work at 160 MHz or 80 MHz E-Link
clock frequency. However, because frequency selection
must be made before synthesis, separate firmware versions
must be used to operate at each frequency. Further im-
provements to the DMA engine aimed at parallel process-
ing of transmitted data have been introduced [1]. The data
concentrator developed for the future versions of CRI (see
the next section) has been integrated with the GERI datap-
ath and tested.

A system for synchronizing the GERI-based readout via
the GBT-link transmitted reference clock and time has been
implemented. The synchronization has been tested in a
dedicated setup prepared at WUT (see Figure 1). In the
future, that solution may be adapted for compatibility with
the TFC2 system developed for CBM.

CRI-based SMX readout improvements

The CRI1 firmware has been modified in response to the
needs of the mCBM experiment. The number of ROB-
3 boards supported by a single CRI1 board has been in-
creased to 8. Changes enabling the reordering of GBT links
have been introduced to enable better utilization of optical
components. A special version of firmware with swappable
selected downlinks has also been prepared to enable the
reuse of an early series of FEB8-5 boards.

For future CRI2, a scalable data concentrator based on
an interconnection network has been developed [2,3] and
tested in GERI. The results show that full-speed concentra-
tion of 32-bit data, even to 512-bit words (needed, e.g., for
PCIe Gen 4), is achievable.

The experience acquired using the AGWB system in
readout firmware [4] has inspired Michał Kruszewski to
develop a new method of defining the control interfaces –
considering the data functionality instead of the physical
register structure. The resulting Functional Bus Descrip-
tion Language (FBDL) is described in publication [5].
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Figure 1: Setup for testing the synchronization in the
GERI-based readout chain.
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Figure 2.1: An aerial-perspective drawing of the completed FAIR campus as planned,
showing the CBM experiment where our data will be sourced, and the Green
IT Cube where the online data will be processed.
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Figure 2.2: Schematic layout of the CBM readout system. FEEs are located at the detec-
tors in the experimental area. The FLES entry cluster is hosted in the CBM
server room. The processing nodes for online data processing and selection are
shared GSI resources and are placed inside the Green IT Cube.
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Figure 4.1: Overview of the First-level Event Selector (FLES) architecture and its posi-
tion within the CBM data flow. The foreseen design consists of two clusters,
an entry node cluster with the CBM-specific input interfaces, and a shared
processing node cluster. To perform timeslice building, the entry nodes and
both clusters are connected by a fast network.

which is susceptible to propagation delays. Further, the favorable multi-mode optics used
here is not sufficient to span the distance to the Green IT Cube data center.

The processing nodes provide the needed computing power to execute the online analysis
tasks. To achieve the required throughput and computational efficiency, it is foreseen to
extensively make use of vectorized code and many-core architectures such as GPUs [37].
The processing nodes will be part of the common FAIR computing resources hosted in
the central Green IT Cube data center. This allows for efficient resource sharing by
permitting cross-experiment use during non-CBM beam times. The building yields an
ideal infrastructure and allows for an economic and energy efficient use of servers. The
local separation from the entry stage is possible because the FLES collects the experimental
data untriggered and does not require fast access to the front-end electronics. However,
with a linear distance of approximately 350m to the CBM building, it is expected that
the data transport has to bridge, including cable routing, a distance of about 1000m (cf.
Sec. 4.5.3). This distance exceeds common, fast intra-data center interconnects based on
multi-mode optics and requires the application of medium-range or long-haul techniques.
A detailed description of the network design is presented in Section 4.5.
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Figure 4.2: The conceptional idea of timeslice building. Data streams from the different
detector links are partitioned into time intervals, labeled timeslice components,
which cover the same period for all inputs. All components from one period
are combined into a processing interval, called a timeslice, and sent to the same
processing node (PN). Data of subsequent intervals are distributed to different
nodes to balance the computational load.

4.1.1 Timeslice building

Data enters the FLES distributed across all entry nodes of the cluster. With input links
associated with a specific geographic region of the detector, data from one physical event
is distributed across the cluster. However, for efficient and scalable event selection, it
is crucial that the analysis of a specific event can run locally, on a single node, with
limited inter-node communication. Therefore, the FLES distributes the data before event
selection, such that analysis tasks on different processing nodes can process containers with
complete event data from the full CBM detector system independently from one another.1
This process is called timeslice building, and its basic concept is shown in Figure 4.2. Input
data streams are divided into time intervals, which cover the same period2 for all inputs.
Data of a single stream acquired in such an interval are called a timeslice component (TSC).
All TSCs of a given period are combined into a full processing interval, a timeslice, and
transferred to a selected processing node. Consequently, a timeslice contains data from the
entire CBM detector system, for a small, limited duration of the experiment. Subsequent
timeslices are sent to different processing nodes to distribute the load across the cluster.

Timeslice building is similar to classical event building with the main differences being:

• Timeslice building has to be performed at the full primary detector data rate.

• The data combined to timeslices is distributed across the cluster and not reduced
into a single stream.

1The analysis tasks may still need to exchange some information such as, for example, regarding calibra-
tion, but the corresponding amount of communication is negligible.

2With respect to the time the physics events took place.
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h?2 6G1a bvbi2K Bb � +`BiB+�H +QKTQM2Mi Q7 i?2 *"J 2tT2`BK2Mi- 2Mbm`BM;
i?�i QMHv K2�MBM;7mH /�i� Bb biQ`2/ 7Q` 7m`i?2` �M�HvbBb r?BH2 K�BMi�BMBM; i?2 7mHH
T?vbB+b TQi2MiB�H Q7 i?2 2tT2`BK2MiX

jX9 S>a., Zm�`F@:HmQM SH�bK�
Zm�`F@:HmQM SH�bK� UZ:SV Bb � bi�i2 Q7 K�ii2` i?�i 2K2`;2b �i 2ti`2K2 i2K@
T2`�im`2b �M/ /2MbBiB2b- bm+? �b i?Qb2 �+?B2p2/ BM `2H�iBpBbiB+ ?2�pv@BQM +QHHBbBQMb
�i _>A* Q` G>*X AM i?Bb bi�i2- ?�/`QMb /BbbQHp2- �M/ i?2B` +QMbiBim2Mi [m�`Fb
�M/ ;HmQMb KQp2 7`22Hv- MQ HQM;2` +QM}M2/ rBi?BM BM/BpB/m�H T�`iB+H2bX

Z:S Bb +?�`�+i2`Bx2/ #v � HQ+�H 2M2`;v /2MbBiv 2t+22/BM; � +`BiB+�H i?`2b?QH/ Q7
εc = 0.5:2of7K3- /2i2`KBM2/ 7`QK H�iiB+2 Z*. +�H+mH�iBQMbX q?2M i?2 2M2`;v
/2MbBiv /`QTb #2HQr i?Bb p�Hm2- i?2 bvbi2K i`�MbBiBQMb #�+F iQ i?2 ?�/`QMB+ T?�b2-
r?2`2 BMi2`�+iBQMb Q++m` #2ir22M #�`vQMb �M/ K2bQMbX S>a. US�`iQM@>�/`QM@
ai`BM; .vM�KB+bV T`QpB/2b � KB+`Qb+QTB+ 7`�K2rQ`F iQ /2b+`B#2 i?Bb i`�MbBiBQM
/vM�KB+�HHv (3j)X

AM i?2 ?�/`QMB+ T?�b2- BMi2`�+iBQMb BMpQHp2 #�`vQMb �M/ K2bQMb- 7QHHQrBM; +QM@
p2MiBQM�H ?�/`QMB+ KQ/2HbX AM +QMi`�bi- i?2 Z:S T?�b2 Bb /QKBM�i2/ #v [m�bB@
T�`iB+H2 BMi2`�+iBQMb /2b+`B#2/ #v i?2 .vM�KB+�H Zm�bBS�`iB+H2 JQ/2H U.ZSJVX
h?2 bvbi2K 2pQHp2b �b 7QHHQrbX Zm�bBT�`iB+H2 BMi2`�+iBQMb ;Qp2`M i?2 Z:S T?�b2-
r?2`2 /vM�KB+�HHv ;2M2`�i2/ K�bbBp2 [m�bBT�`iB+H2b BM~m2M+2 i`�MbTQ`i +Q2{@
+B2MibX >�/`QMBx�iBQM Q++m`b �b i?2 2M2`;v /2MbBiv 7�HHb #2HQr εc- H2�/BM; iQ i?2
`2+QK#BM�iBQM Q7 [m�`Fb �M/ ;HmQMb BMiQ ?�/`QMb i?`Qm;? � /vM�KB+�H i`�MbB@
iBQMX C2i [m2M+?BM; #2+QK2b bB;MB}+�Mi /m2 iQ i?2 ?B;? /2MbBiv Q7 +QHQ` +?�`;2b-
BMi2MbB7vBM; 2M2`;v HQbb K2+?�MBbKb bm+? �b ;HmQM `�/B�iBQMX

h?2 i`�MbBiBQM #2ir22M i?2b2 irQ T?�b2b +�M #2 mM/2`biQQ/ #v 2t�KBMBM; i?2
HQ+�H 2M2`;v /2MbBiv- �b BHHmbi`�i2/ BM 6B;m`2 jXkkX

S>a. /BbiBM;mBb?2b Bib2H7 7`QK +QMp2MiBQM�H ?v/`Q/vM�KB+b #v i`2�iBM; Z:S
�b � bvbi2K Q7 /vM�KB+�HHv 2pQHpBM; [m�bBT�`iB+H2bX h?2 7`�K2rQ`F +QMbBbib



je jX h>1 *PJS_1aa1. "�_uPLA* J�hh1_ U*"JV 1sS1_AJ1Lh26 Off-shell dynamics

ε < εc

ε > εc

Fig. 3.2: Collisions and hadronization in cells depending on the local energy density ε,
compared to the critical energy density εc = 0.5 GeV/fm3.

For collisions of 2 particles, we use COLLCRIT(P1,P2,s,t,Deltat,IFL) which is a standard
geometrical collision, according to the Kodama’s prescription (in GLUESCAT).

The calculation of energy density which is used for mean field and cross sections, is
done in two different routines for hadrons and for partons. For hadrons, the routine is
EnDensETRANS() (in file pribig.f ), and for partons, the routine is PADENS() (in file partons.f ).
For each case, the method is the same: for all cells, one compute the velocity of the cell
from the velocity of the particles inside:

"vxyz =
∑

i

"pi
Ei

. (3.3.1)

Then one extract the energy in local rest frame for hadrons and/or for partons.
Each time step, collisions are done with a loop over all parallel events inside collisions

subroutines. First for BB collisions, we use the routine RELCOL() (in collis.f ) for all
baryonic channels (Monte-Carlo over all possible processes). All collisions are done in
the BB cms frame. The calculational frame is the cms frame for NN . For high energy
scattering √

s >
√
s0 = 2.6 GeV, we call the Lund string routine fragmentation routine

FRITZI(). For low energy scattering √
s <

√
s0, we are doing BB → BB +m or BB →

BB′ → BB +m collisions (including resonances), we call the routine CROSW() (in cbuu.f )
for non-strange BB collision, or strangeness collision routines. Then for mesons scattering
(mm or mB) we use the routine PIONDI().

For the meson-baryon collisions, we use the routine PIONAB(). The test for collisions is
done with two loops over mesons and baryons from the same parallel run (NUM and ISUB). As
for BB collisions, we distinguish high energy scattering and low energy scattering. When√
s >

√
s0 = 2.6 GeV, we call FRITZIPI() (in fritzi.f ) for mB → X. When √

s <
√
s0, we

call low energy routines (including strangeness production), for mB → B′ or mB → mB
(elastic or inelastic).

For meson-meson collisions, we use the routine PIONCO() (no string excitation). This
routine includes mm → m′ (ex: ππ → ρ), and mm → mm (elastic or inelastic).

6B;m`2 jXkk, AHHmbi`�iBQM Q7
Z:S �M/ ?�/`QMB+ T?�b2b #�b2/
QM HQ+�H 2M2`;v /2MbBiv εX q?2M
ε > εc- i?2 bvbi2K i`�MbBiBQMb
BMiQ Z:Sc 7Q` ε < εc- Bi `2K�BMb
BM i?2 ?�/`QMB+ T?�b2 (3j)X

Q7 .ZSJ@#�b2/ BMi2`�+iBQMb- r?2`2 Z:S +QMbiBim2Mib �`2 [m�bBT�`iB+H2b rBi?
i2KT2`�im`2@/2T2M/2Mi K�bb2b �M/ rB/i?b- }ii2/ iQ H�iiB+2 Z*. `2bmHibX h?2
?�/`QMBx�iBQM T`Q+2bb 2Mbm`2b � bKQQi? i`�MbBiBQM 7`QK Z:S iQ ?�/`QMb �b i?2
bvbi2K +QQHbX _2�H@iBK2 2pQHmiBQM �HHQrb i`�+FBM; Q7 Q#b2`p�#H2b bm+? �b T�`iB+H2
bT2+i`�- 2HHBTiB+ ~Qr v2- �M/ bi`�M;2M2bb T`Q/m+iBQMX

h?2 2pQHmiBQM Q7 Z:S rBi?BM S>a. bB;MB}+�MiHv �z2+ib 2tT2`BK2Mi�H Q#b2`p@
�#H2b- BM+Hm/BM; bi`�M;2M2bb T`Q/m+iBQM- 2M2`;v HQbb K2+?�MBbKb- �M/ 2HHBTiB+ ~QrX
.BH2TiQM �M/ T?QiQM bB;M�Hb b2`p2 �b 2H2+i`QK�;M2iB+ T`Q#2b- �HHQrBM; 2tT2`BK2M@
i�H p�HB/�iBQM Q7 i?2Q`2iB+�H KQ/2HbX

S>a. +�Tim`2b i?2 7mHH +v+H2 Q7 � `2H�iBpBbiB+ ?2�pv@BQM +QHHBbBQMX AMBiB�H +QM/B@
iBQMb �`2 KQ/2H2/ #v bi`BM; 2t+Bi�iBQM K2+?�MBbKbX Z:S 7Q`K�iBQM Q++m`b r?2M
HQ+�H 2M2`;v /2MbBiv 2t+22/b εcX 1tT�MbBQM �M/ 2pQHmiBQM �`2 ;Qp2`M2/ #v i`�Mb@
TQ`i +Q2{+B2MibX >�/`QMBx�iBQM i�F2b TH�+2 �b 2M2`;v /2MbBiv /`QTb- 7QHHQr2/
#v }M�H ?�/`QMB+ BMi2`�+iBQMb �M/ 7`22x2@QmiX h?2 MmK2`B+�H `2�HBx�iBQM Q7 Z:S
/vM�KB+b BM S>a. 2KTHQvb Qz@b?2HH i`�MbTQ`i 2[m�iBQMb �M/ E�/�MQz@"�vK
/vM�KB+b- 2Mbm`BM; � b2H7@+QMbBbi2Mi i`2�iK2Mi Q7 T�`iQMB+ BMi2`�+iBQMbX

S>a. T`QpB/2b � +QKT`2?2MbBp2 i?2Q`2iB+�H 7`�K2rQ`F 7Q` bim/vBM; Z:S 7Q`@
K�iBQM- T`QT2`iB2b- �M/ Q#b2`p�#H2b BM ?2�pv@BQM +QHHBbBQMbX "v BMi2;`�iBM; H�i@
iB+2 Z*. +QMbi`�BMib pB� .ZSJ �M/ bBKmH�iBM; i?2 2MiB`2 +QHHBbBQM 2pQHmiBQM-
S>a. 2M�#H2b /B`2+i +QKT�`BbQMb rBi? 2tT2`BK2Mi�H /�i�- Qz2`BM; BMbB;?i BMiQ
i?2 bi`QM; BMi2`�+iBQM �i 2ti`2K2 +QM/BiBQMbX
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L2m`�H L2irQ`Fb �M/ .22T G2�`MBM;

1p2Mi +H�bbB}+�iBQM Bb � 7mM/�K2Mi�H +?�HH2M;2 BM ?B;?@2M2`;v T?vbB+b- T�`iB+@
mH�`Hv BM i?2 /2i2+iBQM Q7 [m�`F@;HmQM TH�bK� UZ:SV 7Q`K�iBQMX A/2MiB7vBM;
Z:S 2p2Mib �KQM; i?2 p�bi MmK#2` Q7 `2+Q`/2/ +QHHBbBQMb `2[mB`2b �/p�M+2/
�M�HvbBb i2+?MB[m2b +�T�#H2 Q7 /BbiBM;mBb?BM; bm#iH2 T�ii2`Mb BM �KQM; +QKTH2t
/�i�X h`�/BiBQM�H K2i?Q/b #�b2/ QM T`2/2}M2/ +`Bi2`B� Q7i2M bi`m;;H2 rBi? ?B;?@
/BK2MbBQM�H /�i�b2ib �M/ MQMHBM2�` /2T2M/2M+B2b- HBKBiBM; i?2B` �#BHBiv iQ +�Tim`2
BMi`B+�i2 2p2Mi bB;M�im`2bX .22T M2m`�H M2irQ`Fb Qz2` � TQr2`7mH �Hi2`M�iBp2 #v
�miQK�iB+�HHv 2ti`�+iBM; `2H2p�Mi 72�im`2b �M/ H2�`MBM; iQ `2+Q;MBx2 T�ii2`Mb /B@
`2+iHv 7`QK `�r 2tT2`BK2Mi�H /�i�X

L2m`�H M2irQ`Fb �`2 +QKTmi�iBQM�H KQ/2Hb BMbTB`2/ #v #BQHQ;B+�H M2m`QMbX
1�+? �`iB}+B�H M2m`QM +QKTmi2b � r2B;?i2/ bmK Q7 Bib BMTmib 7QHHQr2/ #v � MQM@
HBM2�` �+iBp�iBQM 7mM+iBQMX J�i?2K�iB+�HHv- i?Bb T`Q+2bb Bb /2b+`B#2/ #v,

a = φ

(
n∑

i=1

wixi + b

)
, U9XRV

r?2`2 xi `2T`2b2Mib i?2 BMTmi 72�im`2b- wi �`2 i?2 r2B;?ib- b Bb i?2 #B�b- �M/ φ

/2MQi2b i?2 �+iBp�iBQM 7mM+iBQMX
h?`Qm;? �M Bi2`�iBp2 i`�BMBM; T`Q+2bb- i?2b2 M2irQ`Fb �/Dmbi BMi2`M�H T�`�K2@

i2`b Ur2B;?ibV iQ KBMBKBx2 +H�bbB}+�iBQM 2``Q`b �M/ BKT`Qp2 T`2/B+iBp2 �++m`�+vX
h?2 2z2+iBp2M2bb Q7 � M2m`�H M2irQ`F BM 2p2Mi +H�bbB}+�iBQM /2T2M/b QM b2p2`�H
F2v 7�+iQ`b- BM+Hm/BM; i?2 `2T`2b2Mi�iBQM Q7 BMTmi /�i�- i?2 +?QB+2 Q7 � HQbb 7mM+@
iBQM iQ K2�bm`2 T`2/B+iBQM 2``Q`b- �M/ i?2 QTiBKBx�iBQM �H;Q`Bi?Kb mb2/ iQ `2}M2
KQ/2H T�`�K2i2`bX �//BiBQM�HHv- i?2 M2irQ`F �`+?Bi2+im`2 TH�vb � +`m+B�H `QH2 BM
/2i2`KBMBM; ?Qr 72�im`2b �`2 2ti`�+i2/ �M/ +QK#BM2/- `�M;BM; 7`QK bBKTH2 7mHHv
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+QMM2+i2/ H�v2`b iQ /22T +QMpQHmiBQM�H M2irQ`Fb +�T�#H2 Q7 +�Tim`BM; bT�iB�H +Q`@
`2H�iBQMb BM /2i2+iQ` bB;M�HbX

h?Bb +?�Ti2` BMi`Q/m+2b i?2 7mM/�K2Mi�H T`BM+BTH2b Q7 M2m`�H M2irQ`Fb �b �T@
THB2/ iQ 2p2Mi +H�bbB}+�iBQM BM ?B;?@2M2`;v T?vbB+bX Ai T`QpB/2b i?2 i?2Q`2iB+�H
#�+F;`QmM/ M2+2bb�`v iQ mM/2`bi�M/ i?2B` H2�`MBM; K2+?�MBbKb- rBi? � 7Q+mb QM
i?2B` �#BHBiv iQ T`Q+2bb +QHHBbBQM /�i� 2z2+iBp2HvX h?2 7QHHQrBM; +?�Ti2`b rBHH #mBH/
QM i?Bb 7QmM/�iBQM- H2�/BM; iQ i?2 /2p2HQTK2Mi Q7 � bT2+B�HBx2/ M2m`�H M2irQ`F
/2bB;M2/ 7Q` Z:S 2p2Mi b2H2+iBQM �M/ Bib BMi2;`�iBQM BMiQ KQ/2`M /�i� �M�HvbBb
TBT2HBM2bX

9XR G2�`MBM; �H;Q`Bi?K

� K�+?BM2 H2�`MBM; �H;Q`Bi?K Bb /2}M2/ #v Bib �#BHBiv iQ �/�Ti �M/ BKT`Qp2 T2`@
7Q`K�M+2 i?`Qm;? Bi2`�iBp2 /�i� T`Q+2bbBM;X AM i?Bb +QMi2ti- JBi+?2HH URNNdV (39)
T`2+Bb2Hv /2}M2b H2�`MBM; �b, ǳ� +QKTmi2` T`Q;`�K Bb b�B/ iQ H2�`M 7`QK 2tT2`B@
2M+2 1 rBi? `2bT2+i iQ bQK2 +H�bb Q7 i�bFb h �M/ T2`7Q`K�M+2 K2�bm`2 S- B7 Bib
T2`7Q`K�M+2 �i i�bFb BM h- �b K2�bm`2/ #v S- BKT`Qp2b rBi? 2tT2`B2M+2 1XǴ

� 7mM/�K2Mi�H �bT2+i Q7 K�+?BM2 H2�`MBM; BMpQHp2b T`Q+2bbBM; bi`m+im`2/ 2t@
�KTH2b- 2�+? +QKTQb2/ Q7 � b2i Q7 [m�MiBi�iBp2 72�im`2b `2T`2b2MiBM; bT2+B}+ Q#@
D2+ib Q` 2p2MibX hvTB+�HHv- �M 2t�KTH2 Bb `2T`2b2Mi2/ �b � p2+iQ` t ∈ Rn- r?2`2
2�+? 2H2K2Mi xi +Q``2bTQM/b iQ �M BM/BpB/m�H 72�im`2X AM +H�bbB}+�iBQM i�bFb-
i?2b2 72�im`2b 2M+Q/2 �ii`B#mi2b i?�i 2M�#H2 i?2 �H;Q`Bi?K iQ /BbiBM;mBb? #2ir22M
/Bz2`2Mi +�i2;Q`B2bX

*H�bbB}+�iBQM Bb QM2 Q7 i?2 7mM/�K2Mi�H i�bFb BM K�+?BM2 H2�`MBM;- r?2`2 BMTmib
�`2 �bbB;M2/ iQ T`2/2}M2/ +�i2;Q`B2b Q` +H�bb2bX h?Bb �TT`Q�+? Bb rB/2Hv mb2/ BM
p�`BQmb /QK�BMb- BM+Hm/BM; BK�;2 �M/ bT22+? `2+Q;MBiBQM- K2/B+�H /B�;MQbiB+b-
�M/ ?B;?@2M2`;v T?vbB+b 2tT2`BK2Mib (38)X

amT2`pBb2/ H2�`MBM; Bb i?2 T`BK�`v T�`�/B;K 7Q` +H�bbB}+�iBQM i�bFb- r?2`2
�H;Q`Bi?Kb �`2 i`�BM2/ QM H�#2H2/ /�i�b2ib +QMbBbiBM; Q7 BMTmi@QmiTmi T�B`bX h?2
Q#D2+iBp2 Bb iQ H2�`M � K�TTBM; 7`QK BMTmib iQ QmiTmib- ivTB+�HHv #v KQ/2HBM; i?2
+QM/BiBQM�H T`Q#�#BHBiv p(v|t)- �HHQrBM; i?2 bvbi2K iQ T`2/B+i i?2 +H�bb v ;Bp2M
� M2r BMTmi tX h?2 2z2+iBp2M2bb Q7 � +H�bbB}+�iBQM �H;Q`Bi?K Bb 2p�Hm�i2/ #v Bib
�++m`�+v �M/ ;2M2`�HBx�iBQM �#BHBiv iQ mMb22M /�i�X



9XR G2�`MBM; �H;Q`Bi?K jN

9XRXR GQbb 6mM+iBQM
h?2 T2`7Q`K�M+2 Q7 � K�+?BM2 H2�`MBM; KQ/2H Bb 7mM/�K2Mi�HHv /2i2`KBM2/ #v
i?2 +?QB+2 Q7 �M �TT`QT`B�i2 HQbb 7mM+iBQM (3e)X h?Bb K�i?2K�iB+�H +QMbi`m+i
[m�MiB}2b i?2 /Bz2`2M+2 #2ir22M i?2 KQ/2HǶb T`2/B+iBQMb �M/ i?2 �+im�H i�`;2i
p�Hm2b- ;mB/BM; i?2 QTiBKBx�iBQM T`Q+2bb iQ KBMBKBx2 i?Bb /Bb+`2T�M+vX "v T`Q@
pB/BM; � K2�bm`2 Q7 2``Q`- i?2 HQbb 7mM+iBQM TH�vb � +`m+B�H `QH2 BM �/DmbiBM; KQ/2H
T�`�K2i2`b /m`BM; i`�BMBM;- mHiBK�i2Hv BKT`QpBM; T`2/B+iBp2 �++m`�+vX

h?2 b2H2+iBQM Q7 � HQbb 7mM+iBQM /2T2M/b QM i?2 M�im`2 Q7 i?2 i�bFX AM `2;`2bbBQM
T`Q#H2Kb- i?2 K2�M b[m�`2/ 2``Q` UJa1V Bb +QKKQMHv mb2/ (3d)- �b Bi +�H+mH�i2b
i?2 �p2`�;2 b[m�`2/ /Bz2`2M+2 #2ir22M T`2/B+i2/ �M/ �+im�H p�Hm2b- T2M�HBxBM;
H�`;2` 2``Q`b KQ`2 ?2�pBHvX AM +H�bbB}+�iBQM i�bFb- r?2`2 i?2 ;Q�H Bb iQ +Q``2+iHv
�bbB;M BMTmib iQ T`2/2}M2/ +�i2;Q`B2b- +`Qbb@2Mi`QTv HQbb Bb rB/2Hv �TTHB2/ (33)X
h?Bb 7mM+iBQM K2�bm`2b i?2 /Bz2`2M+2 #2ir22M i?2 T`2/B+i2/ T`Q#�#BHBiv /Bbi`B#m@
iBQM �M/ i?2 i`m2 +H�bb /Bbi`B#miBQM- K�FBM; Bi T�`iB+mH�`Hv 2z2+iBp2 7Q` KmHiB@+H�bb
+H�bbB}+�iBQM T`Q#H2KbX h?2 2[m�iBQM 7Q` *1 HQbb +�M #2 r`Bii2M �b,

L(v,�v) = −
∑

i

yi HQ;(ŷi) U9XkV

r?2`2 yi `2T`2b2Mib i?2 i`m2 H�#2Hb- �M/ ŷi /2MQi2b i?2 T`2/B+i2/ T`Q#�#BHBiB2bX
Ai Bb BKTQ`i�Mi iQ MQi2 i?�i i?2`2 Bb MQ bBM;H2 mMBp2`b�H HQbb 7mM+iBQM bmBi�#H2

7Q` �HH i�bFbX h?2 +?QB+2 Q7 � HQbb 7mM+iBQM Bb Q7i2M 2KTB`B+�H �M/ /2T2M/b QM
i?2 +?�`�+i2`BbiB+b Q7 i?2 /�i�- i?2 M�im`2 Q7 i?2 i�bF- �M/ i?2 �`+?Bi2+im`2 Q7
i?2 KQ/2H (3N)X h?2 M2;�iBp2 HQ;@HBF2HB?QQ/ ULGGV HQbb 7mM+iBQM- 7Q` BMbi�M+2- Bb
rB/2Hv mb2/ /m2 iQ Bib T`Q#�#BHBbiB+ BMi2`T`2i�iBQM �M/ bKQQi? ;`�/B2Mib- r?B+?
7�+BHBi�i2 2{+B2Mi QTiBKBx�iBQMX

:2M2`�HBx�iBQM `272`b iQ � KQ/2HǶb �#BHBiv iQ T2`7Q`K r2HH QM M2r- mMb22M /�i�-
K�FBM; Bi � F2v K2�bm`2 Q7 Bib 2z2+iBp2M2bbX � +QKKQM K2i?Q/ 7Q` �bb2bbBM;
;2M2`�HBx�iBQM Bb iQ bTHBi i?2 �p�BH�#H2 /�i� BMiQ b2T�`�i2 i`�BMBM; �M/ i2bi b2ibX
h?2 KQ/2H H2�`Mb T�ii2`Mb 7`QK i?2 i`�BMBM; b2i �M/ Bb i?2M 2p�Hm�i2/ QM i?2 i2bi
b2i iQ T`QpB/2 �M mM#B�b2/ 2biBK�i2 Q7 Bib T2`7Q`K�M+2 QM mMb22M /�i�X

h?Bb /BpBbBQM Q7 /�i� ?B;?HB;?ib irQ 7mM/�K2Mi�H +?�HH2M;2b BM K�+?BM2 H2�`M@
BM;, mM/2`}iiBM; �M/ Qp2`}iiBM;X lM/2`}iiBM; Q++m`b r?2M � KQ/2H 7�BHb iQ
+�Tim`2 i?2 mM/2`HvBM; T�ii2`Mb BM i?2 i`�BMBM; /�i�- H2�/BM; iQ TQQ` T2`7Q`@
K�M+2 (Ny)X h?Bb Bb Q7i2M +�mb2/ #v �M Qp2`Hv bBKTHBbiB+ KQ/2H Q` BMbm{+B2Mi
i`�BMBM;X
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6B;m`2 9XR, h?2 b2[m2M+2 Q7 /B�;`�Kb BHHmbi`�i2b i?2 T`Q;`2bbBQM Q7 KQ/2H i`�BM@
BM;X �b KQ/2H +QKTH2tBiv BM+`2�b2b 7`QK H27i iQ `B;?i- i?2 }i iQ i?2 i`�BMBM; /�i�
BKT`Qp2b- `2/m+BM; i`�BMBM; 2``Q`X >Qr2p2`- 2t+2bbBp2 +QKTH2tBiv H2�/b iQ Qp2`@
}iiBM;- r?2`2 i?2 KQ/2H #2+QK2b iQQ bT2+B�HBx2/ BM i?2 i`�BMBM; /�i� �M/ 7�BHb iQ
;2M2`�HBx2 iQ M2r- mMb22M 2t�KTH2bX h?Bb `2bmHib BM BM+`2�b2/ T`2/B+iBQM 2``Q`- �b
b?QrM BM i?2 HQr2` `B;?i ;`�T? (NR)X

*QMp2`b2Hv- Qp2`}iiBM; �`Bb2b r?2M � KQ/2H- BM �M �ii2KTi iQ KBMBKBx2 i`�BMBM;
HQbb- H2�`Mb MQi QMHv i?2 i`m2 /�i� T�ii2`Mb #mi �HbQ MQBb2 T`2b2Mi BM i?2 /�i�b2iX
�b � `2bmHi- i?2 KQ/2H #2+QK2b iQQ bT2+B�HBx2/ BM i?2 i`�BMBM; /�i� �M/ 7�BHb iQ
;2M2`�HBx2 iQ M2r- mMb22M 2t�KTH2bX � bB;MB}+�Mi ;�T #2ir22M i`�BMBM; �M/ i2bi
T2`7Q`K�M+2 Bb � F2v BM/B+�iQ` Q7 Qp2`}iiBM; U6B;X 9XRVX

.Bz2`2Mi i2+?MB[m2b ?2HT �//`2bb i?2b2 +?�HH2M;2b- bm+? �b `2;mH�`Bx�iBQM iQ
T`2p2Mi KQ/2Hb 7`QK #2+QKBM; iQQ +QKTH2t �M/ +`Qbb@p�HB/�iBQM iQ 2Mbm`2 �+@
+m`�i2 2p�Hm�iBQMX 6BM/BM; i?2 `B;?i #�H�M+2 #2ir22M KQ/2H +QKTH2tBiv �M/
;2M2`�HBx�iBQM Bb � F2v +?�HH2M;2 BM �TTHvBM; K�+?BM2 H2�`MBM; 2z2+iBp2HvX

9XRXk "�+FT`QT�;�iBQM
"�+FT`QT�;�iBQM Bb � 7mM/�K2Mi�H �H;Q`Bi?K BM K�+?BM2 H2�`MBM;- T�`iB+mH�`Hv 7Q`
i`�BMBM; M2m`�H M2irQ`Fb (Nk)X Ai QTiBKBx2b i?2 M2irQ`FǶb r2B;?ib #v Bi2`�iBp2Hv
`2/m+BM; i?2 2``Q` #2ir22M T`2/B+i2/ �M/ �+im�H QmiTmib- 2M�#HBM; i?2 KQ/2H iQ
H2�`M 7`QK /�i�X
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h?2 i2`K ǳ#�+FT`QT�;�iBQMǴ Bb b?Q`i 7Q` ǳ#�+Fr�`/ T`QT�;�iBQM Q7 2``Q`bǴ �M/
`272`b iQ i?2 T`Q+2bb Q7 +QKTmiBM; i?2 ;`�/B2Mi Q7 i?2 HQbb 7mM+iBQM rBi? `2bT2+i
iQ 2�+? r2B;?i BM i?2 M2irQ`F (Nj)X h?Bb Bb /QM2 mbBM; i?2 +?�BM `mH2 Q7 +�H+m@
Hmb- r?B+? �HHQrb i?2 +QKTmi�iBQM Q7 T�`iB�H /2`Bp�iBp2b �M/ i?2 T`QT�;�iBQM Q7
+?�M;2b BM 2�+? r2B;?i iQ i?2 T`2pBQmb H�v2`Ƕb r2B;?ib iQ /2i2`KBM2 ?Qr +?�M;2b
BM 2�+? r2B;?i �z2+i i?2 Qp2`�HH 2``Q`X h?2 T`Q+2bb rQ`Fb #�+Fr�`/ 7`QK i?2
QmiTmi H�v2` iQ i?2 BMTmi H�v2`- 2Mbm`BM; 2{+B2Mi ;`�/B2Mi +�H+mH�iBQMX lMHBF2 /B@
`2+i +QKTmi�iBQM K2i?Q/b- #�+FT`QT�;�iBQM 2{+B2MiHv +QKTmi2b i?2b2 ;`�/B2Mib
H�v2` #v H�v2`- K�FBM; Bi 72�bB#H2 7Q` /22T M2irQ`FbX

∂C

∂wij
= δjai U9XjV

r?2`2 δj `2T`2b2Mib i?2 2``Q` i2`K Q7 M2m`QM j- �M/ ai /2MQi2b i?2 �+iBp�iBQM
Q7 M2m`QM iX

h?2 T`BK�`v ;Q�H Q7 #�+FT`QT�;�iBQM Bb iQ KBMBKBx2 i?2 HQbb 7mM+iBQM #v Bi2`@
�iBp2Hv �/DmbiBM; i?2 M2irQ`FǶb r2B;?ib �M/ #B�b2b #�b2/ QM i?2 +QKTmi2/ ;`�@
/B2MibX 6Q`K�HHv- B7 C(x1, x2, . . . , xm) `2T`2b2Mib i?2 HQbb 7mM+iBQM- Bib ;`�/B2Mi �i
TQBMi x Bb ;Bp2M #v,

∇C =

(
∂C

∂x1
,
∂C

∂x2
, . . . ,

∂C

∂xm

)
U9X9V

h?2b2 ;`�/B2Mib BM/B+�i2 ?Qr b2MbBiBp2 i?2 HQbb 7mM+iBQM Bb iQ bK�HH +?�M;2b BM
i?2 r2B;?ib �M/ #B�b2b- T`QpB/BM; � /B`2+iBQM 7Q` KBMBKBxBM; i?2 2``Q`X

"�+FT`QT�;�iBQM Bb rB/2Hv mb2/ /m2 iQ Bib 2{+B2M+v �M/ bBKTHB+BivX Ai 2HBKB@
M�i2b i?2 M22/ 7Q` K�Mm�HHv imMBM; KQbi T�`�K2i2`b �bB/2 7`QK BMBiB�H M2irQ`F
+QM};m`�iBQMX �//BiBQM�HHv- Bi /Q2b MQi `2[mB`2 T`BQ` FMQrH2/;2 Q7 i?2 7mM+iBQM
#2BM; H2�`M2/- K�FBM; Bi �/�Ti�#H2 �+`Qbb p�`BQmb i�bFb �M/ /QK�BMbX

AM bmKK�`v- #�+FT`QT�;�iBQM Bb � F2v K2i?Q/ 7Q` i`�BMBM; M2m`�H M2irQ`FbX Ai
2{+B2MiHv +�H+mH�i2b ;`�/B2Mib �M/ �/Dmbib M2irQ`F r2B;?ib- K�FBM; Bi � +`m+B�H
T�`i Q7 KQ/2`M K�+?BM2 H2�`MBM; �M/ /22T H2�`MBM;X

9Xk PTiBKBx�iBQM �H;Q`Bi?Kb
LQr i?�i r2 ?�p2 +�H+mH�i2/ i?2 HQbb 7mM+iBQM- i?2 M2ti bi2T Bb iQ miBHBx2 Bi 7Q`
i`�BMBM; i?2 KQ/2H #v KBMBKBxBM; Bi i?`Qm;? ;`�/B2Mi@#�b2/ QTiBKBx�iBQMX PM2
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Q7 i?2 KQbi +QKKQMHv mb2/ K2i?Q/b Bb aiQ+?�biB+ :`�/B2Mi .2b+2Mi Ua:.V- T�`@
iB+mH�`Hv 2z2+iBp2 7Q` H�`;2 /�i�b2ib (Ryj)X lMHBF2 #�i+? ;`�/B2Mi /2b+2Mi- r?B+?
+QKTmi2b i?2 ;`�/B2Mi mbBM; i?2 2MiB`2 /�i�b2i- a:. mT/�i2b i?2 KQ/2H T�@
`�K2i2`b mbBM; ;`�/B2Mib +QKTmi2/ 7`QK `�M/QKHv b2H2+i2/ /�i� b�KTH2bX h?Bb
biQ+?�biB+Biv BMi`Q/m+2b MQBb2- ?2HTBM; i?2 KQ/2H 2b+�T2 HQ+�H KBMBK� �M/ Q7i2M
H2�/BM; iQ 7�bi2` +QMp2`;2M+2X

AM a:.- i?2 /�i�b2i Bb b?m|2/ �i i?2 bi�`i Q7 2�+? Bi2`�iBQM iQ �pQB/ #B�bX
h?2 KQ/2H mT/�i2b Bib T�`�K2i2`b �7i2` +QKTmiBM; i?2 ;`�/B2Mi QM 2�+? `�M/QK
i`�BMBM; 2t�KTH2 Q` KBMB#�i+?,

θt+1 = θt − α∇L(θt, x(i), y(i)), U9X8V

r?2`2 θt �`2 i?2 T�`�K2i2`b �i Bi2`�iBQM t- α Bb i?2 H2�`MBM; `�i2- �M/
∇L(θt, x(i), y(i)) Bb i?2 ;`�/B2Mi +QKTmi2/ 7Q` i?2 i`�BMBM; b�KTH2 (x(i), y(i))X

a:. 2{+B2MiHv mT/�i2b T�`�K2i2`b 7Q` H�`;2 /�i�b2ib #mi BMi`Q/m+2b ~m+im�@
iBQMb BM i?2 HQbb- H2�/BM; iQ MQM@bKQQi? +QMp2`;2M+2X .2bTBi2 i?Bb- Bib bT22/ �M/
2{+B2M+v K�F2 Bi � bi�TH2 BM /22T H2�`MBM; (Ry9)X

9XkXR a:. rBi? JQK2MimK

JQK2MimK (RRy) 2M?�M+2b a:. #v �++2H2`�iBM; +QMp2`;2M+2 �M/ `2/m+BM; Qb@
+BHH�iBQMbX Ai �+?B2p2b i?Bb #v BM+Q`TQ`�iBM; BM7Q`K�iBQM 7`QK T`2pBQmb mT/�i2b-
2z2+iBp2Hv bKQQi?BM; i?2 QTiBKBx�iBQM T�i?,

vt+1 = µvt + α∇J(θt), U9XeV
θt+1 = θt − vt+1, U9XdV

r?2`2 v `2T`2b2Mib p2HQ+Biv- �M/ µ Bb i?2 KQK2MimK +Q2{+B2MiX "v �++mKmH�i@
BM; T�bi ;`�/B2Mib- KQK2MimK ?2HTb KQ/2Hb i`�p2`b2 ~�i `2;BQMb KQ`2 2{+B2MiHv
�M/ `2/m+2b b2MbBiBpBiv iQ MQBbv mT/�i2bX

9XkXk _JaS`QT U_QQi J2�M a[m�`2 S`QT�;�iBQMV

_JaS`QT (RRR) �/�Tib i?2 H2�`MBM; `�i2 /vM�KB+�HHv #v MQ`K�HBxBM; T�`�K2i2`
mT/�i2b mbBM; �M 2tTQM2MiB�HHv /2+�vBM; �p2`�;2 Q7 b[m�`2/ ;`�/B2Mib,
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St+1 = βSt + (1− β)(∇J(θt))2, U9X3V

θt+1 = θt −
α∇J(θt)√
St+1 + ε

. U9XNV

>2`2- S `2T`2b2Mib i?2 �++mKmH�i2/ b[m�`2/ ;`�/B2Mib- β Bb i?2 /2+�v `�i2- �M/
ε Bb � bK�HH +QMbi�Mi �//2/ 7Q` MmK2`B+�H bi�#BHBivX "v b+�HBM; mT/�i2b #�b2/ QM
T�bi ;`�/B2Mib- _JaS`QT T`2p2Mib p�MBb?BM; H2�`MBM; `�i2b �M/ Bb T�`iB+mH�`Hv
2z2+iBp2 BM MQM@bi�iBQM�`v 2MpB`QMK2MibX

9XkXj �.�J U�/�TiBp2 JQK2Mi 1biBK�iBQMV
�.�J (RRk) +QK#BM2b i?2 �/p�Mi�;2b Q7 JQK2MimK �M/ _JaS`QT- K�FBM;
Bi QM2 Q7 i?2 KQbi rB/2Hv mb2/ QTiBKBx�iBQM �H;Q`Bi?Kb BM /22T H2�`MBM;X Ai
K�BMi�BMb #Qi? }`bi@KQK2Mi UK2�MV �M/ b2+QM/@KQK2Mi Up�`B�M+2V 2biBK�i2b Q7
;`�/B2Mib,

mt+1 = β1mt + (1− β1)∇J(θt), U9XRyV
St+1 = β2St + (1− β2)(∇J(θt))2, U9XRRV

θt+1 = θt −
αmt+1√
St+1 + ε

. U9XRkV

>2`2- m �M/ S �`2 i?2 }`bi �M/ b2+QM/ KQK2Mi 2biBK�i2b- r?BH2 β1 �M/ β2
+QMi`QH i?2B` `2bT2+iBp2 /2+�v `�i2bX �.�J �/�Tib i?2 H2�`MBM; `�i2 7Q` 2�+?
T�`�K2i2`- H2�/BM; iQ 7�bi2` +QMp2`;2M+2 �M/ BKT`Qp2/ T2`7Q`K�M+2 BM +QKTH2t
QTiBKBx�iBQM H�M/b+�T2bX

9XkX9 �/�:`�/ U�/�TiBp2 :`�/B2Mi �H;Q`Bi?KV
�/�:`�/ (RRj) �/Dmbib i?2 H2�`MBM; `�i2 7Q` 2�+? T�`�K2i2` #�b2/ QM i?2 ?BbiQ`B+�H
bmK Q7 b[m�`2/ ;`�/B2Mib- �HHQrBM; T�`�K2i2`b rBi? BM7`2[m2Mi mT/�i2b iQ ?�p2
H�`;2` �/DmbiK2Mib,

Gt+1 = Gt +∇J(θt)'∇J(θt), U9XRjV

θt+1 = θt −
α∇J(θt)√
Gt+1 + ε

. U9XR9V
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>2`2- G �++mKmH�i2b i?2 b[m�`2/ ;`�/B2Mib- �M/ ' /2MQi2b 2H2K2Mi@rBb2 KmH@
iBTHB+�iBQMX q?BH2 �/�:`�/ BKT`Qp2b H2�`MBM; 7Q` bT�`b2 /�i�- Bi bmz2`b 7`QK
�;;`2bbBp2 H2�`MBM; `�i2 /2+�v- r?B+? +�M ?BM/2` +QMp2`;2M+2 BM HQM; i`�BMBM;
`mMbX

9XkX8 *?QQbBM; �M PTiBKBx�iBQM �H;Q`Bi?K
h?2 +?QB+2 Q7 �M QTiBKBx�iBQM �H;Q`Bi?K /2T2M/b QM i?2 bT2+B}+ T`Q#H2K �M/
/�i�b2i +?�`�+i2`BbiB+bX q?BH2 a:. Bb � TQTmH�` #�b2HBM2 K2i?Q/ /m2 iQ Bib
bBKTHB+Biv- a:. rBi? KQK2MimK ?2HTb bi�#BHBx2 i`�BMBM; �M/ �++2H2`�i2 +QMp2`@
;2M+2X �/�TiBp2 K2i?Q/b HBF2 _JaS`QT- �.�J- �M/ �/�:`�/ /vM�KB+�HHv
�/Dmbi H2�`MBM; `�i2b iQ BKT`Qp2 T2`7Q`K�M+2X �KQM; i?2K- �.�J Bb Q7i2M T`2@
72``2/ 7Q` Bib #�H�M+2 #2ir22M bi�#BHBiv �M/ �/�Ti�#BHBiv- K�FBM; Bi � bi�M/�`/
+?QB+2 7Q` i`�BMBM; /22T M2m`�H M2irQ`FbX

9Xj hvT2b Q7 L2m`�H L2irQ`Fb
h?Bb b2+iBQM T`QpB/2b �M Qp2`pB2r Q7 irQ 7mM/�K2Mi�H /22T H2�`MBM; �`+?B@
i2+im`2b, JmHiBH�v2` S2`+2Ti`QMb UJGSbV (Nj) �M/ *QMpQHmiBQM�H L2m`�H L2i@
rQ`Fb U*LLbV (N9)X

JGSb �`2 QM2 Q7 i?2 KQbi #�bB+ v2i TQr2`7mH ivT2b Q7 M2m`�H M2irQ`FbX h?2v
+QMbBbi Q7 KmHiBTH2 H�v2`b Q7 �`iB}+B�H M2m`QMb- r?2`2 2�+? M2m`QM BM QM2 H�v2` Bb
7mHHv +QMM2+i2/ iQ 2p2`v M2m`QM BM i?2 M2ti H�v2`X h?2 H2�`MBM; T`Q+2bb BM JGSb
Bb /`Bp2M #v #�+FT`QT�;�iBQM �M/ ;`�/B2Mi@#�b2/ QTiBKBx�iBQM i2+?MB[m2b- �HHQr@
BM; i?2 M2irQ`F iQ �/Dmbi Bib r2B;?ib Bi2`�iBp2Hv iQ KBMBKBx2 T`2/B+iBQM 2``Q`bX
JGSb �`2 ?B;?Hv 2z2+iBp2 BM +�Tim`BM; +QKTH2t- MQM@HBM2�` `2H�iBQMb?BTb BM /�i�-
K�FBM; i?2K bmBi�#H2 7Q` i�bFb bm+? �b +H�bbB}+�iBQM- `2;`2bbBQM- �M/ 7mM+iBQM �T@
T`QtBK�iBQMX >Qr2p2`- bBM+2 JGSb i`2�i BMTmi 72�im`2b BM/2T2M/2MiHv rBi?Qmi
+QMbB/2`BM; bT�iB�H Q` HQ+�H `2H�iBQMb?BTb- i?2v �`2 MQi i?2 #2bi +?QB+2 7Q` i�bFb
BMpQHpBM; bi`m+im`2/ /�i�- bm+? �b BK�;2bX

*LLb �`2 bT2+B}+�HHv /2bB;M2/ 7Q` T`Q+2bbBM; ;`B/@bi`m+im`2/ /�i�- bm+? �b
BK�;2b �M/ pB/2QbX lMHBF2 JGSb- r?B+? `2Hv QM 7mHHv +QMM2+i2/ H�v2`b- *LLb
miBHBx2 +QMpQHmiBQM�H H�v2`b i?�i �TTHv bK�HH- H2�`M�#H2 }Hi2`b iQ /2i2+i T�ii2`Mb
BM HQ+�H `2;BQMb Q7 i?2 BMTmiX h?Bb ?B2`�`+?B+�H �TT`Q�+? �HHQrb *LLb iQ +�Tim`2
bT�iB�H `2H�iBQMb?BTb �M/ T`Q;`2bbBp2Hv H2�`M KQ`2 +QKTH2t 72�im`2b- 7`QK 2/;2b
�M/ i2tim`2b BM 2�`Hv H�v2`b iQ ?B;?@H2p2H bi`m+im`2b BM /22T2` H�v2`bX SQQHBM;
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x1

x2

x3

x4

N(x) = o ∈ R2

Input Layer Hidden Layer 1 Hidden Layer 2 Hidden Layer 3 Output Layer

6B;m`2 9Xk, JGS �`+?Bi2+im`2 rBi? i?`22 ?B//2M H�v2`b- 2�+? +QMi�BMBM; 2B;?i
M2m`QMb rBi? � G2�Fv@_2Gl �+iBp�iBQM 7mM+iBQMX h?2 QmiTmi H�v2` +QMbBbib Q7
irQ M2m`QMb rBi? � aQ7iK�t �+iBp�iBQM �M/ +`Qbb@2Mi`QTv HQbb (N8)X

H�v2`b 7m`i?2` `2/m+2 /BK2MbBQM�HBiv- BKT`QpBM; +QKTmi�iBQM�H 2{+B2M+v r?BH2
T`2b2`pBM; BKTQ`i�Mi BM7Q`K�iBQMX

JGSb �M/ *LLb �`2 /2bB;M2/ 7Q` /Bz2`2Mi ivT2b Q7 /22T H2�`MBM; i�bFbX JGSb
�`2 ~2tB#H2 �M/ r2HH bmBi2/ 7Q` H2�`MBM; +QKTH2t 72�im`2b 7`QK MmK2`B+�H /�i�-
r?BH2 *LLb �`2 ?B;?Hv 2z2+iBp2 7Q` i�bFb #�b2/ QM bT�iB�H ?B2`�`+?B2b �M/ T�ii2`M
2ti`�+iBQM 7`QK bi`m+im`2/ /�i�X h?2 +?QB+2 #2ir22M i?2b2 �`+?Bi2+im`2b /2T2M/b
QM i?2 M�im`2 Q7 i?2 T`Q#H2K �M/ i?2 bi`m+im`2 Q7 i?2 BMTmi /�i�X

9XjXR JmHiBH�v2` S2`+2Ti`QMb UJGSbV

JGS Bb � 7mM/�K2Mi�H KQ/2H BM /22T H2�`MBM;- +�T�#H2 Q7 H2�`MBM; +QKTH2t- MQM@
HBM2�` `2H�iBQMb?BTb BM /�i� (3e)X Ai +QMbBbib Q7 �M BMTmi H�v2`- KmHiBTH2 ?B//2M
H�v2`b- �M/ �M QmiTmi H�v2`- r?2`2 2�+? M2m`QM Bb 7mHHv +QMM2+i2/ iQ i?Qb2 BM
�/D�+2Mi H�v2`b U6B;X 9XkVX

1�+? M2m`QM BM �M JGS +QKTmi2b � r2B;?i2/ bmK Q7 Bib BMTmib- 7QHHQr2/ #v �
MQM@HBM2�` �+iBp�iBQM 7mM+iBQMX J�i?2K�iB+�HHv- i?2 QmiTmi Q7 i?2 i@i? M2m`QM BM
i?2 l@i? H�v2`- /2MQi2/ �b a(l)i - Bb ;Bp2M #v,

a(l)i = φ

(
N∑

j=1

w(l)
ij a

(l−1)
j + b(l)i

)
U9XR8V
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r?2`2 w(l)
ij �`2 i?2 r2B;?ib- b(l)i Bb i?2 #B�b- N Bb i?2 MmK#2` Q7 M2m`QMb BM i?2

(l − 1)@i? H�v2`- �M/ φ Bb i?2 �+iBp�iBQM 7mM+iBQMX
�++Q`/BM; iQ *v#2MFQǶb mMBp2`b�H �TT`QtBK�iBQM i?2Q`2K- �M JGS rBi? �i

H2�bi QM2 ?B//2M H�v2` +�M �TT`QtBK�i2 �Mv +QMiBMmQmb 7mM+iBQM- T`QpB/2/ Bi
?�b � bm{+B2Mi MmK#2` Q7 M2m`QMb �M/ �M �TT`QT`B�i2 �+iBp�iBQM 7mM+iBQM (Ne)X
>Qr2p2`- BM T`�+iB+2- /22T2` M2irQ`Fb rBi? KmHiBTH2 ?B//2M H�v2`b Q7i2M T2`7Q`K
#2ii2` �i +�Tim`BM; +QKTH2t /�i� T�ii2`Mb �M/ ?B;?@H2p2H �#bi`�+iBQMbX

6Q` � ;Bp2M BMTmi p2+iQ` t- i?2 QmiTmi Q7 i?2 M2irQ`F +�M #2 2tT`2bb2/ �b,

v = f(t;q, #) U9XReV

r?2`2 q `2T`2b2Mib i?2 b2i Q7 r2B;?ib- # /2MQi2b i?2 #B�b2b- �M/ f Bb i?2
7mM+iBQM /2i2`KBM2/ #v i?2 M2irQ`FǶb �`+?Bi2+im`2 �M/ T�`�K2i2`bX

h`�BMBM; �M JGS BMpQHp2b �/DmbiBM; i?2 r2B;?ib �M/ #B�b2b iQ KBMBKBx2 �
HQbb 7mM+iBQM L(v,�v)- r?2`2 �v Bb i?2 T`2/B+i2/ QmiTmiX h?Bb QTiBKBx�iBQM Bb ivT@
B+�HHv T2`7Q`K2/ mbBM; #�+FT`QT�;�iBQM +QK#BM2/ rBi? ;`�/B2Mi /2b+2Mi Q` Bib
p�`B�Mib (Nk)X

9XjXk *QMpQHmiBQM�H L2m`�H L2irQ`Fb U*LLbV
*LLb �`2 � +H�bb Q7 /22T M2m`�H M2irQ`Fb bT2+B}+�HHv /2bB;M2/ 7Q` T`Q+2bbBM;
;`B/@HBF2 bi`m+im`2/ /�i�- bm+? �b BK�;2b (Nj)X h?2B` H�v2`2/ �`+?Bi2+im`2 2M�#H2b
�miQK�iB+ �M/ �/�TiBp2 H2�`MBM; Q7 bT�iB�H ?B2`�`+?B2b Q7 72�im`2b- K�FBM; i?2K
T�`iB+mH�`Hv 2z2+iBp2 7Q` +QKTmi2` pBbBQM i�bFbX

*QMpQHmiBQM PT2`�iBQM

h?2 +QMpQHmiBQM QT2`�iBQM Bb i?2 7mM/�K2Mi�H #mBH/BM; #HQ+F Q7 *LLb- �HHQrBM;
i?2 M2irQ`F iQ 2ti`�+i bT�iB�H T�ii2`Mb 7`QK BMTmi /�i�X Ai Bb K�i?2K�iB+�HHv
/2}M2/ �b,

Fij =
∑

m

∑

n

Kmn · Ii−m,j−n U9XRdV

r?2`2 Fij `2T`2b2Mib 2H2K2Mib Q7 i?2 72�im`2 K�T- Kmn �`2 i?2 2H2K2Mib Q7 i?2
+QMpQHmiBQM�H F2`M2H UQ` }Hi2`V- �M/ Ii−m,j−n �`2 i?2 BMTmi /�i� p�Hm2bX

hrQ BKTQ`i�Mi i2+?MB[m2b- T�//BM; �M/ bi`B/BM;- +QMi`QH i?2 bT�iB�H /BK2M@
bBQMb Q7 i?2 72�im`2 K�Tb �M/ 2M?�M+2 +QKTmi�iBQM�H 2{+B2M+v (3e)X S�//BM;



9Xj hvT2b Q7 L2m`�H L2irQ`Fb 9d

�//b 2ti`� TBt2Hb �`QmM/ i?2 BMTmi BK�;2 iQ T`2b2`p2 bT�iB�H /BK2MbBQMb �7i2`
+QMpQHmiBQM- r?BH2 bi`B/BM; /2}M2b i?2 bi2T bBx2 Q7 i?2 F2`M2H �b Bi KQp2b �+`Qbb
i?2 BMTmiX h?2b2 i2+?MB[m2b �HHQr *LLb iQ K�M�;2 bT�iB�H ?B2`�`+?B2b 2z2+iBp2Hv
�M/ K�BMi�BM `2H2p�Mi 72�im`2bX

�+iBp�iBQM 6mM+iBQM

hQ BMi`Q/m+2 MQM@HBM2�`Biv �7i2` 2�+? +QMpQHmiBQM- �+iBp�iBQM 7mM+iBQMb �`2 �T@
THB2/X h?2 _2+iB}2/ GBM2�` lMBi U_2GlV (Nd) Bb rB/2Hv mb2/ /m2 iQ Bib bBKTHB+Biv
�M/ 2z2+iBp2M2bb BM T`2p2MiBM; p�MBb?BM; ;`�/B2MibX Ai Bb /2}M2/ �b,

A(x) = K�t(0, x) U9XR3V

_2Gl 2Mbm`2b i?�i QMHv TQbBiBp2 p�Hm2b T`QT�;�i2 7Q`r�`/- �++2H2`�iBM; +QM@
p2`;2M+2 �M/ BKT`QpBM; M2irQ`F bi�#BHBivX

SQQHBM; G�v2`

SQQHBM; H�v2`b /QrMb�KTH2 72�im`2 K�Tb iQ `2/m+2 bT�iB�H /BK2MbBQMb- KBMBKBx2
+QKTmi�iBQM�H +QKTH2tBiv- �M/ 2M?�M+2 72�im`2 BMp�`B�M+2 iQ i`�MbH�iBQM �M/
b+�HBM;X � +QKKQMHv mb2/ TQQHBM; i2+?MB[m2- K�t TQQHBM;- Bb /2}M2/ �b,

Pij = K�t
m,n

Fi+m,j+n U9XRNV

"v b2H2+iBM; i?2 K�tBKmK p�Hm2 BM � HQ+�H `2;BQM- K�t TQQHBM; ?2HTb T`2@
b2`p2 /QKBM�Mi 72�im`2b r?BH2 `2/m+BM; `2/mM/�Mi BM7Q`K�iBQM- BKT`QpBM; KQ/2H
2{+B2M+v �M/ `Q#mbiM2bbX

*LL �`+?Bi2+im`2

� ivTB+�H *LL +QMbBbib Q7 KmHiBTH2 +QMpQHmiBQM�H H�v2`b- 2�+? 7QHHQr2/ #v �M
�+iBp�iBQM 7mM+iBQM �M/ Q7i2M � TQQHBM; H�v2` U6B;X 9XjVX h?2 2ti`�+i2/ ?B;?@
H2p2H 72�im`2b �`2 T�bb2/ i?`Qm;? 7mHHv +QMM2+i2/ H�v2`b- r?B+? ;2M2`�i2 i?2 }M�H
+H�bbB}+�iBQM QmiTmiX

h?2 ?B2`�`+?B+�H bi`m+im`2 Q7 *LLb �HHQrb i?2K iQ H2�`M T`Q;`2bbBp2Hv +QK@
TH2t `2T`2b2Mi�iBQMb ě 7`QK HQr@H2p2H 2/;2 /2i2+iBQM BM BMBiB�H H�v2`b iQ ?B;?@H2p2H
Q#D2+i `2+Q;MBiBQM BM /22T2` H�v2`bX h?Bb �#BHBiv iQ +�Tim`2 bT�iB�H /2T2M/2M+B2b
K�F2b *LLb ?B;?Hv 2z2+iBp2 7Q` i�bFb bm+? �b BK�;2 +H�bbB}+�iBQM- Q#D2+i /2i2+@
iBQM- �M/ BK�;2 b2;K2Mi�iBQMX
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6B;m`2 9Xj, Pp2`pB2r Q7 � *QMpQHmiBQM�H L2m`�H L2irQ`F U*LLV �`+?Bi2+im`2
�M/ i?2 i`�BMBM; T`Q+2bbX � *LL +QMbBbib Q7 KmHiBTH2 +QMpQHmiBQM�H H�v2`b- TQQH@
BM; H�v2`b U2X;X- K�t TQQHBM;V- �M/ 7mHHv +QMM2+i2/ U6*V H�v2`bX h?2 KQ/2HǶb
T2`7Q`K�M+2 Bb 2p�Hm�i2/ mbBM; � HQbb 7mM+iBQM- �M/ H2�`M�#H2 T�`�K2i2`b- bm+?
�b F2`M2Hb �M/ r2B;?ib- �`2 mT/�i2/ i?`Qm;? #�+FT`QT�;�iBQM rBi? ;`�/B2Mi /2@
b+2Mi (N3)X

9XjXj h?2 aQ7iK�t 6mM+iBQM
h?2 bQ7iK�t 7mM+iBQM- /2MQi2/ �b σ- Bb rB/2Hv mb2/ BM K�+?BM2 H2�`MBM;- T�`iB+@
mH�`Hv 7Q` MQ`K�HBxBM; KQ/2H QmiTmib BMiQ T`Q#�#BHBiv /Bbi`B#miBQMb bmBi�#H2 7Q`
KmHiB@+H�bb +H�bbB}+�iBQM i�bFb (3e)X Ai 2Mbm`2b i?�i i?2 M2irQ`FǶb T`2/B+iBQMb �`2
BMi2`T`2i�#H2 �b T`Q#�#BHBiB2b- K�FBM; Bi � F2v +QKTQM2Mi BM +H�bbB}+�iBQM T`Q#@
H2KbX

:Bp2M �M BMTmi p2+iQ` x ∈ RK - i?2 bQ7iK�t 7mM+iBQM i`�Mb7Q`Kb 2�+? 2H2K2Mi
BMiQ � p�Hm2 BM i?2 BMi2`p�H (0, 1) r?BH2 2Mbm`BM; i?�i i?2 bmK Q7 �HH QmiTmib 2[m�Hb
QM2X h?Bb i`�Mb7Q`K�iBQM Bb /2}M2/ �b,

σ(x)i =
2tT(zi)∑K
j=1 2tT(zj)

, i = 1, . . . , K. U9XkyV

h?2 2tTQM2MiB�H 7mM+iBQM BM i?2 MmK2`�iQ` �KTHB}2b /Bz2`2M+2b #2ir22M i?2
BMTmi p�Hm2b- BM+`2�bBM; i?2 BM~m2M+2 Q7 i?2 ?B;?2bi p�Hm2b r?BH2 bmTT`2bbBM;
bK�HH2` QM2bX �b � `2bmHi- i?2 bQ7iK�t 7mM+iBQM i2M/b iQ �bbB;M ?B;?2` T`Q#�#BHBiB2b
iQ /QKBM�Mi +H�bb2b- K�FBM; +H�bbB}+�iBQM /2+BbBQMb KQ`2 /BbiBM+iX

� i2KT2`�im`2 T�`�K2i2` β +�M #2 BMi`Q/m+2/ iQ +QMi`QH i?2 b?�`TM2bb Q7 i?2
T`Q#�#BHBiv /Bbi`B#miBQM,



9X9 :2M2`�HBx�iBQM �M/ _2;mH�`Bx�iBQM 9N

σ(x)i =
2tT(βzi)∑K
j=1 2tT(βzj)

, i = 1, . . . , K. U9XkRV

AM bi�iBbiB+�H K2+?�MB+b- β Bb �M�HQ;Qmb iQ i?2 BMp2`b2 i2KT2`�im`2- r?2`2
?B;?2` p�Hm2b Q7 β `2bmHi BM KQ`2 T2�F2/ /Bbi`B#miBQMb- 2KT?�bBxBM; /QKBM�Mi
+H�bb2b- r?BH2 HQr2` p�Hm2b T`Q/m+2 KQ`2 mMB7Q`K T`Q#�#BHBiB2bX

L2m`�H M2irQ`Fb +QKKQMHv mb2 i?2 bQ7iK�t 7mM+iBQM BM i?2 QmiTmi H�v2` 7Q`
KmHiB@+H�bb +H�bbB}+�iBQMX Ai +QMp2`ib `�r M2irQ`F QmiTmib BMiQ T`Q#�#BHBiv b+Q`2b-
�HHQrBM; 7Q` � T`Q#�#BHBbiB+ BMi2`T`2i�iBQM Q7 T`2/B+iBQMbX h?2 7mM+iBQM �HbQ 7�+BH@
Bi�i2b i?2 �TTHB+�iBQM Q7 +`Qbb@2Mi`QTv HQbb- � rB/2Hv mb2/ Q#D2+iBp2 7mM+iBQM BM
+H�bbB}+�iBQM T`Q#H2KbX

6Q` QTiBKBx�iBQM Tm`TQb2b- i?2 ;`�/B2Mi Q7 i?2 bQ7iK�t 7mM+iBQM Bb 2bb2MiB�H
BM i`�BMBM; M2m`�H M2irQ`FbX Ai Bb ivTB+�HHv 2tT`2bb2/ BM i2`Kb Q7 i?2 E`QM2+F2`
/2Hi� �M/ i?2 bQ7iK�t QmiTmib- r?B+? bBKTHB}2b i?2 +QKTmi�iBQM Q7 T�`�K2i2`
mT/�i2bX

hQ BKT`Qp2 MmK2`B+�H bi�#BHBiv- � +QMbi�Mi Bb Q7i2M bm#i`�+i2/ 7`QK 2�+? 2H@
2K2Mi Q7 i?2 BMTmi p2+iQ` #27Q`2 �TTHvBM; i?2 bQ7iK�t 7mM+iBQMX h?Bb /Q2b MQi
�z2+i i?2 }M�H T`Q#�#BHBiB2b #mi T`2p2Mib Bbbm2b `2H�i2/ iQ H�`;2 2tTQM2MiB�Hb-
r?B+? +�M +�mb2 +QKTmi�iBQM�H Qp2`~QrX

9X9 :2M2`�HBx�iBQM �M/ _2;mH�`Bx�iBQM
:2M2`�HBx�iBQM Bb � 7mM/�K2Mi�H Q#D2+iBp2 BM K�+?BM2 H2�`MBM;- 2Mbm`BM; i?�i �
KQ/2H T2`7Q`Kb r2HH MQi QMHv QM i`�BMBM; /�i� #mi �HbQ QM mMb22M 2t�KTH2bX
>Qr2p2`- �+?B2pBM; bi`QM; ;2M2`�HBx�iBQM `2[mB`2b �//`2bbBM; irQ K�DQ` +?�H@
H2M;2b, mM/2`}iiBM; �M/ Qp2`}iiBM;X h?2b2 Bbbm2b �`Bb2 r?2M i?2 KQ/2H 2Bi?2`
7�BHb iQ H2�`M bm{+B2MiHv 7`QK i?2 /�i� Q` H2�`Mb iQQ BMi`B+�i2Hv- +�Tim`BM; MQBb2
`�i?2` i?�M K2�MBM;7mH T�ii2`MbX _2;mH�`Bx�iBQM i2+?MB[m2b TH�v � +`m+B�H `QH2 BM
KBiB;�iBM; Qp2`}iiBM; �M/ BKT`QpBM; ;2M2`�HBx�iBQM #v +QMbi`�BMBM; KQ/2H +QK@
TH2tBivX

9X9XR lM/2`}iiBM; �M/ Pp2`}iiBM;
lM/2`}iiBM; Q++m`b r?2M � KQ/2H H�+Fb i?2 +�T�+Biv iQ +�Tim`2 i?2 mM/2`HvBM;
bi`m+im`2 Q7 i?2 /�i�- H2�/BM; iQ ?B;? 2``Q`b QM #Qi? i`�BMBM; �M/ i2bi /�i�b2ibX
h?Bb T`Q#H2K Q7i2M bi2Kb 7`QK �M Qp2`Hv bBKTHBbiB+ KQ/2H rBi? ?B;? #B�b- r?B+?



8y 9X L1l_�G L1hqP_Ea �L. .11S G1�_LAL:

K�F2b BM+Q``2+i �bbmKTiBQMb �#Qmi i?2 /�i�X am+? KQ/2Hb 7�BH iQ H2�`M K2�MBM;7mH
`2H�iBQMb?BTb �M/ 2t?B#Bi TQQ` T`2/B+iBp2 T2`7Q`K�M+2 �+`Qbb /Bz2`2Mi /�i�b2ibX

AM +QMi`�bi- Qp2`}iiBM; �`Bb2b r?2M � KQ/2H H2�`Mb MQi QMHv i?2 i`m2 T�i@
i2`Mb BM i?2 i`�BMBM; /�i� #mi �HbQ MQBb2 �M/ QmiHB2`bX h?Bb `2bmHib BM � KQ/2H
i?�i T2`7Q`Kb 2t+2TiBQM�HHv r2HH QM i`�BMBM; /�i� #mi ;2M2`�HBx2b TQQ`Hv iQ M2r
2t�KTH2bX Pp2`}iiBM; Bb +?�`�+i2`Bx2/ #v ?B;? p�`B�M+2- K2�MBM; i?2 KQ/2HǶb
T`2/B+iBQMb ~m+im�i2 bB;MB}+�MiHv rBi? bK�HH +?�M;2b BM i?2 BMTmi /�i�X q?BH2
i`�BMBM; 2``Q` `2K�BMb HQr- i2bi T2`7Q`K�M+2 bmz2`b /m2 iQ �M 2t+2bbBp2 `2HB�M+2
QM bT2+B}+ /2i�BHb Q7 i?2 i`�BMBM; b2iX

"�H�M+BM; #B�b �M/ p�`B�M+2 Bb F2v iQ +QMbi`m+iBM; KQ/2Hb i?�i ;2M2`�HBx2 27@
72+iBp2HvX � KQ/2H rBi? ?B;? #B�b Qp2`bBKTHB}2b i?2 T`Q#H2K �M/ mM/2`}ib i?2
/�i�- r?BH2 � KQ/2H rBi? ?B;? p�`B�M+2 Qp2`}ib #v K2KQ`BxBM; i`�BMBM; /�i� BM@
bi2�/ Q7 B/2MiB7vBM; #`Q�/2` T�ii2`MbX G2�`MBM; +m`p2b �M/ p�HB/�iBQM +m`p2b �`2
+QKKQMHv mb2/ iQ pBbm�HBx2 �M/ /B�;MQb2 i?2b2 Bbbm2b- ?2HTBM; T`�+iBiBQM2`b imM2
KQ/2H +QKTH2tBiv �TT`QT`B�i2HvX

9X9Xk _2;mH�`Bx�iBQM �M/ Aib _QH2 BM :2M2`�HBx�iBQM
_2;mH�`Bx�iBQM i2+?MB[m2b �`2 rB/2Hv mb2/ iQ �//`2bb Qp2`}iiBM; #v HBKBiBM; i?2
KQ/2HǶb +QKTH2tBiv �M/ T`2p2MiBM; Bi 7`QK +�Tim`BM; MQBb2X h?Bb Bb ivTB+�HHv
�+?B2p2/ #v KQ/B7vBM; i?2 HQbb 7mM+iBQM iQ BM+Hm/2 � T2M�Hiv i2`K i?�i /Bb+Qm`�;2b
2t+2bbBp2 T�`�K2i2` ;`Qri?X

� +QKKQM �TT`Q�+? Bb T�`�K2i2` MQ`K T2M�HiB2b- r?2`2 �M �//BiBQM�H i2`K
Bb BMi`Q/m+2/ BMiQ i?2 Q#D2+iBp2 7mM+iBQM iQ +QMi`QH i?2 K�;MBim/2 Q7 i?2 KQ/2H
T�`�K2i2`b,

J̃(θ;X, y) = J(θ;X, y) + αΩ(θ), U9XkkV

r?2`2 α Bb � ?vT2`T�`�K2i2` +QMi`QHHBM; i?2 bi`2M;i? Q7 `2;mH�`Bx�iBQM- �M/
Ω(θ) `2T`2b2Mib i?2 T2M�Hiv �TTHB2/ iQ i?2 KQ/2H T�`�K2i2`b- bm+? �b GR Q` Gk
MQ`KbX *?QQbBM; i?2 `B;?i α Bb +`m+B�H �M/ Bb Q7i2M /QM2 pB� +`Qbb@p�HB/�iBQMX

9X9Xj GR �M/ Gk _2;mH�`Bx�iBQM
hrQ T`BK�`v 7Q`Kb Q7 `2;mH�`Bx�iBQM- GR �M/ Gk- �TTHv /Bz2`2Mi T2M�HiB2b iQ i?2
KQ/2HǶb T�`�K2i2`b iQ 2M+Qm`�;2 ;2M2`�HBx�iBQMX



9X9 :2M2`�HBx�iBQM �M/ _2;mH�`Bx�iBQM 8R

GR `2;mH�`Bx�iBQM- �HbQ FMQrM �b G�bbQ `2;`2bbBQM- T2M�HBx2b i?2 �#bQHmi2 p�Hm2b
Q7 i?2 T�`�K2i2`b- T`QKQiBM; bT�`bBiv #v 7Q`+BM; bQK2 r2B;?ib iQ x2`Q (Rye)X h?Bb
Bb T�`iB+mH�`Hv mb27mH 7Q` 72�im`2 b2H2+iBQM BM ?B;?@/BK2MbBQM�H /�i�b2ib �M/ Bb
#2M2}+B�H r?2M K�Mv 72�im`2b �`2 B``2H2p�Mi,

L(θ) =
1

2m

m∑

i=1

(hθ(x
(i))− y(i))2 + λ

n∑

j=1

|θj|. U9XkjV

Gk `2;mH�`Bx�iBQM- Q` _B/;2 `2;`2bbBQM- T2M�HBx2b i?2 b[m�`2/ p�Hm2b Q7 i?2
T�`�K2i2`b- /Bb+Qm`�;BM; 2ti`2K2 r2B;?i p�Hm2b rBi?Qmi 2HBKBM�iBM; i?2K 2M@
iB`2Hv (Ryd)X Ai rQ`Fb r2HH r?2M �HH 72�im`2b +QMi`B#mi2 iQ T`2/B+iBQMb �M/ ?2HTb
T`2p2Mi H�`;2 +Q2{+B2Mib i?�i K�v H2�/ iQ Qp2`}iiBM;,

L(θ) =
1

2m

m∑

i=1

(hθ(x
(i))− y(i))2 + λ

n∑

j=1

θ2j . U9Xk9V

lMHBF2 GR `2;mH�`Bx�iBQM- Gk 2M+Qm`�;2b bKQQi? T�`�K2i2` /Bbi`B#miBQMb- K�F@
BM; Bi KQ`2 bmBi�#H2 7Q` KQ/2Hb r?2`2 �HH 72�im`2b +QMi`B#mi2 K2�MBM;7mHHv iQ
T`2/B+iBQMbX

9X9X9 1H�biB+ L2i _2;mH�`Bx�iBQM
1H�biB+ L2i +QK#BM2b GR �M/ Gk `2;mH�`Bx�iBQM- #�H�M+BM; 72�im`2 b2H2+iBQM �M/
r2B;?i /2+�v U6B;X 9X9VX h?Bb ?v#`B/ �TT`Q�+? Bb 2bT2+B�HHv 2z2+iBp2 r?2M /2�HBM;
rBi? KmHiBTH2 +Q``2H�i2/ 72�im`2b- r?2`2 G�bbQ K�v b2H2+i QMHv QM2 72�im`2 7`QK
� ;`QmTX 1H�biB+ L2i mb2b irQ ?vT2`T�`�K2i2`b- λ1 �M/ λ2- r?B+? �`2 Q7i2M
b2H2+i2/ pB� +`Qbb@p�HB/�iBQM iQ �+?B2p2 i?2 /2bB`2/ #�H�M+2 #2ir22M bT�`bBiv �M/
;2M2`�HBx�iBQM,

L(θ) =
1

2m

m∑

i=1

(hθ(x
(i))− y(i))2 + λ1

n∑

j=1

|θj|+ λ2

n∑

j=1

θ2j . U9Xk8V

9X9X8 *?QQbBM; i?2 _B;?i _2;mH�`Bx�iBQM h2+?MB[m2
a2H2+iBM; i?2 �TT`QT`B�i2 `2;mH�`Bx�iBQM i2+?MB[m2 /2T2M/b QM i?2 M�im`2 Q7 i?2
/�i�b2i �M/ i?2 T`Q#H2K �i ?�M/X GR `2;mH�`Bx�iBQM Bb #2M2}+B�H r?2M 72�im`2
b2H2+iBQM Bb � T`BQ`Biv- �b Bi 7Q`+2b bQK2 r2B;?ib iQ x2`Q- 2z2+iBp2Hv `2KQpBM;
B``2H2p�Mi 72�im`2bX Gk `2;mH�`Bx�iBQM Bb T`272`�#H2 r?2M �HH 72�im`2b +QMi�BM mb27mH
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6B;m`2 9X9, h?Bb };m`2 BHHmbi`�i2b i?2 /Bz2`2M+2b #2ir22M P`/BM�`v _2;`2bbBQM
K2i?Q/b, G�bbQ- _B/;2- �M/ 1H�biB+ L2iX h?2 H27i THQi /2KQMbi`�i2b G�bbQ UGR
MQ`KV- r?B+? �TTHB2b �M GR T2M�Hiv `2bmHiBM; BM bQK2 +Q2{+B2Mib #2BM; 2t�+iHv
x2`Q /m2 iQ Bib /B�KQM/@b?�T2/ +QMbi`�BMi i?�i BMi2`b2+ib i?2 H2p2H +m`p2b �HQM;
i?2 �t2bX h?2 KB//H2 THQi T`2b2Mib _B/;2 UGk MQ`KV- r?B+? 2KTHQvb �M Gk
T2M�Hiv iQ b?`BMF �HH +Q2{+B2Mib +QMiBMmQmbHv rBi?Qmi 7Q`+BM; i?2K iQ x2`Q /m2 iQ
Bib +B`+mH�` +QMbi`�BMiX h?2 `B;?i THQi b?Qrb 1H�biB+ L2i- r?B+? +QK#BM2b GR �M/
Gk T2M�HiB2b- bi`BFBM; � #�H�M+2 #2ir22M bT�`bBiv UbQK2 +Q2{+B2Mib b2i iQ x2`QV
�M/ +Q2{+B2Mi b?`BMF�;2 U`2/m+BM; i?2 K�;MBim/2 Q7 i?2 `2K�BMBM; +Q2{+B2MibVX
h?2 +QMiQm` HBM2b `2T`2b2Mi i?2 HQbb 7mM+iBQM H�M/b+�T2- r?BH2 i?2 ;`22M TQBMib
/2MQi2 i?2 QTiBK�H bQHmiBQMb 7QmM/ mM/2` 2�+? `2;mH�`Bx�iBQM K2i?Q/ (Ry3)X

BM7Q`K�iBQM #mi b?QmH/ #2 T`2p2Mi2/ 7`QK /QKBM�iBM; i?2 KQ/2HX 1H�biB+ L2i
Qz2`b � #�H�M+2/ �TT`Q�+?- KBiB;�iBM; i?2 HBKBi�iBQMb Q7 #Qi? K2i?Q/bX

9X9Xe *�T�+Biv �M/ >vTQi?2bBb aT�+2
� KQ/2HǶb �#BHBiv iQ ;2M2`�HBx2 2z2+iBp2Hv Bb +HQb2Hv iB2/ iQ Bib +�T�+Biv- r?B+? /2@
}M2b i?2 `�M;2 Q7 7mM+iBQMb Bi +�M `2T`2b2MiX h?2 ?vTQi?2bBb bT�+2- 2M+QKT�bbBM;
�HH TQbbB#H2 7mM+iBQMb i?2 KQ/2H +�M H2�`M- Kmbi #2 +�`27mHHv +?Qb2M iQ �HB;M rBi?
i?2 +QKTH2tBiv Q7 i?2 i�bF �M/ i?2 �p�BH�#H2 /�i�X

6Q` BMbi�M+2- BM TQHvMQKB�H `2;`2bbBQM- i?2 /2;`22 Q7 i?2 TQHvMQKB�H /B+i�i2b
i?2 KQ/2HǶb +�T�+BivX � HQr@/2;`22 TQHvMQKB�H K�v mM/2`}i i?2 /�i�- 7�BHBM;
iQ +�Tim`2 BKTQ`i�Mi `2H�iBQMb?BTbX *QMp2`b2Hv- � ?B;?@/2;`22 TQHvMQKB�H +�M
Qp2`}i #v �/�TiBM; iQQ +HQb2Hv iQ i`�BMBM; 2t�KTH2b- HQbBM; i?2 �#BHBiv iQ ;2M2`@
�HBx2X *`Qbb@p�HB/�iBQM i2+?MB[m2b �`2 +QKKQMHv 2KTHQv2/ iQ b2H2+i �M QTiBK�H
TQHvMQKB�H /2;`22- 2Mbm`BM; � #�H�M+2 #2ir22M ~2tB#BHBiv �M/ `Q#mbiM2bbX
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h?2 bim/v Q7 [m�`F@;HmQM TH�bK� Bb QM2 Q7 i?2 K�BM ;Q�Hb BM KQ/2`M Mm+H2�`
T?vbB+bX hQ +`2�i2 [m�`F@;HmQM TH�bK�- b+B2MiBbib BMp2biB;�i2 i?2 +QHHBbBQM Q7 `2H�@
iBpBbiB+ ?2�pv BQMbX �i +2`i�BM +QHHBbBQM 2M2`;B2b- K�ii2` +�M #2+QK2 +QKT`2bb2/
�M/ ?2�i2/ 2MQm;? iQ mM/2`;Q � T?�b2 i`�MbBiBQMX

PM2 Q7 i?2 #B;;2bi +?�HH2M;2b BM bim/vBM; [m�`F@;HmQM TH�bK� Bb i?�i i?Bb T?�b2
H�bib 7Q` QMHv � p2`v b?Q`i iBK2 +QKT�`2/ iQ i?2 7mHH 2pQHmiBQM Q7 i?2 Mm+H2�`
bvbi2KX "2+�mb2 Q7 i?Bb- /2i2+i2/ 2p2Mib /Q MQi ?�p2 +H2�` bB;Mb Q7 r?2i?2` Z:S
r�b T`2b2Mi Q` MQiX �//BiBQM�HHv- BM/B`2+i bB;M�Hb- bm+? �b /B`2+i T?QiQM 2KBbbBQM-
�`2 Q7i2M ?B//2M BM #�+F;`QmM/ MQBb2X h?Bb K�F2b Bi M2+2bb�`v iQ b2�`+? 7Q` ?B//2M
T�ii2`Mb i?�i +�M ?2HT /BbiBM;mBb? 2p2Mib i?�i +QMi�BM [m�`F@;HmQM TH�bK� 7`QK
i?Qb2 i?�i /Q MQiX

L2m`�H M2irQ`Fb �`2 rB/2Hv mb2/ #2+�mb2 i?2v +�M T`Q+2bb /Bz2`2Mi ivT2b Q7
BMTmi /�i� �M/ #2 �/Dmbi2/ #v �//BM; T�`�K2i2`b Q` +?�M;BM; BMTmi 7Q`K�ibX h?Bb
K�F2b i?2K 2z2+iBp2 7Q` bim/vBM; T`Q+2bb +H�bbB}+�iBQM BM ?2�pv BQM +QHHBbBQMb BM
i?2 *"J 2tT2`BK2MiX

h?2 7QHHQrBM; b2+iBQMb 2t�KBM2 ?Qr � M2m`�H M2irQ`F +H�bbB}2` +�M #2 mb2/
iQ `2+Q;MBx2 2p2Mib ;2M2`�i2/ #v irQ /Bz2`2Mi p2`bBQMb Q7 i?2 S>a. i`�MbTQ`i
KQ/2H, 2p2Mib i?�i +QMi�BM [m�`F@;HmQM TH�bK� �M/ i?Qb2 i?�i /Q MQiX

8XR h?2 �LL T�+F�;2 7Q` Z:S /2i2+iBQM
h?2 M2m`�H M2irQ`F T�+F�;2 Bb #mBHi mTQM T`2pBQmb �TTHB+�iBQMb Q7 M2m`�H M2irQ`Fb
BM i?2 *"J (RR9) 2tT2`BK2Mi �M/ Bb /2bB;M2/ iQ +H�bbB7v bBKmH�i2/ `�r /2i2+iQ`
/�i� iQ B/2MiB7v i?2 T`2b2M+2 Q7 [m�`F@;HmQM TH�bK�X h?2 T�+F�;2 BM+Hm/2b i?2
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7QHHQrBM; 72�im`2b,

• /2p2HQT2/ BM *YY rBi?Qmi i?B`/@T�`iv HB#`�`B2bc
• #�b2/ QM SvhQ`+? M2m`�H M2irQ`F K�i?2K�iB+bc
• QT2`�i2b rBi? Q` rBi?Qmi � ;`�T?B+�H mb2` BMi2`7�+2 U:lAVc
• BM/2T2M/2Mi Q7 i?2 BMTmi /�i� ivT2c
• �HHQrb M2r M2m`�H M2irQ`F �`+?Bi2+im`2b iQ #2 �//2/ b2T�`�i2Hvc
• BKTH2K2Mi2/ rBi? bBM;H2 T`2+BbBQMc
• bmTTQ`ib KmHiBi?`2�/BM; UPT2MJSV �M/ Bb T�`iB�HHv aAJ. QTiBKBx2/ U*LL

T�`iVc

h?2 M2m`�H M2irQ`F T�+F�;2 Bb #�b2/ QM i?2 K�i?2K�iB+�H 7QmM/�iBQMb Q7 i?2
MM KQ/mH2 7`QK i?2 /22T H2�`MBM; 7`�K2rQ`F SvhQ`+? (RR8)X h?Bb �TT`Q�+?
2M�#H2b #2M+?K�`FBM; �M/ T`QpB/2b 7mHH �++2bb iQ BMi2`M�H T`Q+2bb2b �M/ b2iiBM;b-
r?B+? �`2 ivTB+�HHv ?B//2M r?2M mbBM; i?B`/@T�`iv HB#`�`B2bX

h?2 T�+F�;2 Bb /2bB;M2/ iQ �HHQr i?2 �//BiBQM Q7 M2r M2m`�H M2irQ`F �`+?B@
i2+im`2b BM/2T2M/2MiHv- 2Mbm`BM; i?�i 7mM+iBQM�HBiv +�M #2 2tT�M/2/ rBi?Qmi
`2/m+BM; 2{+B2M+v BM 2tBbiBM; �`+?Bi2+im`2bX Ai �HbQ bmTTQ`ib BMi2;`�iBQM rBi?
i?B`/@T�`iv ;`�T?B+�H mb2` BMi2`7�+2b U:lAbV- bm+? �b i?2 Zi 7`�K2rQ`F (RRe)- �b
BHHmbi`�i2/ BM 6B;X 8XRX

hQ 2M?�M+2 T2`7Q`K�M+2 QM KmHiBi?`2�/2/ bvbi2Kb- PT2MJS bmTTQ`i Bb BK@
TH2K2Mi2/X *2`i�BM +H�bb2b- bm+? �b i?2 +QMpQHmiBQM�H M2m`�H M2irQ`F BKTH2K2M@
i�iBQM- BM+Hm/2 #Qi? b+�H�` �M/ p2+iQ`Bx2/ p2`bBQMb- �HHQrBM; 7Q` T2`7Q`K�M+2 QT@
iBKBx�iBQMb BM bT2+B}+ �`+?Bi2+im`2bX �//BiBQM�HHv- i?2 T�+F�;2 bmTTQ`ib KmHiBTH2
BMTmi /�i� ivT2b- K�FBM; Bi �/�Ti�#H2 7Q` p�`BQmb i�bFbX

8Xk 6mM+iBQM�HBiv Q7 �LL T�+F�;2
h?2 M2m`�H M2irQ`F T�+F�;2 Qz2`b � rB/2 `�M;2 Q7 72�im`2b- BM+Hm/BM;,

• mbBM; T`2#mBHi M2m`�H M2irQ`F �`+?Bi2+im`2bc
• +`2�iBM; +mbiQK �`+?Bi2+im`2bc
• �/DmbiBM; i?2 bBx2 Q7 i?2 /�i�b2i mb2/ 7Q` i`�BMBM; �M/ p�HB/�iBQMc
• b�pBM; �M/ HQ�/BM; BMBiB�H r2B;?ib 7Q` i?2 M2m`�H M2irQ`Fc
• KQ/B7vBM; i?2 MmK#2` Q7 i`�BMBM; �M/ p�HB/�iBQM 2TQ+?bc
• b2iiBM; i?2 #�i+? bBx2 7Q` i`�BMBM;c
• b2H2+iBM; /Bz2`2Mi r2B;?i QTiBKBx2`b- bm+? �b �/�Kc
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6B;m`2 8XR, :`�T?B+�H BMi2`7�+2 7Q` T2`7Q`K�M+2 �M�HvbBb �M/ ?vT2`T�`�K2i2`
imMBM; /m`BM; M2m`�H M2irQ`F i`�BMBM;X

• +?QQbBM; /Bz2`2Mi �+iBp�iBQM 7mM+iBQMb- bm+? �b G_2Glc
• �/DmbiBM; i?2 /`QTQmi `�i2 7Q` ?B//2M H�v2`bc
• b�pBM; M2m`�H M2irQ`F QmiTmibc
• �M�HvxBM; i?2 T2`7Q`K�M+2 Q7 /Bz2`2Mi M2m`�H M2irQ`F �`+?Bi2+im`2bX

� ;`�T?B+�H BMi2`7�+2 7Q` T2`7Q`K�M+2 �M�HvbBb �M/ ?vT2`T�`�K2i2` imMBM;
/m`BM; M2m`�H M2irQ`F i`�BMBM; Bb b?QrM BM 6B;X 8XRX h?2 };m`2 BHHmbi`�i2b i?2
i`�BMBM; T`Q+2bb Q7 � bBM;H2@H�v2` 7mHHv +QMM2+i2/ M2m`�H M2irQ`F Qp2` Ry 2TQ+?b
mbBM; � /�i�b2i Q7 9yyy }H2b T2` +H�bb 7Q` i`�BMBM; �M/ Ryyy }H2b 7Q` p�HB/�iBQMX
�M 2TQ+? `2T`2b2Mib � +QKTH2i2 T�bb i?`Qm;? �HH }H2b BM i?2 /�i�b2iX

h`�BMBM; r�b T2`7Q`K2/ mbBM; i?2 �/�K QTiBKBx2` rBi? � #�i+? bBx2 Q7 3y
}H2bX .m`BM; i`�BMBM;- i?2 �++m`�+v QM i?2 i`�BMBM; /�i�b2i `2�+?2b 100W U/�b?2/
HBM2V- r?BH2 i?2 �++m`�+v QM i?2 p�HB/�iBQM /�i�b2i 2p2Mim�HHv bi�`ib iQ /2+HBM2
Q` bi�;M�i2 UbQHB/ HBM2VX h?Bb T?2MQK2MQM Bb FMQrM �b Qp2`}iiBM;X AM i?Bb +�b2-
Qp2`}iiBM; Q++m``2/ �7i2` i?2 b2+QM/ 2TQ+?X

h?2 �mtBHB�`v HQbb 7mM+iBQM ;`�T?- mT/�i2/ �7i2` 2�+? 2TQ+?- ?2HTb KQMBiQ`
i?2 bi�#BHBiv �M/ +Q``2+iM2bb Q7 i?2 M2m`�H M2irQ`FX h?2 2t�KTH2 b?Qrb � bKQQi?
/2+`2�b2 BM i?2 HQbb 7mM+iBQM 7Q` i?2 i`�BMBM; /�i�b2i U/�b?2/ HBM2V �M/ � ;`�/m�H
/2+HBM2 7Q` i?2 p�HB/�iBQM /�i�b2i UbQHB/ HBM2VX
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6B;m`2 8Xk, S`Q;`�K BMi2`7�+2 mbBM; i?2 Zi 7`�K2rQ`FX h?2 b+`22Mb?Qi b?Qrb
i?2 `2bmHi �M�HvbBb KQ/2- r?B+? �HHQrb +QKT�`BM; /Bz2`2Mi M2m`�H M2irQ`F +QM@
};m`�iBQMb �M/ b�pBM; `2bmHib iQ � }H2X

h?2 BMimBiBp2 BMi2`7�+2 �HHQrb bT2+B7vBM;- KQ/B7vBM;- �M/ b�pBM; /Bz2`2Mi M2m`�H
M2irQ`F �`+?Bi2+im`2b mb2/ 7Q` bT2+B}+ i�bFbX 6Q` }M2@imMBM;- ?vT2`T�`�K2i2`b
bm+? �b #�i+? bBx2 �M/ /`QTQmi `�i2 7Q` ?B//2M H�v2`b +�M #2 �/Dmbi2/X :`�T?B+�H
pBbm�HBx�iBQM /m`BM; i`�BMBM; 2M�#H2b i`�+FBM; Q7 i?2 M2m`�H M2irQ`FǶb #2?�pBQ`-
BM+Hm/BM; �++m`�+v �M/ i?2 HQbb Q` +Qbi 7mM+iBQM p�Hm2 �7i2` 2�+? 2TQ+?X �//B@
iBQM�HHv- Bi Bb TQbbB#H2 iQ b�p2 �M/ HQ�/ i?2 }M�H M2irQ`F r2B;?ib- �b r2HH �b biQ`2
�++m`�+v /�i� �7i2` 2�+? 2TQ+? 7Q` �M�HvxBM; /Bz2`2Mi M2m`�H M2irQ`F �`+?Bi2+@
im`2bX

h?2 ;`�T?B+�H BMi2`7�+2 7Q` `2bmHi �M�HvbBb Bb b?QrM BM 6B;X 8XkX h?2 };m`2
/BbTH�vb i?2 `2bmHib Q7 � bBM;H2@H�v2` 7mHHv +QMM2+i2/ M2m`�H M2irQ`F i`�BM2/ 7Q`
Ry 2TQ+?bX h?2 BMi2`7�+2 �HHQrb +QKT�`BM; `2bmHib 7`QK /Bz2`2Mi M2m`�H M2irQ`F
�`+?Bi2+im`2b iQ /2i2`KBM2 i?2 KQbi 2{+B2Mi QM2 7Q` � ;Bp2M i�bFX h?2 +QKT�`BbQM
`2bmHib +�M #2 b�p2/ iQ �M QmiTmi }H2X

h?Bb KQ/2 Q7 i?2 M2m`�H M2irQ`F T�+F�;2 rBHH #2 mb2/ H�i2` iQ +QKT�`2 i?2
T2`7Q`K�M+2 Q7 SvhQ`+?@#�b2/ M2m`�H M2irQ`Fb rBi? i?2 `2bmHib Q#i�BM2/ mbBM;
i?Bb T�+F�;2X
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8Xj .2p2HQTK2Mi Q7 �LL T�+F�;2
h?2 /2p2HQTK2Mi Q7 i?2 M2m`�H M2irQ`F T�+F�;2 +QMbBbib Q7 b2p2`�H bi�;2b, T`2T�@
`�iBQM �M/ �M�HvbBb Q7 BMTmi /�i�- /2bB;M Q7 M2m`�H M2irQ`F �`+?Bi2+im`2b �M/
`2;mH�`Bx�iBQM K2i?Q/b- �M/ +`2�iBQM Q7 � ;`�T?B+�H BMi2`7�+2 7Q` pBbm�HBxBM; i?2
M2m`�H M2irQ`FǶb QT2`�iBQM �M/ T`Q+2bbBM; i?2 Q#i�BM2/ `2bmHibX

h?2 BKTH2K2Mi�iBQM Q7 BMTmi /�i� `2�/BM; 2Mbm`2b +QKT�iB#BHBiv rBi? p�`BQmb
/�i� ivT2bX AM7Q`K�iBQM �#Qmi i?2 bi`m+im`2 �M/ pQHmK2 Q7 /�i� Bb �miQK�iB+�HHv
biQ`2/ �M/ mb2/ iQ K�BMi�BM i?2 +Q``2+i QT2`�iBQM Q7 i?2 M2m`�H M2irQ`F T�+F�;2X
�M 2t�KTH2 Q7 rQ`FBM; rBi? bBKmH�i2/ `�r /�i� 7`QK i?2 *"J /2i2+iQ` rBHH #2
/Bb+mbb2/ BM i?2 7QHHQrBM; b2+iBQMbX

h?2 /2p2HQTK2Mi Q7 M2m`�H M2irQ`F �`+?Bi2+im`2b �M/ `2;mH�`Bx�iBQM K2i?Q/b
r�b +�``B2/ Qmi BM KmHiBTH2 bi�;2bX AMBiB�HHv- 7mHHv +QMM2+i2/ M2m`�H M2irQ`Fb
r2`2 BKTH2K2Mi2/- 7QHHQr2/ #v i?2 �//BiBQM Q7 `2;mH�`Bx�iBQM K2i?Q/b �M/ +QM@
pQHmiBQM�H M2m`�H M2irQ`FbX � /2i�BH2/ �M�HvbBb Q7 i?2 /2p2HQTK2Mi T`Q+2bb �M/
� +QKT�`BbQM rBi? i?2 SvhQ`+? HB#`�`v rBHH #2 T`2b2Mi2/ H�i2`X

h?2 Zi 7`�K2rQ`F (RRe) r�b mb2/ iQ +`2�i2 i?2 ;`�T?B+�H BMi2`7�+2 7Q` +`Qbb@
TH�i7Q`K bQ7ir�`2 /2p2HQTK2Mi BM *YYX h?2 mb2 Q7 � i?B`/@T�`iv HB#`�`v bBKTHB}2b
pBbm�HBx�iBQM �M/ `2bmHi �M�HvbBb- i?Qm;? i?2 M2m`�H M2irQ`F T�+F�;2 +�M �HbQ
7mM+iBQM rBi?Qmi � :lAX AM i?2 7mim`2- �Hi2`M�iBp2 QT2M@bQm`+2 bQHmiBQMb bm+? �b
i?2 +`Qbb@TH�i7Q`K :hE HB#`�`v (RRd) K�v #2 +QMbB/2`2/X h?2 T`Q;`�K BMi2`7�+2
mbBM; Zi Bb b?QrM BM 6B;bX 8XR �M/ 8XkX

8XjXR AMTmi /�i�
o�`BQmb KQ/2Hb �`2 mb2/ iQ bBKmH�i2 i?2 Z*. T?�b2 i`�MbBiBQM BM ?2�pv@BQM +QH@
HBbBQMbX h?Bb +?�Ti2` 2tTHQ`2b i?2 �TTHB+�iBQM Q7 M2m`�H M2irQ`Fb iQ bim/v i?2
2[m�iBQM Q7 bi�i2 �M/ T`QT2`iB2b Q7 K�ii2` #�b2/ QM ?�/`QM KQK2Mi� KQ/2H2/
mbBM; � KB+`Qb+QTB+ i`�MbTQ`i �TT`Q�+? FMQrM �b S�`iQM@>�/`QM@ai`BM; .vM�K@
B+b US>a.V (RR3)X h?Bb �TT`Q�+? Bb mb2/ bQH2Hv �b � /�i� ;2M2`�iBQM iQQH- �M/ �HH
M2m`�H M2irQ`Fb /2b+`B#2/ BM i?Bb +?�Ti2` +�M �HbQ #2 �TTHB2/ iQ /�i� 7`QK Qi?2`
KQ/2HbX

h?2 S�`iQM@>�/`QM@ai`BM; .vM�KB+b US>a.V KQ/2H Bb � KB+`Qb+QTB+ i`�Mb@
TQ`i 7`�K2rQ`F /2bB;M2/ iQ /2b+`B#2 bi`QM;Hv BMi2`�+iBM; ?�/`QMB+ �M/ T�`iQMB+
K�ii2` (RRN)X Ai Bb #�b2/ QM bQHpBM; i?2 E�/�MQz@"�vK 2[m�iBQMb BM � }`bi@Q`/2`
;`�/B2Mi 2tT�MbBQM BM T?�b2 bT�+2- 2M�#HBM; i?2 /2b+`BTiBQM Q7 i?2 +QKTH2i2 2pQ@
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HmiBQM Q7 `2H�iBpBbiB+ ?2�pv@BQM +QHHBbBQMbX h?Bb BM+Hm/2b i?2 BMBiB�H ?�`/ b+�ii2`BM;
�M/ bi`BM; 7Q`K�iBQM- i?2 /2+QM}M2K2Mi T`Q+2bb H2�/BM; iQ � T?�b2 i`�MbBiBQM
BMiQ [m�`F@;HmQM TH�bK�- �b r2HH �b ?�/`QMBx�iBQM �M/ bm#b2[m2Mi BMi2`�+iBQMb BM
i?2 ?�/`QMB+ T?�b2 (Rky)X

�i HQr2` 2M2`;B2b- i?2 S>a. �TT`Q�+? Bb 2[mBp�H2Mi iQ i?2 >�/`QM@ai`BM;@
.vM�KB+b U>a.V i`�MbTQ`i KQ/2H (RkR)X h?2 S>a. KQ/2H ?�b #22M �TTHB2/ iQ
Mm+H2�` +QHHBbBQMb �+`Qbb � rB/2 2M2`;v `�M;2- 7`QK i?2 HQr@2M2`;v amT2` S`QiQM
avM+?`Qi`QM UaSaV iQ i?2 G�`;2 >�/`QM *QHHB/2` UG>*VX Ai ?�b �HbQ #22M bm++2bb@
7mHHv mb2/ 7Q` �M�HvxBM; /BH2TiQM T`Q/m+iBQM BM pA �M/ AA ?2�pv@BQM +QHHBbBQMb
7`QK aAa iQ G>* 2M2`;B2b (Rkk)X

h?2 /�i�b2i ;2M2`�i2/ mbBM; i?2 S>a. KQ/2H +QMi�BMb Ry-yyy 2p2Mib- rBi? ?�H7
BM+Hm/BM; BM7Q`K�iBQM �#Qmi [m�`F@;HmQM TH�bK� UQGPonV �M/ i?2 Qi?2` ?�H7 MQi
UQGPoff VX aBKmH�iBQMb r2`2 T2`7Q`K2/ 7Q` +2Mi`�H Au + Au +QHHBbBQMb �i � }t2/
2M2`;v Q7 31.2A GeV X h?2 /�i�b2i Bb /BpB/2/ BMiQ irQ ;`QmTb, i?2 }`bi +QMbBbib
Q7 3-yyy `�M/QKHv b2H2+i2/ 2p2Mib- r?BH2 i?2 `2K�BMBM; k-yyy 7Q`K i?2 b2+QM/
;`QmTX h?2 }`bi ;`QmT Bb mb2/ 7Q` i`�BMBM; i?2 M2m`�H M2irQ`F- �M/ i?2 b2+QM/
7Q` p�HB/�iBQMX

1�+? bBKmH�i2/ 2p2Mi +QMi�BMb T?vbB+�H BM7Q`K�iBQM �#Qmi �TT`QtBK�i2Hv R-8yy
T�`iB+H2b- KQbi Q7 r?B+? �TT2�` p2`v `�`2HvX h?2`27Q`2- mbBM; �HH T�`iB+H2 /�i� Bb
mMM2+2bb�`v- �b Bi rQmH/ BMi`Q/m+2 2t+2bbBp2 MQBb2X hQ `2/m+2 i?Bb- k3 T�`iB+H2
ivT2b �`2 b2H2+i2/- 2Mbm`BM; i?�i QMHv i?Qb2 �TT2�`BM; �i H2�bi QM+2 BM R-yyy 2p2Mib
�`2 BM+Hm/2/X 6Q` i?2b2 T�`iB+H2b- i?2 �#bQHmi2 KQK2MimK |p|- i?2 BM+HBM�iBQM
�M;H2 Θ- �M/ i?2 �xBKmi?�H �M;H2 ϕ �`2 +�H+mH�i2/X

h?2 2ti`�+i2/ /�i� Bb i?2M biQ`2/ BM �M �``�v #v /BpB/BM; Bi BMiQ ky #BMbX h?2
�M;mH�` BM7Q`K�iBQM Bb bTHBi BMiQ 2[m�H BMi2`p�Hb- r?BH2 i?2 �#bQHmi2 KQK2MimK Bb
/Bbi`B#mi2/ �+`Qbb ky HQ;�`Bi?KB+�HHv b+�H2/ #BMbX aBM+2 KQbi T�`iB+H2b ?�p2 `2H�@
iBp2Hv bK�HH KQK2MimK- i?Bb �TT`Q�+? `2bmHib BM � /2Mb2` �M/ KQ`2 BM7Q`K�iBp2
`2T`2b2Mi�iBQMX

�b � `2bmHi- 2�+? 2p2Mi Bb `2T`2b2Mi2/ �b �M �``�v r?2`2 2�+? 2H2K2Mi Bb � p2+iQ`-
rBi? i?2 ii? +QKTQM2Mi BM/B+�iBM; i?2 MmK#2` Q7 T�`iB+H2b Q7 ivT2 i rBi?BM � ;Bp2M
KQK2MimK #BMX h?2 }M�H 9. �``�v ?�b � bBx2 Q7 28× 20× 20× 20 �M/ Bb mb2/ �b
BMTmi 7Q` M2m`�H M2irQ`FbX

q?2M mbBM; 7mHHv +QMM2+i2/ M2m`�H M2irQ`Fb- i?2 /�i� 7`QK i?2 /2b+`B#2/
�``�v �`2 T�bb2/ rBi?Qmi �Mv KQ/B}+�iBQMbX aBM+2 i?2 Q`B;BM�H �``�v ?�b � 9.
bi`m+im`2 r?BH2 i?2 BMTmi H�v2` Q7 � 7mHHv +QMM2+i2/ M2irQ`F Bb R.- i?2 /�i� Kmbi
#2 i`�Mb7Q`K2/ #v ~�ii2MBM;X �b � `2bmHi- � /�i� �``�v rBi? kk9-yyy BMTmi M2m`QMb
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Bb Q#i�BM2/X
�i i?Bb bi�;2- Bi Bb BKTQ`i�Mi iQ MQi2 i?�i 2p2M �7i2` bm+? i`�Mb7Q`K�iBQMb- �

bB;MB}+�Mi MmK#2` Q7 x2`Q@p�Hm2/ +2HHb `2K�BM BM i?2 BMTmi /�i�X h?Bb Bbbm2 rBHH #2
/Bb+mbb2/ BM KQ`2 /2i�BH r?2M 2t�KBMBM; i?2 rQ`FBM; T`BM+BTH2b Q7 +QMpQHmiBQM�H
M2m`�H M2irQ`FbX

�7i2` /2}MBM; ?Qr i?2 BMTmi H�v2` Q7 � 7mHHv +QMM2+i2/ M2m`�H M2irQ`F Bb bi`m+@
im`2/- i?2 M2ti bi2T Bb iQ �M�Hvx2 ?Qr i?2 M2irQ`F T`Q+2bb2b i?Bb BM7Q`K�iBQMX

8XjXk 6mHHv@+QMM2+i2/ M2m`�H M2irQ`Fb U6* LLV
hQ 2M�#H2 i?2 ~2tB#H2 +`2�iBQM Q7 7mHHv +QMM2+i2/ M2m`�H M2irQ`F �`+?Bi2+im`2b- i?2
M2m`�H M2irQ`F T�+F�;2 BM+Hm/2b +H�bb2b `2bTQMbB#H2 7Q` M2m`QMb- M2m`QM H�v2`b-
�M/ i?2 Qp2`�HH M2irQ`F bi`m+im`2X h?Bb /2bB;M �HHQrb M2r �`+?Bi2+im`2b iQ #2 +`2@
�i2/ �M/ i?2 T�+F�;2Ƕb 7mM+iBQM�HBiv iQ #2 2ti2M/2/ rBi?Qmi �z2+iBM; T`2pBQmbHv
/2p2HQT2/ �M/ i2bi2/ �`+?Bi2+im`2bX

h?2 M2m`QM +H�bb T`QpB/2b 7mM+iBQMb 7Q` K�M�;BM; r2B;?ib- ;`�/B2Mib- QmiTmi
p�Hm2b- �M/ T�`�K2i2`b `2[mB`2/ 7Q` i?2 �/�K QTiBKBx2`X h?2 M2m`QM H�v2` +H�bb
BM+Hm/2b 7mM+iBQMb i?�i K�M�;2 �HH M2m`QMb rBi?BM � H�v2`- BM+Hm/BM; BMBiB�HBx�iBQM-
/�i� T`Q+2bbBM;- �+iBp�iBQM- �M/ +H2�`BM; QT2`�iBQMbX h?2 M2m`�H M2irQ`F +H�bb
?�M/H2b i?2 Qp2`�HH �`+?Bi2+im`2 �M/ T`QpB/2b 7mM+iBQMb 7Q` T�bbBM; BMTmi /�i�
�M/ ?vT2`T�`�K2i2`b 7`QK i?2 :lA iQ i?2 M2irQ`F- T2`7Q`KBM; 7Q`r�`/ T`QT�@
;�iBQM- +QKTmiBM; i?2 HQbb 7mM+iBQM- 2t2+miBM; #�+FT`QT�;�iBQM- b�pBM; `2bmHib-
�M/ i`�Mb72``BM; i?2K #�+F iQ i?2 :lAX

L2m`�H M2irQ`F �`+?Bi2+im`2b

6B;m`2 8Xj b+?2K�iB+�HHv BHHmbi`�i2b i?2 �`+?Bi2+im`2b Q7 7mHHv +QMM2+i2/ M2m`�H
M2irQ`Fb- r?B+? rBHH #2 /Bb+mbb2/ BM /2i�BH H�i2`X

hQ #2;BM rBi?- i?2 bi`m+im`2 �M/ +?�`�+i2`BbiB+b Q7 � bBM;H2@H�v2` 7mHHv +QMM2+i2/
M2m`�H M2irQ`F- b?QrM QM i?2 H27i BM 6B;X 8Xj- �`2 2t�KBM2/X h?Bb +QM};m`�iBQM
BM+Hm/2b QMHv �M BMTmi �M/ �M QmiTmi H�v2`X aBM+2 i?2`2 �`2 QMHv irQ TQbbB#H2
Qmi+QK2b ě 2Bi?2` �M 2p2Mi +QMi�BMb Z:S Q` Bi /Q2b MQi ě i?2 aQ7iK�t �+iBp�@
iBQM 7mM+iBQM Bb � +QMp2MB2Mi +?QB+2 7Q` i?2 QmiTmi H�v2`X h?Bb 7mM+iBQM +QMp2`ib
� p2+iQ` Q7 MmK#2`b BMiQ � T`Q#�#BHBiv /Bbi`B#miBQM- r?2`2 2�+? T`Q#�#BHBiv Bb
T`QTQ`iBQM�H iQ i?2 +Q``2bTQM/BM; p�Hm2Ƕb `2H�iBp2 +QMi`B#miBQM BM i?2 p2+iQ`X �b
� `2bmHi- i?2 bmK Q7 �HH QmiTmi M2m`QM p�Hm2b 2[m�Hb R- r?B+? /B`2+iHv +Q``2bTQM/b
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Input (28x20x20x20) Input (28x20x20x20) Input (28x20x20x20)

Flatten

FC (64, bn, LReLU, dropout)

FC (64, bn, LReLU, dropout)

FC (2, Softmax)

Flatten

FC (2, Softmax)

QGP off QGP on

Flatten

FC (64, bn, LReLU, dropout)

FC (2, Softmax)

QGP off QGP on

QGP off QGP on

6B;m`2 8Xj, G27i iQ `B;?i, i?2 bi`m+im`2 Q7 � bBM;H2@H�v2`- irQ@H�v2`- �M/ i?`22@
H�v2` 7mHHv +QMM2+i2/ M2m`�H M2irQ`F mb2/ 7Q` /2i2+iBM; Z:SX (RR9)

iQ i?2 T?vbB+�H K2�MBM; Q7 i?2 i�bF ě i?2 T`Q#�#BHBiv Q7 Z:S T`2b2M+2 BM �M
2p2MiX

Pi?2` ?vT2`T�`�K2i2`b- bm+? �b i?2 MmK#2` Q7 i`�BMBM; 2TQ+?b �M/ #�i+? bBx2-
�`2 b2H2+i2/ 2KTB`B+�HHv �M/ K�v p�`v �+`Qbb /Bz2`2Mi +QM};m`�iBQMbX 6Q` 7mHHv
+QMM2+i2/ �`+?Bi2+im`2b- i`�BMBM; �M/ p�HB/�iBQM r2`2 T2`7Q`K2/ Qp2` Ry 2TQ+?b-
rBi? � #�i+? bBx2 Q7 3yX q?2M b2iiBM; i?Bb T�`�K2i2`- Bi Bb BKTQ`i�Mi iQ 2Mbm`2
i?�i i?2 #�i+? bBx2 Bb � /BpBbQ` Q7 i?2 iQi�H /�i�b2i bBx2- bQ i?�i i?2 MmK#2` Q7
#�i+?2b `2K�BMb �M BMi2;2`X �//BiBQM�HHv- B7 p2+iQ`Bx�iBQM Bb mb2/- i?2 #�i+? bBx2
b?QmH/ #2 � KmHiBTH2 Q7 i?2 MmK#2` Q7 2H2K2Mib BM i?2 aAJ. p2+iQ`X h?Bb �bT2+i
rBHH #2 7m`i?2` �M�Hvx2/ BM i?2 b2+iBQM QM M2m`�H M2irQ`F i`�BMBM;X

6Q` �HH M2m`�H M2irQ`F KQ/2Hb- i?2 +`Qbb@2Mi`QTv HQbb 7mM+iBQM Bb �TTHB2/- �HQM;
rBi? i?2 �/�K QTiBKBx2`- mbBM; � H2�`MBM; `�i2 Q7 yXyyRX

L2ti- � ?B//2M H�v2` rBi? e9 M2m`QMb Bb �//2/X h?Bb MmK#2` r�b +?Qb2M
2KTB`B+�HHv �M/ }t2/ iQ �HHQr 7Q` +QKT�`BbQMb Q7 i?2 2{+B2M+v Q7 M2m`�H M2irQ`Fb
rBi? /Bz2`2Mi MmK#2`b Q7 ?B//2M H�v2`bX h?2 bi`m+im`2 Q7 i?Bb irQ@H�v2` 7mHHv@
+QMM2+i2/ M2m`�H M2irQ`F Bb b?QrM BM 6B;X 8Xj UKB//H2VX 6Q` i?Bb +QM};m`�iBQM-
i?2 aQ7iK�t �+iBp�iBQM 7mM+iBQM Bb �TTHB2/ iQ i?2 QmiTmi H�v2`- r?BH2 i?2 ?B//2M
H�v2` mb2b i?2 G2�Fv _2+iB}2/ GBM2�` lMBi UG_2GlV rBi? � bHQT2 Q7 yXyRX

h?2 mb2 Q7 G2�Fv _2Gl ?�b b2p2`�H �/p�Mi�;2bX 6B`bi- /m2 iQ Bib HBM2�`Biv- Bi
Bb +QKTmi�iBQM�HHv H2bb 2tT2MbBp2 i?�M bB;KQB/ Q` ?vT2`#QHB+ i�M;2Mi 7mM+iBQMbX
a2+QM/- G2�Fv _2Gl /Q2b MQi bmz2` 7`QK b�im`�iBQM- �M/ Bib mb2 bB;MB}+�MiHv
�++2H2`�i2b i?2 +QMp2`;2M+2 Q7 biQ+?�biB+ ;`�/B2Mi /2b+2MiX h?B`/- mMHBF2 i?2
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+QKKQMHv mb2/ _2Gl- Bi T`2p2Mib i?2 ǳ/vBM; M2m`QMǴ T`Q#H2K- �b Bi `2im`Mb bK�HH
p�Hm2b BM i?2 M2;�iBp2 `2;BQM BMbi2�/ Q7 x2`QX �//BiBQM�HHv- #�i+? MQ`K�HBx�iBQM
U"LV �M/ /`QTQmi rBi? � `�i2 Q7 yX8 �`2 �TTHB2/ iQ i?2 ?B//2M H�v2`X h?2b2
i2+?MB[m2b ?2HT bT22/ mT i?2 i`�BMBM; T`Q+2bb �M/- KQ`2 BKTQ`i�MiHv- `2/m+2
Qp2`}iiBM;- i?2`2#v BKT`QpBM; 2p2Mi +H�bbB}+�iBQM �++m`�+vX

hQ +QMbi`m+i � i?`22@H�v2` 7mHHv@+QMM2+i2/ M2m`�H M2irQ`F- �MQi?2` ?B//2M H�v2`
B/2MiB+�H iQ i?2 T`2pBQmb QM2 Bb �//2/X h?2 bi`m+im`2 Q7 i?Bb +QM};m`�iBQM Bb
b?QrM BM 6B;X 8Xj U`B;?iVX h?Bb `2bmHib BM �M �`+?Bi2+im`2 rBi? �M BMTmi H�v2`-
irQ B/2MiB+�H ?B//2M H�v2`b- �M/ �M QmiTmi H�v2` rBi? irQ M2m`QMbX lbBM; i?Bb
K2i?Q/- �M mMHBKBi2/ MmK#2` Q7 ?B//2M H�v2`b +�M #2 �//2/X >Qr2p2`- �b rBHH #2
b?QrM H�i2`- BM+`2�bBM; i?2 MmK#2` Q7 H�v2`b bB;MB}+�MiHv bHQrb /QrM i`�BMBM; �M/
p�HB/�iBQM iBK2b r?BH2 T`QpB/BM; HBiiH2 BKT`Qp2K2Mi BM +H�bbB}+�iBQM 2{+B2M+vX

G2�`MBM; T`Q+2bb

PM+2 i?2 M2m`�H M2irQ`F �`+?Bi2+im`2 Bb �bb2K#H2/- Bi Kmbi #2 i`�BM2/ #27Q`2 Bi
+�M #2 mb2/ �b � +H�bbB}2`X

h?2 i`�BMBM; T`Q+2bb +QMbBbib Q7 b2p2`�H bi�;2b, BMBiB�HBx�iBQM Q7 M2m`�H M2irQ`F
T�`�K2i2`b- 7Q`r�`/ T`QT�;�iBQM- +�H+mH�iBQM Q7 i?2 HQbb 7mM+iBQM- �M/ #�+FT`QT@
�;�iBQMX h?Bb T`Q+2bb Bb Bi2`�iBp2, /m`BM; 2�+? +QKTH2i2 T�bb- i?2 M2m`QM r2B;?ib
�`2 mT/�i2/- �M/ i?2 2``Q` 7mM+iBQM Bb 2tT2+i2/ iQ /2+`2�b2X .m2 iQ i?2 +v+HB+�H
M�im`2 Q7 i`�BMBM;- +2`i�BM Bbbm2b K�v �`Bb2- bm+? �b Qp2`}iiBM; ě r?2M i?2 KQ/2H
T2`7Q`Kb r2HH QM i?2 i`�BMBM; b2i #mi 7�BHb iQ ;2M2`�HBx2 iQ p�HB/�iBQM /�i�X h?2
;Q�H Q7 i`�BMBM; Bb iQ }M/ QTiBK�H r2B;?i p�Hm2b 7Q` �HH M2m`QMb- �M/ i?2 2z2+@
iBp2M2bb Q7 i`�BMBM; Bb ivTB+�HHv 2p�Hm�i2/ mbBM; T2`7Q`K�M+2 ;`�T?bX h?2 Qp2`�HH
i`�BMBM; T`Q+2bb Bb b+?2K�iB+�HHv `2T`2b2Mi2/ BM 6B;X 8X9X h?2 7QHHQrBM; b2+iBQMb
rBHH /Bb+mbb 2�+? i`�BMBM; bi�;2 BM /2i�BH- #2;BMMBM; rBi? T�`�K2i2` BMBiB�HBx�iBQMX

h?2 +?QB+2 Q7 BMBiB�H r2B;?ib ?�b � bB;MB}+�Mi BKT�+i QM i?2 H2�`MBM; 2{+B2M+v
Q7 i?2 M2m`�H M2irQ`FX A7 �HH r2B;?ib �`2 BMBiB�HBx2/ iQ x2`Q- i?2 M2irQ`F rBHH
bi`m;;H2 iQ H2�`M- �b �HH M2m`QMb rBHH `2K�BM BM�+iBp2X � +QKKQM �TT`Q�+? Bb
iQ BMBiB�HBx2 r2B;?ib `�M/QKHv mbBM; � bi�M/�`/ MQ`K�H /Bbi`B#miBQMX >Qr2p2`-
i?Bb +�M +�mb2 T`Q#H2Kb rBi? ;`�/B2Mi +�H+mH�iBQMb- H2�/BM; iQ 2Bi?2` p�MBb?BM;
;`�/B2Mib Ur?2M p�Hm2b �`2 iQQ bK�HHV Q` 2tTHQ/BM; ;`�/B2Mib Ur?2M p�Hm2b �`2
iQQ H�`;2VX "Qi? Bbbm2b `2bmHi BM BM+Q``2+i r2B;?i mT/�i2b- TQi2MiB�HHv T`2p2MiBM;
i?2 M2irQ`F 7`QK H2�`MBM; 2z2+iBp2HvX h?2 #2bi BMBiB�HBx�iBQM K2i?Q/ /2T2M/b QM
i?2 �+iBp�iBQM 7mM+iBQMb mb2/ BM i?2 ;Bp2M M2m`�H M2irQ`F �`+?Bi2+im`2X AM i?Bb
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Xavier Initialize 
the weights w 

Predict output y 
using w, x Calculate Cost J

Update w 
using dw Find dJ/dw

Input Layer � �¹� Hidden Layer � �� Output Layer � �²

Forward Pass

Backward Pass

6B;m`2 8X9, L2m`�H M2irQ`F i`�BMBM; T`Q+2bb, 7Q`r�`/ T`QT�;�iBQM Bb b?QrM BM
#Hm2- �M/ #�+FT`QT�;�iBQM Bb b?QrM BM `2/X (Rkj)

+�b2- s�pB2` BMBiB�HBx�iBQM rBHH #2 mb2/ 7Q` �HH H�v2`b- �b Bi 2Mbm`2b #�H�M+2/ r2B;?i
/Bbi`B#miBQM �+`Qbb i?2 M2irQ`FX

s�pB2` BMBiB�HBx�iBQM (Rk9) Bb � K2i?Q/ /2bB;M2/ iQ K�BMi�BM i?2 p�`B�M+2 Q7
�+iBp�iBQMb �+`Qbb H�v2`b iQ BKT`Qp2 i`�BMBM; bi�#BHBivX *QMbB/2` � HBM2�` M2m`QM,

y =
nin∑

i=1

wixi U8XRV

Aib p�`B�M+2 +�M #2 2tT`2bb2/ �b,

o�`[yi] = o�`[wixi] = E[w2
i x

2
i ]− (E[wixi])

2

= E[xi]
2o�`[wi] + E[wi]

2o�`[xi] + o�`[wi]o�`[xi]
U8XkV

�bbmKBM; i?�i r2B;?ib wi �M/ BMTmi p�Hm2b xi �`2 mM+Q``2H�i2/ �M/ ?�p2 x2`Q
K2�M- r2 Q#i�BM,

o�`[yi] = o�`[wi]o�`[xi] U8XjV

o�`[y] = o�`
[
nout∑

i=1

yi

]
=

nout∑

i=1

o�`[wixi] = nouto�`[wi]o�`[xi] U8X9V
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h?mb- i?2 QmiTmi p�`B�M+2 Bb T`QTQ`iBQM�H iQ i?2 BMTmi p�`B�M+2 rBi? � T`QTQ`@
iBQM�HBiv 7�+iQ` nouto�`[wi]X

"27Q`2 s�pB2` BMBiB�HBx�iBQM- � +QKKQM K2i?Q/ 7Q` r2B;?i BMBiB�HBx�iBQM r�b,

wi ∼ U

[
− 1√

n
,

1√
n

]
U8X8V

r?2`2 U [−a, a] `2T`2b2Mib � mMB7Q`K /Bbi`B#miBQM BM i?2 BMi2`p�H (−a, a)- �M/
n Bb i?2 bBx2 Q7 i?2 T`2pBQmb H�v2`X

h?2 p�`B�M+2 BM i?Bb +�b2 Bb ;Bp2M #v,

o�`[wi] =
1

12

(
1
√
nout

+
1
√
nout

)2

=
1

3nout
U8XeV

nouto�`[wi] =
1

3
U8XdV

q?2`2 nout Bb i?2 bBx2 Q7 i?2 ?B//2M H�v2` U�bbmKBM; �HH H�v2`b ?�p2 i?2 b�K2
bBx2VX �7i2` KmHiBTH2 H�v2`b- i?2 bB;M�H r2�F2Mb /m`BM; 7Q`r�`/ T`QT�;�iBQM- �M/
� bBKBH�` 2z2+i Q++m`b /m`BM; i`�BMBM; ě i?2 p�`B�M+2 /2T2M/b QM i?2 H�v2` �M/
/2+`2�b2bX

hQ T`2b2`p2 p�`B�M+2 �b /�i� T�bb2b i?`Qm;? ?B//2M H�v2`b- i?2 7QHHQrBM; +QM@
/BiBQMb Kmbi #2 K2i,

• o�`[wi] =
1

nin
7Q` 7Q`r�`/ T`QT�;�iBQM-

• o�`[wi] =
1

nout
7Q` #�+FT`QT�;�iBQMX

�b � +QKT`QKBb2- �M �p2`�;2/ p�Hm2 Bb i�F2M- H2�/BM; iQ i?2 MQ`K�HBx2/ s�pB2`
BMBiB�HBx�iBQM,

o�`[wi] =
2

nin + nout
U8X3V

wi ∼ U

[
−

√
6√

nin + nout
,

√
6√

nin + nout

]
U8XNV

�7i2` BMBiB�HBxBM; �HH H�v2`b rBi? BMBiB�H r2B;?ib- i?2 M2ti bi2T Bb 7Q`r�`/ T`QT@
�;�iBQMX

h?2 7Q`r�`/ T`QT�;�iBQM T`Q+2bb +QMbBbib Q7 i?2 b2[m2MiB�H �+iBp�iBQM Q7 �HH
M2m`QMb H�v2` #v H�v2`, bi�`iBM; rBi? i?2 BMTmi H�v2`- T�bbBM; i?`Qm;? �HH ?B//2M
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H�v2`b- �M/ }M�HHv �+iBp�iBM; i?2 irQ QmiTmi M2m`QMb- r?Qb2 p�Hm2b �`2 biQ`2/ 7Q`
7m`i?2` �M�HvbBbX

.m2 iQ i?2 M�im`2 Q7 i?2 BMTmi /�i� ě r?2`2 KQbi Q7 i?2 p�Hm2b �`2 x2`Q ě
�M/ +QMbB/2`BM; i?�i 2�+? �+iBp�iBQM 7mM+iBQM BMpQHp2b i?2 T`Q/m+i Q7 i?2 T`2pBQmb
H�v2`Ƕb M2m`QM QmiTmi �M/ i?2 r2B;?i Q7 i?2 +QMM2+iBQM #2ir22M M2m`QMb,

si =
n∑

j=1

hjwji, U8XRyV

Bi Bb TQbbB#H2 iQ bFBT +QKTmi�iBQMb 7Q` i?2b2 x2`Q M2m`QMbX h?Bb `2/m+2b +QK@
Tmi�iBQM�H +QKTH2tBiv �M/ �++2H2`�i2b i?2 i`�BMBM; T`Q+2bbX

R f 6BHH BM i?2 BMTmi M2m`QMb  f
k OT`�;K� QKT T�`�HH2H 7Q`
j 7Q` UBMi M 4 yc M 54 M2inH�v2`b(y)XbBx2UVc MYYV &
9 L2m`QM �M2m`QM 4 M2inH�v2`b(y)(M)c
8 M2m`QMXb2inp�Hm2U#�i+?(BM/2t M2inH�v2`b(y)XbBx2UV Y M)Vc
e '
d
3 B7U mb2n#�i+? V &
N f *�H+mH�iBQM �+iBp�iBQM 7mM+iBQM 7Q` i?2 BMTmi H�v2`  f

Ry OT`�;K� QKT T�`�HH2H 7Q`
RR 7Q` UBMi M 4 yc M 54 M2inH�v2`b(B)XbBx2UVc MYYV &
Rk M2inH�v2`b(B)(M)X�M�HBx2"UM2inH�v2`b(B@R)- #�i+?- Mn�+iBp2Vc
Rj '
R9 ' 2Hb2 &
R8 f *�H+mH�iBQM �+iBp�iBQM 7mM+iBQM 7Q` ?B//2M H�v2`b  f
Re OT`�;K� QKT T�`�HH2H 7Q`
Rd 7Q` UBMi M 4 yc M 54 M2inH�v2`b(B)XbBx2UVc MYYV
R3 M2inH�v2`b(B)(M)X�M�HBx2UM2inH�v2`b(B @ R)Vc
RN '
ky '
kR

GBbiBM; 8XR, h?2 T�`�HH2H BKTH2K2Mi�iBQM Q7 6Q`r�`/ S`QT�;�iBQM �H;Q`Bi?K
rBi? PT2MJSX

�//BiBQM�HHv- bBM+2 i?2 �+iBp�iBQM 7mM+iBQM 7Q` 2�+? M2m`QM BM i?2 +m``2Mi H�v2`
Bb +QKTmi2/ BM/2T2M/2MiHv �M/ QMHv /2T2M/b QM M2m`QMb 7`QK i?2 T`2pBQmb H�v2`-
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PT2MJS +�M #2 mb2/ iQ T�`�HH2HBx2 i?2b2 +�H+mH�iBQMb- 2M�#HBM; i?2 mb2 Q7 KmHiBTH2
i?`2�/b QM KmHiBT`Q+2bbQ` bvbi2KbX

� T�`�HH2H PT2MJS BKTH2K2Mi�iBQM Q7 i?2 7Q`r�`/ T`QT�;�iBQM �H;Q`Bi?K Bb
T`2b2Mi2/ BM GBbiBM; 8XRX h?2 OT`�;K� QKT T�`�HH2H /B`2+iBp2 /2}M2b i?2 bi�`i
Q7 � T�`�HH2H #HQ+F- r?BH2 i?2 OT`�;K� QKT T�`�HH2H 7Q` /B`2+iBp2 /Bbi`B#mi2b
HQQT Bi2`�iBQMb �KQM; KmHiBTH2 i?`2�/b- 2Mbm`BM; T�`�HH2H 2t2+miBQMX

h?mb- i?2 T`Q+2bb Q7 7Q`r�`/ T`QT�;�iBQM +�M #2 #`QF2M /QrM BMiQ i?2 7QHHQrBM;
bi2Tb,

RX aiQ`2 i?2 BM/B+2b Q7 MQM@x2`Q BMTmi M2m`QMb iQ QTiBKBx2 +QKTmi�iBQMbX
kX *QKTmi2 si =

∑n
j=1 hjwji 7Q` 2�+? M2m`QM BM i?2 ?B//2M H�v2`X

jX �+iBp�i2 i?2 ?B//2M H�v2` M2m`QMb �M/ `2T2�i i?2 T`2pBQmb bi2T 7Q` i?2
bm#b2[m2Mi H�v2`bX

9X *QKTmi2 si =
∑n

j=1 hjwji 7Q` 2�+? M2m`QM BM i?2 QmiTmi H�v2`X
8X �+iBp�i2 i?2 QmiTmi H�v2` M2m`QMb �M/ biQ`2 i?2 BM7Q`K�iBQM 7Q` i?2 HQbb

7mM+iBQM +�H+mH�iBQMX

h?2 M2ti bi2T �7i2` 7Q`r�`/ T`QT�;�iBQM Bb +QKTmiBM; i?2 HQbb 7mM+iBQMX h?Bb
bim/v mb2b i?2 +`Qbb@2Mi`QTv HQbb 7mM+iBQM- r?B+? Bb /2}M2/ �b,

1 = −
nout∑

i=1

(ti HQ;(yi) + (1− ti) HQ;(1− yi)) U8XRRV

r?2`2 t `2T`2b2Mib i?2 i�`;2i p2+iQ` �M/ y Bb i?2 QmiTmi p2+iQ` (Rk8)X h?2
QmiTmi H�v2` �TTHB2b i?2 aQ7iK�t �+iBp�iBQM 7mM+iBQM- r?B+? T`Q/m+2b � /Bb+`2i2
b2i Q7 T`Q#�#BHBiB2b 7Q` Z:S T`2b2M+2 BM �M 2p2Mi 7Q` irQ M2m`QMbX AM ;2M2`�H- Bi
Bb 2tT`2bb2/ �b,

yi =
esi∑n
c e

sc
U8XRkV

h?2 +`Qbb@2Mi`QTv HQbb 7mM+iBQM 7Q` i?Bb +�b2 i�F2b i?2 7Q`K,

1 = −
n∑

i

ti HQ;(yi) U8XRjV
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LQr i?2 ;HQ#�H �M/ HQ+�H ;`�/B2Mib +�M #2 +QKTmi2/- r?B+? rBHH #2 mb2/ 7Q`
mT/�iBM; i?2 r2B;?ibX h?2 +�H+mH�iBQM bi�`ib rBi? T�`iB�H /2`Bp�iBp2b- �TTHvBM;
i?2 +?�BM `mH2 7Q` /Bz2`2MiB�iBQM,

∂E

∂yi
= − ti

yi

∂yi
∂sk

=

{
esi∑n
c esi − ( esi∑n

c esi )
2 i = k

− esiesk
(
∑n

c esi )2 i )= k

=

{
yi(1− yi) i = k

−yiyk i )= k

U8XR9V

∂E

∂si
=

n∑

k

∂E

∂yk

∂yk
∂si

=
∂E

∂yi

∂yi
∂si
−
∑

k #=i

∂E

∂yk

∂yk
∂si

= −ti(1− ti) +
∑

k #=i

tkyi

= −ti + yi
∑

k

tk

= yi − ti

U8XR8V

h?mb- i?2 ;`�/B2Mi 7Q` i?2 r2B;?ib BM i?2 QmiTmi H�v2` Bb,

∂E

∂wji
=
∑

i

∂E

∂si

∂si
∂wji

= (yi − ti)hj

U8XReV

6Q` ?B//2M H�v2` M2m`QMb- �TTHvBM; i?2 +?�BM `mH2 �HHQrb +QKTmiBM; HQ+�H ;`�@
/B2Mib +QMbB/2`BM; i?2 /2`Bp�iBp2 Q7 i?2 Leaky ReLU �+iBp�iBQM 7mM+iBQM,

∂E

∂sj
=

n∑

i

∂E

∂si

∂si
∂hj

∂hj

∂sj

=
n∑

i

(yi − ti)(wji) ·
{

M2;�iBp2nbHQT2, sj < 0

1, sj ≥ 0

U8XRdV

�7i2` +QKTmiBM; �HH HQ+�H ;`�/B2Mib- i?2 }M�H bi�;2 Q7 M2m`�H M2irQ`F i`�BMBM;
ě r2B;?i mT/�i2 ě +�M #2 T2`7Q`K2/X h?2`2 �`2 b2p2`�H /Bz2`2Mi K2i?Q/b 7Q`
mT/�iBM; r2B;?ib- #mi i?Bb rQ`F 7Q+mb2b QM i?2 �/�TiBp2 JQK2Mi 1biBK�iBQM
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U�/�KV QTiBKBx2` (Rke)X h?Bb �H;Q`Bi?K +QK#BM2b 2H2K2Mib Q7 T`2pBQmbHv /2p2H@
QT2/ K2i?Q/b- M�K2Hv _JaS`QT (Rkd) �M/ i?2 KQK2MimK QTiBKBx2` (Rk3)X h?2
/Bz2`2M+2b #2ir22M �/�K �M/ Qi?2` QTiBKBx�iBQM �H;Q`Bi?Kb rBHH #2 /Bb+mbb2/-
�HQM; rBi? � #`B27 Qp2`pB2r Q7 i?2 2pQHmiBQM Q7 �/�TiBp2 ;`�/B2Mi /2b+2Mi K2i?Q/bX

h?2 +H�bbB+�H biQ+?�biB+ ;`�/B2Mi /2b+2Mi Ua:.V (RkN) Bb ;Bp2M #v,

θt = θt−1 − η!E(xt, θt−1, yt)

η = η0(1−
t

T
); η = η0e

− t
T

U8XR3V

h?Bb �H;Q`Bi?K ?�b irQ K�BM r2�FM2bb2bX h?2 }`bi Bbbm2 Bb i?�i i?2 H2�`MBM;
`�i2 η `2K�BMb +QMbi�Mi i?`Qm;?Qmi i?2 2MiB`2 i`�BMBM; T`Q+2bbX hQ �//`2bb i?Bb-
i2+?MB[m2b bm+? �b HBM2�` Q` 2tTQM2MiB�H /2+�v Qp2` iBK2 U2[m�iBQM 8XR3V �`2
+QKKQMHv �TTHB2/X

h?2 b2+QM/- �M/ KQ`2 bB;MB}+�Mi Bbbm2- Bb i?�i i?2 HQbb 7mM+iBQM E Bb MQi i�F2M
BMiQ �++QmMi- r?B+? K�v `2bmHi BM +QMp2`;2M+2 iQ HQ+�H KBMBK� r?2`2 i?2 HQbb
7mM+iBQM ~�ii2Mb- +�mbBM; i?2 ;`�/B2Mi iQ �TT`Q�+? x2`QX h?Bb- BM im`M- bHQrb
/QrM Q` 2p2M ?�Hib i?2 H2�`MBM; T`Q+2bbX 6m`i?2`KQ`2- 2p2M r?2M ;`�/B2Mib �`2
MQMx2`Q- i?2v K�v 2t?B#Bi bB;MB}+�Mi MQBb2 Up�`vBM; BM K�;MBim/2 �M/ /B`2+iBQM
�+`Qbb /Bz2`2Mi BMTmi b�KTH2bV- H2�/BM; iQ bHQr2` +QMp2`;2M+2X

hQ KBiB;�i2 i?2b2 Bbbm2b- �M B/2�H QTiBKBx�iBQM �H;Q`Bi?K b?QmH/ #2 �/�TiBp2X �
MQi�#H2 BKT`Qp2K2Mi Qp2` bi�M/�`/ biQ+?�biB+ ;`�/B2Mi /2b+2Mi Bb i?2 KQK2MimK@
#�b2/ biQ+?�biB+ ;`�/B2Mi /2b+2Mi K2i?Q/,

ut = γut−1 + η!θE(θ)

θ = θ − ut

U8XRNV

AM i?Bb �H;Q`Bi?K- KQK2MimK γut−1 Bb BMi`Q/m+2/- r?B+? ?2HTb K�BMi�BM p2HQ+@
Biv /m`BM; i`�BMBM;X AMimBiBp2Hv- i?Bb +�M #2 BMi2`T`2i2/ �b i?2 BM2`iB� Q7 � KQpBM;
Q#D2+iX h?Bb KQK2MimK 2M�#H2b i?2 KQ/2H iQ Qp2`+QK2 HQ+�H KBMBK� KQ`2 27@
72+iBp2Hv bBM+2 i?2 bi2T bBx2 iQr�`/ i?2 ;HQ#�H KBMBKmK /2T2M/b MQi QMHv QM i?2
;`�/B2Mi Q7 i?2 HQbb 7mM+iBQM �i i?2 +m``2Mi TQBMi #mi �HbQ QM i?2 �++mKmH�i2/
p2HQ+Biv Qp2` i?2 +Qm`b2 Q7 i`�BMBM;X AM Qi?2` rQ`/b- KQp2K2Mi Bb BM~m2M+2/ KQ`2
#v p2HQ+Biv /B`2+iBQM i?�M #v i?2 ;`�/B2Mi �i � bT2+B}+ TQBMiX

�MQi?2` HBKBi�iBQM Q7 T`2pBQmb K2i?Q/b Bb i?�i i?2 H2�`MBM; `�i2 `2K�BMb mMB@
7Q`K �+`Qbb �HH /B`2+iBQMbX h?2 �/�:`�/ K2i?Q/ (Rjy) �//`2bb2b i?Bb #v /v@
M�KB+�HHv �/DmbiBM; i?2 H2�`MBM; `�i2 7Q` 2�+? T�`�K2i2`X h?2 +Q`2 B/2� Q7 i?Bb
QTiBKBx�iBQM �H;Q`Bi?K Bb iQ BM+`2�b2 mT/�i2b 7Q` T�`�K2i2`b i?�i +?�M;2 bHQrHv
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r?BH2 `2/m+BM; mT/�i2b 7Q` `�TB/Hv +?�M;BM; T�`�K2i2`bX AMbi2�/ Q7 mbBM; KQK2M@
imK- i?Bb K2i?Q/ K�BMi�BMb g- i?2 bmK Q7 b[m�`2/ ;`�/B2MibX q?2M mT/�iBM; �
r2B;?i T�`�K2i2`- i?2 +m``2Mi ;`�/B2Mi Bb /BpB/2/ #v i?2 b[m�`2 `QQi Q7 gX �b �
`2bmHi- i?2 �H;Q`Bi?K �/Dmbib mT/�i2b BM �HH /B`2+iBQMb T`QTQ`iBQM�HHv- H2�/BM; iQ
�++2H2`�i2/ mT/�i2b �HQM; �t2b rBi? bK�HH ;`�/B2Mib �M/ bHQr2/ mT/�i2b �HQM;
�t2b rBi? H�`;2 ;`�/B2MibX

g0 = 0, ε = 10−8

gt = gt−1 + !θE(θ)2

θ = θ − η!θE(θ)
√
gt + ε

U8XkyV

h?2`2 Bb �HbQ � bB;MB}+�Mi r2�FM2bb BM i?Bb �H;Q`Bi?K, i?2 H2�`MBM; `�i2 +QM@
iBMmQmbHv /2+`2�b2b- #mi �i /Bz2`2Mi `�i2b 7Q` /Bz2`2Mi θX Pp2` iBK2- i?2 bmK Q7
b[m�`2/ ;`�/B2Mib g ;`Qrb BM/2}MBi2Hv- +�mbBM; r2B;?i mT/�i2 bi2Tb iQ �TT`Q�+?
x2`Q- mHiBK�i2Hv biQTTBM; i?2 H2�`MBM; T`Q+2bbX � p�`B�iBQM Q7 i?Bb �H;Q`Bi?K
�//`2bb2b i?Bb Bbbm2X h?Bb �TT`Q�+?- FMQrM �b _JaS`QT- KQ/B}2b i?2 bmK Q7
;`�/B2Mib bQ i?�i BMbi2�/ Q7 ;`QrBM; mM#QmM/2/- Bi /2+�vb Qp2` iBK2,

g0 = 0,α + 0.9, ε = 10−8

gt = α · gt−1 + (1− α)!θE(θ)2

θ = θ − η!θE(θ)
√
gt + ε

U8XkRV

h?mb- i?2 �/�TiBp2 KQK2Mi 2biBK�iBQM K2i?Q/ U�/�K QTiBKBx2`V Bb BMi`Q@
/m+2/- r?B+? Bb mb2/ BM i?Bb rQ`FX �/�K Bb � `2}M2K2Mi Q7 �/�:`�/ i?�i BM+Q`@
TQ`�i2b bKQQi?2/ p2`bBQMb Q7 i?2 K2�M �M/ `QQi@K2�M@b[m�`2 U_JaV ;`�/B2Mib,

m0 = 0, v0 = 0

mt = β1 ·mt−1 + (1− β1)!θE(θ)

vt = β2 · vt−1 + (1− β2)!θE(θ)2

m̂t =
mt

1− βt
1

v̂t =
vt

1− βt
2

θ = θ − η m̂t√
v̂t + ε

U8XkkV

� HQQF �i i?2b2 2[m�iBQMb b?Qrb i?�i i?2 2[m�iBQMb rBi? mt `2b2K#H2 i?2
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biQ+?�biB+ ;`�/B2Mi /2b+2Mi K2i?Q/ rBi? KQK2MimKX AM i?2 +�b2 Q7 �/�K- i?2
p2HQ+Biv Bb `272``2/ iQ �b i?2 }`bi KQK2Mi β1 �M/ b2`p2b �b � ?vT2`T�`�K2i2`X
aBKBH�`Hv- i?2 2[m�iBQMb rBi? vt `2b2K#H2 _JaS`QT- r?B+? K�BMi�BMb i?2 `mMMBM;
bmK Q7 b[m�`2/ ;`�/B2MibX >2`2- i?2 +Q2{+B2Mi Bb +�HH2/ i?2 b2+QM/ KQK2Mi β2
�M/ Bb �HbQ � ?vT2`T�`�K2i2`X *QMb2[m2MiHv- i?2 r2B;?i mT/�i2 T`Q+2bb +�M #2
pB2r2/ �b � +QK#BM�iBQM Q7 _JaS`QT �M/ a:. rBi? JQK2MimKX

>Qr2p2`- i?2`2 Bb � bHB;?i /Bz2`2M+2 `2H�i2/ iQ i?2 }`bi Bi2`�iBQM, /m2 iQ i?2
x2`Q BMBiB�HBx�iBQM Q7 m0 �M/ v0- i?2 }`bi �M/ b2+QM/ KQK2MimK i2`Kb �`2 BMB@
iB�HHv x2`Q- H2�/BM; iQ /BpBbBQM #v � p2`v bK�HH p�Hm2 r?2M mT/�iBM; i?2 r2B;?ibX
h?Bb `2bmHib BM �M 2t+2bbBp2Hv H�`;2 BMBiB�H mT/�i2 bi2TX hQ KBiB;�i2 i?Bb Bbbm2-
� +Q``2+iBQM U"B�b *Q``2+iBQMV Bb BMi`Q/m+2/- r?B+? �/Dmbib i?2 }`bi �M/ b2+QM/
KQK2Mi 2biBK�i2b �i i?2 bi�`i Q7 i`�BMBM;X h?Bb H2�/b iQ i?2 }M�H p2`bBQM Q7 i?2
�/�K QTiBKBx2`X

h?2 `2+QKK2M/2/ ?vT2`T�`�K2i2` p�Hm2b �`2, α = 0.001, β1 = 0.9, β2 = 0.999-
�M/ ε = 10−8X h?2 K�BM �/p�Mi�;2b Q7 i?Bb �H;Q`Bi?K BM+Hm/2 Bib bBKTHB+Biv Q7
BKTH2K2Mi�iBQM- +QKTmi�iBQM�H 2{+B2M+v- HQr K2KQ`v `2[mB`2K2Mib- BMp�`B�M+2
iQ /B�;QM�H ;`�/B2Mi `2b+�HBM;- �M/ bmBi�#BHBiv 7Q` H�`;2@b+�H2 T`Q#H2Kb BM i2`Kb
Q7 #Qi? /�i� �M/ T�`�K2i2`bX

h?mb- i?2 #�+FT`QT�;�iBQM �H;Q`Bi?K +�M #2 bi`m+im`2/ BMiQ i?2 7QHHQrBM;
bi2Tb,

RX *QKTmi2 i?2 HQbb 7mM+iBQM mbBM; i?2 BM7Q`K�iBQM Q#i�BM2/ �7i2` 7Q`r�`/
T`QT�;�iBQMX

kX *�H+mH�i2 i?2 ;HQ#�H ;`�/B2Mi QM i?2 QmiTmi H�v2` #�b2/ QM i?2 HQbb 7mM+iBQMX
jX lb2 i?2 +?�BM `mH2 iQ +QKTmi2 HQ+�H ;`�/B2Mib BM i?2 ?B//2M H�v2`bX
9X lT/�i2 �HH M2m`QM r2B;?ib BM i?2 ?B//2M �M/ QmiTmi H�v2`b mbBM; i?2 �/�K

QTiBKBx2`X

h?mb- i?2 ;2M2`�H �H;Q`Bi?K Q7 i?2 M2m`�H M2irQ`F i`�BMBM; T`Q+2/m`2 ?�b #22M
+QMbB/2`2/- �M/ Bi +�M MQr #2 �TTHB2/ iQ � bBM;H2@H�v2` 7mHHv +QMM2+i2/ M2m`�H
M2irQ`F- i?2 bi`m+im`2 Q7 r?B+? Bb b?QrM BM 6B;X 8Xj UH27iVX h?Bb �`+?Bi2+im`2
+QMbBbib Q7 QMHv �M BMTmi H�v2` Ukk9-yyy M2m`QMbV �M/ �M QmiTmi H�v2` Uk M2m`QMbV-
r?B+? K22i i?2 T`Q#H2K `2[mB`2K2MibX

h`�BMBM; Bb T2`7Q`K2/ QM KBMB@#�i+?2b Q7 3y }H2bX h?Bb MmK#2` r�b +?Qb2M
2KTB`B+�HHv #mi Kmbi b�iBb7v irQ +QM/BiBQMb, Bi Kmbi #2 � KmHiBTH2 Q7 i?2 MmK#2`
Q7 2H2K2Mib BM i?2 aAJ. p2+iQ` iQ 7mHHv miBHBx2 p2+iQ`Bx�iBQM �M/ �++2H2`�i2 i?2
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6B;m`2 8X8, 1{+B2M+v ;`�T? Q7 bBM;H2@H�v2` 7mHHv +QMM2+i2/ M2m`�H M2irQ`Fb
7Q` i`�BMBM; �M/ p�HB/�iBQM KQ/2bX h?2 �`+?Bi2+im`2 mbBM; i?2 2ti2`M�H SvhQ`+?
HB#`�`v Bb b?QrM BM `2/- r?BH2 i?2 �`+?Bi2+im`2 7`QK i?2 M2m`�H M2irQ`F T�+F�;2
Bb b?QrM BM #Hm2X

i`�BMBM; T`Q+2bb- �M/ Bi Kmbi #2 � /BpBbQ` Q7 i?2 BMTmi /�i�b2i- 2Mbm`BM; i?�i
i?2 MmK#2` Q7 #�i+?2b `2K�BMb �M BMi2;2`X h?2 /�i�b2i +QMbBbib Q7 3yyy }H2b 7Q`
i`�BMBM; �M/ kyyy }H2b 7Q` p�HB/�iBQM- rBi? i`�BMBM; +QM/m+i2/ Qp2` Ry 2TQ+?bX

hQ p2`B7v i?2 M2m`�H M2irQ`F T�+F�;2- � +QKT�`BbQM r�b +QM/m+i2/ #2ir22M
irQ p�`B�iBQMb Q7 � bBM;H2@H�v2` 7mHHv +QMM2+i2/ M2m`�H M2irQ`F, QM2 BKTH2K2Mi2/
mbBM; i?2 i?B`/@T�`iv SvhQ`+? HB#`�`v �M/ i?2 Qi?2` mbBM; i?2 +mbiQK M2m`�H
M2irQ`F T�+F�;2X h?2 2{+B2M+v +QKT�`BbQM Q7 i?2b2 irQ KQ/2Hb Bb b?QrM BM
6B;X 8X8X

�i 2�`Hv 2TQ+?b U#27Q`2 i?2 b2+QM/ 2TQ+?V- /Bz2`2M+2b BM i`�BMBM; �M/ p�HB@
/�iBQM T2`7Q`K�M+2 �TT2�` #2ir22M i?2 irQ M2irQ`Fb /2bTBi2 ?�pBM; b22KBM;Hv
B/2MiB+�H �`+?Bi2+im`2b �M/ ?vT2`T�`�K2i2`bX h?Bb /Bb+`2T�M+v �`Bb2b /m2 iQ b2p@
2`�H 7�+iQ`bX 6B`bi- r2B;?i BMBiB�HBx�iBQM 7QHHQrb � mMB7Q`K /Bbi`B#miBQM �b /2b+`B#2/
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6B;m`2 8Xe, 1{+B2M+v ;`�T? Q7 bBM;H2@H�v2` 7mHHv +QMM2+i2/ M2m`�H M2irQ`Fb 7Q`
i`�BMBM; �M/ p�HB/�iBQM KQ/2b Qp2` Ryyy `mMbX h?2 i`�BMBM; 2{+B2M+v Bb b?QrM
BM `2/- r?BH2 i?2 p�HB/�iBQM 2{+B2M+v Bb b?QrM BM #Hm2X

#v 1[X U8X3V- H2�/BM; iQ /Bz2`2Mi BMBiB�H +QM/BiBQMb �M/- +QMb2[m2MiHv- +QMp2`;2M+2
iQ /Bz2`2Mi HQ+�H KBMBK� /m`BM; i`�BMBM;X a2+QM/- i`�BMBM; Bb +QM/m+i2/ QM � `�M@
/QKHv b?m|2/ b2[m2M+2 Q7 /�i�b2i }H2b- r?B+? �HbQ �z2+ib i?2 H2�`MBM; i`�D2+iQ`vX
h?2 �/�K QTiBKBx2`- �b /2}M2/ BM 1[X U8XkkV- BM+Q`TQ`�i2b #�i+? MmK#2` t �M/
�/Dmbib bi2T bBx2b �++Q`/BM;Hv- K2�MBM; i?�i i?2 Q`/2` Q7 i`�BMBM; b�KTH2b BM~m@
2M+2b i?2 b2[m2M+2 Q7 HQ+�H KBMBK� 2M+QmMi2`2/ /m`BM; H2�`MBM;X

h?mb- #Qi? i?2 Q`/2` Q7 i`�BMBM; b�KTH2b �M/ i?2 BMBiB�H r2B;?i p�Hm2b BKT�+i
i?2 }M�H `2bmHib Q7 M2m`�H M2irQ`F i`�BMBM;X hQ +QM}`K i?Bb 2z2+i- i?2 KQ/2H
r�b `mM Ryyy iBK2b- �M/ i?2 2{+B2M+v Q7 i?2 SvhQ`+?@#�b2/ bBM;H2@H�v2` 7mHHv
+QMM2+i2/ M2m`�H M2irQ`F r�b �M�Hvx2/X h?2 +QKT�`BbQM `2bmHib �`2 T`2b2Mi2/ BM
6B;X 8XeX 6`QK i?Bb };m`2- Bi +�M #2 +QM+Hm/2/ i?�i 2{+B2M+v p�`B�iBQMb �`2 KQ`2
T`QMQmM+2/ BM i?2 2�`Hv 2TQ+?b �M/ /2+`2�b2 �b i`�BMBM; T`Q;`2bb2bX

hQ 7m`i?2` �M�Hvx2 i?2 p�`B�iBQM T�ii2`Mb- i?2 p�`B�M+2 Q7 i?2 p�HB/�iBQM 2{@
+B2M+v Qp2` Ryyy `mMb r�b THQii2/ �b � 7mM+iBQM Q7 2TQ+?X h?Bb p�`B�M+2 ;`�T? Bb
b?QrM BM 6B;X 8XdX
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6B;m`2 8Xd, o�`B�M+2 ;`�T? Q7 bBM;H2@H�v2` 7mHHv +QMM2+i2/ M2m`�H M2irQ`F 2{@
+B2M+v BM p�HB/�iBQM KQ/2 Qp2` Ryyy `mMbX

h?2b2 ;`�T?b U 8X8 ě 8XdV +QM}`K i?2 +Q``2+iM2bb Q7 i?2 M2m`�H M2irQ`F T�+F@
�;2 r?2M mbBM; � bBM;H2@H�v2` 7mHHv +QMM2+i2/ M2m`�H M2irQ`F iQ +H�bbB7v bBKmH�i2/
`�r /2i2+iQ` /�i� 7Q` i?2 T`2b2M+2 Q7 [m�`F@;HmQM TH�bK�X

�7i2` `2pB2rBM; i?2 ;2M2`�H �H;Q`Bi?K Q7 i?2 M2m`�H M2irQ`F i`�BMBM; T`Q+2@
/m`2 �M/ }M2@imMBM; i?2 �`+?Bi2+im`2 Q7 i?2 bBM;H2@H�v2` 7mHHv +QMM2+i2/ M2m`�H
M2irQ`F- Bi Bb �HbQ BKTQ`i�Mi iQ �//`2bb `2;mH�`Bx�iBQMX aBM+2 i?Bb M2m`�H M2irQ`F
?�b � p2`v H�`;2 MmK#2` Q7 T�`�K2i2`b- Bi Bb T`QM2 iQ Qp2`}iiBM; ě � bBim�iBQM
r?2`2 i?2 KQ/2H T2`7Q`Kb r2HH QM i?2 i`�BMBM; /�i� #mi T`Q/m+2b BM�++m`�i2
`2bmHib /m`BM; p�HB/�iBQMX o�`BQmb `2;mH�`Bx�iBQM i2+?MB[m2b +�M #2 �TTHB2/ iQ
KBiB;�i2 Qp2`}iiBM;X AM i?Bb rQ`F- /`QTQmi �M/ #�i+? MQ`K�HBx�iBQM �`2 mb2/X
G2iǶb 2t�KBM2 i?2b2 K2i?Q/b BM KQ`2 /2i�BHX

.`QTQmi Bb � i2+?MB[m2 i?�i `�M/QKHv /2�+iBp�i2b M2m`QMb /m`BM; i`�BMBM; rBi?
� T`Q#�#BHBiv Q7 p = 0.5 (RjR)X h?Bb 2z2+iBp2Hv i`�BMb KmHiBTH2 /Bz2`2Mi M2m`�H M2i@
rQ`Fb bBKmHi�M2QmbHv- r?2`2 2�+? M2m`QM `2+2Bp2b �M �p2`�;2/ �+iBp�iBQM 7`QK
p�`BQmb M2irQ`F �`+?Bi2+im`2bX hQ �TTHv i?2 i`�BM2/ M2m`�H M2irQ`F- i?2 QmiTmi
Bb KmHiBTHB2/ #v 1/p iQ K�BMi�BM i?2 2tT2+i2/ p�Hm2 Q7 i?2 �+iBp�iBQMbX h?2 T`B@
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K�`v KQiBp�iBQM #2?BM/ /`QTQmi Bb iQ T`2p2Mi M2m`QMb 7`QK +Q@�/�TiBM; /m`BM;
i`�BMBM;X AMbi2�/ Q7 `2HvBM; QM i?2 #2?�pBQ` Q7 M2B;?#Q`BM; M2m`QMb- 2�+? M2m@
`QM Kmbi H2�`M BM/2T2M/2MiHv- BKT`QpBM; ;2M2`�HBx�iBQMX �//BiBQM�HHv- /`QTQmi
BM+`2�b2b bT�`bBiv BM i?2 M2irQ`F- r?B+? +�M 2M?�M+2 Qp2`�HH T2`7Q`K�M+2X

h?2 mb2 Q7 #�i+? MQ`K�HBx�iBQM Bb KQiBp�i2/ #v i?2 Bbbm2 Q7 BMi2`M�H +Qp�`B�i2
b?B7i (Rjk)X *Qp�`B�i2 b?B7i Q++m`b r?2M i?2 /Bbi`B#miBQM Q7 +2`i�BM 72�im`2b ě
bm+? �b r?2i?2` �M 2p2Mi +Q``2bTQM/b iQ Z:S ě /Bz2`b #2ir22M i?2 i`�BMBM;
�M/ p�HB/�iBQM /�i�b2ib BM i2`Kb Q7 bi�iBbiB+�H T`QT2`iB2b HBF2 K2�M �M/ p�`B�M+2X
6Q` i?2 BMTmi H�v2`- i?Bb Bbbm2 +�M #2 KBiB;�i2/ #v `�M/QKHv b?m|BM; i?2 BMTmi
/�i�X >Qr2p2`- i?2 bBim�iBQM Bb KQ`2 +QKTH2t 7Q` ?B//2M H�v2`bX

q?2M r2B;?ib �`2 mT/�i2/ BM i?2 BMTmi H�v2`- i?2 /Bbi`B#miBQM Q7 Bib QmiTmib
+?�M;2b �++Q`/BM;HvX �b � `2bmHi- i?2 ?B//2M H�v2` `2+2Bp2b BMTmi /�i� rBi? bi�@
iBbiB+�H T`QT2`iB2b i?�i K�v /Bz2` bB;MB}+�MiHv 7`QK i?Qb2 b22M /m`BM; 2�`HB2`
i`�BMBM; Bi2`�iBQMbX h?Bb 7Q`+2b i?2 ?B//2M H�v2` iQ �/�Ti `2T2�i2/Hv- bHQrBM;
/QrM H2�`MBM; �M/ TQi2MiB�HHv H2�/BM; iQ b�im`�iBQM Q7 M2m`QMbX � bQHmiBQM iQ
i?Bb T`Q#H2K Bb iQ MQ`K�HBx2 2�+? BMTmi Q7 i?2 ?B//2M H�v2` #�b2/ QM � bK�HH
/�i�b2i ě i?Bb �TT`Q�+? Bb FMQrM �b #�i+? MQ`K�HBx�iBQM (Rjj)X

�7i2` �TTHvBM; KBMB@#�i+? MQ`K�HBx�iBQM- i?2 i`�Mb7Q`K�iBQM i�F2b i?2 7Q`K,

x̂k =
xk − E[xk]√

o�`[xk]
U8XkjV

r?2`2 i?2 bi�iBbiB+b �`2 +QKTmi2/ #�b2/ QM i?2 +m``2Mi KBMB@#�i+?X >Qr2p2`-
� TQi2MiB�H /`�r#�+F Q7 i?Bb �TT`Q�+? Bb i?�i Bi `2KQp2b bQK2 Q7 i?2 MQM@HBM2�`Biv
7`QK i?2 M2irQ`FX hQ �//`2bb i?Bb- �//BiBQM�H T�`�K2i2`b �`2 BMi`Q/m+2/ iQ `2@
biQ`2 ~2tB#BHBiv /m`BM; i`�BMBM;X h?2b2 T�`�K2i2`b- FMQrM �b b+�H2 �M/ b?B7i-
�/Dmbi i?2 MQ`K�HBx2/ p�Hm2b /vM�KB+�HHv,

yk = γkx̂k + βk = γk
xk − E[xk]√

o�`[xk]
+ βk U8Xk9V

r?2`2 γk �M/ βk �`2 i`�BM�#H2 p�`B�#H2b- H2�`M2/ i?`Qm;? ;`�/B2Mi /2b+2Mi BM
i?2 b�K2 r�v �b r2B;?ib- r?B+? rBHH #2 /Bb+mbb2/ H�i2`X �//BiBQM�HHv- � bK�HH
T�`�K2i2` ε Bb BMi`Q/m+2/ iQ T`2p2Mi /BpBbBQM #v x2`QX

�b � `2bmHi- i?2 7QHHQrBM; b2[m2M+2 Q7 QT2`�iBQMb Bb T2`7Q`K2/ 7Q` � ;Bp2M KBMB@
#�i+? B = {x1, ..., xm}, i?2 #�i+? bi�iBbiB+b- BM+Hm/BM; i?2 K2�M �M/ p�`B�M+2-
�`2 +QKTmi2/ �b,
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µB =
1

m

m∑

i=1

xi, σB =
1

m

m∑

i=1

(xi − µB)
2 U8Xk8V

L2ti- i?2 BMTmib �`2 MQ`K�HBx2/,

x̂i =
xi − µB√
σ2
B + ε

U8XkeV

6BM�HHv- i?2 QmiTmib �`2 b+�H2/ �M/ b?B7i2/,

yi = γx̂i + β U8XkdV

LQr- i?2 T`Q+2bb Q7 T�`�K2i2` i`�BMBM; Bb 2t�KBM2/ (Rj9)X h?2 ;`�/B2Mi 7Q`
i?2 T�`�K2i2` β Bb +QKTmi2/ }`bi,

∂E

∂β
=
∂E

∂y1

∂y1
∂β

+ ...+
∂E

∂ym

∂ym
∂β

=
∂E

∂y1
+ ...+

∂E

∂ym

=
m∑

i=1

∂E

∂yi

U8Xk3V

L2ti- i?2 ;`�/B2Mi 7Q` i?2 T�`�K2i2` γ Bb +�H+mH�i2/,

∂E

∂γ
=
∂E

∂y1

∂y1
∂γ

+ ...+
∂E

∂ym

∂ym
∂γ

=
∂E

∂y1
x̂1 + ...+

∂E

∂ym
x̂m

=
m∑

i=1

∂E

∂yi
· x̂i

U8XkNV

h?2 +QKTmi�iBQM Q7 ;`�/B2Mib 7Q` i?2 MQ`K�HBx2/ BMTmib x̂i 7QHHQrb,

∂E

∂x̂i
=
∂E

∂yi

∂yi
∂x̂i

=
∂E

∂yi
· γ

U8XjyV

hQ +QKTmi2 i?2 ;`�/B2Mib ∂E
∂xi

- i?2 p�Hm2b Q7 ∂E
∂σB

2 �M/ ∂E
∂µB

Kmbi }`bi #2 /2i2`@
KBM2/,
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∂E

∂σ2
B

=
∂E

∂x̂1

∂x̂1

∂σ2
B

+ ...+
∂E

∂x̂m

∂x̂m

∂σ2
B

=
m∑

i=1

∂E

∂x̂i

∂x̂i

∂σ2
B

=
m∑

i=1

∂E

∂x̂i
· (xi − µB) ·

−1
2
(σ2

B + ε)−3/2

U8XjRV

∂E

∂µB
=
∂E

∂x̂1

∂x̂1

∂µB
+ ...+

∂E

∂x̂m

∂x̂m

∂µB
+

∂E

∂σ2
B

∂σ2
B

∂µB

=
m∑

i=1

∂E

∂x̂i

∂x̂i

∂µB
+

∂E

∂σ2
B

∂σ2
B

∂µB

=
m∑

i=1

∂E

∂x̂i
· −1√

σ2
B + ε

+
∂E

∂σ2
B

· −2(x1 − µB) − ...− 2(xm − µB)

2

=
m∑

i=1

∂E

∂x̂i
· −1√

σ2
B + ε

+
∂E

∂σ2
B

·
∑m

i=1−2(xi − µB)

2

U8XjkV

LQi2 i?�i i?2 b2+QM/ i2`K BM 2[m�iBQM U8XjkV Bb x2`Q bBM+2
∑m

i=1(xi− µB) = 0X
LQr i?2 ;`�/B2Mi ∂E

∂xi
+�M #2 +�H+mH�i2/,

∂E

∂xi
=
∂E

∂x̂i
· 1√

σ2
B + ε

+
∂E

∂σ2
B

· 2(xi − µB)

m
+

∂E

∂µB
· 1

m
U8XjjV

�7i2` �HH ;`�/B2Mib ?�p2 #22M +�H+mH�i2/- i?2 bi�M/�`/ #�+FT`QT�;�iBQM �H;Q@
`Bi?K +�M #2 �TTHB2/- �M/ #�i+? MQ`K�HBx�iBQM +�M #2 +QMbB/2`2/ �b i?2 ǳ�+iBp�@
iBQMǴ Q7 �M �//BiBQM�H ?B//2M H�v2`X .m`BM; 7Q`r�`/ T`QT�;�iBQM- i?2 p�Hm2b Q7
i?2 ?B//2M H�v2`Ƕb M2m`QMb xk �`2 ǳ�+iBp�i2/Ǵ �M/ i`�Mb7Q`K2/ BMiQ ykX .m`BM;
#�+FT`QT�;�iBQM- mbBM; i?2 HQ+�H ;`�/B2Mib ∂E

∂yk
�M/ �TTHvBM; i?2 +?�BM `mH2- i?2

HQ+�H ;`�/B2Mib +�M #2 +�H+mH�i2/- i�FBM; BMiQ �++QmMi i?2 /2`Bp�iBp2 Q7 i?2 ǳ�+@
iBp�iBQMǴ 7mM+iBQM ě ∂E

∂xk
X h?Bb T`Q+2/m`2 Bb bBKBH�` iQ i?2 QM2 /2b+`B#2/ 2�`HB2`

7Q` i?2 �+iBp�iBQM 7mM+iBQM Leaky ReLU ě 2[m�iBQM U8XRdVX
h?2 �`+?Bi2+im`2 Q7 � irQ@H�v2` 7mHHv +QMM2+i2/ M2m`�H M2irQ`F +�M MQr #2

+QMbi`m+i2/- �b b?QrM BM 6B;X 8Xj UKB//H2VX h?Bb �`+?Bi2+im`2 +QMbBbib Q7 �M
BMTmi H�v2` Ukk9yyy M2m`QMbV- � ?B//2M H�v2` Ue9 M2m`QMbV- �M/ �M QmiTmi H�v2`
Uk M2m`QMbVX h`�BMBM; Bb T2`7Q`K2/ QM KBMB@#�i+?2b Q7 3y }H2bX h?2 /�i�b2i
+QMbBbib Q7 3yyy }H2b 7Q` i`�BMBM; �M/ kyyy }H2b 7Q` p�HB/�iBQM- rBi? i`�BMBM; +�``B2/
Qmi Qp2` Ry 2TQ+?bX hQ p�HB/�i2 i?2 M2m`�H M2irQ`F T�+F�;2- i?2 2{+B2M+B2b
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6B;m`2 8X3, :`�T? Q7 i?2 2{+B2M+B2b Q7 irQ@H�v2` 7mHHv +QMM2+i2/ M2m`�H M2irQ`Fb
7Q` i`�BMBM; �M/ p�HB/�iBQMX h?2 `2/ HBM2 `2T`2b2Mib i?2 �`+?Bi2+im`2 mbBM; i?2
i?B`/@T�`iv SvhQ`+? HB#`�`v- r?BH2 i?2 #Hm2 HBM2 `2T`2b2Mib i?2 �`+?Bi2+im`2 7`QK
i?2 M2m`�H M2irQ`F T�+F�;2X

Q7 irQ p�`B�iBQMb Q7 � irQ@H�v2` 7mHHv +QMM2+i2/ M2m`�H M2irQ`F r2`2 +QKT�`2/,
i?2 }`bi r�b +`2�i2/ mbBM; i?2 i?B`/@T�`iv SvhQ`+? HB#`�`v- r?BH2 i?2 b2+QM/
r�b BKTH2K2Mi2/ mbBM; i?2 +mbiQK M2m`�H M2irQ`F T�+F�;2X h?2 `2bmHib Q7 i?Bb
+QKT�`BbQM �`2 b?QrM BM 6B;X 8X3X

� bBKBH�` �TT`Q�+? Bb mb2/ iQ +QMbi`m+i i?2 �`+?Bi2+im`2 Q7 � i?`22@H�v2` 7mHHv
+QMM2+i2/ M2m`�H M2irQ`F- i?2 bi`m+im`2 Q7 r?B+? Bb b?QrM BM 6B;X 8Xj U`B;?iVX
h?Bb �`+?Bi2+im`2 +QMbBbib Q7 �M BMTmi H�v2` Ukk9-yyy M2m`QMbV- irQ ?B//2M H�v2`b
Ue9 M2m`QMb 2�+?V- �M/ �M QmiTmi H�v2` Uk M2m`QMbVX h`�BMBM; Bb T2`7Q`K2/ mbBM;
KBMB@#�i+?2b Q7 3y }H2bX h?2 /�i�b2i BM+Hm/2b 3-yyy }H2b 7Q` i`�BMBM; �M/ k-yyy
}H2b 7Q` p�HB/�iBQM- rBi? i?2 i`�BMBM; T`Q+2bb `mMMBM; 7Q` Ry 2TQ+?bX hQ 2p�Hm�i2
i?2 M2m`�H M2irQ`F T�+F�;2- i?2 2{+B2M+B2b Q7 irQ p�`B�iBQMb Q7 � i?`22@H�v2` 7mHHv
+QMM2+i2/ M2m`�H M2irQ`F r2`2 +QKT�`2/, QM2 BKTH2K2Mi2/ mbBM; i?2 i?B`/@T�`iv
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6B;m`2 8XN, :`�T? Q7 i?2 2{+B2M+B2b Q7 i?`22@H�v2` 7mHHv +QMM2+i2/ M2m`�H M2i@
rQ`Fb 7Q` i`�BMBM; �M/ p�HB/�iBQM KQ/2X h?2 `2/ HBM2 `2T`2b2Mib i?2 �`+?Bi2+im`2
mbBM; i?2 i?B`/@T�`iv SvhQ`+? HB#`�`v- r?BH2 i?2 #Hm2 HBM2 `2T`2b2Mib i?2 �`+?B@
i2+im`2 7`QK i?2 +mbiQK M2m`�H M2irQ`F T�+F�;2X

SvhQ`+? HB#`�`v �M/ i?2 Qi?2` mbBM; i?2 +mbiQK M2m`�H M2irQ`F T�+F�;2X h?2
`2bmHib Q7 i?Bb +QKT�`BbQM �`2 b?QrM BM 6B;X 8XNX

h?2 2{+B2M+v ;`�T?b Q7 7mHHv +QMM2+i2/ M2m`�H M2irQ`Fb BM/B+�i2 i?�i Qp2`}i@
iBM; Q++m`b rBi?BM i?2 }`bi irQ iQ i?`22 2TQ+?bX �//BiBQM�HHv- Bi +�M #2 Q#b2`p2/
i?�i �//BM; ?B//2M H�v2`b /Q2b MQi BKT`Qp2 i?2 T2`7Q`K�M+2 Q7 7mHHv +QMM2+i2/
M2irQ`Fb �M/ bB;MB}+�MiHv bHQrb /QrM i?2 i`�BMBM; T`Q+2bbX h?Bb Bb �ii`B#mi2/
iQ i?2 MmK#2` Q7 BMTmi M2m`QMb BM i?2b2 �`+?Bi2+im`2bX 6mHHv +QMM2+i2/ M2m`�H
M2irQ`Fb T`Q+2bb kk9-yyy BMTmi /�i� +2HHb- rBi? � bm#bi�MiB�H TQ`iBQM Q7 i?2 /�i�
#2BM; x2`QX h?Bb bm;;2bib i?2 M2+2bbBiv Q7 �M BMTmi /�i� T`2T`Q+2bbBM; T`Q+2/m`2X

am+? � T`Q+2/m`2 r�b �TTHB2/ iQ i?2 �`+?Bi2+im`2 Q7 � bBM;H2@H�v2` 7mHHv +QM@
M2+i2/ M2m`�H M2irQ`F, #v H2p2`�;BM; `Qi�iBQM BMp�`B�M+2- i?2 MmK#2` Q7 BMTmi
+2HHb r�b `2/m+2/ 7`QK kk9-yyy iQ RR-kyyX .m`BM; BMTmi /�i� T`Q+2bbBM;- p�Hm2b



d3 8X �LL S�*E�:1 ě �LL96G1a

+Q``2bTQM/BM; iQ i?2 b�K2 +B`+H2 QM i?2 bT?2`2 r2`2 �;;`2;�i2/X �b � `2bmHi-
� bB;MB}+�Mi �KQmMi Q7 BM7Q`K�iBQM r�b HQbi- H2�/BM; iQ � H2bb /BbiBM+i /2+BbBQM
#QmM/�`vX h?2`27Q`2- �+?B2pBM; Ryy T2`+2Mi �++m`�+v QM i?2 i`�BMBM; /�i�b2i
+�MMQi #2 2tT2+i2/X

_2pBbBiBM; i?2 2{+B2M+v Q7 i?2 bBM;H2@H�v2` 7mHHv +QMM2+i2/ M2m`�H M2irQ`F,
rBi?Qmi BMTmi M2m`QM `2/m+iBQM- i?2 i`�BMBM; �++m`�+v `2�+?2/ Ryy T2`+2Mi- r?BH2
p�HB/�iBQM �++m`�+v r�b �TT`QtBK�i2Hv 3y T2`+2MiX �7i2` `2/m+BM; i?2 MmK#2`
Q7 BMTmi M2m`QMb- i`�BMBM; �++m`�+v /2+`2�b2/ iQ Nj T2`+2Mi- r?BH2 p�HB/�iBQM
�++m`�+v BKT`Qp2/ iQ Ny T2`+2MiX

h?Bb Q#b2`p�iBQM +QM}`Kb i?�i BKT`QpBM; i?2 T2`7Q`K�M+2 Q7 � +H�bbB}2` #�b2/
QM � 7mHHv +QMM2+i2/ M2m`�H M2irQ`F `2[mB`2b �M BMTmi /�i� T`2T`Q+2bbBM; T`Q+2@
/m`2 Q`- �Hi2`M�iBp2Hv- KQ/B}+�iBQMb iQ i?2 /�i� 72/ BMiQ i?2 BMTmi H�v2` Q7 i?2
M2irQ`F rBi?BM i?Bb �`+?Bi2+im`2X h?2 M2ti b2+iBQM 2tTHQ`2b bm+? KQ/B}+�iBQMb
BM i?2 +QMi2ti Q7 +QMpQHmiBQM�H M2m`�H M2irQ`FbX

8XjXj *QMpQHmiBQM�H M2m`�H M2irQ`Fb U*LLV

6Q` i?2 mMBp2`b�H +`2�iBQM Q7 +QMpQHmiBQM�H M2m`�H M2irQ`F �`+?Bi2+im`2b- � b2i Q7
+H�bb2b ?�b #22M /2p2HQT2/ BM i?2 M2m`�H M2irQ`F T�+F�;2X h?2b2 +H�bb2b K�M�;2
i?2 7mM+iBQM�HBiv Q7 +?�MM2Hb- }Hi2`b- +QMpQHmiBQM�H- �M/ TQQHBM; H�v2`b- �HHQrBM;
7Q` i?2 +QMbi`m+iBQM Q7 M2r �`+?Bi2+im`2b r?BH2 2ti2M/BM; i?2 T�+F�;2Ƕb 7mM+iBQM@
�HBiv rBi?Qmi �z2+iBM; T`2pBQmbHv BKTH2K2Mi2/ �M/ i2bi2/ �`+?Bi2+im`2bX

h?2 +?�MM2H +H�bb T`QpB/2b 7mM+iBQMb 7Q` T`Q+2bbBM; BMTmi �M/ QmiTmi p�Hm2b
�7i2` +QMpQHmiBQM �M/ TQQHBM;- �b r2HH �b 7Q` mT/�iBM; ;`�/B2Mib /m`BM; M2irQ`F
i`�BMBM;X h?2 }Hi2` +H�bb +QMi�BMb 7mM+iBQMb `2bTQMbB#H2 7Q` r2B;?i mT/�i2b BM
F2`M2Hb- ;`�/B2Mi K�M�;2K2Mi- �M/ ?�M/HBM; T�`�K2i2`b 7Q` i?2 �/�K QTiBKBx2`X
h?2 +QMpQHmiBQM�H �M/ TQQHBM; H�v2` +H�bb2b K�M�;2 +?�MM2Hb �M/ }Hi2`b rBi?BM
i?2 +QMpQHmiBQM �M/ TQQHBM; QT2`�iBQMb- `2bT2+iBp2HvX h?2b2 +H�bb2b �HbQ 7�+BHB@
i�i2 7Q`r�`/ �M/ #�+Fr�`/ T`QT�;�iBQM Q7 BM7Q`K�iBQM BM +QMpQHmiBQM�H M2m`�H
M2irQ`FbX

�//BiBQM�HHv- i?2b2 +H�bb2b �`2 BMi2;`�i2/ rBi? i?2 M2m`�H M2irQ`F +H�bb- r?B+?
;Qp2`Mb i?2 Qp2`�HH �`+?Bi2+im`2 �M/ 7�+BHBi�i2b +QKKmMB+�iBQM rBi? i?2 ;`�T?B+�H
mb2` BMi2`7�+2 U:lAV- bBKBH�` iQ i?2 �TT`Q�+? mb2/ 7Q` 7mHHv +QMM2+i2/ M2m`�H
M2irQ`F �`+?Bi2+im`2bX
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L2m`�H M2irQ`F �`+?Bi2+im`2b

MaxPool3D (2x2x2)

Flatten

FC (64, bn, LReLU, dropout)

FC (2, Softmax)

QGP off QGP on

Conv3D (32, 3x3x3, LReLU)

MaxPool3D (2x2x2)

Conv3D (64, 3x3x3, LReLU)

Input (28x20x20x20)

6B;m`2 8XRy, ai`m+im`2 Q7 i?2 +QMpQHmiBQM�H
M2m`�H M2irQ`F mb2/ 7Q` Z:S /2i2+iBQMX (RR9)

LQr- i?2 +QMbi`m+iBQM Q7 i?2 +QMpQHmiBQM�H M2m`�H M2irQ`F Bb +QMbB/2`2/X h?2
bi`m+im`2 Q7 i?Bb *LL Bb T`2b2Mi2/ BM 6B;X 8XRyX h?2 M2irQ`F +QMbBbib Q7 irQ i?`22@
/BK2MbBQM�H +QMpQHmiBQM�H H�v2`b U*QMpj.V- 2�+? 7QHHQr2/ #v � K�t TQQHBM; H�v2`
UJ�tSQQHj.V- �M/ irQ 7mHHv +QMM2+i2/ H�v2`bX h?2 �`+?Bi2+im`2 Q7 i?2b2 7mHHv
+QMM2+i2/ H�v2`b +Q``2bTQM/b iQ i?2 T`2pBQmbHv /Bb+mbb2/ irQ@H�v2` 7mHHv +QMM2+i2/
M2irQ`F b?QrM BM 6B;X 8XjUKB//H2VX

*LL Bb � +H�bb Q7 /22T M2m`�H M2irQ`Fb KQbi +QKKQMHv mb2/ 7Q` �M�HvxBM;
pBbm�H BK�;2bX h?Bb K�F2b Bib �TTHB+�iBQM bmBi�#H2 7Q` i?2 ;Bp2M BMTmi /�i�X AM@
/22/- �M �M�HQ;v +�M #2 /`�rM #2ir22M � j. +QHQ` BK�;2 UI×J×K×3V �M/ i?2
;Bp2M 9. BMTmi �``�v U20 × 20 × 20 × 28V- r?2`2 BMbi2�/ Q7 bT�iB�H +QQ`/BM�i2b-
i?2 �#bQHmi2 p�Hm2 Q7 KQK2MimK |p|- i?2 iBHi �M;H2 Θ- �M/ i?2 �xBKmi?�H �M;H2 ϕ
�`2 mb2/X AMbi2�/ Q7 _:" +?�MM2Hb- i?2 MmK#2` Q7 T�`iB+H2 ivT2b Bb `2T`2b2Mi2/X

AM i?Bb +QMpQHmiBQM�H M2m`�H M2irQ`F �`+?Bi2+im`2- i?2 }`bi +QMpQHmiBQM�H H�v2`
+QMbBbib Q7 jk }Hi2`b rBi? � F2`M2H bBx2 Q7 3× 3× 3- mbBM; 1× 1× 1 x2`Q@T�//BM;
�M/ � bi`B/2 Q7 1 × 1 × 1- T`2b2`pBM; i?2 bT�iB�H /BK2MbBQMb Q7 i?2 BMTmi /�i�X
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L2ti- �HH +2HHb Q7 i?2 `2bmHiBM; 32 × 20 × 20 × 20 �``�v �`2 �+iBp�i2/ mbBM; i?2
G2�Fv _2+iB}2/ GBM2�` lMBi UG_2GlV �+iBp�iBQM 7mM+iBQM rBi? � bHQT2 Q7 yXyRX
h?2 +QMpQHmiBQM Bb 7QHHQr2/ #v � K�t TQQHBM; QT2`�iBQM rBi? � 2×2×2 }Hi2` �M/
� bi`B/2 Q7 2× 2× 2- r?B+? `2/m+2b i?2 bT�iB�H /BK2MbBQMb #v ?�H7- i`�Mb7Q`KBM;
20× 20× 20 BMiQ 10× 10× 10X

h?2 b2+QM/ +QMpQHmiBQM�H H�v2` +QMbBbib Q7 e9 }Hi2`b Q7 i?2 b�K2 F2`M2H bBx2-
mbBM; i?2 b�K2 T�//BM; �M/ bi`B/2 �b i?2 T`2pBQmb +QMpQHmiBQM�H H�v2`X h?2
�+iBp�iBQM 7mM+iBQM 7Q` �HH +2HHb `2K�BMb G_2Gl rBi? i?2 b�K2 b2iiBM;bX h?Bb Bb
7QHHQr2/ #v �MQi?2` K�t TQQHBM; H�v2` rBi? i?2 b�K2 }Hi2` bBx2 �M/ bi`B/2 �b
#27Q`2X �b � `2bmHi- � 9. �``�v Q7 bBx2 64 × 5 × 5 × 5 Bb Q#i�BM2/X h?Bb �``�v Bb
i?2M ~�ii2M2/ �M/ mb2/ �b i?2 BMTmi iQ � 7mHHv +QMM2+i2/ M2m`�H M2irQ`FX h?2
?B//2M H�v2` +QMbBbib Q7 e9 M2m`QMb rBi? i?2 G_2Gl �+iBp�iBQM 7mM+iBQM UbHQT2
4 yXyRV- �M/ i?2 QmiTmi H�v2` +QMbBbib Q7 k M2m`QMb rBi? i?2 aQ7iJ�t �+iBp�iBQM
7mM+iBQMX

� /2i�BH2/ /2b+`BTiBQM Q7 7mHHv +QMM2+i2/ M2m`�H M2irQ`Fb Bb T`QpB/2/ BM a2+@
iBQM 8XjXk- bQ i?Bb b2+iBQM 7Q+mb2b QMHv QM +QMpQHmiBQM �M/ TQQHBM; QT2`�iBQMb BM
i?2 +QMpQHmiBQM�H M2m`�H M2irQ`F �`+?Bi2+im`2X 6Q` i?Bb �`+?Bi2+im`2- i`�BMBM; �M/
p�HB/�iBQM r2`2 +QM/m+i2/ Qp2` ky 2TQ+?b- rBi? � #�i+? bBx2 Q7 3yX .m`BM; i`�BM@
BM;- i?2 +`Qbb@2Mi`QTv HQbb 7mM+iBQM �M/ i?2 �/�TiBp2 KQK2Mi 2biBK�iBQM K2i?Q/
U�/�K QTiBKBx2`V rBi? � H2�`MBM; `�i2 Q7 yXyyR r2`2 mb2/X

G2�`MBM; T`Q+2bb

PM+2 i?2 M2m`�H M2irQ`F �`+?Bi2+im`2 Bb #mBHi- i`�BMBM; Bb `2[mB`2/ 7Q` Bib mb2 �b �
+H�bbB}2`X

h?2 i`�BMBM; T`Q+2bb Q7 � M2m`�H M2irQ`F +�M #2 /BpB/2/ BMiQ b2p2`�H bi�;2b,
BMBiB�HBx�iBQM Q7 M2irQ`F T�`�K2i2`b- 7Q`r�`/ T`QT�;�iBQM- +QKTmi�iBQM Q7 i?2
HQbb Q` +Qbi 7mM+iBQM- �M/ #�+FT`QT�;�iBQMX h?2 b+?2K�iB+ `2T`2b2Mi�iBQM Q7 i?2
i`�BMBM; T`Q+2bb Bb b?QrM BM 6B;X 8XRRX h?Bb };m`2 BHHmbi`�i2b i?2 �`+?Bi2+im`2 Q7
� +QMpQHmiBQM�H M2m`�H M2irQ`F rBi?Qmi i?2 7mHHv +QMM2+i2/ T�`iX

h?2 BMTmi /�i�- `2T`2b2Mi2/ �b � 9. �``�v- Bb /BpB/2/ BMiQ k3 +?�MM2Hb �M/
`2b?�T2/ BMiQ i?`22@/BK2MbBQM�H �``�vb U+m#2bV Q7 bBx2 ky- H�#2H2/ �b Gy BM i?2
};m`2X h?2M- mbBM; jk +QMpQHmiBQM�H }Hi2`b U6yV- j. +QMpQHmiBQM Bb �TTHB2/- i`�Mb@
7Q`KBM; i?2 BMTmi BMiQ GR- r?2`2 i?2 bT�iB�H /BK2MbBQMb `2K�BM i?2 b�K2- #mi
i?2 MmK#2` Q7 +?�MM2Hb BM+`2�b2b iQ jk U+Q``2bTQM/BM; iQ i?2 MmK#2` Q7 �TTHB2/
}Hi2`bVX
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L0: 28 x  
20x20x20

x 
28

 c
ha

nn
el

s

x 32 channels

 F0: 28 x  
3x3x3 
x 32

L1: 32 x 20x20x20 L2: 32 x  
10x10x10

x 64 channels

 F1: 32 x  
3x3x3 
x 64

L3: 64 x  
10x10x10

L4: 64 x  
5x5x5

L0→L1: 3D Convolution L1→L2: 3D Pooling L2→L3: 3D Convolution L3→L4: 3D Pooling

x 64 channels

Forward Pass Forward Pass

Backward Pass

Backward Pass

6B;m`2 8XRR, h?2 bi`m+im`2 Q7 i?2 +QMpQHmiBQM�H M2m`�H M2irQ`F mb2/ iQ /2i2+i
Z:SX "Hm2 `2T`2b2Mib 7Q`r�`/ T`QT�;�iBQM- r?BH2 `2/ BM/B+�i2b #�+FT`QT�;�@
iBQMX (Rj8)

L2ti- i?`22@/BK2MbBQM�H K�t TQQHBM; Bb �TTHB2/ iQ GR- `2bmHiBM; BM Gk- r?B+?
K�BMi�BMb i?2 b�K2 MmK#2` Q7 +?�MM2Hb #mi `2/m+2b bT�iB�H /BK2MbBQMb #v ?�H7X
am#b2[m2MiHv- +QMpQHmiBQM rBi? e9 }Hi2`b U6RV i`�Mb7Q`Kb Gk BMiQ Gj- r?2`2 i?2
bT�iB�H /BK2MbBQMb `2K�BM mM+?�M;2/- #mi i?2 MmK#2` Q7 +?�MM2Hb BM+`2�b2b iQ
e9X �MQi?2` i?`22@/BK2MbBQM�H K�t TQQHBM; QT2`�iBQM i?2M i`�Mb7Q`Kb Gj BMiQ
G9- T`Q/m+BM; � 9. �``�v Q7 bBx2 64 × 5 × 5 × 5- r?B+? Bb T�bb2/ iQ i?2 7mHHv
+QMM2+i2/ T�`i Q7 i?2 +QMpQHmiBQM�H M2m`�H M2irQ`FX

h?Bb i`�Mb7Q`K�iBQM Q7 i?2 BMTmi /�i�- `2T`2b2Mi2/ �b L0→ L1→ L2→ L3→
L4- +Q``2bTQM/b iQ 7Q`r�`/ T`QT�;�iBQMX *QMp2`b2Hv- i?2 b2[m2M+2 L0 ← L1 ←
L2 ← L3 ← L4 `2T`2b2Mib #�+FT`QT�;�iBQMX 1�+? bi�;2 Q7 i?2 i`�BMBM; T`Q+2bb
rBHH #2 2t�KBM2/ BM /2i�BH- bi�`iBM; rBi? i?2 BMBiB�HBx�iBQM Q7 M2irQ`F T�`�K2i2`bX

h?2 +QMpQHmiBQM�H M2m`�H M2irQ`F mb2b s�pB2` BMBiB�HBx�iBQM- �b ;Bp2M #v 2[m�@
iBQM U8X3VX � T�`�HH2H BKTH2K2Mi�iBQM Q7 PT2MJS 7Q` }Hi2` BMBiB�HBx�iBQM Bb b?QrM
BM HBbiBM; 8XkX AM �//BiBQM iQ T�`�HH2HBx�iBQM- p2+iQ`Bx�iBQM Bb �TTHB2/X aBM+2 i?2
QT2`�iBQM Q7 }Hi2`b /m`BM; +QMpQHmiBQM Bb BM/2T2M/2Mi Q7 2�+? Qi?2`- aAJ. p2+iQ`b
�`2 mb2/X

6Q` BMbi�M+2- /m`BM; i?2 }`bi +QMpQHmiBQM- r?B+? i`�Mb7Q`Kb k3 BMTmi +?�MM2Hb
BMiQ jk QmiTmi +?�MM2Hb UL0→ L1V- i?2 }Hi2`b �`2 ;`QmT2/ BMiQ 3 aAJ. p2+iQ`b-
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2�+? +QMi�BMBM; 9 }Hi2`bX aBKBH�`Hv- BM i?2 b2+QM/ +QMpQHmiBQM- r?B+? i`�Mb7Q`Kb
jk BMTmi +?�MM2Hb BMiQ e9 QmiTmi +?�MM2Hb UL2 → L3V- i?2 }Hi2`b �`2 ;`QmT2/
BMiQ Re aAJ. p2+iQ`bX

R 6BHi2`j.UBMi /BK2MbBQM- BMi MAMTmi*?�MM2H- BMi MPmiTmi*?�MM2HV
k & f s�pB2` AMBiB�HBb�iBQM 7Q` �HH E2`M2Hb BM 6BHi2`b  f
j OT`�;K� QKT T�`�HH2H 7Q` +QHH�Tb2U9V
9 7Q` UBMi t 4 yc t I /BK2MbBQMc tYYV &
8 7Q` UBMi v 4 yc v I /BK2MbBQMc vYYV &
e 7Q` UBMi x 4 yc x I /BK2MbBQMc xYYV &
d 7Q` UBMi p 4 yc p I 7p2+G2Mc pYYV &f GQQT Qp2` aAJ.  f
3 r2B;?i(t)(v)(x)(p) 4 s�pB2`AMBiB�HBb�iBQMUVc
N ;`�/B2Mi(t)(v)(x)(p) 4 yXy7c

Ry '
RR '
Rk '
Rj '
R9 '
R8

GBbiBM; 8Xk, h?2 T�`�HH2H BKTH2K2Mi�iBQM Q7 6BHi2` AMBiB�HBx�iBQM 7Q` j.
*QMpQHmiBQM rBi? PT2MJSX

� b+?2K�iB+ BHHmbi`�iBQM BM 6B;m`2 8XRk /2KQMbi`�i2b i?2 T`Q+2bb Q7 j. +QMpQ@
HmiBQM U*QMpj.V �TTHB2/ iQ BMTmi /�i� rBi? k3 +?�MM2Hb mbBM; � bBM;H2 }Hi2` i?�i
�HbQ +QMbBbib Q7 k3 F2`M2HbX h?2 }Hi2` KQp2b �+`Qbb i?2 BMTmi pQHmK2- bmKKBM;
i?2 T`Q/m+ib Q7 BMTmi +?�MM2H p�Hm2b rBi? i?2B` +Q``2bTQM/BM; r2B;?ib- 7QHHQr2/
#v i?2 �//BiBQM Q7 � #B�b i2`KX h?2 `2bmHi Bb i?2M �+iBp�i2/ mbBM; i?2 G2�Fv _2Gl
7mM+iBQMX

h?`22@/BK2MbBQM�H TQQHBM; UJ�tSQQHj.V Bb mb2/ iQ `2/m+2 bT�iB�H /BK2MbBQMb
�7i2` +QMpQHmiBQMX Aib T`BM+BTH2 Bb b+?2K�iB+�HHv b?QrM BM 6B;X 8XRjX >2`2- 2�+?
#HQ+F (2 × 2 × 2) Q7 BMTmi /�i� Bb +QKT`2bb2/ #v b2H2+iBM; i?2 K�tBKmK p�Hm2-
`2/m+BM; i?2 +m#2 bBx2 7`QK 20 × 20 × 20 iQ 10 × 10 × 10 �HQM; 2�+? �tBbX h?2
Q`B;BM�H MmK#2` Q7 +?�MM2Hb Bb T`2b2`p2/- 2Mbm`BM; i?�i 72�im`2 /2Ti? BM7Q`K�iBQM
�++mKmH�i2/ BM i?2 T`2pBQmb +QMpQHmiBQM bi2T Bb `2i�BM2/X

�7i2` BMBiB�HBxBM; �HH }Hi2`b rBi? BMBiB�H r2B;?ib- i?2 7Q`r�`/ T`QT�;�iBQM T`Q+2bb
+�M #2 �M�Hvx2/ BM /2i�BH 7Q` irQ b2[m2MiB�HHv �TTHB2/ +QMpQHmiBQM�H #HQ+Fb,
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x 
28

 c
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Input

28 x 22x22x22 
(Zero-border)

Filter Partial sums Output

28 x 20x20x2028 x 3x3x3(Kernel) 20x20x20

x 1 channel

6B;m`2 8XRk, AHHmbi`�iBQM Q7 i?2 QT2`�iBQM Q7 j. +QMpQHmiBQM 7Q` i?2 BMTmi H�v2`
mbBM; � bBM;H2 }Hi2` +QMbBbiBM; Q7 k3 F2`M2Hb- r?B+? i`�Mb7Q`Kb k3 BMTmi +?�MM2Hb
BMiQ � bBM;H2 QmiTmi +?�MM2HX h?2 MmK#2` Q7 QmiTmi +?�MM2Hb +Q``2bTQM/b iQ i?2
MmK#2` Q7 }Hi2`b �TTHB2/ /m`BM; i?2 +QMpQHmiBQM T`Q+2bbX (Rje)

6B`bi #HQ+F U*QMpj. Y J�tSQQHj.VX h?2 BMTmi /�i� U� 9. �``�v Q7 bBx2
28× 20× 20× 20V Bb T�bb2/ i?`Qm;? i?2 }`bi +QMpQHmiBQM�H H�v2`- r?2`2 jk i?`22@
/BK2MbBQM�H }Hi2`b T2`7Q`K i?2 i`�Mb7Q`K�iBQM Ub22 6B;X 8XRkVX 6Q` 2�+? bT�iB�H
TQbBiBQM (x, y, z) �M/ 2�+? BMTmi +?�MM2H- � r2B;?i2/ bmK Bb +QKTmi2/ rBi? �M
�//2/ #B�b i2`Kc i?2 `2bmHi Bb i?2M T�bb2/ i?`Qm;? i?2 G2�Fv _2Gl �+iBp�iBQM
7mM+iBQMX h?2 QmiTmi Bb � i2MbQ` Q7 bBx2

(
32 × 20 × 20 × 20

)
X L2ti- � i?`22@

/BK2MbBQM�H K�t TQQHBM; QT2`�iBQM UJ�tSQQHj.V rBi? � (2 × 2 × 2) rBM/Qr Bb
�TTHB2/- `2/m+BM; i?2 bT�iB�H /BK2MbBQMb iQ

(
32× 10× 10× 10

)
�b BHHmbi`�i2/ BM

6B;X 8XRjX

a2+QM/ #HQ+F U*QMpj. Y J�tSQQHj.VX h?2 `2bmHiBM; i2MbQ`
(
32 × 10 ×

10× 10
)

Bb i?2M 72/ BMiQ i?2 b2+QM/ +QMpQHmiBQM�H H�v2`- r?2`2 e9 }Hi2`b ;2M2`�i2
�M QmiTmi Q7 bBx2

(
64×10×10×10

)
7QHHQrBM; i?2 b�K2 T`Q+2/m`2X �7i2` �TTHvBM;

J�tSQQHj. �;�BM- i?2 }M�H i2MbQ`
(
64× 5× 5× 5

)
Bb Q#i�BM2/X

6Q` 2�+? TQQHBM; QT2`�iBQM UJ�tSQQHj.V- i?2 BM/B+2b Q7 i?2 K�tBKmK 2H2@
K2Mib Ui`�+2V �`2 �//BiBQM�HHv biQ`2/ iQ 2Mbm`2 i?�i- /m`BM; #�+FT`QT�;�iBQM- i?2
;`�/B2Mi Bb T�bb2/ QMHv iQ i?2 ǳrBMMBM;Ǵ 2H2K2MibX h?Bb �HHQrb #Qi? +QMpQHm@
iBQM�H #HQ+Fb iQ b2[m2MiB�HHv 2ti`�+i HQ+�H T�ii2`Mb UpB� +QMpQHmiBQMbV �M/ `2/m+2
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Input Output

32 x 20x20x20 32 x 10x10x10

x 32 channels

6B;m`2 8XRj, AHHmbi`�iBQM Q7 i?2
QT2`�iBQM Q7 j. K�t TQQHBM;-
r?B+? T`2b2`p2b i?2 MmK#2` Q7
+?�MM2Hb #mi `2/m+2b i?2 /�i�
bBx2 #v � 7�+iQ` Q7 k �HQM; 2�+?
/BK2MbBQMX AM i?Bb +�b2- +m#2b Q7
20×20×20 �`2 i`�Mb7Q`K2/ BMiQ
10× 10× 10X (Rje)

i?2 /�i� pQHmK2 UpB� TQQHBM;V- T`2T�`BM; i?2K 7Q` 7m`i?2` T`Q+2bbBM; BM i?2 7mHHv
+QMM2+i2/ U6*V T�`iX h?2 +QMpQHp2/ �M/ TQQH2/ /�i� �`2 i?2M ~�ii2M2/ BMiQ �
QM2@/BK2MbBQM�H p2+iQ` �M/ +H�bbB}2/ #v irQ QmiTmi M2m`QMb UZ:S Q` MQM@Z:SVX

�`+?Bi2+im`2 �M/ S`BM+BTH2 Q7 PT2`�iBQM

�b K2MiBQM2/ 2�`HB2`- i?2 +QMpQHmiBQM�H M2m`�H M2irQ`F U*LLV BM i?Bb T�+F�;2
+QMbBbib Q7 irQ +QMpQHmiBQM�H #HQ+Fb U*QMpj.V rBi? i?2 G_2Gl �+iBp�iBQM 7mM+@
iBQM �M/ TQQHBM; UJ�tSQQHj.V- 7QHHQr2/ #v � 7mHHv +QMM2+i2/ H�v2`X 1�+? +QMpQ@
HmiBQM�H #HQ+F +QMi�BMb � b2i Q7 i?`22@/BK2MbBQM�H }Hi2`b U+QMpQHmiBQM�H F2`M2HbV
i?�i bHB/2 Qp2` i?2 BMTmi pQHmK2- +QKTmiBM; � HBM2�` +QK#BM�iBQM Q7 p�Hm2b rBi?BM
i?2 M2B;?#Q`?QQ/ Q7 2�+? pQt2H- 7Q`KBM; i?2 QmiTmi 72�im`2 K�TbX aBM+2 i?2 BM@
Tmi /�i� Bb `2T`2b2Mi2/ �b � 7Qm`@/BK2MbBQM�H �``�v (28× 20× 20× 20)- BMbi2�/
Q7 � +H�bbB+�H _:" BK�;2 UH ×W × 3V- i?2`2 �`2 k3 ǳ+?�MM2HbǴX �++Q`/BM;Hv- i?2
*QMpj. +QMpQHmiBQM �++QmMib 7Q` � i?B`/ bT�iB�H /BK2MbBQM UBM �//BiBQM iQ Θ �M/
ϕV- r?B+? Bb `2H�i2/ iQ i?2 �#bQHmi2 p�Hm2 Q7 KQK2MimK |p|X

AM 2�+? +QMpQHmiBQM�H H�v2`- }Hi2`b UrBi? /BK2MbBQMb CBM × Kx × Ky × KzV
i`�Mb7Q`K � b2i Q7 BMTmi +?�MM2Hb BMiQ � b2i Q7 QmiTmi +?�MM2HbX 6Q` 2t�KTH2-
BM i?2 }`bi +QMpQHmiBQM�H H�v2` U*QMpj.V- i?2 }Hi2`b ?�p2 � bBx2 Q7 28 × 3 × 3 ×
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3- �M/ i?2B` iQi�H MmK#2` Bb jk- K2�MBM; i?2 QmiTmi +QMbBbib Q7 jk +?�MM2HbX
h?2 G_2Gl �+iBp�iBQM 7mM+iBQM rBi? � bK�HH M2;�iBp2 bHQT2 T`2p2Mib i?2 ǳ/2�/
M2m`QMbǴ T`Q#H2K- r?B+? Bb ivTB+�H 7Q` bi�M/�`/ _2GlX �7i2` +QMpQHmiBQM- � K�t
TQQHBM; QT2`�iBQM UJ�tSQQHj.V rBi? � 2 × 2 × 2 rBM/Qr �M/ � bi`B/2 Q7 k Bb
�TTHB2/- `2/m+BM; i?2 bT�iB�H /BK2MbBQMb #v ?�H7X � bBKBH�` #HQ+F Bb `2T2�i2/ BM
i?2 b2+QM/ +QMpQHmiBQM�H H�v2`- r?B+? +QMi�BMb e9 }Hi2`b- `2bmHiBM; BM �M QmiTmi
bBx2 Q7 64×5×5×5X h?2 `2bmHiBM; i2MbQ` Bb i?2M ~�ii2M2/ �M/ T�bb2/ iQ i?2 BMTmi
Q7 i?2 7mHHv +QMM2+i2/ T�`i Q7 i?2 M2irQ`F- r?B+? +QMbBbib Q7 irQ 7mHHv +QMM2+i2/
H�v2`b U6*V rBi? G_2Gl �+iBp�iBQM �M/ � aQ7iK�t QmiTmi H�v2` rBi? irQ M2m`QMb
UZ:S Q` MQM@Z:SVX

h?2 �/p�Mi�;2 Q7 i?Bb �`+?Bi2+im`2 Bb i?�i +QMpQHmiBQM�H }Hi2`b H2�`M iQ `2+@
Q;MBx2 ǳHQ+�H T�ii2`MbǴ BM i?2 j. BMTmi /�i� U#�b2/ QM KQK2MimK �M/ �M;mH�`
+QQ`/BM�i2bV- �M/ i?2b2 72�im`2b �`2 bm#b2[m2MiHv T�bb2/ iQ /22T2` H�v2`bX SQQH@
BM; `2/m+2b /BK2MbBQM�HBiv- KBiB;�iBM; Qp2`}iiBM;X h?Bb +QK#BM�iBQM Q7 *QMpj. Ĝ
SQQHj. Ĝ 6* 2M�#H2b KQ`2 2z2+iBp2 ;2M2`�HBx�iBQM Q7 i?2 /�i� +QKT�`2/ iQ � +H�b@
bB+�H 7mHHv +QMM2+i2/ M2irQ`F- T�`iB+mH�`Hv ;Bp2M i?2 H�`;2 MmK#2` Q7 x2`Q@p�Hm2/
+2HHbX

G2�`MBM; T`Q+2bb

h?2 i`�BMBM; �H;Q`Bi?K 7Q` i?2 +QMpQHmiBQM�H M2irQ`F 7QHHQrb i?2 b�K2 7mM/�@
K2Mi�H bi2Tb �b i?Qb2 /2b+`B#2/ 2�`HB2` 7Q` 7mHHv +QMM2+i2/ M2m`�H M2irQ`Fb Ub22
6B;X 8XRRV- rBi? i?2 +QMbB/2`�iBQM i?�i r2B;?ib �`2 MQr /Bbi`B#mi2/ �+`Qbb pQHm@
K2i`B+ }Hi2`b (3× 3× 3)- �M/ �+iBp�iBQMfTQQHBM; QT2`�iBQMb �`2 �TTHB2/ iQ i?`22@
/BK2MbBQM�H 72�im`2 �``�vbX

6Q`r�`/ S`QT�;�iBQMX .m`BM; i?2 7Q`r�`/ T`QT�;�iBQM bi2T- 2�+? +QMpQHm@
iBQM�H H�v2` }Hi2` Bb +QMpQHp2/ rBi? �HH BMTmi +?�MM2Hb,

zk,i,j,r = bk +
CBM∑

c=1

Kx−1∑

∆x=0

Ky−1∑

∆y=0

Kz−1∑

∆z=0

Wk,c,∆x,∆y,∆z Xc, i+∆x, j+∆y, r+∆z, U8Xj9V

r?2`2 zk,i,j,r Bb i?2 T`2@�+iBp�iBQM p�Hm2 7Q` i?2 k@i? QmiTmi +?�MM2H �i +QQ`/BM�i2b(
i, j, r

)
- Wk,c,∆x,∆y,∆z `2T`2b2Mib i?2 +QMpQHmiBQM�H r2B;?ib- �M/ bk Bb i?2 #B�bX

�7i2` �TTHvBM; i?2 G_2Gl �+iBp�iBQM 7mM+iBQM- i?2 QmiTmi Bb ;Bp2M �b yk,i,j,rX h?2
J�tSQQHj. H�v2` bm#b2[m2MiHv b2H2+ib i?2 K�tBKmK p�Hm2 BM 2�+? (2 × 2 × 2)

#HQ+F- `2/m+BM; bT�iB�H /BK2MbBQMb r?BH2 T`2b2`pBM; i?2 MmK#2` Q7 +?�MM2HbX h?2
TQQH2/ QmiTmi Bb i?2M T`QT�;�i2/ 7m`i?2` i?`Qm;? i?2 M2irQ`FX
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"�+FT`QT�;�iBQMX �b BM i?2 +�b2 Q7 7mHHv +QMM2+i2/ M2irQ`Fb- i?2 HQbb 7mM+iBQM
1 U2X;X- +`Qbb@2Mi`QTvV Bb +QKTmi2/ �i i?2 M2irQ`F QmiTmiX h?2 ;`�/B2Mib Q7 i?2
+QMpQHmiBQM�H H�v2` QmiTmi ∂1

∂zk,i,j,r
�`2 Q#i�BM2/ mbBM; i?2 +?�BM `mH2- i�FBM; BMiQ

�++QmMi i?2 G_2Gl /2`Bp�iBp2X hQ mT/�i2 i?2 }Hi2` r2B;?ib- i?2 ;`�/B2Mib Kmbi
#2 bmKK2/ Qp2` �HH TQbBiBQMb

(
i, j, r

)
�M/ �+`Qbb �HH BMTmi +?�MM2Hb

(
c
)
,

∂1
∂Wk,c,∆x,∆y,∆z

=
∑

i,j,r

(
∂1

∂zk,i,j,r
· Xc, i+∆x, j+∆y, r+∆z

)
, U8Xj8V

r?BH2 i?2 ;`�/B2Mi rBi? `2bT2+i iQ i?2 #B�b i2`K bk Bb +QKTmi2/ �b i?2 bmK Q7
∂1

∂zk,i,j,r
Qp2` �HH +QQ`/BM�i2bX .m`BM; i?2 #�+Fr�`/ T�bb BM J�tSQQHj.- i?2 ;`�/B@

2Mi Bb T`QT�;�i2/ QMHv i?`Qm;? i?2 2H2K2Mi i?�i r�b i?2 ǳrBMM2`Ǵ UK�tBKmKV
/m`BM; i?2 7Q`r�`/ T�bbX

lT/�iBM; i?2 r2B;?ib X "�b2/ QM i?2 +�H+mH�i2/ ;`�/B2Mib ∂1
∂W �M/ ∂1

∂b - i?2
r2B;?ib �`2 mT/�i2/ mbBM; i?2 �/�K (Rke) K2i?Q/ Ub22 7Q`KmH�b U8XkkVVX h?2
}Hi2` �M/ #B�b T�`�K2i2`b �`2 �/Dmbi2/ iQ KBMBKBx2 i?2 HQbb 7mM+iBQMX

h?mb- i`�BMBM; � +QMpQHmiBQM�H M2m`�H M2irQ`F BM i?Bb T�+F�;2 7QHHQrb i?2 b�K2
T`BM+BTH2b �b i`�BMBM; � 7mHHv +QMM2+i2/ M2irQ`F- #mi BM+Q`TQ`�i2b +QMpQHmiBQM
�M/ TQQHBM; BM i?2 i?`22@/BK2MbBQM�H BMTmi /�i� bT�+2X h?Bb �TT`Q�+? 2z2+iBp2Hv
2ti`�+ib �M/ ;2M2`�HBx2b HQ+�H T�ii2`Mb `2H�i2/ iQ i?2 /Bbi`B#miBQM Q7 KQK2MimK
�M/ �M;H2b ϕ,Θ- i?2`2#v 2M?�M+BM; i?2 �#BHBiv iQ +H�bbB7v 2p2Mib 7Q` i?2 T`2b2M+2
Q7 [m�`F@;HmQM TH�bK�X

aBKBH�` iQ i?2 b2+iBQM +QKT�`BM; 7mHHv +QMM2+i2/ M2m`�H M2irQ`Fb BKTH2K2Mi2/
BM SvhQ`+? �M/ i?2 +mbiQK BKTH2K2Mi�iBQM- � b2`B2b Q7 +QMpQHmiBQM�H M2m`�H M2i@
rQ`F U*LLV `mMb r2`2 +QM/m+i2/X 6B;X 8XR9 T`2b2Mib � +QKT�`BbQM Q7 �++m`�+v
/m`BM; i`�BMBM; �M/ p�HB/�iBQM 7Q` irQ *LL +QM};m`�iBQMb, `2/ +m`p2 ě BKTH2@
K2Mi2/ mbBM; i?2 SvhQ`+? 7`�K2rQ`F- �M/ #Hm2 +m`p2 ě BKTH2K2Mi2/ BM i?2
�LL96G1a M2m`�H M2irQ`F T�+F�;2X "Qi? M2irQ`F p2`bBQMb b?�`2 i?2 b�K2 �`@
+?Bi2+im`2, irQ +QMpQHmiBQM�H H�v2`b U*QMpj.V- irQ TQQHBM; H�v2`b UJ�tSQQHj.V-
�M/ � 7mHHv +QMM2+i2/ T�`i rBi? irQ QmiTmi M2m`QMb UaQ7iJ�tVX h?2 ?vT2`T�@
`�K2i2`b UMmK#2` Q7 2TQ+?b- #�i+? bBx2- HQbb 7mM+iBQM- �M/ �/�K QTiBKBx2`V �`2
�HbQ B/2MiB+�HX

�b BM i?2 +�b2 Q7 7mHHv +QMM2+i2/ M2irQ`Fb- bQK2 /Bb+`2T�M+B2b �i 2�`Hv 2TQ+?b
+�M #2 �ii`B#mi2/ iQ,

RX .Bz2`2Mi BMBiB�H r2B;?ib- ;2M2`�i2/ mbBM; s�pB2` BMBiB�HBx�iBQM U8X3V #mi
rBi? /Bz2`2Mi `�M/QK b22/bc



8Xj .2p2HQTK2Mi Q7 �LL T�+F�;2 3d

6B;m`2 8XR9, 1{+B2M+v ;`�T? Q7 +QMpQHmiBQM�H M2m`�H M2irQ`Fb 7Q` i`�BMBM; �M/
p�HB/�iBQM KQ/2bX h?2 `2/ HBM2 `2T`2b2Mib i?2 �`+?Bi2+im`2 mbBM; i?2 i?B`/@T�`iv
SvhQ`+? HB#`�`v- r?BH2 i?2 #Hm2 HBM2 `2T`2b2Mib i?2 �`+?Bi2+im`2 7`QK i?2 M2m`�H
M2irQ`F T�+F�;2X

kX _�M/QKBx2/ Q`/2` Q7 /�i�b2i }H2b 72/ BMiQ i?2 i`�BMBM; T`Q+2bbc

jX 1�`Hv +QMp2`;2M+2 iQ /Bz2`2Mi HQ+�H KBMBK�- �z2+iBM; i?2 i`�BMBM; /v@
M�KB+b- T�`iB+mH�`Hv /m`BM; i?2 }`bi 2TQ+?bX

L2p2`i?2H2bb- bi�`iBM; 7`QK i?2 b2+QM/ Q` i?B`/ 2TQ+?- i?2 T2`7Q`K�M+2 QM
i?2 i`�BMBM; /�i�b2i +QMp2`;2b- �M/ i?2 bm#b2[m2Mi H2�`MBM; /vM�KB+b �`2 [mBi2
bBKBH�`X hQ �M�Hvx2 bi�iBbiB+�H ~m+im�iBQMb- � b2`B2b Q7 Ryyy BM/2T2M/2Mi `mMb
Q7 i?2 b�K2 *LL �`+?Bi2+im`2b U#Qi? SvhQ`+? �M/ i?2 �LL96G1a T�+F�;2V
r2`2 +QM/m+i2/- rBi? `2bmHib bmKK�`Bx2/ BM 6B;X 8XR8X h?2 `2/ +m`p2 `2T`2b2Mib
i`�BMBM; b2i �++m`�+v- r?BH2 i?2 #Hm2 +m`p2 `2T`2b2Mib p�HB/�iBQM b2i �++m`�+vX Ai Bb
2pB/2Mi i?�i i?2 p�`B�M+2 Q7 p�Hm2b Bb [mBi2 H�`;2 BM i?2 2�`Hv 2TQ+?b #mi bi�#BHBx2b
�b i?2 M2irQ`Fb +QMiBMm2 i`�BMBM;X
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6B;m`2 8XR8, S2`7Q`K�M+2 ;`�T? Q7 +QMpQHmiBQM�H M2m`�H M2irQ`Fb /m`BM; i`�BM@
BM; �M/ p�HB/�iBQM �+`Qbb Ryyy `mMbX h?2 `2/ +m`p2 `2T`2b2Mib i`�BMBM; �++m`�+v-
r?BH2 i?2 #Hm2 +m`p2 `2T`2b2Mib p�HB/�iBQM �++m`�+vX

hQ 7m`i?2` +?�`�+i2`Bx2 i?2 p�`B�iBQM BM i?2 `2bmHib U2bT2+B�HHv QM i?2 p�HB/�iBQM
b2iV- � THQi Q7 i?2 p�`B�M+2 Q7 i?2 2{+B2M+B2b +�M #2 �M�Hvx2/ Ub22 6B;X 8XReVX
aBKBH�` iQ 7mHHv +QMM2+i2/ M2m`�H M2irQ`Fb- i?2 p�`B�M+2 Bb H�`;2 �i i?2 #2;BMMBM;
Q7 i`�BMBM;- r?2M i?2 M2irQ`F i2M/b iQ /Bz2`2Mi HQ+�H KBMBK� �M/ i?2 p�Hm2b
Q7 i?2 r2B;?ib p�`v bB;MB}+�MiHv 7`QK `mM iQ `mMX :`�/m�HHv- �b i?2 MmK#2` Q7
2TQ+?b BM+`2�b2b- i?2 p�`B�M+2 /2+`2�b2b- BM/B+�iBM; i?�i i?2 M2irQ`F +QMbBbi2MiHv
`2�+?2b bBKBH�` �++m`�+v p�Hm2b QM p�HB/�iBQMX

h?mb- i?Bb 2tT2`BK2Mi +QM}`Kb i?2 +Q``2+iM2bb Q7 i?2 +QMpQHmiBQM�H M2m`�H M2i@
rQ`F BKTH2K2Mi�iBQM BM i?2 �LL96G1a T�+F�;2 r?2M +QKT�`2/ iQ i?2 SvhQ`+?
HB#`�`vX h?2 /Bz2`2M+2b Q#b2`p2/ �i i?2 BMBiB�H bi�;2b Q7 i`�BMBM; �`2 �ii`B#mi2/
iQ biQ+?�biB+ 7�+iQ`b �M/ /Q MQi �z2+i i?2 }M�H +H�bbB}+�iBQM T2`7Q`K�M+2- r?B+?
`2K�BMb +QKT�`�#H2 7Q` #Qi? BKTH2K2Mi�iBQMbX



8Xj .2p2HQTK2Mi Q7 �LL T�+F�;2 3N

6B;m`2 8XRe, o�`B�M+2 ;`�T? Q7 +QMpQHmiBQM�H M2m`�H M2irQ`F T2`7Q`K�M+2 /m`@
BM; p�HB/�iBQM 7Q` Ryyy `mMbX

h?Bb +?�Ti2` /2b+`B#2b i?2 bQ7ir�`2 i?�i- #v �TTHvBM; M2m`�H M2irQ`Fb- 2M@
�#H2b i?2 �M�HvbBb Q7 bBKmH�i2/ /�i� Q#i�BM2/ mbBM; i?2 S>a. KQ/2HX h?2b2
/�i� +QMi�BM BM7Q`K�iBQM �#Qmi 2p2Mib- r?2`2 BM ?�H7 Q7 i?2 +�b2b- [m�`F@;HmQM
TH�bK� 7Q`K�iBQM Q++m``2/- r?BH2 BM i?2 Qi?2` ?�H7- Bi /B/ MQiX "�b2/ QM i?Bb-
+H�bbB}2`b mbBM; 7mHHv +QMM2+i2/ M2m`�H M2irQ`Fb r2`2 /2p2HQT2/X h?2 �`+?B@
i2+im`2 Q7 i?`22 +H�bbB}2`b r�b � 7mHHv +QMM2+i2/ M2m`�H M2irQ`F rBi? p�`vBM;
MmK#2`b Q7 B/2MiB+�H ?B//2M H�v2`b UiQ 2p�Hm�i2 i?2 2{+B2M+v Q7 �//BM; KQ`2
H�v2`bV- r?BH2 i?2 7Qm`i? +H�bbB}2` r�b � +QMpQHmiBQM�H M2m`�H M2irQ`FX

h?2 T2`7Q`K�M+2 `2bmHib Q7 �HH +H�bbB}2`b /2KQMbi`�i2/ i?�i i?2 `�r /�i�
+QMi�BM ?B//2M T�ii2`Mb i?�i �HHQr /BbiBM;mBb?BM; #2ir22M 2p2Mib rBi? �M/
rBi?Qmi Z:SX h?2 +H�bbB}2` T2`7Q`K�M+2 ;`�T? BM/B+�i2b i?�i i?2 +QMpQHm@
iBQM�H M2irQ`F@#�b2/ +H�bbB}2` Bb i?2 KQbi 2z2+iBp2X
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*?�Ti2` e

AMi2`T`2iBM; L2m`�H L2irQ`Fb

lM/2`bi�M/BM; r?v � M2m`�H M2irQ`F K�F2b � T�`iB+mH�` /2+BbBQM Bb Dmbi �b BKTQ`@
i�Mi �b 2Mbm`BM; i?2 +Q``2+iM2bb Q7 i?2b2 /2+BbBQMbX lbBM; i?2 FMQrH2/;2 Q7 M2m`�H
M2irQ`F bi`m+im`2 �M/ i`�BMBM; ;�BM2/ BM *?�Ti2` 9- L2m`�H L2irQ`Fb �M/ .22T
G2�`MBM;- i?Bb +?�Ti2` /2b+`B#2b p�`BQmb K2i?Q/b 7Q` BMi2`T`2iBM; i?2 QmiTmi Q7 �
M2m`�H M2irQ`FX

h?2 /2+BbBQMb K�/2 #v � M2m`�H M2irQ`F �`2 /B`2+iHv BM~m2M+2/ #v i?2 BMTmi
/�i� Bi T`Q+2bb2bX h?2`27Q`2- mM/2`bi�M/BM; i?2 K2+?�MBbKb #v r?B+? � M2m`�H
M2irQ`F T2`7Q`Kb 2p2Mi +H�bbB}+�iBQM ?2HTb iQ B/2MiB7v F2v 72�im`2b BM i?2 BMTmi
/�i�X h?Bb BM7Q`K�iBQM Bb +`m+B�H 7Q` i?2 T?vbB+�H BMi2`T`2i�iBQM Q7 +H�bbB}+�iBQM
`2bmHib 7Q` 2p2Mib +QMi�BMBM; Z:S �M/ 2M?�M+2b +QM}/2M+2 BM K�+?BM2 H2�`MBM;
K2i?Q/bX

eXR AMi`Q/m+iBQM
qBi? i?2 �/p�M+2K2Mi Q7 +QKTmiBM; i2+?MQHQ;B2b- M2m`�H M2irQ`Fb ?�p2 #2+QK2
� F2v iQQH BM T?vbB+�H `2b2�`+?X h?2B` �#BHBiv iQ T`Q+2bb �M/ �M�Hvx2 +QKTH2t
/�i� K�F2b i?2K BM/BbT2Mb�#H2 BM #Qi? 2tT2`BK2Mib �M/ i?2Q`2iB+�H KQ/2HBM;X
>Qr2p2`- /m2 iQ i?2B` ǳ#H�+F #QtǴ M�im`2- r?2`2 i?2 BMi2`M�H K2+?�MBbKb `2K�BM
?B//2M- bB;MB}+�Mi +?�HH2M;2b �`Bb2 BM BMi2`T`2iBM; i?2 Q#i�BM2/ `2bmHibX

h?2 BMi2`T`2i�#BHBiv Q7 M2m`�H M2irQ`Fb Qz2`b MmK2`Qmb �/p�Mi�;2bX Ai ?2HTb BM
+?QQbBM; #2ir22M KQ/2Hb rBi? +QKT�`�#H2 �++m`�+v- 7�pQ`BM; i?2 QM2 i?�i �HB;Mb
#2ii2` rBi? T?vbB+�HHv ;`QmM/2/ �bbmKTiBQMbX h?Bb 2M�#H2b i?2 i`�Mb7Q`K�iBQM
Q7 �M BM+QM+HmbBp2 KQ/2H BMiQ � `2HB�#H2 QM2 i?`Qm;? `2}M2K2Mi �M/ �/�Ti�iBQM
#�b2/ QM +QKT`2?2MbB#H2 T?vbB+�H BMi2`T`2i�iBQMbX 6m`i?2`KQ`2- �M�HvxBM; i?2



Nk eX ALh1_S_1hAL: L1l_�G L1hqP_Ea

+QMi`B#miBQMb Q7 /Bz2`2Mi BMTmi 72�im`2b iQ M2m`�H M2irQ`F T`2/B+iBQMb +�M mM@
+Qp2` 2``Q`b �M/ `2p2�H M2r +Q``2H�iBQMb- T�pBM; i?2 r�v 7Q` MQp2H /Bb+Qp2`B2b �M/
BKT`QpBM; i?2 [m�HBiv Q7 2tT2`BK2Mi�H /�i�X

h?Bb +?�Ti2` `2pB2rb p�`BQmb K2i?Q/b 7Q` BMi2`T`2iBM; M2m`�H M2irQ`Fb- BM@
+Hm/BM; i?2 ∆�l* (Rjd) K2i?Q/- G�v2`@rBb2 _2H2p�M+2 S`QT�;�iBQM UG_SV (Rj3)-
L2m`�H �+iBp�iBQM S�ii2`M UL�SV .B�;`�Kb (RjN)- �M/- +`m+B�HHv 7Q` 7m`i?2` �M�H@
vbBb- a?�TH2v �//BiBp2 1tTH�M�iBQMb Ua>�SV (R9y)X a>�S- #�b2/ QM +QQT2`�iBp2
;�K2 i?2Q`v +QM+2Tib- T`QpB/2b � i`�MbT�`2Mi �TT`Q�+? iQ BMi2`T`2iBM; K�+?BM2
H2�`MBM; KQ/2Hb #v [m�MiB7vBM; i?2 +QMi`B#miBQM Q7 2�+? 72�im`2 iQ i?2 KQ/2HǶb
T`2/B+iBQMX h?Bb K2i?Q/ MQi QMHv 2M�#H2b i?2 HQ+�H 2tTH�M�iBQM Q7 BM/BpB/m�H
2p2Mi T`2/B+iBQMb #mi �HbQ Qz2`b BMbB;?ib BMiQ i?2 KQ/2HǶb ;HQ#�H #2?�pBQ`X

�b � T`�+iB+�H �TTHB+�iBQM Q7 BMi2`T`2i�#H2 KQ/2Hb- i?Bb +?�Ti2` T`2b2Mib � +H�b@
bB}2` 7Q` Zm�`F@:HmQM SH�bK� UZ:SV 2p2MibX h?2 a>�S �M�HvbBb MQi QMHv +QM@
}`K2/ i?2 +`m+B�H `QH2 Q7 HB;?i T�`iB+H2b �M/ �MiB#�`vQMb BM Z:S /2i2+iBQM- r?B+?
�HB;Mb rBi? i?2Q`2iB+�H 2tT2+i�iBQMb `2;�`/BM; Bib 7Q`K�iBQM- #mi �HbQ `2p2�H2/ �
KQ`2 /2i�BH2/ mM/2`bi�M/BM; Q7 i?2 T`Q+2bb2b mM/2`HvBM; i?2 M2m`�H M2irQ`FǶb
/2+BbBQM@K�FBM;X

h?2b2 }M/BM;b �`2 bB;MB}+�Mi 7Q` mM/2`bi�M/BM; ?Qr i?2 KQ/2H T2`+2Bp2b /B7@
72`2Mi ivT2b Q7 2p2Mib �M/ r?B+? /�i� 72�im`2b �`2 +`BiB+�H 7Q` /BbiBM;mBb?BM; i?2
T`2b2M+2 Q` �#b2M+2 Q7 Z:SX *QMb2[m2MiHv- BMi2`T`2iBM; M2m`�H M2irQ`Fb mbBM;
a>�S �M�HvbBb mMHQ+Fb M2r QTTQ`imMBiB2b 7Q` +QKT`2?2M/BM; T?vbB+�H T`Q+2bb2b
�M/ +QmH/ 7�+BHBi�i2 7m`i?2` b+B2MiB}+ #`2�Fi?`Qm;?b BM ?B;?@2M2`;v �M/ ?2�pv@BQM
T?vbB+bX

eXk *H�bbB}+�iBQM, _P* *m`p2 �M/ �l*

h?2 `2+2Bp2` QT2`�iBM; +?�`�+i2`BbiB+ U_P*V +m`p2 �M/ i?2 �`2� mM/2` i?2 +m`p2
U�l*V �`2 F2v K2i`B+b mb2/ iQ �bb2bb +H�bbB}+�iBQM T2`7Q`K�M+2X h?2 _P* +m`p2
BHHmbi`�i2b i?2 i`�/2@Qz #2ir22M i?2 i`m2 TQbBiBp2 `�i2 Uh`m2 SQbBiBp2 _�i2- hS_V
�M/ i?2 7�Hb2 TQbBiBp2 `�i2 U6�Hb2 SQbBiBp2 _�i2- 6S_V �b i?2 +H�bbB}+�iBQM i?`2b?@
QH/ p�`B2bX h?2 �l* U�`2� mM/2` i?2 +m`p2V [m�MiB}2b i?Bb `2H�iBQMb?BT- T`QpB/BM;
� +QKT`2?2MbBp2 K2�bm`2 Q7 KQ/2H T2`7Q`K�M+2X h?2 p�Hm2 �l* = 0.99- /2TB+i2/
BM 6B;m`2 eXR- +QM}`Kb i?2 +H�bbB}2`Ƕb ?B;? 2z2+iBp2M2bbX

6Q` 2�+? +H�bbB}+�iBQM i?`2b?QH/- i?2 S`2+BbBQM �M/ _2+�HH K2i`B+b �`2 +�H+m@



eXk *H�bbB}+�iBQM, _P* *m`p2 �M/ �l* Nj

6B;m`2 eXR, _P* +m`p2 �M/ 2p2Mi +H�bbB}+�iBQM �++m`�+v �M�HvbBb 7Q` Z:S /2@
i2+iBQMX h?2 H27i THQi b?Qrb S`2+BbBQM �M/ _2+�HH �b � 7mM+iBQM Q7 i?2 +H�bbB}+�iBQM
i?`2b?QH/- r?BH2 i?2 `B;?i THQi T`2b2Mib i?2 _P* +m`p2 rBi? �l* 4 yXNNX

H�i2/,

S`2+BbBQM =
hS

hS + 6S , _2+�HH UhS_V = hS
hS + 6L , 6S_ =

6S
6S + hL . UeXRV

h?2 H27i THQi BM 6B;X eXR /2KQMbi`�i2b i?�i �b i?2 +H�bbB}+�iBQM i?`2b?QH/ BM@
+`2�b2b- S`2+BbBQM `Bb2b r?BH2 _2+�HH /2+`2�b2b- `2~2+iBM; i?2 i`�/2@Qz #2ir22M
i?2b2 K2i`B+bX h?2 `B;?i THQi T`2b2Mib i?2 _P* +m`p2- BHHmbi`�iBM; i?2 +H�bbB}2`Ƕb
bi`QM; �#BHBiv iQ /BbiBM;mBb? #2ir22M 2p2Mib rBi? �M/ rBi?Qmi Z:SX

eXkXR Z:S h`B;;2` .2+BbBQM S`Q+2bb
h?2 Z:S i`B;;2` /2+BbBQM T`Q+2bb Bb #�b2/ QM T`Q#�#BHBbiB+ 2p2Mi +H�bbB}+�iBQM
mbBM; � M2m`�H M2irQ`FX h?2 BMTmi /�i� T�bb2b i?`Qm;? i?2 M2irQ`F- r?B+? T`Q@
/m+2b irQ QmiTmib, i?2 T`Q#�#BHBiv Q7 Z:S T`2b2M+2 �M/ i?2 T`Q#�#BHBiv Q7 Z:S
�#b2M+2X "�b2/ QM i?2 b2H2+i2/ i?`2b?QH/- � /2+BbBQM Bb K�/2 ě r?2i?2` i?2 2p2Mi
Bb +H�bbB}2/ �b +QMi�BMBM; Z:S Q` �b #�+F;`QmM/X

h?2 F2v �bT2+ib Q7 i?2 T`Q+2bb �`2,

• P#D2+iBp2, JBMBKBx2 i?2 MmK#2` Q7 KBbb2/ Z:S 2p2Mib U6�Hb2 L2;�iBp2b-
6LV r?BH2 K�BMi�BMBM; � HQr 7�Hb2 TQbBiBp2 `�i2 U6�Hb2 SQbBiBp2b- 6SVX

• h?`2b?QH/ 1z2+i, GQr2` i?`2b?QH/b BM+`2�b2 b2MbBiBpBiv #mi �HbQ `�Bb2 i?2
T`Q#�#BHBiv Q7 7�Hb2 TQbBiBp2bX >B;?2` i?`2b?QH/b `2/m+2 6S #mi BM+`2�b2 i?2
`BbF Q7 KBbbBM; Z:S 2p2MibX
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Event selection in the QGP Trigger 

2

  

 

FNR = FN
TP + FN

= Rejected Signal
TotalQGP

← minimize

FPR = FP
TN + FP

= Selected Background
TotalnoQGP

← keep low

Select ion = TP + FP
(TN + FN ) + (TP + FP ) = Selected Events

TotalNegative + TotalPositive
= Reduct ion Rate

Goals:  

• Minimize False Positives (FP) and keep False 
Negatives (FN) consistently low across epochs 

Control:  

• Use ‘Reduction Rate’ to modify trigger response 

Thresholding:  

• Aim for a stable threshold, despite epoch variations 

• Study threshold shifts to set the optimal value

6B;m`2 eXk, 1p2Mi b2H2+iBQM BM i?2 Z:S i`B;;2`X h?2 H27i ;`�T? b?Qrb i?2
/Bbi`B#miBQM Q7 +H�bbB}2` QmiTmib 7Q` 2p2Mib rBi? �M/ rBi?Qmi Z:SX h?2 `B;?i
;`�T? T`2b2Mib i?2 /2T2M/2M+B2b Q7 i?2 6�Hb2 L2;�iBp2 _�i2 U6L_V �M/ 6�Hb2
SQbBiBp2 _�i2 U6S_V QM i?2 +H�bbB}+�iBQM i?`2b?QH/X

6B;m`2 eXk T`2b2Mib i?2 2p2Mi b2H2+iBQM `2bmHibX h?2 H27i ;`�T? /BbTH�vb i?2
/Bbi`B#miBQM Q7 +H�bbB}2` QmiTmib 7Q` 2p2Mib rBi? �M/ rBi?Qmi Z:SX h?2 b2T�`�iBQM
#2ir22M +H�bb2b 2M�#H2b QTiBK�H b2H2+iBQM Q7 i?2 +H�bbB}+�iBQM i?`2b?QH/X h?2 `B;?i
;`�T? BHHmbi`�i2b i?2 /2T2M/2M+B2b Q7 i?2 6�Hb2 L2;�iBp2 _�i2 U6L_V �M/ 6�Hb2
SQbBiBp2 _�i2 U6S_V QM i?2 i?`2b?QH/X

h?2 K2i`B+b mb2/ 7Q` �M�HvbBb,

6L_ =
6L

hS + 6L , 6S_ =
6S

6S + hL , a2H2+iBQM _�i2 =
hS + 6S

hQi�H 1p2Mib .
UeXkV

h?2 �M�HvbBb BM/B+�i2b i?�i HQr +H�bbB}+�iBQM i?`2b?QH/b 2M?�M+2 b2MbBiBpBiv
#mi BM+`2�b2 i?2 6S_- r?2`2�b ?B;? i?`2b?QH/b KBMBKBx2 7�Hb2 TQbBiBp2b �i i?2
+Qbi Q7 BM+`2�bBM; i?2 6L_X h?2 QTiBK�H +H�bbB}+�iBQM i?`2b?QH/ b?QmH/ KBMBKBx2
#Qi? K2i`B+b r?BH2 K�BMi�BMBM; ?B;? �++m`�+vX

eXj G�v2`@rBb2 _2H2p�M+2 S`QT�;�iBQM UG_SV
h?2 G�v2`@rBb2 _2H2p�M+2 S`QT�;�iBQM UG_SV K2i?Q/ Bb �M BMi2`T`2i�#BHBiv �T@
T`Q�+? mb2/ iQ �M�Hvx2 i?2 /2+BbBQMb Q7 M2m`�H M2irQ`FbX h?2 T`BK�`v ;Q�H Q7
G_S Bb iQ /2i2`KBM2 i?2 +QMi`B#miBQM Q7 2�+? BMTmi 72�im`2 iQ i?2 }M�H +H�bbB@



eXj G�v2`@rBb2 _2H2p�M+2 S`QT�;�iBQM UG_SV N8

}2` /2+BbBQMX h?Bb �HHQrb 7Q` i?2 pBbm�HBx�iBQM �M/ mM/2`bi�M/BM; Q7 r?B+? /�i�
+?�`�+i2`BbiB+b ?�p2 i?2 KQbi bB;MB}+�Mi BKT�+i QM i?2 KQ/2HǶb T`2/B+iBQMbX

eXjXR S`BM+BTH2b Q7 i?2 G_S J2i?Q/

h?2 G_S K2i?Q/ QT2`�i2b #v /Bbi`B#miBM; i?2 QmiTmi p�Hm2 Q7 i?2 M2m`�H M2irQ`F
U2X;X- i?2 T`Q#�#BHBiv Q7 �M 2p2Mi #2HQM;BM; iQ i?2 Z:S +H�bbV �+`Qbb �HH BMTmi
72�im`2bX h?Bb Bb �+?B2p2/ mbBM; � `2H2p�M+2 +QMb2`p�iBQM `mH2 �i 2�+? H�v2` Q7 i?2
M2irQ`FX h?2 `mH2 bi�i2b i?�i i?2 bmK Q7 `2H2p�M+2 �i i?2 QmiTmi Q7 � H�v2` 2[m�Hb
i?2 bmK Q7 `2H2p�M+2 �i Bib BMTmiX *QMb2[m2MiHv- `2H2p�M+2 Bb T`QT�;�i2/ bi2T #v
bi2T 7`QK i?2 QmiTmi H�v2` iQ i?2 BMTmi H�v2`X

6Q` 2�+? H�v2` l BM i?2 M2irQ`F- i?2 `2H2p�M+2 7Q` i?2 M2m`QMb BM i?2 T`2pBQmb
H�v2` l − 1 Bb +QKTmi2/ �b 7QHHQrb,

R(l−1)
i =

∑

j

zij∑
k zik

R(l)
j , UeXjV

r?2`2 R(l)
j `2T`2b2Mib i?2 `2H2p�M+2 Q7 M2m`QM j �i i?2 +m``2Mi H�v2`- zij /2MQi2b

i?2 +QMi`B#miBQM Q7 M2m`QM i 7`QK i?2 T`2pBQmb H�v2` iQ i?2 �+iBp�iBQM Q7 M2m`QM
j- �M/

∑
k zik Bb i?2 bmK Q7 +QMi`B#miBQMb 7`QK �HH M2m`QMb BM i?2 T`2pBQmb H�v2`X

AM i?2 +QMi2ti Q7 Z:S 2p2Mi +H�bbB}+�iBQM- i?2 G_S K2i?Q/ Bb mb2/ iQ B/2MiB7v
F2v 72�im`2b i?�i ?�p2 i?2 KQbi bB;MB}+�Mi BM~m2M+2 QM i?2 M2irQ`FǶb /2+BbBQMX
6Q` BMbi�M+2- �M�HvxBM; 2p2Mib rBi? /Bz2`2Mi 2M2`;v H2p2Hb �M/ +QHHBbBQM T�`�K@
2i2`b ?2HTb /2i2`KBM2 r?B+? 72�im`2b Ubm+? �b KQK2MimK- 2M2`;v- Q` +2Mi`�HBivV
+QMi`B#mi2 KQbi iQ T`2/B+iBM; i?2 T`2b2M+2 Q7 Z:SX

� F2v �/p�Mi�;2 Q7 i?2 G_S K2i?Q/ Bb Bib +�T�#BHBiv iQ BMi2`T`2i +QKTH2t
KQ/2Hb bm+? �b /22T M2m`�H M2irQ`FbX h?Bb Bb T�`iB+mH�`Hv mb27mH BM �TTHB+�iBQMb
r?2`2 mM/2`bi�M/BM; +`m+B�H /�i� +?�`�+i2`BbiB+b Bb 2bb2MiB�H- 7Q` 2t�KTH2- BM ?B;?@
2M2`;v T?vbB+b /�i� �M�HvbBbX

>Qr2p2`- i?2 G_S K2i?Q/ ?�b +2`i�BM HBKBi�iBQMbX Ai +�M #2 b2MbBiBp2 iQ
i?2 +?QB+2 Q7 �+iBp�iBQM 7mM+iBQM �M/ M2irQ`F r2B;?ib �M/ `2[mB`2b bm#bi�MiB�H
+QKTmi�iBQM�H `2bQm`+2b iQ T`QT�;�i2 `2H2p�M+2 i?`Qm;?Qmi i?2 M2irQ`FX .2bTBi2
i?2b2 +QMbi`�BMib- G_S `2K�BMb � p�Hm�#H2 iQQH 7Q` �M�HvxBM; K�+?BM2 H2�`MBM;
KQ/2H /2+BbBQMbX
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eX9 L2m`�H �+iBp�iBQM S�ii2`M UL�SV .B�;`�Kb
L2m`�H �+iBp�iBQM S�ii2`M UL�SV /B�;`�Kb �`2 � pBbm�H iQQH 7Q` �M�HvxBM; �M/ BM@
i2`T`2iBM; i?2 #2?�pBQ` Q7 M2m`�H M2irQ`FbX h?2v �`2 mb2/ iQ /BbTH�v �M/ 2t�KBM2
i?2 �+iBp�iBQM T�ii2`Mb Q7 M2m`QMb �i /Bz2`2Mi H�v2`b Q7 i?2 M2irQ`FX h?Bb �T@
T`Q�+? ?2HTb mM/2`bi�M/ ?Qr i?2 M2irQ`F T`Q+2bb2b BMTmi /�i� �M/ r?�i BMi2`M�H
`2T`2b2Mi�iBQMb �`2 7Q`K2/ /m`BM; +H�bbB}+�iBQMX

eX9XR S`BM+BTH2b Q7 L�S .B�;`�K *QMbi`m+iBQM
L�S /B�;`�Kb pBbm�HBx2 i?2 �+iBp�iBQMb Q7 M2m`QMb �i 2�+? H�v2` Q7 i?2 M2irQ`F �b
� 7mM+iBQM Q7 i?2 BMTmi /�i�X 1�+? TQBMi QM i?2 /B�;`�K `2T`2b2Mib i?2 �+iBp�iBQM
Q7 � bT2+B}+ M2m`QM- r?BH2 Bib +QHQ` Q` bBx2 +�M BM/B+�i2 i?2 `2H�iBp2 �+iBp�iBQM
K�;MBim/2X h?Bb pBbm�HBx�iBQM T`QpB/2b BMbB;?ib BMiQ r?B+? M2m`QMb �`2 �+iBp�i2/
7Q` /Bz2`2Mi 2p2Mi +H�bb2bX

h?2 7QHHQrBM; bi2Tb �`2 mb2/ iQ +QMbi`m+i L�S /B�;`�Kb,

• AMTmi /�i� Bb 72/ BMiQ i?2 M2irQ`F- �M/ M2m`QM �+iBp�iBQMb �`2 +QKTmi2/
7Q` 2�+? H�v2`X

• �+iBp�iBQMb �`2 MQ`K�HBx2/ iQ 2M?�M+2 pBbm�HBx�iBQM +H�`BivX

• 6Q` 2�+? H�v2`- � /B�;`�K Bb ;2M2`�i2/- /BbTH�vBM; i?2 �+iBp�iBQMb Q7 �HH
M2m`QMb 7Q` � ;Bp2M b2i Q7 BMTmi /�i�X

eX9Xk �/p�Mi�;2b �M/ GBKBi�iBQMb Q7 L�S .B�;`�Kb
h?2 T`BK�`v �/p�Mi�;2 Q7 L�S /B�;`�Kb Bb i?2B` BMimBiBp2 pBbm�HBx�iBQMX h?2v
2M�#H2 `2b2�`+?2`b iQ [mB+FHv ;`�bT ?Qr i?2 M2irQ`F T`Q+2bb2b BMTmi /�i� �M/
B/2MiB7v F2v �+iBp�iBQM T�ii2`Mb �i 2�+? H�v2`X h?Bb Bb T�`iB+mH�`Hv p�Hm�#H2 7Q`
+H�bbB}+�iBQM i�bFb BM ?B;?@2M2`;v T?vbB+b- r?2`2 +QKTH2t /�i� bi`m+im`2b Kmbi
#2 �M�Hvx2/X

>Qr2p2`- L�S /B�;`�Kb �HbQ ?�p2 HBKBi�iBQMbX h?2v +�M #2+QK2 +?�HH2M;BM;
iQ BMi2`T`2i BM /22T M2irQ`Fb rBi? � H�`;2 MmK#2` Q7 H�v2`b �M/ M2m`QMb- �b i?2
�KQmMi Q7 /BbTH�v2/ BM7Q`K�iBQM BM+`2�b2b bB;MB}+�MiHvX hQ �//`2bb i?Bb Bbbm2-
�;;`2;�iBQM �M/ bBKTHB}+�iBQM i2+?MB[m2b �`2 2KTHQv2/- bm+? �b ;`QmTBM; M2m`QMb
#�b2/ QM i?2 bB;MB}+�M+2 Q7 i?2B` �+iBp�iBQMX



eX8 a?�TH2v �//BiBp2 1tTH�M�iBQMb Ua>�SV Nd

eX8 a?�TH2v �//BiBp2 1tTH�M�iBQMb Ua>�SV
h?Bb b2+iBQM BMi`Q/m+2b +QQT2`�iBp2 ;�K2 i?2Q`v �M/ i?2 +QM+2Ti Q7 /Bbi`B#miBM;
`2r�`/b �KQM; TH�v2`b- FMQrM �b +H�bbB+�H a?�TH2v p�Hm2bX h?2b2 p�Hm2b 7Q`K
i?2 7QmM/�iBQM 7Q` �HH bm#b2[m2Mi a>�S K2i?Q/bX L2ti- r2 /Bb+mbb �/�Ti�iBQMb
Q7 i?2b2 p�Hm2b BM i?2 +QMi2ti Q7 `2;`2bbBQM KQ/2Hb- BMi`Q/m+BM; i?2 bQ@+�HH2/
a?�TH2v `2;`2bbBQM p�Hm2bX h?2 /Bb+mbbBQM +QMiBMm2b rBi? �M �M�HvbBb Q7 a>�S
p�Hm2b- r?B+? /B`2+iHv �TTHv a?�TH2vǶb +QM+2Tib iQ BMi2`T`2iBM; +QKTH2t K�+?BM2
H2�`MBM; KQ/2HbX 6BM�HHv- r2 2tTHQ`2 i?2 T`�+iB+�H �TTHB+�iBQM Q7 a>�S p�Hm2
�M�HvbBb mbBM; i?2 SvhQ`+? .22T 1tTH�BM2` HB#`�`v 7Q` �M 2p2Mi +H�bbB}2` /2i2+iBM;
Z:SX

eX8XR *H�bbB+�H a?�TH2v o�Hm2b �M/ *QQT2`�iBp2 :�K2b
hQ mM/2`bi�M/ +H�bbB+�H a?�TH2v p�Hm2b- bQK2 F2v i2`Kb Kmbi }`bi #2 BMi`Q/m+2/X

� +QQT2`�iBp2 ;�K2 Bb � ivT2 Q7 ;�K2 r?2`2 � ;`QmT Q7 TH�v2`b U� +Q�HBiBQMV
rQ`Fb iQ;2i?2` iQr�`/ � +QKKQM ;Q�HX �M 2t�KTH2 Q7 � +QQT2`�iBp2 ;�K2 �M/
p�`BQmb TH�v2` +Q�HBiBQMb Bb BHHmbi`�i2/ BM 6B;X eXjX h?2 ;`�M/ +Q�HBiBQM +QMbBbib Q7
�HH TH�v2`b T�`iB+BT�iBM; BM i?2 ;�K2X 1�+? TH�v2` +QMi`B#mi2b BM/BpB/m�HHv iQ i?2
Qp2`�HH bm++2bb- r?B+? Bb `272``2/ iQ �b i?2B` K�`;BM�H +QMi`B#miBQMX �//BiBQM�HHv-
i?2`2 2tBbib � +?�`�+i2`BbiB+ 7mM+iBQM v- r?B+? �bbB;Mb � MmK2`B+�H p�Hm2 iQ 2�+?
bm#b2i Q7 TH�v2`b- `2T`2b2MiBM; i?2 2z2+iBp2M2bb Q7 i?�i +Q�HBiBQMX "v +QMp2M@
iBQM- i?2 +?�`�+i2`BbiB+ 7mM+iBQM Bb x2`Q 7Q` �M 2KTiv +Q�HBiBQMX AM i?Bb +QMi2ti-
i?2 +?�`�+i2`BbiB+ 7mM+iBQM /2i2`KBM2b i?2 `2r�`/ �HHQ+�i2/ iQ 2�+? +Q�HBiBQM Q7
TH�v2`bX

a?�TH2v p�Hm2b- T`QTQb2/ #v GHQv/ a?�TH2v BM RN8j (R9k)- T`QpB/2 � 7�B` K2i?Q/
7Q` /Bbi`B#miBM; `2r�`/b �KQM; TH�v2`b BM � H�`;2 +Q�HBiBQM #�b2/ QM i?2B` BM/B@
pB/m�H +QMi`B#miBQMb iQ Qp2`�HH bm++2bbX

h?2 /2}MBiBQM Q7 +H�bbB+�H a?�TH2v p�Hm2b (R9j) BHHmbi`�i2b i?2 T`BM+BTH2 i?�i
2�+? TH�v2`Ƕb +QMi`B#miBQM Bb �bb2bb2/ �b i?2 �p2`�;2 Q7 i?2B` K�`;BM�H +QMi`B#m@
iBQMb �+`Qbb �HH TQbbB#H2 +Q�HBiBQMbX h?2 K�`;BM�H +QMi`B#miBQM ∆v(i, S) Q7 � TH�v2`
i rBi? `2bT2+i iQ � +Q�HBiBQM S Bb ;Bp2M #v i?2 /Bz2`2M+2 #2ir22M i?2 +?�`�+i2`BbiB+
7mM+iBQM v 2p�Hm�i2/ 7Q` i?2 +Q�HBiBQM rBi? �M/ rBi?Qmi i?�i TH�v2`,

∆v(i, S) = v(S ∪ {i})− v(S) UeX9V

h?2 +QQT2`�iBp2 ;�K2 BHHmbi`�i2/ BM 6B;X eXj Bb �M�Hvx2/ #v +QMbB/2`BM; i?2
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Abstract
Over the last few years, the Shapley value, a solution
concept from cooperative game theory, has found nu-
merous applications in machine learning. In this paper,
we first discuss fundamental concepts of cooperative
game theory and axiomatic properties of the Shapley
value. Then we give an overview of the most important
applications of the Shapley value in machine learning:
feature selection, explainability, multi-agent reinforce-
ment learning, ensemble pruning, and data valuation.
We examine the most crucial limitations of the Shapley
value and point out directions for future research.

1 Introduction
Measuring importance and the attribution of various gains is a
central problem in many practical aspects of machine learning
such as explainability [Lundberg et al., 2017], feature selection
[Cohen et al., 2007], data valuation [Ghorbani et al., 2019],
ensemble pruning [Rozemberczki et al., 2021] and federated
learning [Wang et al., 2020; Fan et al., 2021]. For example,
one might ask: What is the importance of a certain feature in
the decisions of a machine learning model? How much is an
individual data point worth? Which models are the most valuable
in an ensemble? These questions have been addressed in different
domains using specific approaches. Interestingly, there is also a
general and unified approach to these questions as a solution to
a transferable utility (TU) cooperative game. In contrast with
other approaches, solution concepts of TU games are theoretically
motivated with axiomatic properties. The best known solution of
this type is the Shapley value [Shapley, 1953] characterized by
several desiderata that include fairness, symmetry, and efficiency
[Chalkiadakis et al., 2011].

In the TU setting, a cooperative game consists of: a player set
and a scalar-valued characteristic function that defines the value of
coalitions (subsets of players). In such a game, the Shapley value
offers a rigorous and intuitive way to distribute the collective value
(e.g. the revenue, profit, or cost) of the team across individuals.
To apply this idea to machine learning, we need to define two
components: the player set and the characteristic function. In a
machine learning setting players may be represented by a set of
input features, reinforcement learning agents, data points, models
in an ensemble, or data silos. The characteristic function can then
describe the goodness of fit for a model, reward in reinforcement

learning, financial gain on instance level predictions, or out-of-
sample model performance. We provide an example about model
valuation in an ensemble [Rozemberczki et al., 2021] in Figure 1.

Figure 1: The Shapley value can be used to solve cooperative games.
An ensemble game is a machine learning application for it – models in
an ensemble are players (red, blue, and green robots) and the financial
gain of the predictions is the payoff (coins) for each possible coalition
(rectangles). The Shapley value can distribute the gain of the grand
coalition (right bottom corner) among models.

Present work. We introduce basic definitions of cooperative
games and present the Shapley value, a solution concept that can
allocate gains in these games to individual players. We discuss its
properties and emphasize why these are important in machine
learning. We overview applications of the Shapley value in
machine learning: feature selection, data valuation, explainability,
reinforcement learning, and model valuation. Finally, we discuss
the limitations of the Shapley value and point out future directions.

2 Background
This section introduces cooperative games and the Shapley value
followed by its properties. We also provide an illustrative running
example for our definitions.

2.1 Cooperative games and the Shapley value
Definition 1. Player set and coalitions. Let N = {1, . . . , n}
be the finite set of players. We call each non-empty subset S ⊆ N
a coalition and N itself the grand coalition.
Definition 2. Cooperative game. A TU game is defined by
the pair (N , v) where v : 2N → R is a mapping called the
characteristic function or the coalition function of the game
assigning a real number to each coalition and satisfying v(∅) = 0.
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Example 1. Let us consider a 3-player cooperative game where
N = {1, 2, 3}. The characteristic function defines the payoff for
each coalition. Let these payoffs be given as:

v(∅) = 0; v({1}) = 7; v({2}) = 11; v({3}) = 14;

v({1, 2}) = 18; v({1, 3}) = 21; v({2, 3}) = 23; v({1, 2, 3}) = 25.

Definition 3. Set of feasible payoff vectors. Let us define
Z(N , v) = {z ∈ RN |

∑
i∈N zi ≤ v(N )} the set of fea-

sible payoff vectors for the cooperative game (N , v).
Definition 4. Solution concept and solution vector. Solution
conceptΦ is a mapping associating a subsetΦ(N , v) ⊆ Z(N , v)
to every TU game (N , v). A solution vector φ(N , v) ∈ RN

to the cooperative game (N , v) satisfies solution concept Φ if
φ(N , v) ∈ Φ(N , v). Solution concept Φ is single-valued if for
every (N , v) the set Φ(N , v) is a singleton.

A solution concept defines an allocation principle through
which rewards can be given to the individual players. The sum
of these rewards cannot exceed the value of the grand coalition
v(N ). Solution vectors are specific allocations satisfying the
principles of the solution concept.
Definition 5. Permutations of the player set. Let Π(N ) be
the set of all permutations defined onN , a specific permutation is
written as π ∈ Π(N ) and π(i) is the position of player i ∈ N
in permutation π.
Definition 6. Predecessor set. Let the set of predecessors of
player i ∈ N in permutation π be the coalition:

Pπ
i = {j ∈ N | π(j) < π(i)} .

Let us imagine that the permutation of the players in our
illustrative game is π = (3, 2, 1). Under this permutation the
predecessor set of the 1st player is Pπ

1 = {3, 2}, that of the 2nd
player is Pπ

2 = {3} and Pπ
3 = ∅.

Definition 7. Shapley value. The Shapley value [Shapley, 1953]
is a single-valued solution concept for cooperative games. The
ith component of the single solution vector satisfying this solution
concept for any cooperative game (N , v) is given by Equation 1.

φSh
i =

1
|Π(N )|

∑

π∈Π(N )

[v(Pπ
i ∪ {i})− v(Pπ

i )]︸ ︷︷ ︸
Player i’s marginal contribution

in permutation π

(1)

The Shapley value of a player is the average marginal con-
tribution of the player to the value of the predecessor set over
every possible permutation of the player set. Table 1 contains
manual calculations of the players’ marginal contributions to each
permutation and their Shapley values in Example 1.

2.2 Properties of the Shapley value
We define the solution concept properties that characterize the
Shapley value and emphasize their relevance and meaning in a
feature selection game. In this game input features are players,
coalitions are subsets of features and the payoff is a scalar valued
goodness of fit for a machine learning model using these input
features.
Definition 8. Null player. Player i is called a null player if
v(S ∪ {i}) = v(S) ∀S ⊆ N \ {i}. A solution concept Φ
satisfies the null player property if for every game (N , v), ev-
ery φ(N , v) ∈ Φ(N , v), and every null player i it holds that
φ(N , v)i = 0.

Table 1: The permutations of the player set, marginal contributions of the
players in each permutation and the Shapley values.

Marginal Contribution
Permutation Player 1 Player 2 Player 3

(1, 2, 3) 7 11 7
(1, 3, 2) 7 4 14
(2, 1, 3) 7 11 7
(2, 3, 1) 2 11 12
(3, 1, 2) 7 4 14
(3, 2, 1) 2 9 14

Shapley value 32/6 50/6 68/6

In the feature selection game a solution concept with the null
player property assigns zero value to those features that never
increase the goodness of fit when added to the feature set.
Definition 9. Efficiency. A solution concept Φ is efficient or
Pareto optimal if for every game (N , v) and every solution vector
φ(N , v) ∈ Φ(N , v) it holds that

∑
i∈N

φ(N , v)i = v(N ).

Consider the goodness of fit of the model trained by using the
whole set of input features. The importance measures assigned to
individual features by an efficient solution concept sum to this
goodness of fit. This allows for quantifying the contribution of
individual features to the whole performance of the trained model.

Definition 10. Symmetry. Two players i and j are symmetric if
v(S ∪ {i}) = v(S ∪ {j}) ∀S ⊆ N \{i, j}. A solution concept
Φ satisfies symmetry if for all (N , v) for all φ(N , v) ∈ Φ(N , v)
and all symmetric players i, j ∈ N it holds that φ(N , v)i =
φ(N , v)j .

The symmetry property implies that if two features have the
same marginal contribution to the goodness of fit when added to
any possible coalition then the importance of the two features
is the same. This property is essentially a fair treatment of the
input features and results in identical features receiving the same
importance score.
Definition 11. Linearity. A single-valued solution concept Φ
satisfies linearity if for any two games (N , v) and (N , w), and
for the solution vector of the TU game given by (N , v + w) it
holds that

φ(N , v + w)i = φ(N , v)i + φ(N , w)i, ∀i ∈ N .

Let us imagine a binary classifier and two sets of data points –
on both of these datasets, we can define feature selection games
with binary cross entropy-based payoffs. The Shapley values of
input features in the feature selection game calculated on the
pooled dataset would be the same as adding together the Shapley
values calculated from the two datasets separately.

These four properties together characterize the Shapley value.
Theorem 1 (Shapley, 1953). A single-valued solution concept
satisfies the null player, efficiency, symmetry, and linearity proper-
ties if and only if it is the Shapley value.

3 Approximations of the Shapley Value
Shapley value computation requires an exponential number of
characteristic function evaluations, resulting in exponential time
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Figure 1: SHAP (SHapley Additive exPlanation) values attribute to each feature the change in the
expected model prediction when conditioning on that feature. They explain how to get from the
base value E[f(z)] that would be predicted if we did not know any features to the current output
f(x). This diagram shows a single ordering. When the model is non-linear or the input features are
not independent, however, the order in which features are added to the expectation matters, and the
SHAP values arise from averaging the φi values across all possible orderings.

8, where fx(z′) = f(hx(z′)) = E[f(z) | zS ], and S is the set of non-zero indexes in z′ (Figure 1).
Based on Sections 2 and 3, SHAP values provide the unique additive feature importance measure that
adheres to Properties 1-3 and uses conditional expectations to define simplified inputs. Implicit in this
definition of SHAP values is a simplified input mapping, hx(z′) = zS , where zS has missing values
for features not in the set S. Since most models cannot handle arbitrary patterns of missing input
values, we approximate f(zS) with E[f(z) | zS ]. This definition of SHAP values is designed to
closely align with the Shapley regression, Shapley sampling, and quantitative input influence feature
attributions, while also allowing for connections with LIME, DeepLIFT, and layer-wise relevance
propagation.

The exact computation of SHAP values is challenging. However, by combining insights from current
additive feature attribution methods, we can approximate them. We describe two model-agnostic
approximation methods, one that is already known (Shapley sampling values) and another that is
novel (Kernel SHAP). We also describe four model-type-specific approximation methods, two of
which are novel (Max SHAP, Deep SHAP). When using these methods, feature independence and
model linearity are two optional assumptions simplifying the computation of the expected values
(note that S̄ is the set of features not in S):

f(hx(z
′)) = E[f(z) | zS ] SHAP explanation model simplified input mapping (9)

= EzS̄ |zS [f(z)] expectation over zS̄ | zS (10)
≈ EzS̄ [f(z)] assume feature independence (as in [9, 5, 7, 3]) (11)
≈ f([zS , E[zS̄ ]]). assume model linearity (12)

4.1 Model-Agnostic Approximations

If we assume feature independence when approximating conditional expectations (Equation 11), as
in [9, 5, 7, 3], then SHAP values can be estimated directly using the Shapley sampling values method
[9] or equivalently the Quantitative Input Influence method [3]. These methods use a sampling
approximation of a permutation version of the classic Shapley value equations (Equation 8). Separate
sampling estimates are performed for each feature attribution. While reasonable to compute for a
small number of inputs, the Kernel SHAP method described next requires fewer evaluations of the
original model to obtain similar approximation accuracy (Section 5).

Kernel SHAP (Linear LIME + Shapley values)

Linear LIME uses a linear explanation model to locally approximate f , where local is measured in the
simplified binary input space. At first glance, the regression formulation of LIME in Equation 2 seems
very different from the classical Shapley value formulation of Equation 8. However, since linear
LIME is an additive feature attribution method, we know the Shapley values are the only possible
solution to Equation 2 that satisfies Properties 1-3 – local accuracy, missingness and consistency. A
natural question to pose is whether the solution to Equation 2 recovers these values. The answer
depends on the choice of loss function L, weighting kernel πx′ and regularization term Ω. The LIME
choices for these parameters are made heuristically; using these choices, Equation 2 does not recover
the Shapley values. One consequence is that local accuracy and/or consistency are violated, which in
turn leads to unintuitive behavior in certain circumstances (see Section 5).
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SHAP values arise from averaging the φi values across all possible orderings.

8, where fx(z′) = f(hx(z′)) = E[f(z) | zS ], and S is the set of non-zero indexes in z′ (Figure 1).
Based on Sections 2 and 3, SHAP values provide the unique additive feature importance measure that
adheres to Properties 1-3 and uses conditional expectations to define simplified inputs. Implicit in this
definition of SHAP values is a simplified input mapping, hx(z′) = zS , where zS has missing values
for features not in the set S. Since most models cannot handle arbitrary patterns of missing input
values, we approximate f(zS) with E[f(z) | zS ]. This definition of SHAP values is designed to
closely align with the Shapley regression, Shapley sampling, and quantitative input influence feature
attributions, while also allowing for connections with LIME, DeepLIFT, and layer-wise relevance
propagation.

The exact computation of SHAP values is challenging. However, by combining insights from current
additive feature attribution methods, we can approximate them. We describe two model-agnostic
approximation methods, one that is already known (Shapley sampling values) and another that is
novel (Kernel SHAP). We also describe four model-type-specific approximation methods, two of
which are novel (Max SHAP, Deep SHAP). When using these methods, feature independence and
model linearity are two optional assumptions simplifying the computation of the expected values
(note that S̄ is the set of features not in S):

f(hx(z
′)) = E[f(z) | zS ] SHAP explanation model simplified input mapping (9)

= EzS̄ |zS [f(z)] expectation over zS̄ | zS (10)
≈ EzS̄ [f(z)] assume feature independence (as in [9, 5, 7, 3]) (11)
≈ f([zS , E[zS̄ ]]). assume model linearity (12)

4.1 Model-Agnostic Approximations

If we assume feature independence when approximating conditional expectations (Equation 11), as
in [9, 5, 7, 3], then SHAP values can be estimated directly using the Shapley sampling values method
[9] or equivalently the Quantitative Input Influence method [3]. These methods use a sampling
approximation of a permutation version of the classic Shapley value equations (Equation 8). Separate
sampling estimates are performed for each feature attribution. While reasonable to compute for a
small number of inputs, the Kernel SHAP method described next requires fewer evaluations of the
original model to obtain similar approximation accuracy (Section 5).

Kernel SHAP (Linear LIME + Shapley values)

Linear LIME uses a linear explanation model to locally approximate f , where local is measured in the
simplified binary input space. At first glance, the regression formulation of LIME in Equation 2 seems
very different from the classical Shapley value formulation of Equation 8. However, since linear
LIME is an additive feature attribution method, we know the Shapley values are the only possible
solution to Equation 2 that satisfies Properties 1-3 – local accuracy, missingness and consistency. A
natural question to pose is whether the solution to Equation 2 recovers these values. The answer
depends on the choice of loss function L, weighting kernel πx′ and regularization term Ω. The LIME
choices for these parameters are made heuristically; using these choices, Equation 2 does not recover
the Shapley values. One consequence is that local accuracy and/or consistency are violated, which in
turn leads to unintuitive behavior in certain circumstances (see Section 5).
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N
S

|S | ! ( |N | − |S | − 1)!

i

6B;m`2 eX9, AHHmbi`�iBQM Q7 i?2 a?�TH2v p�Hm2 r2B;?iBM; 7�+iQ`, |S|!(|N |−|S|−1)!-
r?2`2 S Bb i?2 bm#b2i Q7 TH�v2`b- N Bb i?2 iQi�H TH�v2` b2i- �M/ i Bb i?2 TH�v2`
#2BM; 2p�Hm�i2/X

• .mKKv SH�v2`, A7 � TH�v2`Ƕb +QMi`B#miBQM iQ �Mv +Q�HBiBQM Bb �Hr�vb x2`Q-
i?2B` a?�TH2v p�Hm2 Bb �HbQ x2`QX

• �//BiBpBiv, 6Q` �Mv irQ BM/2T2M/2Mi ;�K2b- i?2 a?�TH2v p�Hm2 Q7 � TH�v2`
BM i?2 +QK#BM2/ ;�K2 Bb 2[m�H iQ i?2 bmK Q7 i?2B` a?�TH2v p�Hm2b BM 2�+?
BM/BpB/m�H ;�K2X

a?�TH2v p�Hm2b UφvV T`QpB/2 � K2i?Q/ BM +QQT2`�iBp2 ;�K2 i?2Q`v 7Q` 2[@
mBi�#Hv /Bbi`B#miBM; i?2 iQi�H T�vQz �KQM; T�`iB+BT�MibX h?2b2 p�Hm2b �`2
+QKTmi2/ �b i?2 r2B;?i2/ �p2`�;2 Q7 2�+? T�`iB+BT�MiǶb +QMi`B#miBQMb �+`Qbb
�HH TQbbB#H2 +Q�HBiBQMbX h?2 7Q`KmH� 7Q` i?2 a?�TH2v p�Hm2 Q7 � T�`iB+BT�Mi i-
+QMbB/2`BM; i?2 b2i Q7 �HH T�`iB+BT�Mib N �M/ i?2 +?�`�+i2`BbiB+ T�vQz 7mM+iBQM
v- Bb ;Bp2M #v,

φv(i) =
1

|N |!
∑

S⊆N\{i}

|S|!(|N |− |S|− 1)![v(S ∪ {i})− v(S)] UeXRyV

a?�TH2v p�Hm2b MQi QMHv 7�+BHBi�i2 � 7�B` 2p�Hm�iBQM Q7 2�+? T�`iB+BT�MiǶb +QMi`B@
#miBQM iQ +QHH2+iBp2 bm++2bb #mi �HbQ Qz2` p�Hm�#H2 BMbB;?ib BMiQ i?2 /vM�KB+b
Q7 BMi2`�+iBQM �M/ BMi2`/2T2M/2M+2 BM +QQT2`�iBp2 b+2M�`BQbX
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6B;m`2 eX8, AHHmbi`�iBQM Q7 a?�TH2v p�Hm2b 7Q` � *LL i`�BM2/ QM i?2 JLAah
/�i�b2iX h?2 };m`2 T`2b2Mib i?`22 BMTmi BK�;2b `2T`2b2MiBM; i?2 /B;Bib N- y- �M/
8X 6Q` 2�+? BMTmi- i?2 a?�TH2v p�Hm2b �`2 pBbm�HBx2/ 7Q` QmiTmi M2m`QMb- BM/B+�iBM;
i?2 BKTQ`i�M+2 Q7 2�+? TBt2H 7Q` i?2 M2irQ`FǶb T`2/B+iBQMX PmiTmi M2m`QMb �`2
Q`/2`2/ 7`QK H27i iQ `B;?i- +Q``2bTQM/BM; iQ i?2 +H�bb2b y i?`Qm;? N- rBi? i?2
?B;?2bi a?�TH2v p�Hm2b ?B;?HB;?iBM; i?2 KQbi BM~m2MiB�H TBt2Hb BM /2i2`KBMBM; i?2
T`2/B+i2/ +H�bb (R9d)X

eX8Xk h?2 a?�TH2v o�Hm2 BM J�+?BM2 G2�`MBM;
�7i2` /2b+`B#BM; i?2 +H�bbB+�H a?�TH2v p�Hm2b 7Q` +QQT2`�iBp2 ;�K2b- Bi Bb MQr
TQbbB#H2 iQ 2tTHQ`2 i?2B` �TTHB+�iBQM BM �M�HvxBM; M2m`�H M2irQ`F T2`7Q`K�M+2X

a?�TH2v p�Hm2b +�M #2 mb2/ BM K�+?BM2 H2�`MBM; #v BMi2`T`2iBM; i?2 T`2b2M+2
Q7 BM/BpB/m�H KQ/2H 72�im`2b �b TH�v2`b �M/ +QMbB/2`BM; i?2 KQ/2HǶb `2bTQMb2 iQ �
bT2+B}+ BMTmi x �b i?2 Qmi+QK2 Q7 i?2 ;�K2X h?Bb �/�Ti�iBQM Q7 +H�bbB+�H a?�TH2v
p�Hm2b Bb `272``2/ iQ �b a?�TH2v `2;`2bbBQM p�Hm2b (R99)X

hQ BHHmbi`�i2 i?2 �TTHB+�iBQM Q7 a?�TH2v `2;`2bbBQM p�Hm2b- +QMbB/2` � +QMpQ@
HmiBQM�H M2m`�H M2irQ`F i`�BM2/ QM i?2 JLAah /�i�b2iX h?2 pBbm�HBx�iBQM BM
6B;X eX8 /2KQMbi`�i2b ?Qr i?2b2 p�Hm2b ?B;?HB;?i i?2 +QMi`B#miBQM Q7 BM/BpB/m�H
TBt2Hb iQ i?2 KQ/2HǶb T`2/B+iBQMX

a?�TH2v `2;`2bbBQM p�Hm2b T`QpB/2 BMbB;?ib BMiQ i?2 `2H�iBp2 BKTQ`i�M+2 Q7 BM@
/BpB/m�H 72�im`2b BM KQ/2H T`2/B+iBQMb- T�`iB+mH�`Hv BM +�b2b r?2`2 bi`QM; 72�im`2
+Q``2H�iBQMb 2tBbiX

h?Bb K2i?Q/ 2t�KBM2b ?Qr i?2 KQ/2H T`2/B+iBQM +?�M;2b r?2M � bT2+B}+ 72�@
im`2 Bb BM+Hm/2/ Q` 2t+Hm/2/X hQ �+?B2p2 i?Bb- irQ KQ/2Hb �`2 i`�BM2/, QM2 BM@
+Q`TQ`�iBM; i?2 b2H2+i2/ 72�im`2 �M/ �MQi?2` rBi?Qmi BiX h?2 T`2/B+iBQMb Q7 #Qi?
KQ/2Hb �`2 i?2M +QKT�`2/ iQ �bb2bb i?2 BKT�+i Q7 i?2 T`2b2M+2 Q` �#b2M+2 Q7 i?2
72�im`2X

h?2 +QMi`B#miBQM Q7 2�+? 72�im`2 +�M #2 /2i2`KBM2/ #v +QMbB/2`BM; �HH TQbbB#H2
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72�im`2 +QK#BM�iBQMb �M/ +QKTmiBM; i?2 r2B;?i2/ �p2`�;2 Q7 i?2B` +QMi`B#miBQMb,

φi =
∑

S⊆F\{i}

|S|!(|F |− |S|− 1)!

|F |!
[
fS∪{i}(xS∪{i})− fS(xS)

]
. UeXRRV

>2`2 φi `2T`2b2Mib i?2 BKTQ`i�M+2 Q7 72�im`2 i- F /2MQi2b i?2 +QKTH2i2 b2i Q7
�HH 72�im`2b- �M/ S Bb i?2 bm#b2i Q7 72�im`2b 2t+Hm/BM; iX Ai +�M #2 Q#b2`p2/ i?�i
i?Bb 7Q`KmH� Bb B/2MiB+�H iQ i?2 +H�bbB+�H a?�TH2v p�Hm2 7Q`KmH� r?2M �TTHvBM;
i?2 7QHHQrBM; �TT`Q�+?, � bT2+B}+ i2bi BMbi�M+2 x �M/ � i`�BMBM; /�i�b2i 7Q` i?2
KQ/2H �`2 }t2/- r?BH2 i?2 +?�`�+i2`BbiB+ 7mM+iBQM Q7 � 72�im`2 b2i Bb /2}M2/ �b i?2
T`2/B+iBQM Q7 � KQ/2H i`�BM2/ 2t+HmbBp2Hv QM i?2b2 72�im`2b, v(S) = fS(xS)X

AM i?Bb +�b2- ∆v(i, S) +Q``2bTQM/b iQ i?2 +?�M;2 BM T`2/B+iBQM 7Q` x #2@
ir22M � KQ/2H i`�BM2/ QM 72�im`2b S ∪ {i} �M/ � KQ/2H i`�BM2/ QM 72�im`2b S,
∆v(i, S) = fS∪{i}(xS∪{i})− fS(xS)X

h?mb- i?2 +QMi`B#miBQM Q7 BM/BpB/m�H 72�im`2b iQ i?2 KQ/2HǶb T`2/B+iBQM +�M #2
�bb2bb2/ mbBM; 7Q`KmH� UeXNVX

Ai Bb BKTQ`i�Mi iQ MQi2 i?�i i?Bb �TT`Q�+? /Q2b MQi �bb2bb i?2 +QMi`B#miBQM
Q7 2�+? 72�im`2 iQ i?2 Qp2`�HH �++m`�+v Q7 i?2 KQ/2H #mi `�i?2` 2p�Hm�i2b Bib
BKT�+i QM i?2 K�;MBim/2 Q7 i?2 KQ/2HǶb T`2/B+iBQM 7Q` � bT2+B}+ i2bi BMbi�M+2-
�B/BM; BM i?2 BMi2`T`2i�iBQM Q7 i?�i T`2/B+iBQMX a?�TH2v `2;`2bbBQM p�Hm2b +QKT�`2
i?2 +m``2Mi p�Hm2 Q7 � 72�im`2 BM �M 2t�KTH2 x rBi? Bib +QKTH2i2 �#b2M+2 /m`BM;
i`�BMBM; �M/ i2biBM;X � K�DQ` /`�r#�+F Q7 i?Bb �TT`Q�+? Bb Bib ?B;? +QKTmi�iBQM�H
+QKTH2tBiv, +�H+mH�iBM; a?�TH2v `2;`2bbBQM p�Hm2b `2[mB`2b i`�BMBM; i?2 KQ/2H QM
�HH TQbbB#H2 bm#b2ib Q7 72�im`2b- r?B+? Bb BM72�bB#H2 BM KQbi +�b2bX >Qr2p2`- �M
�TT`QtBK�i2 2biBK�iBQM Q7 a?�TH2v p�Hm2b +�M #2 Q#i�BM2/ Km+? KQ`2 2{+B2MiHv
#v +QMbB/2`BM; QMHv � bm#b2i Q7 2H2K2Mib BM i?2 bmKK�iBQM 7`QK 7Q`KmH� UeXRRV-
T`BQ`BiBxBM; i?Qb2 rBi? ?B;?2` r2B;?ibX h?Bb Bb �+?B2p2/ #v +QKT�`BM; KQ/2H
T`2/B+iBQMb rBi? �M/ rBi?Qmi � bT2+B}+ 72�im`2- �p2`�;BM; i?2 `2bmHib Qp2` KmHiBTH2
b�KTH2b /`�rM 7`QK #�+F;`QmM/ /�i� ě �M �TT`Q�+? FMQrM �b a?�TH2v b�KTHBM;
p�Hm2b (R98)X

�//BiBQM�HHv- BM i?2 +QMi2ti Q7 +H�bbB7vBM; 2p2Mib rBi? �M/ rBi?Qmi Z:S- 2�+?
BMTmi M2m`QM `2T`2b2Mib �M BM/BpB/m�H 72�im`2X h?2 BMTmi +QMbBbib Q7 � 9. K�i`Bt
28× 20× 20× 20- r?2`2 2�+? 2H2K2Mi +QMi�BMb � M�im`�H MmK#2` BM/B+�iBM; i?2
MmK#2` Q7 T�`iB+H2b /2i2+i2/ BM � ;Bp2M #BMX hQ +QKTmi2 a?�TH2v `2;`2bbBQM
p�Hm2b- � bT2+B}+ BMTmi M2m`QM +�M #2 `2KQp2/- 7QHHQr2/ #v i`�BMBM; i?2 M2irQ`F
rBi?Qmi Bi U#v `2TH�+BM; Bib p�Hm2 rBi? yVX h?2 M2irQ`F Bb i?2M i`�BM2/ rBi?
i?Bb M2m`QM BM+Hm/2/- �M/ i?2 /Bz2`2M+2 BM T`2/B+iBQMb #2ir22M i?2 irQ +�b2b Bb
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2p�Hm�i2/X h?Bb T`Q+2bb rQmH/ M22/ iQ #2 `2T2�i2/ 7Q` �HH TQbbB#H2 bm#b2ib Q7
BMTmi 72�im`2b- `�M;BM; 7`QK +�b2b r?2`2 �HH BMTmi M2m`QMb �`2 x2`Qb iQ � ǳMQ`K�H
BMTmi 2p2MiǴX

a?�TH2v b�KTHBM; p�Hm2b 7QHHQr � bBKBH�` T`Q+2/m`2 #mi H2p2`�;2 � #�+F;`QmM/
/�i�b2i iQ �TT`QtBK�i2 i?2 �#b2M+2 Q7 � 72�im`2 #v bm#biBimiBM; Bib p�Hm2 rBi?
i?Qb2 7QmM/ BM i?2 #�+F;`QmM/ /�i�b2iX AM i?Bb +�b2- i?2 bm#biBimi2/ p�Hm2 `2K�BMb
y bBM+2 KQbi BMTmi M2m`QMb M�im`�HHv +QMi�BM x2`Q p�Hm2bX

eX8Xj a?�TH2v �//BiBp2 1tTH�M�iBQMb Ua>�SV p�Hm2b
�M �Hi2`M�iBp2 �TT`Q�+? iQ �TT`QtBK�iBM; a?�TH2v `2;`2bbBQM p�Hm2b BMpQHp2b
i`�BMBM; � bBM;H2 KQ/2H QM �HH 72�im`2bX AM i?Bb +�b2- KQ/2H T`2/B+iBQMb M22/
iQ #2 Q#i�BM2/ r?2M K�Mv 72�im`2b ?�p2 mM/2}M2/ p�Hm2b- r?B+? T`2b2Mib � +?�H@
H2M;2 bBM+2 KQbi KQ/2Hb �`2 MQi /2bB;M2/ iQ ?�M/H2 KBbbBM; /�i�X hQ �//`2bb
i?Bb- � bi�iBbiB+�H �TT`Q�+? +�M #2 �TTHB2/- �bbmKBM; i?�i #Qi? i`�BMBM; �M/ i2bi
/�i� �`2 /`�rM 7`QK � T`Q#�#BHBiv /Bbi`B#miBQMX aQK2 72�im`2b BM � ;Bp2M 2t�KTH2
x �`2 FMQrM- r?BH2 Qi?2`b �`2 KBbbBM;X G2i xS `2T`2b2Mi i?2 FMQrM 72�im`2bX AM
a>�S- i?2 +?�`�+i2`BbiB+ 7mM+iBQM 7Q` � b2i Q7 72�im`2b S BM �M 2t�KTH2 x �M/
KQ/2H f Bb /2}M2/ �b i?2 +QM/BiBQM�H 2tT2+i�iBQM,

v(S) = E [f(x)|xS] UeXRkV

h?Bb 2[m�iBQM 2tT`2bb2b i?�i v(S) Bb i�F2M �b i?2 2tT2+i2/ KQ/2H T`2/B+iBQM
f 7Q` 2t�KTH2b x′ b�KTH2/ 7`QK i?2 /�i� /Bbi`B#miBQM- bm#D2+i iQ i?2 +QMbi`�BMi
xS

′ = xSX

.2}MBiBQM Q7 a>�S p�Hm2b, :Bp2M � KQ/2H f - � /�i� /Bbi`B#miBQM- �M/ �
bT2+B}+ i2bi BMbi�M+2 x- i?2 ;Q�H Bb iQ �bb2bb i?2 BKTQ`i�M+2 Q7 2�+? 72�im`2Ƕb
+m``2Mi p�Hm2 `2H�iBp2 iQ Bib mM+2`i�BM p�Hm2bX h?2 a>�S p�Hm2b 7Q` i?2 72�im`2b
BM x +Q``2bTQM/ iQ i?2 a?�TH2v p�Hm2b +QKTmi2/ 7Q` i?2 7QHHQrBM; +QQT2`�iBp2
;�K2,

• 62�im`2b �+i �b TH�v2`b Ui?2 T`2b2M+2 Q7 i?2 B@i? TH�v2` K2�Mb i?2 +m``2Mi
p�Hm2 Q7 i?2 B@i? 72�im`2 BM i?2 2t�KTH2- r?BH2 i?2 �#b2M+2 Q7 i?2 B@i? TH�v2`
K2�Mb �M mM/2}M2/ p�Hm2 ě bBKBH�` iQ a?�TH2v `2;`2bbBQM p�Hm2bVX

• h?2 +?�`�+i2`BbiB+ 7mM+iBQM Q7 � +Q�HBiBQM Q7 72�im`2b Bb /2}M2/ �b i?2 +QM@
/BiBQM�H 2tT2+i�iBQM E [f(x)|xS] Qp2` i?2 /�i� /Bbi`B#miBQMX
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Figure 1: SHAP (SHapley Additive exPlanation) values attribute to each feature the change in the
expected model prediction when conditioning on that feature. They explain how to get from the
base value E[f(z)] that would be predicted if we did not know any features to the current output
f(x). This diagram shows a single ordering. When the model is non-linear or the input features are
not independent, however, the order in which features are added to the expectation matters, and the
SHAP values arise from averaging the φi values across all possible orderings.

8, where fx(z′) = f(hx(z′)) = E[f(z) | zS ], and S is the set of non-zero indexes in z′ (Figure 1).
Based on Sections 2 and 3, SHAP values provide the unique additive feature importance measure that
adheres to Properties 1-3 and uses conditional expectations to define simplified inputs. Implicit in this
definition of SHAP values is a simplified input mapping, hx(z′) = zS , where zS has missing values
for features not in the set S. Since most models cannot handle arbitrary patterns of missing input
values, we approximate f(zS) with E[f(z) | zS ]. This definition of SHAP values is designed to
closely align with the Shapley regression, Shapley sampling, and quantitative input influence feature
attributions, while also allowing for connections with LIME, DeepLIFT, and layer-wise relevance
propagation.

The exact computation of SHAP values is challenging. However, by combining insights from current
additive feature attribution methods, we can approximate them. We describe two model-agnostic
approximation methods, one that is already known (Shapley sampling values) and another that is
novel (Kernel SHAP). We also describe four model-type-specific approximation methods, two of
which are novel (Max SHAP, Deep SHAP). When using these methods, feature independence and
model linearity are two optional assumptions simplifying the computation of the expected values
(note that S̄ is the set of features not in S):

f(hx(z
′)) = E[f(z) | zS ] SHAP explanation model simplified input mapping (9)

= EzS̄ |zS [f(z)] expectation over zS̄ | zS (10)
≈ EzS̄ [f(z)] assume feature independence (as in [9, 5, 7, 3]) (11)
≈ f([zS , E[zS̄ ]]). assume model linearity (12)

4.1 Model-Agnostic Approximations

If we assume feature independence when approximating conditional expectations (Equation 11), as
in [9, 5, 7, 3], then SHAP values can be estimated directly using the Shapley sampling values method
[9] or equivalently the Quantitative Input Influence method [3]. These methods use a sampling
approximation of a permutation version of the classic Shapley value equations (Equation 8). Separate
sampling estimates are performed for each feature attribution. While reasonable to compute for a
small number of inputs, the Kernel SHAP method described next requires fewer evaluations of the
original model to obtain similar approximation accuracy (Section 5).

Kernel SHAP (Linear LIME + Shapley values)

Linear LIME uses a linear explanation model to locally approximate f , where local is measured in the
simplified binary input space. At first glance, the regression formulation of LIME in Equation 2 seems
very different from the classical Shapley value formulation of Equation 8. However, since linear
LIME is an additive feature attribution method, we know the Shapley values are the only possible
solution to Equation 2 that satisfies Properties 1-3 – local accuracy, missingness and consistency. A
natural question to pose is whether the solution to Equation 2 recovers these values. The answer
depends on the choice of loss function L, weighting kernel πx′ and regularization term Ω. The LIME
choices for these parameters are made heuristically; using these choices, Equation 2 does not recover
the Shapley values. One consequence is that local accuracy and/or consistency are violated, which in
turn leads to unintuitive behavior in certain circumstances (see Section 5).
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6B;m`2 eXe, a>�S Ua>�TH2v �//BiBp2 2tSH�M�iBQMV p�Hm2b �ii`B#mi2 � +?�M;2
BM i?2 2tT2+i2/ KQ/2H QmiTmi iQ 2�+? 72�im`2- ;Bp2M Bib T`2b2M+2X h?2v BHHmbi`�i2
?Qr i?2 T`2/B+iBQM i`�MbBiBQMb 7`QK i?2 #�b2 2tT2+i2/ p�Hm2 E[f(z)]- r?B+? +Q`@
`2bTQM/b iQ � b+2M�`BQ r?2`2 MQ 72�im`2b �`2 FMQrM- iQ i?2 �+im�H KQ/2H QmiTmi
f(x) (R98)X

h?mb- i?2 a>�S p�Hm2b +QKTmi�iBQM �H;Q`Bi?K 7QHHQrb 7Q`KmH� UeXNV, 7Q` 2�+?
TQbbB#H2 72�im`2 ;`QmTBM;- �HH 72�im`2b T`2+2/BM; i?2 B@i? 72�im`2 U/2MQi2/ �b SV
�`2 +QMbB/2`2/- �M/ i?2 p�Hm2 Bb +QKTmi2/ �b,

∆f (i, S) = E
[
f(x)|xS∪{i}

]
− E [f(x)|xS] . UeXRjV

h?2M- i?2 Q#i�BM2/ p�Hm2b �`2 �p2`�;2/ Qp2` �HH TQbbB#H2 72�im`2 ;`QmTBM;bX
h?Bb K2�Mb i?�i a>�S p�Hm2b /2b+`B#2 i?2 2tT2+i2/ BM+`2�b2 BM i?2 KQ/2HǶb
QmiTmi r?2M �//BM; i?2 B@i? 72�im`2 BM i?2 ;Bp2M 2t�KTH2X

a>�S p�Hm2b b�iBb7v i?2 7QHHQrBM; 2[m�iBQM,

f(x) = E[f(z)] +
∑

i∈S

φi, UeXR9V

r?2`2 φi `2T`2b2Mib a>�S p�Hm2b i?�i `2~2+i i?2 BKT�+i Q7 2�+? 72�im`2 QM i?2
2tT2+i2/ KQ/2H QmiTmi r?2M T`2b2MiX h?2b2 p�Hm2b �HHQr i`�MbBiBQMBM; 7`QK i?2
#�b2HBM2 T`2/B+iBQM E[f(z)]- r?B+? i?2 KQ/2H rQmH/ K�F2 rBi?Qmi FMQrH2/;2 Q7
�Mv 72�im`2b- iQ i?2 +m``2Mi QmiTmi f(x)- +QMbB/2`BM; i?2 T`QpB/2/ 72�im`2 BM7Q`@
K�iBQMX h?2 /B�;`�K BM 6B;X eXe BHHmbi`�i2b QM2 TQbbB#H2 Q`/2` Q7 72�im`2 �//BiBQM
�M/ i?2 +Q``2bTQM/BM; a>�S p�Hm2b- �p2`�;2/ Qp2` �HH TQbbB#H2 T2`Kmi�iBQMbX

*�H+mH�iBM; 2t�+i a>�S p�Hm2b +�M #2 +QKTmi�iBQM�HHv 2tT2MbBp2X >Qr2p2`-
bBKTHB}2/ K2i?Q/b +�M #2 mb2/ 7Q` i?2B` �TT`QtBK�iBQMX h?2 2biBK�iBQM Q7
E [f(x)|xS] +�M #2 bB;MB}+�MiHv bBKTHB}2/ #v �bbmKBM; i?�i i?2 T`2b2M+2 Q7 2�+?
72�im`2 �z2+ib i?2 KQ/2H QmiTmi HBM2�`Hv �M/ BM/2T2M/2MiHvX lM/2` i?Bb �bbmKT@
iBQM- i?2 p�Hm2b Q7 i?2 72�im`2b MQi BM+Hm/2/ BM S �`2 BM/2T2M/2Mi Q7 #Qi? xS

�M/ 2�+? Qi?2`- +QMi`B#miBM; iQ i?2 `2bTQMb2 BM � HBM2�` K�MM2`X *QMb2[m2MiHv-
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E [f(x)|xS] +�M #2 2biBK�i2/ #v `2TH�+BM; i?2 KBbbBM; p�Hm2b rBi? i?2B` 2tT2+i2/
p�Hm2b- r?B+? +�M #2 �TT`QtBK�i2/ #v i?2 K2�M Qp2` i?2 /�i�b2iX .2MQiBM; i?2
KBbbBM; 72�im`2b �b S̄- i?Bb +�M #2 2tT`2bb2/ �b,

E [f(x)|xS] ≈ f ([xS, E [xS̄]]) . UeXR8V

h?2 �TT`QtBK�i2 2[m�HBiv ?QH/b #2+�mb2 HBM2�`Biv �M/ BM/2T2M/2M+2 �`2 �b@
bmKTiBQMb, i?2 +HQb2` i?2v �`2 iQ `2�HBiv- i?2 KQ`2 �++m`�i2 i?2 �TT`QtBK�iBQMX
lbBM; i?Bb 7Q`KmH�- f(xS) +�M #2 +QKTmi2/ 7Q` �Mv bm#b2i Q7 72�im`2b xS- 2M�#HBM;
i?2 T`�+iB+�H +QKTmi�iBQM Q7 a>�S p�Hm2b #�b2/ QM 7Q`KmH� UeXNVX �//BiBQM�HHv-
i?2 KmHiB@b�KTH2 �TT`QtBK�iBQM mbBM; #�+F;`QmM/ /�i� ě a?�TH2v b�KTHBM; p�H@
m2b ě +�M #2 �TTHB2/ iQ BKT`Qp2 i?2 2biBK�iBQMX

h?2 M2ti b2+iBQM BMi`Q/m+2b i?2 .22T a>�S K2i?Q/- r?B+? Bb T�`iB+mH�`Hv
`2H2p�Mi 7Q` �M�HvxBM; /22T M2m`�H M2irQ`FbX

eX8X9 .22T a>�S U.22TGA6h Y a?�TH2v p�Hm2bV
hQ mM/2`bi�M/ ?Qr .22T a>�S rQ`Fb- Bi Bb mb27mH iQ }`bi /2b+`B#2
.22TGA6h U.22T G2�`MBM; AKTQ`i�Mi 62�hm`2bV (R9e)- � K2i?Q/ 7Q` /2+QKTQbBM;
i?2 QmiTmi Q7 � M2m`�H M2irQ`F BMiQ +QMi`B#miBQMb Q7 BM/BpB/m�H BMTmi 72�im`2bX
.22TGA6h 2tTH�BMb i?2 /Bz2`2M+2 BM QmiTmi `2H�iBp2 iQ � +2`i�BM ǳ`272`2M+2Ǵ BMTmiX

h?2 �TT`Q�+? BMpQHp2b irQ /�i�b2ib, i2bi /�i� �M/ #�+F;`QmM/ /�i�- r?2`2
i?2 H�ii2` b2`p2b �b � `272`2M+2 7Q` +QKT�`BbQM �M/ `2T`2b2Mib � ivTB+�H mMBM7Q`@
K�iBp2 bi�i2 Q7 i?2 BMTmibX AM Qi?2` rQ`/b- #�+F;`QmM/ /�i� Bb mb2/ iQ +`2�i2 �
ǳx2`QǴ +QMi2ti �;�BMbi r?B+? p�`B�iBQMb BM BMTmi p�Hm2b �`2 2p�Hm�i2/X .22TGA6h
2KTHQvb ;`�/B2Mi@#�b2/ K2i?Q/b i?�i +QMbB/2` bB;M�H /Bz2`2M+2b- KBiB;�iBM; �`iB@
7�+ib i?�i �`Bb2 r?2M ;`�/B2Mib �`2 x2`Q �M/ `2/m+BM; /BbiQ`iBQMb +�mb2/ #v BMTmi
/Bb+`2iBx�iBQMX h?Bb �HHQrb 7Q` KQ`2 �++m`�i2 �M/ `2HB�#H2 2tTH�M�iBQMb Q7 M2m`�H
M2irQ`F T`2/B+iBQMbX

AM i?2 +QMi2ti Q7 � Z:S 2p2Mi +H�bbB}2`- #Qi? 2p2Mi +H�bb2b UrBi? �M/ rBi?Qmi
Z:SV �`2 mb2/ �b #�+F;`QmM/ /�i�- r?BH2 i?2 i2bi /�i� +QMbBbib Q7 QMHv QM2 +H�bbX
�b � `2bmHi- .22TGA6h 2tTH�BMb i?2 /Bz2`2M+2 #2ir22M � ǳM2mi`�HǴ �p2`�;2/ 2p2Mi
�M/ � bT2+B}+ +H�bb 2p2Mi UZ:S Q` LQZ:SVX h?2 K2i?Q/ QT2`�i2b �b 7QHHQrb,

• � `272`2M+2 BMTmi 2p2Mi Ukk9yyy BMTmi M2m`QMbV Bb +`2�i2/ #v �p2`�;BM;
2p2Mib rBi? �M/ rBi?Qmi Z:SX h?Bb `272`2M+2 Bb mb2/ 7Q` +QKT�`BbQM rBi?
� bBM;H2 i2bi 2p2Mi �M/ Bb `272``2/ iQ �b i?2 #�+F;`QmM/ 2p2MiX
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• 1�+? BMTmi M2m`QM Q7 i?2 i2bi 2p2Mi xi Bb �bbB;M2/ � p�Hm2 C∆xi∆y- r?B+?
[m�MiB}2b i?2 2z2+i Q7 `2TH�+BM; i?Bb BMTmi M2m`QM rBi? � +Q``2bTQM/BM;
p�Hm2 7`QK i?2 #�+F;`QmM/ 2p2MiX

• q?2M +�H+mH�iBM; C∆xi∆y- .22TGA6h �TTHB2b i?2 ǳ/2Hi� bmKK�iBQMǴ `mH2,
n∑

i=1

C∆xi∆o = ∆o, UeXReV

r?2`2 o = f(x) `2T`2b2Mib i?2 QmiTmi Q7 i?2 M2m`�H M2irQ`F-

∆o = f(x)− f(r), UeXRdV

∆xi = xi − ri, UeXR3V

�M/ r Bb i?2 `272`2M+2 BMTmiX

"v /2}MBM; φi = C∆xi∆o �M/ E[f(z)] = f(r)- .22TGA6h 7QHHQrb i?2 7Q`KmH�@
iBQM Q7 2[m�iBQM UeXR9V- i?2`2#v [m�HB7vBM; �b �MQi?2` �//BiBp2 72�im`2 �ii`B#miBQM
K2i?Q/X

h?2 .22T a>�S K2i?Q/- r?B+? +QK#BM2b .22TGA6h �M/ a?�TH2v p�Hm2b- Bb
/2bB;M2/ iQ �TT`QtBK�i2 a>�S p�Hm2b 7Q` /22T M2m`�H M2irQ`FbX Ai �+?B2p2b
i?Bb #v �;;`2;�iBM; a>�S p�Hm2b +QKTmi2/ 7Q` bK�HH2` M2irQ`F +QKTQM2Mib BMiQ
+QKT`2?2MbBp2 a>�S p�Hm2b 7Q` i?2 2MiB`2 M2irQ`FX .22T a>�S `2+m`bBp2Hv
T`QT�;�i2b .22TGA6h KmHiBTHB2`b- MQr BMi2`T`2i2/ BM i2`Kb Q7 a>�S p�Hm2b-
i?`Qm;? i?2 M2irQ`F BM � #�+Fr�`/ /B`2+iBQMX h?Bb T`Q+2bb #2;BMb �i i?2 QmiTmi
H�v2` �M/ bvbi2K�iB+�HHv i`�Mb72`b a>�S p�Hm2b #�+F i?`Qm;? i?2 ?B//2M H�v2`b
iQ i?2 BMTmi H�v2`X �M 2t�KTH2 Bb BHHmbi`�i2/ BM 6B;X eXdX

mxjf3 =
φi(f3, x)

xj − E[xj]
UeXRNV

∀j ∈ {1, 2}, myifj =
φi(fj, y)

yi − E[yi]
UeXkyV

myif3 =
2∑

j=1

myifjmxjf3 U+?�BM `mH2V UeXkRV

φi(f3, y) ≈ myif3(yi − E[yi]) UHBM2�` �TT`QtBK�iBQMV UeXkkV

PM i?2 `B;?i bB/2 Q7 i?2 /B�;`�K- r?2`2 ǳRǴ Bb TH�+2/ M2ti iQ f3- Bi BM/B+�i2b
i?�i i?2 BMBiB�H a>�S KmHiBTHB2` p�Hm2 7Q` i?2 QmiTmi M2m`QM Bb b2i iQ QM2X h?Bb



Ry3 eX ALh1_S_1hAL: L1l_�G L1hqP_Ea

 

f3

f2f1

f3

f2f1

hapley
(A) (B)

Figure 2: (A) The Shapley kernel weighting is symmetric when all possible z′ vectors are ordered
by cardinality there are 215 vectors in this example. This is distinctly different from previous
heuristically chosen kernels. (B) Compositional models such as deep neural networks are comprised
of many simple components. Given analytic solutions for the Shapley values of the components, fast
approximations for the full model can be made using DeepLIFT’s style of back-propagation.

Max SHAP

Using a permutation formulation of Shapley values, we can calculate the probability that each input
will increase the maximum value over every other input. Doing this on a sorted order of input values
lets us compute the Shapley values of a max function with M inputs in O(M2) time instead of
O(M2M ). See Supplementary Material for the full algorithm.

Deep SHAP (DeepLIFT + Shapley values)

While Kernel SHAP can be used on any model, including deep models, it is natural to ask whether
there is a way to leverage extra knowledge about the compositional nature of deep networks to improve
computational performance. We find an answer to this question through a previously unappreciated
connection between Shapley values and DeepLIFT [8]. If we interpret the reference value in Equation
3 as representing E[x] in Equation 12, then DeepLIFT approximates SHAP values assuming that
the input features are independent of one another and the deep model is linear. DeepLIFT uses a
linear composition rule, which is equivalent to linearizing the non-linear components of a neural
network. Its back-propagation rules defining how each component is linearized are intuitive but were
heuristically chosen. Since DeepLIFT is an additive feature attribution method that satisfies local
accuracy and missingness, we know that Shapley values represent the only attribution values that
satisfy consistency. This motivates our adapting DeepLIFT to become a compositional approximation
of SHAP values, leading to Deep SHAP.

Deep SHAP combines SHAP values computed for smaller components of the network into SHAP
values for the whole network. It does so by recursively passing DeepLIFT’s multipliers, now defined
in terms of SHAP values, backwards through the network as in Figure 2B:

mxjf3 =
φi(f3, x)

xj − E[xj ]
(13)

∀j∈{1,2} myifj =
φi(fj , y)

yi − E[yi]
(14)

myif3 =
2∑

j=1

myifjmxjf3 chain rule (15)

φi(f3, y) ≈ myif3(yi − E[yi]) linear approximation (16)

Since the SHAP values for the simple network components can be efficiently solved analytically
if they are linear, max pooling, or an activation function with just one input, this composition
rule enables a fast approximation of values for the whole model. Deep SHAP avoids the need to
heuristically choose ways to linearize components. Instead, it derives an effective linearization from
the SHAP values computed for each component. Themax function offers one example where this
leads to improved attributions (see Section 5).
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of many simple components. Given analytic solutions for the Shapley values of the components, fast
approximations for the full model can be made using DeepLIFT’s style of back-propagation.

Max SHAP

Using a permutation formulation of Shapley values, we can calculate the probability that each input
will increase the maximum value over every other input. Doing this on a sorted order of input values
lets us compute the Shapley values of a max function with M inputs in O(M2) time instead of
O(M2M ). See Supplementary Material for the full algorithm.

Deep SHAP (DeepLIFT + Shapley values)

While Kernel SHAP can be used on any model, including deep models, it is natural to ask whether
there is a way to leverage extra knowledge about the compositional nature of deep networks to improve
computational performance. We find an answer to this question through a previously unappreciated
connection between Shapley values and DeepLIFT [8]. If we interpret the reference value in Equation
3 as representing E[x] in Equation 12, then DeepLIFT approximates SHAP values assuming that
the input features are independent of one another and the deep model is linear. DeepLIFT uses a
linear composition rule, which is equivalent to linearizing the non-linear components of a neural
network. Its back-propagation rules defining how each component is linearized are intuitive but were
heuristically chosen. Since DeepLIFT is an additive feature attribution method that satisfies local
accuracy and missingness, we know that Shapley values represent the only attribution values that
satisfy consistency. This motivates our adapting DeepLIFT to become a compositional approximation
of SHAP values, leading to Deep SHAP.

Deep SHAP combines SHAP values computed for smaller components of the network into SHAP
values for the whole network. It does so by recursively passing DeepLIFT’s multipliers, now defined
in terms of SHAP values, backwards through the network as in Figure 2B:

mxjf3 =
φi(f3, x)

xj − E[xj ]
(13)

∀j∈{1,2} myifj =
φi(fj , y)

yi − E[yi]
(14)

myif3 =
2∑

j=1

myifjmxjf3 chain rule (15)

φi(f3, y) ≈ myif3(yi − E[yi]) linear approximation (16)

Since the SHAP values for the simple network components can be efficiently solved analytically
if they are linear, max pooling, or an activation function with just one input, this composition
rule enables a fast approximation of values for the whole model. Deep SHAP avoids the need to
heuristically choose ways to linearize components. Instead, it derives an effective linearization from
the SHAP values computed for each component. Themax function offers one example where this
leads to improved attributions (see Section 5).

7

6B;m`2 eXd, .22T M2m`�H M2i@
rQ`Fb �`2 +QKTQb2/ Q7 KmHiB@
TH2 bBKTH2 +QKTQM2MibX "v
+QKTmiBM; a?�TH2v p�Hm2b 7Q`
i?2b2 +QKTQM2Mib �M/ �TTHvBM;
i?2 .22TGA6h #�+FT`QT�;�iBQM
K2i?Q/- �TT`QtBK�i2 p�Hm2b 7Q`
i?2 2MiB`2 KQ/2H +�M #2 Q#@
i�BM2/X (R98)

Bb #2+�mb2 i?2 QmiTmi M2m`QM /B`2+iHv BM~m2M+2b i?2 `2bmHi- �M/ Bib +QMi`B#miBQM
Bb 7mHHv �bbB;M2/ iQ i?2 QmiTmi p�Hm2X am#b2[m2Mi M2m`QMb- ?Qr2p2`- rBHH ?�p2
KmHiBTHB2`b +�H+mH�i2/ mbBM; 7Q`KmH�b UeXRNV �M/ UeXkyVX

L2ti- i?2 +?�BM `mH2 Bb �TTHB2/- bmKKBM; i?2 T`Q/m+ib Q7 KmHiBTHB2`b m Qp2`
�HH BMi2`K2/B�i2 M2m`QMb U7Q`KmH� UeXkRVVX h?2 }M�H a>�S p�Hm2 +�M #2 �TT`Qt@
BK�i2/ mbBM; 7Q`KmH� UeXkkVX AM Qi?2` rQ`/b- i?2 a>�S p�Hm2b 7Q` i?2 BMTmi
M2m`QMb `2T`2b2Mi i?2 T`Q/m+i Q7 i?2 KmHiBTHB2`b m- r?B+? T`QT�;�i2 #�+Fr�`/
i?`Qm;? i?2 M2m`�H M2irQ`F H�v2`b- �M/ i?2 /Bz2`2M+2 #2ir22M i?2 i2bi BK�;2 �M/
i?2 �p2`�;2/ #�+F;`QmM/ BK�;2X

h?Bb 2t�KTH2 /2KQMbi`�i2b i?2 +QMM2+iBQM #2ir22M a>�S p�Hm2b �M/ M2m@
`�H M2irQ`F H�v2`bX Ai Bb BKTQ`i�Mi iQ MQi2 i?�i .22T a>�S 2z2+iBp2Hv ?�M/H2b
/Bz2`2Mi ivT2b Q7 M2m`�H M2irQ`F H�v2`b- BM+Hm/BM; i?Qb2 T2`7Q`KBM; K�t TQQH@
BM; Q` +QMpQHmiBQM QT2`�iBQMbX h?Bb K�F2b i?2 K2i?Q/ T�`iB+mH�`Hv bmBi�#H2 7Q`
�M�HvxBM; +QMpQHmiBQM�H M2m`�H M2irQ`FbX

h?2 M2ti b2+iBQM 7Q+mb2b QM i?2 +�H+mH�iBQM Q7 a>�S p�Hm2b 7Q` i?2 Z:S 2p2Mi
+H�bbB}2` mbBM; i?2 SvhQ`+? .22T 1tTH�BM2` HB#`�`vX

eX8X8 SvhQ`+? .22T 1tTH�BM2`
h?2 +�H+mH�iBQM Q7 a>�S p�Hm2b 7Q` i?2 Z:S 2p2Mi +H�bbB}2` Bb T2`7Q`K2/ mbBM;
i?2 SvhQ`+? .22T 1tTH�BM2` HB#`�`v �M/ BM+Hm/2b i?2 7QHHQrBM; bi2Tb,

• 6B`bi- i?2 KQ/2H Kmbi #2 i`�BM2/ Q` i?2 r2B;?ib Q7 � T`2pBQmbHv i`�BM2/



eX8 a?�TH2v �//BiBp2 1tTH�M�iBQMb Ua>�SV RyN

KQ/2H Kmbi #2 HQ�/2/X

• hrQ /�i�b2ib �`2 +`2�i2/, � #�+F;`QmM/ /�i�b2i �M/ � i2bi /�i�b2iX h?2
#�+F;`QmM/ /�i�b2i +QMi�BMb BM7Q`K�iBQM QM Ryyy 2p2Mib- rBi? ?�H7 Q7 i?2K
+QMi�BMBM; Z:S �M/ i?2 Qi?2` ?�H7 MQiX "�b2/ QM i?Bb /�i�b2i- �M �p2`�;2/
2p2Mi E[f(x)] Bb +QKTmi2/- r?B+? Bb `2[mB`2/ 7Q` a>�S p�Hm2 +�H+mH�iBQM
�M/ `2T`2b2Mib � ǳM2mi`�H 2p2MiǴ ě � `272`2M+2 BK�;2X h?2 i2bi /�i�b2i
+QMbBbib Q7 2p2Mib Q7 i?2 b�K2 +H�bb- r?B+? �`2 i?2M +QKT�`2/ iQ i?2 `27@
2`2M+2X h?2 +?QB+2 Q7 Ryyy 2p2Mib 7Q` i?2 #�+F;`QmM/ /�i�b2i Bb #�b2/ QM
+QKTmi�iBQM�H 2{+B2M+v �M/ +H�bb /2b+`BTiBQM BM i?2 /Q+mK2Mi�iBQM (R9d)X

• h?2 b?�Tnp�Hm2b K2i?Q/ +QKTmi2b a>�S p�Hm2b 7Q` i?2 bT2+B}2/ i2bi
/�i�X h?2 T�`�K2i2` `�MF2/nQmiTmib4LQM2 bT2+B}2b i?�i a>�S p�Hm2b
b?QmH/ #2 +QKTmi2/ 7Q` �HH KQ/2H QmiTmib- BM+Hm/BM; i?2 Z:S �M/ LQZ:S
M2m`QMbX � +Q/2 2t�KTH2 Bb T`QpB/2/ BM GBbiBM; eXRX

• h?2 QmiTmi Q7 i?2 b?�Tnp�Hm2b 7mM+iBQM Bb � HBbi Q7 �``�vb +QMi�BMBM; a>�S
p�Hm2b- r?2`2 2�+? �``�v `2T`2b2Mib i?2 +QMi`B#miBQM Q7 72�im`2b iQ � bT2@
+B}+ KQ/2H QmiTmiX 6Q` i?2 Z:S 2p2Mi +H�bbB}2`- i?2 `2bmHi Bb � i2MbQ` Q7
/BK2MbBQMb 2× 28× 20× 20× 20- r?B+? Bb i?2M b�p2/ iQ � }H2 7Q` 7m`i?2`
pBbm�HBx�iBQMX

R #�+F;`QmM/ 4 /�i�(,MmK"�+F;`QmM/)
k i2binBK�;2b 4 /�i�nZ:S(,MmKh2bi)
j Oi2binBK�;2b 4 /�i�nLQZ:S(,MmKh2bi)
9
8 O AMBiB�HBx2 � .22T a>�S 2tTH�BM2` rBi? i?2 KQ/2H �M/ #�+F;`QmM/

/�i�b2i
e 2 4 b?�TX.22T1tTH�BM2`UKQ/2H- #�+F;`QmM/V
d
3 O *QKTmi2 a>�S p�Hm2b 7Q` i?2 i2bi BK�;2b
N b?�Tnp�Hm2b 4 2Xb?�Tnp�Hm2bUi2binBK�;2b- `�MF2/nQmiTmib4LQM2V

Ry b?�Tnp�Hm2b 4 MTX�b�``�vUb?�Tnp�Hm2bV
RR
Rk T`BMiU]b?�Tnp�Hm2b b?�T2 4 ]- b?�Tnp�Hm2bXb?�T2V
Rj b?�TnbBx2 4 b?�Tnp�Hm2bXb?�T2

GBbiBM; eXR, Svi?QM +Q/2 7Q` +QKTmiBM; a>�S p�Hm2b
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hQ #2ii2` mM/2`bi�M/ ?Qr .22T 1tTH�BM2` rQ`Fb- i?2 T`Q+2bb Q7
b?�TX.22T1tTH�BM2` 7Q` � *LL KQ/2H BM i?2 SvhQ`+? 7`�K2rQ`F +�M #2 /2@
b+`B#2/ mbBM; i?2 7QHHQrBM; F2v bi2Tb �M/ +Q``2bTQM/BM; 7Q`KmH�b,

RX *QKTmi�iBQM Q7 i?2 2tT2+i2/ KQ/2H QmiTmi,

b2H7X2tT2+i2/np�Hm2 4 QmiTmibXK2�MUyVX+TmUVXMmKTvUV

>2`2- QmiTmib `2T`2b2Mib i?2 KQ/2H QmiTmib Q#i�BM2/ #v T�bbBM; i?2 #�+F@
;`QmM/ /�i�b2i i?`Qm;? i?2 KQ/2HX h?2 7mM+iBQM XK2�MUyV +QKTmi2b i?2
K2�M Q7 i?2 QmiTmib �+`Qbb �HH 2t�KTH2b BM i?2 #�+F;`QmM/ /�i�b2iX

kX :`�/B2Mi +�H+mH�iBQM, h?2 ;`�/B2Mib Q7 i?2 KQ/2H QmiTmib rBi? `2bT2+i
iQ i?2 BMTmib �`2 +QKTmi2/ mbBM; �miQK�iB+ /Bz2`2MiB�iBQM,

;`�/b 4 iQ`+?X�miQ;`�/X;`�/Ub2H2+i2/- s- XXXV

>2`2- b2H2+i2/ `272`b iQ i?2 b2H2+i2/ KQ/2H QmiTmib U2X;X- 7Q` � bT2+B}+
+H�bb- BM i?Bb +�b2- Z:S �M/ LQZ:SV- �M/ s /2MQi2b i?2 BMTmi /�i� 7Q`
r?B+? ;`�/B2Mib �`2 `2[mB`2/X

jX �TTHB+�iBQM Q7 i?2 +?�BM `mH2 �M/ HBM2�` �TT`QtBK�iBQM, .m`BM; i?2
+QKTmi�iBQM Q7 a>�S p�Hm2b- i?2 +?�BM `mH2 �M/ HBM2�` �TT`QtBK�iBQM �`2
miBHBx2/ iQ +QMM2+i i?2 +QMi`B#miBQM Q7 2�+? M2m`QM iQ Bib T`2+2/BM; H�v2`bX
h?Bb �H;Q`Bi?K QT2`�i2b #v T`QT�;�iBM; ;`�/B2Mib #�+Fr�`/ ě 7`QK i?2
QmiTmi H�v2` iQ i?2 BMTmi H�v2`X 6Q` � ;Bp2M KQ/mH2 �M/ QmiTmi ;`�/B2Mi
;`�/nQmiTmi- i?2 i`�Mb7Q`K�iBQM 7mM+iBQM +�M #2 `2T`2b2Mi2/ �b,

;`�/nBMTmi 4 7mM+UKQ/mH2- ;`�/nQmiTmi- /2Hi�nBMV

r?2`2 7mM+ p�`B2b /2T2M/BM; QM i?2 ivT2 Q7 QT2`�iBQM U2X;X- +QMpQHmiBQM�H
H�v2`- TQQHBM; H�v2`- 2i+XVX

9X *QKTmi�iBQM Q7 a>�S p�Hm2b, a>�S p�Hm2b 7Q` 2�+? BMTmi 72�im`2 xi

�`2 +QKTmi2/ #�b2/ QM i?2 ;`�/B2Mib �M/ BMTmi /�i�,

φi = (Xi −Xi,`27)× ;`�/b,



eX8 a?�TH2v �//BiBp2 1tTH�M�iBQMb Ua>�SV RRR

r?2`2 Xi `2T`2b2Mib i?2 +m``2Mi p�Hm2 Q7 i?2 BMTmi 72�im`2- Xi,`27 /2MQi2b i?2
+Q``2bTQM/BM; 72�im`2 p�Hm2 BM i?2 #�+F;`QmM/ /�i�b2i- �M/ ;`�/b `272`b iQ
i?2 T`2pBQmbHv +QKTmi2/ ;`�/B2MibX

hQ 2biBK�i2 a>�S p�Hm2b- bQ@+�HH2/ ǳiBH2bǴ �`2 +`2�i2/ ě b2ib Q7 BK�;2 T�B`b
+QMbBbiBM; Q7 QM2 i2bi BK�;2 �M/ QM2 #�+F;`QmM/ BK�;2X � iQi�H Q7 Ryyy bm+?
iBH2b �`2 ;2M2`�i2/- r?2`2 i?2 }`bi BK�;2 BM 2�+? T�B` +Q``2bTQM/b iQ � i2bi
b�KTH2- �M/ i?2 b2+QM/ Bb `�M/QKHv b2H2+i2/ 7`QK i?2 #�+F;`QmM/ /�i�b2iX
a>�S p�Hm2b �`2 +QKTmi2/ 7Q` 2�+? iBH2 �M/ bm#b2[m2MiHv �p2`�;2/ mbBM;
i?2 XK2�MUyV 7mM+iBQM- �b /2KQMbi`�i2/ BM i?2 }`bi bi2TX h?2 ;`�/B2Mib BM
i?Bb 7Q`KmH� �`2 /2i2`KBM2/ mbBM; i?2 .22TGA6h K2i?Q/ /2b+`B#2/ 2�`HB2`X

8X o�HB/�iBQM Q7 a>�S p�Hm2 �//BiBpBiv, �7i2` +QKTmiBM; i?2 a>�S p�H@
m2b- i?2 +?2+Fn�//BiBpBiv 7mM+iBQM p2`B}2b i?�i i?2 bmK Q7 a>�S p�Hm2b
�+`Qbb �HH BMTmi 72�im`2b +Q``2bTQM/b iQ i?2 /Bz2`2M+2 #2ir22M i?2 KQ/2HǶb
T`2/B+iBQM 7Q` i?2 BMTmi /�i� �M/ Bib 2tT2+i2/ p�Hm2,

∑

i

SHAP (xi) = f(x)− E[f(x)]

b?�TX.22T1tTH�BM2` 7QHHQrb i?2b2 bi2Tb iQ /2i2`KBM2 i?2 +QMi`B#miBQM Q7 2�+?
BMTmi 72�im`2 iQ 2�+? KQ/2H QmiTmiX

h?2 `2bmHib Q#i�BM2/ mbBM; i?2 .22T 1tTH�BM2` HB#`�`v 7Q` i?2 Z:S 2p2Mi
+H�bbB}2` �`2 b?QrM BM 6B;X eX3X �M�HvxBM; i?2 a>�S p�Hm2b T`QD2+i2/ #v T�`iB+H2
ivT2 �HHQrb 7Q` i?2 7QHHQrBM; +QM+HmbBQMb,

• a>�S p�Hm2b b2`p2 �b BM/B+�iQ`b Q7 2p2Mi +H�bbB}+�iBQM �++m`�+vX S`2/QKB@
M�MiHv TQbBiBp2 a>�S p�Hm2b 7Q` i?2 Z:S M2m`QM r?2M �M�HvxBM; �M 2p2Mi
+QMi�BMBM; Z:S BM/B+�i2 +Q``2+i +H�bbB}+�iBQMX

• h?2 a>�S p�Hm2b 7Q` i?2 Z:S �M/ LQZ:S M2m`QMb �`2 KB``Q`2/ /m2 iQ
i?2 #BM�`v M�im`2 Q7 i?2 KQ/2HǶb QmiTmi- H2�/BM; iQ BMp2`i2/ p�Hm2bX

• LQ`K�HBx�iBQM Q7 a>�S p�Hm2b ?B;?HB;?ib i?2 +QMi`B#miBQM Q7 `�`2 T�`iB@
+H2b iQ 2p2Mi +H�bbB}+�iBQM- r?B+? K�v Qi?2`rBb2 #2 Qp2`HQQF2/ BM bi�M/�`/
�M�HvbBbX

h?2b2 Q#b2`p�iBQMb �`2 2bb2MiB�H 7Q` mM/2`bi�M/BM; ?Qr i?2 KQ/2H BMi2`T`2ib
/Bz2`2Mi 2p2Mi ivT2b �M/ r?B+? 72�im`2b Bi +QMbB/2`b /2+BbBp2 7Q` +H�bbB7vBM; i?2
T`2b2M+2 Q` �#b2M+2 Q7 Z:SX
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6B;m`2 eX3, oBbm�HBx�iBQM Q7 i?2 a>�S p�Hm2 +QKTmi�iBQM T`Q+2bb 7Q` i?2 Qmi@
Tmib Q7 �M �LL UZ:S �M/ LQZ:S M2m`QMbV T`Q+2bbBM; 2p2Mib rBi? � /BK2M@
bBQM�HBiv Q7 k3tkytkytkyX 6Q` pBbm�HBx�iBQM Tm`TQb2b- `2bmHib �`2 +QKT`2bb2/ #v
bmKKBM; Qp2` i?2 MQM@}t2/ T�`�K2i2`b- `2T`2b2MiBM; i?2 +QMi`B#miBQM Q7 2�+?
T�`iB+H2 ivT2 b2T�`�i2HvX

h?Bb +?�Ti2` ?�b `2pB2r2/ p�`BQmb K2i?Q/b 7Q` BMi2`T`2iBM; i?2 `2bmHib Q7
� M2m`�H M2irQ`FX h?2b2 K2i?Q/b T`QpB/2 BMbB;?i BMiQ i?2 BMi2`M�H K2+?@
�MBbKb Q7 M2m`�H M2irQ`Fb �M/ +H�`B7v r?B+? BMTmi /�i� 72�im`2b BM~m2M+2
/2+BbBQM@K�FBM;X "v �TTHvBM; i?2b2 K2i?Q/b- M2m`�H M2irQ`F QT2`�iBQMb #2@
+QK2 KQ`2 i`�MbT�`2Mi �M/- +QMb2[m2MiHv- KQ`2 i`mbirQ`i?vX 6m`i?2`KQ`2-
i?2b2 �TT`Q�+?2b p�HB/�i2 i?2Q`2iB+�H T`2/B+iBQMb �M/ mM+Qp2` M2r +Q``2H�@
iBQMb rBi?BM BMTmi /�i�- TQi2MiB�HHv H2�/BM; iQ 7mim`2 b+B2MiB}+ /Bb+Qp2`B2b BM
?B;?@2M2`;v �M/ ?2�pv@BQM T?vbB+bX



*?�Ti2` d

Z:S h`B;;2` #�b2/ QM *LL, S>a.
pb l`ZJ.

h?2 T`2pBQmb +?�Ti2` /Bb+mbb2/ i?2 /2p2HQTK2Mi Q7 i?2 �LL96G1a T�+F�;2-
r?B+? BMpQHp2/ MQi QMHv i?2 BKTH2K2Mi�iBQM Q7 p�`BQmb ivT2b Q7 M2m`�H M2irQ`Fb
#mi �HbQ i?2B` T2`7Q`K�M+2 i2biBM; QM r2HH@FMQrM /�i�b2ib bm+? �b JLAah- *A@
6�_- �M/ *Q`�- 7QHHQr2/ #v � +QKT�`BbQM rBi? i?2 SvhQ`+? HB#`�`vX h?2 i2biBM;
`2bmHib +QM}`K2/ i?�i i?2 M2m`�H M2irQ`F �`+?Bi2+im`2b BM �LL96G1a r2`2 BK@
TH2K2Mi2/ +Q``2+iHv- r?BH2 i?2 2t2+miBQM iBK2 r�b 7QmM/ iQ #2 7�bi2` i?�M BM
SvhQ`+?X

h?Bb +?�Ti2` 7Q+mb2b QM i?2 �TTHB+�iBQM Q7 i?2 �LL96G1a T�+F�;2 7Q` i?2
7mim`2 /2p2HQTK2Mi Q7 � i`B;;2` /2bB;M2/ iQ b2H2+i 2p2Mib +QMi�BMBM; Z:SX h?2
�M�HvbBb BM+Hm/2b i?2 mb2 Q7 �LL96G1a rBi? /�i�b2ib ;2M2`�i2/ #v i?2 S>a.
�M/ l`ZJ. KQ/2Hb- �M 2p�Hm�iBQM Q7 +H�bbB}+�iBQM T2`7Q`K�M+2- �M/ i?2 2ti2M@
bBQM Q7 �LL96G1a 7mM+iBQM�HBiB2b #v BM+Q`TQ`�iBM; �M 2p2Mi +H�bbB}2` 7Q` Z:S@
+QMi�BMBM; 2p2Mib �b T�`i Q7 i?2 6G1a T?vbB+b �M�HvbBb TBT2HBM2X

6B`bi- i?2 KQ/B}+�iBQM �M/ �TTHB+�iBQM Q7 � *LL@#�b2/ 2p2Mi +H�bbB}2` 7Q` /�i�
;2M2`�i2/ #v i?2 S>a. (R93) KQ/2H �`2 2t�KBM2/X h?2M- i?2 b�K2 �TT`Q�+? Bb
�TTHB2/ iQ 2p2Mib Q#i�BM2/ 7`QK i?2 l`ZJ. (R8R) KQ/2HX am#b2[m2MiHv- +`Qbb@
p�HB/�iBQM Bb T2`7Q`K2/ QM /�i� 7`QK #Qi? KQ/2Hb iQ +QM}`K i?2 KQ/2H BM/2T2M@
/2M+2 Q7 i?2 �LL96G1a T�+F�;2X 6BM�HHv- � +QKT`2?2MbBp2 BKTH2K2Mi�iBQM �M/
p�HB/�iBQM Q7 �LL96G1a BM i?2 *"J 2tT2`BK2Mi �`2 T`2b2Mi2/X



RR9 dX Z:S h_A::1_ "�a1. PL *LL, S>a. oa l_ZJ.

dXR Z:S *H�bbB}+�iBQM lbBM; S>a. JQ/2H
h?2 S�`iQM@>�/`QM@ai`BM; .vM�KB+b US>a.V �TT`Q�+? Bb mb2/ iQ bim/v i?2 2pQ@
HmiBQM Q7 i?2 [m�`F@;HmQM TH�bK� UZ:SV rBi?BM i?2 7`�K2rQ`F Q7 ?2�pv@BQM +QH@
HBbBQM KQ/2HBM;X S>a. 2M�#H2b i?2 /2b+`BTiBQM Q7 i?2 /vM�KB+�H 2pQHmiBQM Q7
bi`QM;Hv BMi2`�+iBM; bvbi2Kb- BM+Hm/BM; i`�MbBiBQMb #2ir22M i?2 ?�/`QMB+ T?�b2
�M/ i?2 Z:S T?�b2X 6Q` 2p2Mi �M�HvbBb- i?2 T`BK�`v /�i� bQm`+2 Bb i?2 QmiTmi
}H2 T?b/X/�i- r?B+? +QMi�BMb +QKT`2?2MbBp2 BM7Q`K�iBQM �#Qmi 2�+? 2p2MiX

dXRXR S>a. .�i� 6Q`K�i
h?2 T?b/X/�i }H2 Bb bi`m+im`2/ iQ BM+Hm/2 � ?2�/2` 7QHHQr2/ #v � HBbi Q7 T�`iB+H2b
7Q` 2�+? 2p2MiX h?2 ?2�/2` +QMi�BMb 2bb2MiB�H BM7Q`K�iBQM �#Qmi i?2 +QHHBbBQM
T�`�K2i2`b,

• L ě i?2 iQi�H MmK#2` Q7 T�`iB+H2b BM i?2 2p2Mi-

• Aal" ě i?2 `mM MmK#2`-

• A_lL ě i?2 MmK#2` Q7 i?2 +m``2Mi T�`�HH2H 2p2Mi-

• # ě i?2 BKT�+i T�`�K2i2` BM 7K-

• a_hAL ě i?2 BMp�`B�Mi 2M2`;v T2` Mm+H2QM T�B` BM :2o-

• _�i[;T ě i?2 `�iBQ Q7 i?2 2M2`;v Q`B;BM�iBM; 7`QK i?2 Z:S T?�b2 iQ i?2
iQi�H 2p2Mi 2M2`;vX

h?2 T�`iB+H2 HBbi BM+Hm/2b /�i� 7Q` 2�+? T�`iB+H2,

• A. ě T�`iB+H2 ivT2 BM S.: MQi�iBQM-

• Z ě T�`iB+H2 +?�`;2-

• St- Sv- Sx ě KQK2MimK +QKTQM2Mib Q7 i?2 T�`iB+H2 BM :2of+-

• Sy ě T�`iB+H2 2M2`;v BM :2o-

• A.UC-8VfASAU8-CV ě BM7Q`K�iBQM �#Qmi i?2 T�`iB+H2 +`2�iBQM T`Q+2bb-

• s- u- w- h ě bT�iB�H �M/ i2KTQ`�H +QQ`/BM�i2b �i i?2 TQBMi Q7 BMi2`�+iBQM
2tBi UB7 �TTHB+�#H2VX
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• ID(j,1) or IPI(j,1) is the type of particle j (cf. Tables 1, 2)
• ID(j,2) or IPI(j,2) is the electric charge
• ISUB is the number of subsequent run, changes from 1 to ISUBS (maximum, defined
in inputPHSD file)

• IRUN is the number of current event, changes from 1 to NUM (maximum, defined
in inputPHSD file)

• PX , PY , PZ , P0 are the 3-momentum and energy of particle j in the nucleon center-
of-mass frame

• b is the current impact parameter in fm; it changes from bmin to bmax (defined in
inputPHSD file).

We provide an example of the analysis routine - file analyse.f - which
shows how to calculate general observables such as multiplicities and ra-
pidity distributions for p, π, K (as example) from each A+A event indi-
vidually as well as averaged over all events.

1.4.3 Single file output
This output collects baryons, mesons and photons in one single file phsd.dat. It is conve-
nient for event-by-event analysis and for MC simulations of detectors. Each stored event
consists of a header (2 lines) and particle list (number of lines defined in the header).

Output file phsd.dat - all particles

N ISUB IRUN b IBweight ipdgTA ipdgPR SRTIN Ratqgp
NP ψ(2) ε(2) ψ(3) ε(3) ψ(4) ε(4) ψ(5) ε(5)
ID Q Px Py Pz P0 ID(J,5)/IPI(5,J) [X Y Z T ]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

For the header:
• N is the number of particles in the event;
• ISUB is the current subsequent run;
• IRUN is the current parallel event;
• b is the current impact parameter in fm;
• IBweight=IBweight_{MC}:

=0 impact parameter was selected from BMIN up-to BMAX with constant step
DBIMP,

=1 from BMIN up-to BMAX by MC;
• ipdgTA is the pdg of TARGET;
• ipdgPR is the pdg of PROJECTILE;
• SRTIN is the invariant energy per NN in GeV;
• Ratqgp is the total ratio of energy from the QGP phase to the total energy in the
current parallel event in fm/c;

6B;m`2 dXR, 1t�KTH2 bi`m+im`2 Q7 i?2 QmiTmi }H2 T?b/X/�i- BHHmbi`�iBM; i?2
+QHHBbBQM T�`�K2i2`b �M/ T�`iB+H2 BM7Q`K�iBQM 7Q` � bBM;H2 2p2Mi (R93)X

6B;m`2 dXR T`2b2Mib �M 2t�KTH2 Q7 i?2 T?b/X/�i }H2 bi`m+im`2- 2ti`�+i2/ 7`QK
i?2 S>a. (R93) K�Mm�HX

dXRXk AMMQp�iBQMb BM S>a. .�i�
�b T�`i Q7 i?2 +QHH�#Q`�iBQM rBi? i?2 S>a. i2�K- �//BiBQM�H T�`�K2i2`b r2`2
BMi`Q/m+2/ 7Q` 2p2Mi �M�HvbBb- BM+Hm/BM; i?2 _�i[;T T�`�K2i2`- r?B+? `2T`2b2Mib
i?2 `�iBQ Q7 Z:S T?�b2 2M2`;v iQ i?2 iQi�H 2p2Mi 2M2`;vX h?2 BM+HmbBQM Q7 i?Bb
T�`�K2i2` 2M�#H2b � [m�MiBi�iBp2 �bb2bbK2Mi Q7 i?2 Z:SǶb BM~m2M+2 QM �M 2p2Mi
�M/ �HHQrb 7Q` � KQ`2 /2i�BH2/ �M�HvbBb Q7 i?2 T?�b2 i`�MbBiBQMX

6Q` 2�+? 2p2Mi- i?2 BMi2;`�H T�`�K2i2` Ri +�M #2 +QKTmi2/ iQ /2b+`B#2 i?2
i2KTQ`�H 2pQHmiBQM Q7 i?2 Z:S,

Ri =

∫ tf

0

R(t)
EQGP (t)

Etot(t)
dt, UdXRV

r?2`2 EQGP (t) /2MQi2b i?2 Z:S T?�b2 2M2`;v �i iBK2 t- �M/ Etot(t) `2T`2b2Mib
i?2 iQi�H 2M2`;v Q7 i?2 bvbi2KX

6B;m`2 dXk BHHmbi`�i2b i?2 #2?�pBQ` Q7 i?2 _�i[;T T�`�K2i2` �b � 7mM+iBQM Q7 i?2
2p2Mi MmK#2` 7Q` +2Mi`�H �mY�m +QHHBbBQMb �i √sNN = 27 :2o rBi? �M BKT�+i
T�`�K2i2` b = 2.2 7KX

>B;?2` p�Hm2b Q7 Ri BM/B+�i2 � ;`2�i2` BM~m2M+2 Q7 Z:S BM � ;Bp2M 2p2MiX
hvTB+�H Ri p�Hm2b 7Q` +2Mi`�H �mY�m +QHHBbBQMb �`2,

• 200:2o, 7`QK 0.16 iQ 0.3 7Kf+-

• 27:2o, 7`QK 0.04 iQ 0.07 7Kf+-

• 5:2o, 7`QK 0.014 iQ 0.03 7Kf+X
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4.6 Ratqgp for Event Analysis: Ratio of the QGP after the hadronization 43

• 5 GeV: (0.14 − 0.03) fm/c
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Fig. 4.8: Total QGP energy fraction ratio Ri[fm/c] from the PHSD as a function of
time in central (impact parameter b = 2.2 fm) Au+Au at √

sNN = 200 − 5 GeV.
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Fig. 4.9: The QGP energy fraction from the PHSD as a function of time in central
(impact parameter b = 2.2 fm) Au+Au at √

sNN = 27 GeV.
6B;m`2 dXk, h?2 Z:S 2M2`;v 7`�+iBQM U_�i[;TV �b � 7mM+iBQM Q7 i?2 2p2Mi
MmK#2` 7Q` +2Mi`�H �mY�m +QHHBbBQMb �i√sNN = 27 :2o �M/ �M BKT�+i T�`�K2i2`
b = 2.2 7K (R93)X

G�`;2` Ri p�Hm2b +Q``2bTQM/ iQ � KQ`2 T`QMQmM+2/ Z:S T`2b2M+2- r?B+? K�M@
B72bib �b �M BM+`2�b2/ MmK#2` Q7 bi`�M;2 T�`iB+H2b- #�`vQMb- �M/ K2bQMb- �b r2HH
�b KQ/B}+�iBQMb BM +QHH2+iBp2 ~Qr T�ii2`MbX

�//BiBQM�HHv- i?2 T?b/X/�i }H2 MQr BM+Hm/2b BM7Q`K�iBQM �#Qmi T�`iB+H2b
7Q`K2/ BM i?2 Z:S T?�b2- 2tT�M/BM; i?2 TQbbB#BHBiB2b 7Q` bim/vBM; i?2 /vM�KB+b
Q7 #�`vQM- K2bQM- �M/ Qi?2` T�`iB+H2 ;2M2`�iBQMX

dXRXj S>a. AMTmi .�i� �M�HvbBb

�M�HvbBb Q7 BMTmi /�i� Q#i�BM2/ 7`QK S>a. �HHQrb 7Q` � /2i�BH2/ 2t�KBM�iBQM Q7
i?2 +?�`�+i2`BbiB+b Q7 ?2�pv@BQM +QHHBbBQM 2p2Mib �M/ 7�+BHBi�i2b /�i� T`2T�`�iBQM
7Q` bm#b2[m2Mi mb2 BM K�+?BM2 H2�`MBM; �TTHB+�iBQMbX h?2 T?b/X/�i }H2b +QMi�BM
BM7Q`K�iBQM �#Qmi 2�+? 2p2Mi- BM+Hm/BM; i?2 iQi�H MmK#2` Q7 T�`iB+H2b- i?2 MmK#2`
Q7 T�`iB+H2b T`Q/m+2/ BM i?2 [m�`F@;HmQM TH�bK� UZ:SV T?�b2- i?2B` KQK2Mi�-
ivT2b- �M/ bT�iBQi2KTQ`�H +QQ`/BM�i2bX h?2b2 /�i� /2T2M/ QM i?2 +QHHBbBQM 2M2`;v
√
sNN - 2M�#HBM; i?2 bim/v Q7 bvbi2K 2pQHmiBQM mM/2` /Bz2`2Mi +QM/BiBQMbX 6Q`

BMbi�M+2- bB;MB}+�Mi /Bz2`2M+2b BM i?2 MmK#2` Q7 Z:S T�`iB+H2b �`2 Q#b2`p2/
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6B;m`2 dXj, *QKT�`BbQM Q7 +2Mi`�H �M/ KBMBKmK@#B�b 2p2Mib �i i?2 b�K2 2M2`;vX
h?2 };m`2 ?B;?HB;?ib i?2 /Bz2`2M+2b BM i?2 MmK#2` Q7 Z:S T�`iB+H2b �p�BH�#H2 BM
i?2 S>a. QmiTmi }H2bX

#2ir22M +2Mi`�H �M/ KBMBKmK@#B�b 2p2Mib- �b BHHmbi`�i2/ BM 6B;X dXjX
h?2 BM7Q`K�iBQM QM Z:S T�`iB+H2b Bb T�`iB+mH�`Hv BKTQ`i�Mi 7Q` i?2 �M�HvbBb �b

Bi 2M�#H2b i?2 �bb2bbK2Mi Q7 i?2 +QMi`B#miBQM Q7 i?2 Z:S T?�b2 iQ 2p2Mi /vM�KB+bX
AM T�`iB+mH�`- � H�`;2` MmK#2` Q7 ?2�pv �M/ bi`�M;2 T�`iB+H2b �`2 Q#b2`p2/ BM
2p2Mib rBi? Z:S +QKT�`2/ iQ i?Qb2 rBi?Qmi Z:SX h?2b2 /Bz2`2M+2b �`2 �HbQ
2pB/2Mi BM i?2 /Bbi`B#miBQMb Q7 KQK2MimK- �xBKmi?�H- �M/ BM+HBM�iBQM �M;H2b-
�HHQrBM; i?2 B/2MiB}+�iBQM Q7 +?�`�+i2`BbiB+ 72�im`2b Q7 2p2Mib BMpQHpBM; [m�`F@
;HmQM TH�bK� U6B;X dX9VX am+? �M �M�HvbBb T`QpB/2b � /22T2` mM/2`bi�M/BM; Q7 i?2
T?vbB+�H T`Q+2bb2b Q++m``BM; BM ?2�pv@BQM +QHHBbBQMb �M/ ?2HTb iQ /2i2`KBM2 i?2
T�`�K2i2`b KQbi b2MbBiBp2 iQ i?2 T`2b2M+2 Q7 Z:SX

� +`m+B�H �bT2+i Q7 BMTmi /�i� �M�HvbBb BMpQHp2b Bib T`2T�`�iBQM 7Q` K�+?BM2
H2�`MBM; �TTHB+�iBQMb- bT2+B}+�HHv 7Q` i`�BMBM; �M/ p�HB/�iBM; M2m`�H M2irQ`FbX
h?2 Z:S T�`iB+H2 +QmMi /�i� �M/ Ri UdXRV +�M b2`p2 �b H�#2Hb 7Q` 2p2Mi +H�bbB}@
+�iBQM- K�FBM; i?2K 2bb2MiB�H 7Q` i`�BMBM;X

6m`i?2`KQ`2- bim/vBM; i?2 +?�`�+i2`BbiB+b Q7 2p2Mib rBi? �M/ rBi?Qmi Z:S
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6B;m`2 dX9, �p2`�;2 BMTmi /Bbi`B#miBQM 7`QK bBKmH�i2/ +QHHBbBQMbX h?2 T�M2Hb-
T`2b2Mi2/ BM �M �MiB@+HQ+FrBb2 Q`/2` bi�`iBM; 7`QK i?2 iQT H27i- b?Qr i?2 /Bbi`B#m@
iBQM #v T�`iB+H2 ivT2- �#bQHmi2 KQK2MimK |p|- BM+HBM�iBQM �M;H2 θ- �M/ �xBKmi?�H
�M;H2 φ (R9N)X

?2HTb iQ B/2MiB7v i?2 KQbi bB;MB}+�Mi T�`�K2i2`b i?�i +�M #2 T�bb2/ iQ i?2 M2m@
`�H M2irQ`FX h?Bb 7�+BHBi�i2b 7m`i?2` KQ/B}+�iBQMb MQi QMHv BM i?2 M2m`�H M2irQ`F
�`+?Bi2+im`2b mb2/ 7Q` 2p2Mi +H�bbB}+�iBQM #mi �HbQ BM i?2 BMTmi H�v2`X am+? QTiB@
KBx�iBQMb +QMi`B#mi2 iQ 2M?�M+BM; i?2 bT22/ �M/ 2{+B2M+v Q7 i?2 2p2Mi +H�bbB}2`X

dXRX9 lT/�i2 Q7 *LL �`+?Bi2+im`2 7Q` L2r S>a. .�i�
hQ T`Q+2bb i?2 �//BiBQM�H BM7Q`K�iBQM 2ti`�+i2/ 7`QK i?2 M2r p2`bBQM Q7 S>a.
/�i�- i?2 +QMpQHmiBQM�H M2m`�H M2irQ`F U*LLV �`+?Bi2+im`2 r�b mT/�i2/- �b
b?QrM BM 6B;X dX8X h?2 K�BM KQ/B}+�iBQM r�b BMi`Q/m+2/ BM i?2 QmiTmi H�v2`X
S`2pBQmbHv- i?2 QmiTmi H�v2` QMHv T`2/B+i2/ i?2 T`Q#�#BHBiv Q7 i?2 T`2b2M+2 Q7
[m�`F@;HmQM TH�bK� UZ:SV BM �M 2p2Mi- r?2`2 i?2 H�#2Hb iQQF p�Hm2b Q7 R UZ:S
T`2b2MiV Q` y UZ:S �#b2MiVX LQr- i?2 QmiTmi H�v2` T`2/B+ib 7Qm` T�`�K2i2`b
7Q` 2�+? 2p2Mi, i?2 Z:S +H�bbB}+�iBQM BM/2t- i?2 T�`�K2i2` Ri- i?2 MmK#2` Q7
T�`iB+H2b 7`QK i?2 Z:S `2;BQM UNqgpV- �M/ i?2 2p2Mi BKT�+i T�`�K2i2`X

hQ 2Mbm`2 +QKT�iB#BHBiv rBi? i?Bb �//BiBQM�H BM7Q`K�iBQM- i?2 �+iBp�iBQM 7mM+@
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6B;m`2 dX8, h?2 mT/�i2/ *LL �`+?Bi2+im`2 rBi? 9 QmiTmi M2m`QMbX h?2 KQ/B@
}+�iBQMb BM+Hm/2 +?�M;2b iQ i?2 �+iBp�iBQM 7mM+iBQMb �M/ i?2 K2�M b[m�`2/ 2``Q`
UJa1V HQbb 7mM+iBQM iQ �++QKKQ/�i2 i?2 M2r QmiTmibX

iBQM BM i?2 }M�H H�v2` r�b +?�M;2/ 7`QK bQ7iK�t iQ G2�Fv_2GlX h?Bb KQ/B}+�iBQM
;m�`�Mi22b i?�i �HH 7Qm` QmiTmi p�Hm2b `2K�BM TQbBiBp2- K�BMi�BMBM; +QMbBbi2M+v
rBi? i?2B` T?vbB+�H BMi2`T`2i�iBQMX 6m`i?2`KQ`2- `2TH�+BM; i?2 +`Qbb@2Mi`QTv HQbb
7mM+iBQM rBi? i?2 K2�M b[m�`2/ 2``Q` UJa1V HQbb 2M�#H2/ #2ii2` ?�M/HBM; Q7 i?2
+QMiBMmQmb M�im`2 Q7 i?2 M2r QmiTmi T�`�K2i2`b- H2�/BM; iQ BKT`Qp2/ #�+FT`QT@
�;�iBQM 2{+B2M+vX

h?�MFb iQ i?2b2 KQ/B}+�iBQMb- i?2 mT/�i2/ *LL �`+?Bi2+im`2 +�M 2{+B2MiHv
T`Q+2bb 2ti2M/2/ S>a. /�i�X Ai Bb +�T�#H2 Q7 T`2/B+iBM; KmHiBTH2 T�`�K2i2`b 7Q`
2�+? 2p2Mi bBKmHi�M2QmbHv- T`2b2`pBM; i?2 T?vbB+�H BMi2`T`2i�iBQM Q7 QmiTmi p�Hm2b
�M/ `2/m+BM; T`2/B+iBQM 2``Q`bX

6`QK i?2 2``Q` +�H+mH�iBQM �H;Q`Bi?K dXR- Bi Bb 2pB/2Mi i?�i i?2 iQi�H HQbb Bb
i?2 bmK Q7 i?2 2``Q`b Q7 2�+? QmiTmi M2m`QMX h?2`27Q`2- 2Mbm`BM; i?�i �HH QmiTmi
M2m`QMb ?�p2 i?2 b�K2 b+�H2- Q` 2[mBp�H2MiHv- i?2 b�K2 ǳr2B;?iǴ- Bb 2bb2MiB�HX hQ
�+?B2p2 i?Bb- QmiTmi p�Hm2b �`2 b+�H2/ #Qi? /m`BM; /�i� T`2T`Q+2bbBM; �M/ `2bmHi
T`Q+2bbBM;X

�MQi?2` BKTQ`i�Mi 72�im`2 Q7 i?2 HQbb 7mM+iBQM +�H+mH�iBQM Bb i?2 �#BHBiv iQ
b2H2+iBp2Hv /2�+iBp�i2 BM/BpB/m�H M2m`QMb /m`BM; i`�BMBM;X h?2 i`�BM2/ r2B;?ib Q7
�+iBp2 M2m`QMb +�M #2 b�p2/ �M/ `2mb2/ 7Q` p�HB/�iBQMX h?Bb �TT`Q�+? 2M?�M+2b
KQ/2H ~2tB#BHBiv �M/ �HHQrb 7Q` BM+`2K2Mi�H BKT`Qp2K2Mib BM i`�BMBM;X � KQ`2
/2i�BH2/ /Bb+mbbBQM Q7 i?Bb +QM+2Ti rBHH #2 T`QpB/2/ BM i?2 +QM+HmbBQM Q7 i?Bb
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+?�Ti2`- r?2`2 � mMBp2`b�H *LL �`+?Bi2+im`2 7Q` T`Q+2bbBM; `2�H 2tT2`BK2Mi�H
/�i� BM 7mim`2 �TTHB+�iBQMb rBHH #2 BMi`Q/m+2/X

h?2 Tb2m/Q+Q/2 7Q` BKTH2K2MiBM; i?2 mT/�i2/ HQbb �M/ �+iBp�iBQM 7mM+iBQM Bb
T`QpB/2/ #2HQr,

R f .27BM2 +mbiQK HQbb 7mM+iBQM 7Q` 7Qm` QmiTmi M2m`QMb  f
k 6mM+iBQM +mbiQKnHQbbUT`2/B+iBQMb- i�`;2ibV,
j 2``Q`R 4 Ja1UT`2/B+iBQMb(Z:Snb+Q`2)- i�`;2ib(Z:Snb+Q`2)V
9 2``Q`k 4 Ja1UT`2/B+iBQMb(_B)- i�`;2ib(_B)V
8 2``Q`j 4 Ja1UT`2/B+iBQMb(Ln[;T)- i�`;2ib(Ln[;T)V
e 2``Q`9 4 Ja1UT`2/B+iBQMb(AKT�+inT�`�K2i2`)- i�`;2ib(

AKT�+inT�`�K2i2`)V
d
3 iQi�Hn2``Q` 4 2``Q`R Y 2``Q`k Y 2``Q`j Y 2``Q`9
N _2im`M iQi�Hn2``Q`

Ry 1M/ 6mM+iBQM
RR
Rk f .27BM2 i?2 QmiTmi H�v2` rBi? G2�Fv_2Gl �+iBp�iBQM  f
Rj PmiTminG�v2`,
R9 6mHHv@+QMM2+i2/ H�v2`, BMTmi @= 9 M2m`QMb UZ:Snb+Q`2- _B-

Ln[;T- AKT�+inT�`�K2i2`V
R8 �+iBp�iBQM 7mM+iBQM, G2�Fv_2Gl
Re 1M/ G�v2`

GBbiBM; dXR, Sb2m/Q+Q/2 7Q` mT/�i2/ *LL �`+?Bi2+im`2

dXRX8 _2bmHib �M/ AMi2`T`2i�iBQM

h?2 +H�bbB}2` Bb i`�BM2/ �M/ p�HB/�i2/ mbBM; irQ +H�bb2b Q7 2p2Mib UrBi? �M/ rBi?@
Qmi Z:SV 7Q` �mY�m +QHHBbBQMb �i jy� :2o mM/2` KBMBKmK@#B�b +QM/BiBQMbX
1�+? 2p2Mi Bb H�#2H2/ rBi? �//BiBQM�H BM7Q`K�iBQM- BM+Hm/BM; i?2 MmK#2` Q7 Z:S
T�`iB+H2b- i?2 T�`�K2i2` Ri- �M/ i?2 BKT�+i T�`�K2i2`X h?2b2 H�#2Hb �`2 mb2/ 7Q`
p�HB/�iBQM iQ �bb2bb +H�bbB}2` T2`7Q`K�M+2 �M/ 2biBK�i2 T`2/B+iBQM 2``Q`X

6Q` i`�BMBM;- i?2 BMTmi /�i�b2i Bb /BpB/2/ BMiQ irQ T�`ib, 3yW Q7 i?2 /�i� Bb
mb2/ 7Q` i`�BMBM;- �M/ i?2 `2K�BMBM; kyW Bb �HHQ+�i2/ 7Q` p�HB/�iBQMX .m`BM; i?2
i`�BMBM; T`Q+2bb- +H�bbB}2` QmiTmib �M/ M2irQ`F r2B;?ib �`2 b�p2/ 7Q` 2�+? 2TQ+?-
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6B;m`2 dXe, .Bbi`B#miBQMb Q7 i?2 QmiTmi M2m`QMb 7Q` 2p2Mib rBi? Z:SX h?2
T�M2Hb b?Qr i?2 /Bbi`B#miBQMb 7Q` i?2 Z:S +H�bbB}+�iBQM M2m`QM- i?2 MmK#2` Q7
Z:S T�`iB+H2b UNqgpV- i?2 Rqgp T�`�K2i2`- �M/ i?2 BKT�+i T�`�K2i2` bX h?2
*LL QmiTmib �`2 +QKT�`2/ iQ i?2 S>a. H�#2HbX

�HHQrBM; 7Q` i?2 b2H2+iBQM Q7 i?2 QTiBK�H KQ/2H bi�i2X h?2 +H�bbB}2` /2KQMbi`�i2b
bi�#H2 T2`7Q`K�M+2 i?`Qm;?Qmi i?2 i`�BMBM; T`Q+2bbX

�M�HvxBM; i?2 +H�bbB}2` QmiTmib 2M�#H2b i?2 +QMbi`m+iBQM Q7 /Bbi`B#miBQMb `2T`2@
b2MiBM; i?2 MmK#2` Q7 2p2Mib rBi? bT2+B}+ QmiTmi M2m`QM p�Hm2b- �b BHHmbi`�i2/ BM
6B;X dXeX h?2b2 /Bbi`B#miBQMb T`QpB/2 BMbB;?ib BMiQ i?2 `2+Qp2`v Q7 2p2Mi BM7Q`K�@
iBQMX h?2 THQi BM/B+�i2b i?�i i?2 +H�bbB}2` QmiTmi p�Hm2b 2t?B#Bi KQ`2 T`QMQmM+2/
T2�Fb i?�M i?2 2p2Mi H�#2HbX h?Bb T?2MQK2MQM �`Bb2b #2+�mb2 M2�`@+2Mi`�H �M/
T2`BT?2`�H 2p2Mib +QMi�BM � bBKBH�` MmK#2` Q7 T�`iB+H2b- r?B+? +Q``2bTQM/b iQ i?2
TH�i2�m Q#b2`p2/ BM i?2 /2T2M/2M+2 Q7 T�`iB+H2 +QmMi QM i?2 BKT�+i T�`�K2i2`
U6B;X dXdVX

�MQi?2` ivT2 Q7 �M�HvbBb BMpQHp2b THQiiBM; i?2 M2m`QM QmiTmib �M/ H�#2H p�Hm2b
7Q` jy 2p2Mib Q7 2�+? 2TQ+?- �b b?QrM BM 6B;X dX3X am+? THQib �HHQr 7Q` i?2
Q#b2`p�iBQM Q7 i?2 M2irQ`FǶb �++m`�+v 7Q` BM/BpB/m�H 2p2Mib �M/ i?2 2biBK�iBQM Q7
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6B;m`2 dXd, .2T2M/2M+2 Q7
i?2 iQi�H MmK#2` Q7 T�`iB+H2b
�M/ T�`iB+BT�Mib QM i?2 BK@
T�+i T�`�K2i2` bX SH�i2�m
`2;BQMb �i b ∼ 0 �M/ b ∼
16 2tTH�BM i?2 `2/m+iBQM BM
*LL �++m`�+vX

`2+Q;MBiBQM 2``Q` K�;MBim/2X
�//BiBQM�HHv- irQ@/BK2MbBQM�H THQib +�M #2 +QMbi`m+i2/- r?2`2 i?2 Y �tBb `2T@

`2b2Mib i?2 M2irQ`FǶb QmiTmi p�Hm2b- �M/ i?2 X �tBb +Q``2bTQM/b iQ i?2 i`m2
H�#2H p�Hm2b 7`QK i?2 BMTmi }H2b- �b BHHmbi`�i2/ BM 6B;X dXNX h?2b2 THQib ?B;?HB;?i
i?2 TH�i2�m 2z2+i- r?2`2 i?2 +H�bbB}2` 2t?B#Bib `2/m+2/ �++m`�+v BM /2i2`KBMBM;
T�`�K2i2`b 7Q` +2Mi`�H �M/ T2`BT?2`�H 2p2Mib /m2 iQ i?2B` bBKBH�`Biv BM i2`Kb Q7
T�`iB+H2 T`Q/m+iBQMX

6BM�HHv- 6B;X dXRy T`2b2Mib i?2 2``Q` BM /2i2`KBMBM; i?2 BKT�+i T�`�K2i2` �b
� 7mM+iBQM Q7 Bib p�Hm2X h?Bb �M�HvbBb T`QpB/2b p�Hm�#H2 BMbB;?ib i?�i +�M #2
+QKT�`2/ rBi? i?2 `2bmHib Q7 Qi?2` 2p2Mi +H�bbB}+�iBQM �TT`Q�+?2bX 6Q` BMbi�M+2-
� bim/v BM (R8y) 2KTHQv2/ � bBKBH�` *LL �`+?Bi2+im`2 #mi rBi? /Bz2`2Mi BMTmi
/�i�- �HHQrBM; 7Q` � +QKT�`�iBp2 2p�Hm�iBQM Q7 +H�bbB}+�iBQM K2i?Q/bX

h?2 +H�bbB}2` `2bmHib /2KQMbi`�i2 ?B;? �++m`�+v �M/ bi�#BHBiv BM T`2/B+iBM;
2p2Mi T�`�K2i2`bX h?2 mT/�i2/ *LL �`+?Bi2+im`2 T2`7Q`Kb r2HH BM `2+QM@
bi`m+iBM; F2v 2p2Mi +?�`�+i2`BbiB+b- bm+? �b i?2 BKT�+i T�`�K2i2` b- i?2 MmK@
#2` Q7 T�`iB+H2b 7`QK i?2 Z:S `2;BQM UNqgpV- �M/ i?2 T�`�K2i2` Ri- �b r2HH
�b BM +H�bbB7vBM; 2p2Mib #�b2/ QM i?2 T`2b2M+2 Q` �#b2M+2 Q7 Z:SX h?2 T`2@
b2Mi2/ THQib �M/ T2`7Q`K�M+2 K2i`B+b +QM}`K i?�i i?2 M2irQ`F 2z2+iBp2Hv
�M�Hvx2b S>a. /�i�- 2Mbm`BM; � +HQb2 �;`22K2Mi #2ir22M T`2/B+iBQMb �M/
�+im�H p�Hm2b 7Q` KQbi 2p2MibX >Qr2p2`- bQK2 HBKBi�iBQMb BM �++m`�+v �`2
Q#b2`p2/ 7Q` +2Mi`�H �M/ T2`BT?2`�H 2p2Mib /m2 iQ i?2 TH�i2�m 2z2+i- r?B+?
BM~m2M+2b T�`iB+H2 /Bbi`B#miBQMb BM i?2b2 `2;BQMbX

h?2 M2ti b2+iBQM 2tTHQ`2b i?2 +H�bbB}2`Ƕb T2`7Q`K�M+2 r?2M �TTHB2/ iQ bBKm@
H�i2/ /�i� Q#i�BM2/ mbBM; l`ZJ.X
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6B;m`2 dXN, k. b+�ii2` THQib +QKT�`BM; i?2 *LL QmiTmib �M/ S>a. H�#2Hb 7Q`
2p2Mib rBi? Z:SX 1�+? T�M2H +Q``2bTQM/b iQ � /Bz2`2Mi T�`�K2i2`, BKT�+i T�@
`�K2i2` b- MmK#2` Q7 Z:S T�`iB+H2b UNqgpV- �M/ RqgpX h?2 +Q``2H�iBQM ?B;?HB;?ib
i?2 +QMbBbi2M+v Q7 i?2 *LL T`2/B+iBQMbX

6B;m`2 dXRy, 1``Q` BM /2i2`KBMBM; i?2 BKT�+i T�`�K2i2` b �b � 7mM+iBQM Q7 Bib
i`m2 p�Hm2X G�`;2` 2``Q`b �`2 Q#b2`p2/ 7Q` +2Mi`�H Ub ∼ 0V �M/ T2`BT?2`�H Ub ∼ 16V
+QHHBbBQMb /m2 iQ i?2 TH�i2�m 2z2+i BM T�`iB+H2 /Bbi`B#miBQMb U6B;X dXdVX
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dXk Z:S *H�bbB}+�iBQM lbBM; l`ZJ. JQ/2H
h?2 lHi`�@`2H�iBpBbiB+ Zm�MimK JQH2+mH�` .vM�KB+b Ul`ZJ.V KQ/2H Bb mb2/ iQ
bim/v ?2�pv@BQM +QHHBbBQMb �M/ +H�bbB7v 2p2Mib rBi? [m�`F@;HmQM TH�bK� UZ:SVX
h?Bb KQ/2H +�M bBKmH�i2 +QHHBbBQMb �i /Bz2`2Mi 2M2`;v H2p2Hb- 7`QK aAa iQ _>A*-
�M/ /2b+`B#2b #Qi? bK�HH@b+�H2 �M/ H�`;2@b+�H2 T`Q+2bb2b- bm+? �b T�`iB+H2 T`Q/m+@
iBQM- KQp2K2Mi- �M/ BMi2`�+iBQMbX

l`ZJ. T`QpB/2b BM7Q`K�iBQM �#Qmi +QHHBbBQM +QM/BiBQMb �M/ T�`iB+H2 T`QT2`@
iB2b- K�FBM; Bi mb27mH 7Q` K�+?BM2 H2�`MBM; i�bFb HBF2 2p2Mi +H�bbB}+�iBQMX h?2 K�BM
/Bz2`2M+2 #2ir22M l`ZJ. �M/ S>a. Bb i?�i l`ZJ. 7Q+mb2b QM i`�MbTQ`i /v@
M�KB+b �M/ /Q2b MQi /2b+`B#2 i?2 Z:S T?�b2 i`�MbBiBQM /B`2+iHvX >Qr2p2`- Bi biBHH
;Bp2b BKTQ`i�Mi /�i�- bm+? �b i?2 MmK#2` Q7 T�`iB+H2b- i?2B` 2M2`;v- KQK2MimK-
�M/ Qi?2` /2i�BHbX

h?2 ;Q�H Q7 mbBM; l`ZJ. BM i?Bb bim/v Bb iQ +`2�i2 � +H�bbB}2` i?�i +�M T`2/B+i
r?2i?2` Z:S Bb T`2b2Mi BM �M 2p2Mi- 2p2M i?Qm;? l`ZJ. /Q2b MQi KQ/2H Z:S
2tTHB+BiHvX h?Bb `2[mB`2b �/DmbiBM; i?2 /�i� �M/ K2i?Q/b �M/ +QKT�`BM; i?2
+H�bbB}2`Ƕb `2bmHib rBi? KQ/2Hb i`�BM2/ QM S>a. /�i�X

dXkXR l`ZJ. .�i� 6Q`K�i
h?2 QmiTmi /�i� 7`QK i?2 l`ZJ. KQ/2H +QMi�BM BM7Q`K�iBQM �#Qmi +QHHBbBQM
T�`�K2i2`b �M/ T�`iB+H2 T`QT2`iB2bX 1�+? }H2 BM+Hm/2b � ?2�/2` rBi? 2p2Mi /2i�BHb
�M/ � HBbi Q7 T�`iB+H2bX h?2 /�i� 7Q`K�i Bb /2b+`B#2/ BM i?2 l`ZJ. K�Mm�H (R8R)X

h?2 2p2Mi ?2�/2` BM+Hm/2b,

• hQi�H MmK#2` Q7 T�`iB+H2b UMV-

• AKT�+i T�`�K2i2` U#V-

• LmK#2` Q7 +QHHB/BM; T�`iB+H2b-

• *QHHBbBQM 2M2`;vX

1�+? T�`iB+H2 ?�b � b2i Q7 +?�`�+i2`BbiB+b,

• SQbBiBQM Ux, y, zV �M/ iBK2 UtV-

• 1M2`;v UEV-

• JQK2MimK Upx, py, pzV-
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• J�bb UmV-

• *?�`;2 UqV-

• ai`�M;2M2bb USV-

• S�`iB+H2 ivT2 A. UBivTV-

• *QHHBbBQM MmK#2` r?2`2 i?2 T�`iB+H2 r�b +`2�i2/ ULn+QHHV-

• AMi2`�+iBQM ?BbiQ`v �M/ T�`2Mi T�`iB+H2bX

hrQ /�i�b2ib 7`QK i?2 l`ZJ. KQ/2H �`2 mb2/ iQ i`�BM �M/ i2bi i?2 +H�bbB}2`X
h?2b2 /�i�b2ib 7QHHQr irQ /Bz2`2Mi �TT`Q�+?2b, *�b2R �M/ *�b2kX 1�+? �TT`Q�+?
KQ/2Hb 2p2Mi /vM�KB+b BM � /Bz2`2Mi r�v �M/ 7Q+mb2b QM bT2+B}+ T?vbB+�H �bT2+ibX

*�b2R 7QHHQrb � ǳ+Q`2@+Q`QM�Ǵ KQ/2H- �b /2b+`B#2/ BM (R8k)X Ai b2T�`�i2b i?2
bvbi2K BMiQ � /2Mb2 +Q`2 �M/ � H2bb /2Mb2 +Q`QM�X h?2 +Q`2 Bb ?Qi �M/ 2[mBHB#`�i2/-
r?BH2 i?2 +Q`QM� ?�b � /Bz2`2Mi 2z2+i QM T�`iB+H2 T`QT2`iB2bX h?Bb �TT`Q�+?
?2HTb �M�Hvx2 bi`�M;2 T�`iB+H2b �M/ +QHH2+iBp2 ~Qrb- BKT`QpBM; i?2B` /Bbi`B#miBQM
KQ/2HBM; #�b2/ QM +QHHBbBQM +2Mi`�HBivX

*�b2k mb2b � +?B`�H K2�M@}2H/ 2[m�iBQM Q7 bi�i2- �b /2b+`B#2/ BM (R8j)X Ai
7Q+mb2b QM ?Qr ?2�pv BQMb +QKT`2bb �M/ ?Qr i?Bb /2T2M/b QM i?2 2[m�iBQM Q7
bi�i2X *�b2k ?2HTb bim/v #�`vQM /2MbBiv- i2KT2`�im`2- �M/ T`2bbm`2 2pQHmiBQM BM
2p2MibX Ai Bb mb27mH 7Q` �M�HvxBM; T?�b2 i`�MbBiBQMb- 2bT2+B�HHv BM i?2 2M2`;v `�M;2
EH�# = 1− 10A :2oX

"Qi? /�i�b2ib T`QpB/2 BKTQ`i�Mi BM7Q`K�iBQM 7Q` bim/vBM; ?2�pv BQM +QHHBbBQMbX
h?2v Qz2` /Bz2`2Mi T2`bT2+iBp2b QM 2p2Mi /vM�KB+b �M/ ?2HT BKT`Qp2 +H�bbB}2`
i`�BMBM;X

dXkXk AMMQp�iBQMb BM l`ZJ. .�i�
�b T�`i Q7 i?2 +QHH�#Q`�iBQM rBi? i?2 l`ZJ. i2�K- �//BiBQM�H T�`�K2i2`b r2`2
BMi`Q/m+2/ 7Q` 2p2Mi �M�HvbBbX PM2 Q7 i?2 F2v mT/�i2b BM i?2 l`ZJ. *�b2R
/�i�b2i Bb i?2 BM+HmbBQM Q7 BM7Q`K�iBQM QM T�`iB+H2b ;2M2`�i2/ BM i?2 ǳ+Q`2Ǵ Q7 i?2
?v/`Q/vM�KB+ T?�b2X h?2b2 T�`iB+H2b �`2 K�`F2/ BM � b2T�`�i2 +QHmKM Q7 i?2
QmiTmi }H2b- r?2`2 � H�#2H Q7 R BM/B+�i2b T�`iB+H2b Q`B;BM�iBM; 7`QK i?2 ?v/`Q/v@
M�KB+ T?�b2- r?BH2 y Bb �bbB;M2/ iQ �HH Qi?2` T�`iB+H2bX h?Bb �TT`Q�+? 2M�#H2b i?2
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B/2MiB}+�iBQM Q7 bT2+B}+ T�`iB+H2 T`QT2`iB2b i?�i +�M #2 HBMF2/ iQ ?B;? 2M2`;v /2M@
bBiv �M/ +QM/BiBQMb bBKBH�` iQ i?Qb2 Q#b2`p2/ BM i?2 [m�`F@;HmQM TH�bK� UZ:SV
T?�b2 rBi?BM i?2 S>a. KQ/2HX

h?Bb +H�bbB}+�iBQM Bb +QKT�`�#H2 iQ i?2 b2T�`�iBQM Q7 Z:S T�`iB+H2b BM S>a.-
K�FBM; *�b2R r2HH@bmBi2/ 7Q` �M�HvbBb mbBM; K�+?BM2 H2�`MBM; i2+?MB[m2bX aT2+B7@
B+�HHv- i?Bb 2M?�M+2K2Mi �HHQrb 7Q`,

• 1t�KBM�iBQM Q7 i?2 FBM2K�iB+ �M/ bi�iBbiB+�H T`QT2`iB2b Q7 T�`iB+H2b �bbQ+B@
�i2/ rBi? i?2 ?v/`Q/vM�KB+ T?�b2-

• A/2MiB}+�iBQM Q7 2p2Mib /QKBM�i2/ #v ǳ+Q`2Ǵ T�`iB+H2b- r?B+? K�v b2`p2 �b
�M �M�HQ; iQ Z:S 2p2Mib-

• *QKT�`BbQM Q7 *�b2R `2bmHib rBi? S>a. iQ 2p�Hm�i2 bBKBH�`BiB2b BM i?2
/2b+`BTiBQMb Q7 Z:S �M/ i?2 ?v/`Q/vM�KB+ T?�b2X

h?2 �//BiBQM Q7 BM7Q`K�iBQM �#Qmi i?2 Q`B;BM Q7 T�`iB+H2b bB;MB}+�MiHv BKT`Qp2b
i?2 [m�HBiv Q7 /�i� 7Q` 2p2Mi +H�bbB}+�iBQMX AM T�`iB+mH�`- i?Bb 2M?�M+2K2Mi �HHQrb
M2m`�H M2irQ`Fb iQ #2 i`�BM2/ KQ`2 �++m`�i2Hv 7Q` 2p2Mi `2+Q;MBiBQM i�bFb mM/2`
+QM/BiBQMb +?�`�+i2`BbiB+ Q7 ?v/`Q/vM�KB+ 2pQHmiBQMX h?Bb �bT2+i Bb /Bb+mbb2/ BM
/2i�BH BM (R8k)- r?2`2 Bi Bb /2KQMbi`�i2/ i?�i i?2 /BpBbBQM BMiQ ǳ+Q`2Ǵ �M/ ǳ+Q`QM�Ǵ
BKT`Qp2b i?2 /2b+`BTiBQM Q7 bi`�M;2 T�`iB+H2b �M/ +QHH2+iBp2 ~Qrb- 2bT2+B�HHv BM
`2H�iBQM iQ +QHHBbBQM +2Mi`�HBivX

h?mb- i?Bb BMMQp�iBQM T`QpB/2b � mMB[m2 QTTQ`imMBiv iQ mb2 *�b2R �b �M 2[mBp@
�H2Mi /�i�b2i iQ S>a.- r?2`2 i?2 ?v/`Q/vM�KB+ T?�b2 b2`p2b �b �M �M�HQ; iQ i?2
Z:S T?�b2X

dXkXj �M�HvbBb Q7 l`ZJ. AMTmi .�i�
hQ �M�Hvx2 l`ZJ. BMTmi /�i�- Bi Bb M2+2bb�`v iQ +QMp2`i T�`iB+H2 B/2MiB}2`b
USA.bV 7`QK i?2 l`ZJ. bvbi2K iQ i?2 SA. bvbi2K mb2/ BM S>a.X h?Bb Bb #2+�mb2
l`ZJ. �M/ S>a. mb2 /Bz2`2Mi T�`iB+H2 H�#2HBM; bvbi2Kb- �M/ i?2`2 Bb MQ /B`2+i
K�TTBM; #2ir22M i?2KX � SA. +QMp2`bBQM i�#H2 r�b +`2�i2/ iQ 2bi�#HBb? i?2
+Q``2bTQM/2M+2 #2ir22M l`ZJ. �M/ S>a. T�`iB+H2 B/2MiB}2`b Ub22 h�#H2 dXRVX

h?2 +QMp2`bBQM T`Q+2bb +QMbBbib Q7 i?2 7QHHQrBM; bi2Tb,

RX _2�/ l`ZJ. BMTmi /�i� +QMi�BMBM; T�`iB+H2 p2+iQ`b rBi? l`ZJ. B/2MiB@
}2`b U7Q`K�i /2b+`B#2/ BM a2+iBQM dXkXRVX
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l`ZJ. USA.V S�`iB+H2 S>a. USA.V l`ZJ. USA.V S�`iB+H2 S>a. USA.V
URyR- RV π+ kRR URyR- @RV π− @kRR
URye- RV K+ jkR U@Rye- @RV K− @jkR
URye- yV K0 jRR U@Rye- yV K0 @jRR
URjj- RV D+ 9RR U@Rjj- @RV D− @9RR
URjj- yV D0 9kR U@Rjj- yV D0 @9kR
UR- RV p kkRk U@R- @RV p @kkRk
UR- yV n kRRk U@R- yV n @kRRk
U9R- yV Λ jRkk U@9R- yV Λ @jRkk
U89- RV Σ+ jkkk U@89- @RV Σ+ @jkkk
U89- yV Σ0 jkRk U@89- yV Σ0 @jkRk
U89- @RV Σ− jRRk U@89- RV Σ− @jRRk
Uej- yV Ξ0 jjkk U@ej- yV Ξ0 @jjkk
Uej- @RV Ξ− jjRk U@ej- RV Ξ− @jjRk
UeN- @RV Ω− jjj9 U@eN- RV Ω− @jjj9
URyk- yV η kkR URyR- yV π0 RRR
Udy- RV Λ+

c 9Rkk URj8- yV J/ψ 99j

h�#H2 dXR, SA. +QKT�`BbQM #2ir22M l`ZJ. �M/ S>a.X

kX lb2 i?2 +Q``2bTQM/2M+2 i�#H2 iQ `2TH�+2 l`ZJ. B/2MiB}2`b rBi? SA.b BM
i?2 S>a. bvbi2KX

jX :2M2`�i2 i`�Mb7Q`K2/ /�i� 7Q` 7m`i?2` �M�HvbBb Q` �b BMTmi 7Q` � +H�bbB}2`X

h?Bb i`�Mb7Q`K�iBQM Bb � +`BiB+�H bi2T BM mMB7vBM; l`ZJ. �M/ S>a. /�i�-
2bT2+B�HHv 7Q` i�bFb `2H�i2/ iQ M2m`�H M2irQ`F i`�BMBM; �M/ p�HB/�iBQMX h?2 +Q`@
`2bTQM/2M+2 i�#H2 BM+Hm/2b B/2MiB}2`b 7Q` #�`vQMb- K2bQMb- bi`�M;2 T�`iB+H2b- �M/
+?�`K2/ K2bQMb- 2Mbm`BM; � +QKTH2i2 +QMp2`bBQMX

PM+2 i?2 i`�Mb7Q`K�iBQM Bb T2`7Q`K2/- l`ZJ. BMTmi /�i� +�M #2 �M�Hvx2/
bBKBH�`Hv iQ S>a. /�i�- BM+Hm/BM; 2M2`;v- KQK2MimK- �M/ +2Mi`�HBiv /Bbi`B#m@
iBQMbX h?Bb �HHQrb 7Q` � /B`2+i +QKT�`BbQM Q7 i?2 T?vbB+�H `2bmHib 7`QK #Qi? KQ/2Hb
�M/ 7�+BHBi�i2b i?2B` +QK#BM2/ mb2 BM 2p2Mi +H�bbB}+�iBQM i�bFbX

�M�HvxBM; i?2 BMTmi /�i� 7`QK l`ZJ. �HHQrb 7Q` � bBKBH�` �TT`Q�+? iQ 2p2Mi
�M�HvbBb �b T`2pBQmbHv �TTHB2/ iQ S>a.X h?2 /�i�b2i +QMi�BMb BM7Q`K�iBQM QM
i?2 MmK#2` Q7 T�`iB+H2b- i?2B` KQK2Mi�- ivT2b- �M/ Qi?2` T`QT2`iB2b- r?B+? +�M
#2 mb2/ iQ bim/v i?2 /Bz2`2M+2b #2ir22M *�b2R �M/ *�b2k 2p2MibX 6B;m`2 dXRR
BHHmbi`�i2b i?�i i?2 MmK#2` Q7 T�`iB+H2b Q`B;BM�iBM; 7`QK i?2 ?v/`Q@T?�b2 p�`B2b
bB;MB}+�MiHv #2ir22M i?2b2 /�i�b2ibX h?2b2 /Bz2`2M+2b +�M #2 miBHBx2/ 7Q` 7m`i?2`



dXk Z:S *H�bbB}+�iBQM lbBM; l`ZJ. JQ/2H RkN

6B;m`2 dXRR, *QKT�`BbQM Q7 *�b2R �M/ *�b2k 2p2Mib �i i?2 b�K2 2M2`;vX h?2
};m`2 ?B;?HB;?ib /Bz2`2M+2b BM i?2 MmK#2` Q7 T�`iB+H2b Q`B;BM�iBM; 7`QK i?2 ?v/`Q@
T?�b2 BM l`ZJ. /�i�X

�M�HvbBb �M/ /�i� T`2T�`�iBQM 7Q` K�+?BM2 H2�`MBM; �TTHB+�iBQMbX
6B;m`2 dXRk T`2b2Mib i?2 �p2`�;2 /Bbi`B#miBQMb Q7 BMTmi /�i�- pBbm�HBxBM; F2v

+?�`�+i2`BbiB+b Q7 i?2 2p2Mib- bm+? �b i?2 /Bbi`B#miBQM Q7 T�`iB+H2b #v ivT2- KQ@
K2MimK- �M/ �M;mH�` T�`�K2i2`bX �M�HvxBM; i?2b2 /Bbi`B#miBQMb T`QpB/2b BMbB;?ib
BMiQ i?2 /BbiBM+iBQMb #2ir22M *�b2R �M/ *�b2k 2p2Mib �M/ ?2HTb B/2MiB7v 72�im`2b
`2H2p�Mi 7Q` 2p2Mi +H�bbB}+�iBQMX

S`2HBKBM�`v �M�HvbBb Q7 BMTmi /�i� Bb 2bb2MiB�H #27Q`2 722/BM; Bi BMiQ i?2 +H�bbB@
}2`X h?Bb bi2T ?2HTb /2i2`KBM2 r?B+? /�i� 72�im`2b �`2 KQbi bB;MB}+�Mi �M/ +�M
2M?�M+2 i?2 +H�bbB}2`Ƕb T2`7Q`K�M+2X � +QKT�`BbQM Q7 *�b2R �M/ *�b2k BM/B+�i2b
i?�i i?2B` /Bz2`2M+2b +�M #2 H2p2`�;2/ 7Q` i2biBM; KQ/2H T2`7Q`K�M+2 �M/ i`�BMBM;
M2m`�H M2irQ`FbX



Rjy dX Z:S h_A::1_ "�a1. PL *LL, S>a. oa l_ZJ.

6B;m`2 dXRk, �p2`�;2 BMTmi /Bbi`B#miBQM 7`QK bBKmH�i2/ l`ZJ. +QHHBbBQMbX h?2
T�M2Hb b?Qr /Bbi`B#miBQMb #v T�`iB+H2 ivT2- i?2 �#bQHmi2 p�Hm2 Q7 KQK2MimK |p|-
BM+HBM�iBQM �M;H2 θ- �M/ �xBKmi?�H �M;H2 φX

dXkX9 lT/�i2 *LL �`+?Bi2+im`2 7Q` l`ZJ. .�i�
hQ T`Q+2bb l`ZJ. /�i�- r?B+? BM+Hm/2b BM7Q`K�iBQM QM i?2 MmK#2` Q7 T�`iB+H2b
7`QK i?2 ?v/`Q/vM�KB+ `2;BQM �M/ i?2 BKT�+i T�`�K2i2` Q7 i?2 2p2Mi- i?2 *LL
�`+?Bi2+im`2 r�b KQ/B}2/- �b b?QrM BM 6B;X dXRjX h?2 T`BK�`v +?�M;2 r�b BM
i?2 QmiTmi H�v2`- r?B+? MQr +QMbBbib Q7 irQ M2m`QMb, QM2 T`2/B+iBM; i?2 MmK#2`
Q7 T�`iB+H2b 7`QK i?2 ?v/`Q/vM�KB+ `2;BQM �M/ i?2 Qi?2` T`2/B+iBM; i?2 BKT�+i
T�`�K2i2`X

h?2 �+iBp�iBQM 7mM+iBQM BM i?2 QmiTmi H�v2` r�b +?�M;2/ iQ G2�Fv_2Gl- 2Mbm`@
BM; i?�i i?2 QmiTmi p�Hm2b `2K�BM TQbBiBp2- +QMbBbi2Mi rBi? i?2B` T?vbB+�H BMi2`@
T`2i�iBQMX �//BiBQM�HHv- K2�M b[m�`2/ 2``Q` UJa1V Bb mb2/ 7Q` #�+FT`QT�;�iBQM-
r?B+? BKT`Qp2b i?2 �++m`�+v Q7 T`2/B+iBQMb #v �++QmMiBM; 7Q` i?2 +QMiBMmQmb
M�im`2 Q7 #Qi? QmiTmi T�`�K2i2`bX

h?Bb �`+?Bi2+im`2 2M�#H2b 2{+B2Mi T`Q+2bbBM; Q7 l`ZJ. BMTmi /�i� #v T`2@
/B+iBM; F2v T�`�K2i2`b 7Q` 2�+? 2p2MiX h?2 mb2 Q7 G2�Fv_2Gl �+iBp�iBQM �M/ i?2
Ja1 HQbb 7mM+iBQM 2Mbm`2b �++m`�i2 KQ/2H i`�BMBM; r?BH2 K�BMi�BMBM; i?2 T?vbB+�H
BMi2`T`2i�#BHBiv Q7 i?2 QmiTmi p�Hm2bX h?2b2 KQ/B}+�iBQMb 2M?�M+2 i?2 M2irQ`FǶb



dXk Z:S *H�bbB}+�iBQM lbBM; l`ZJ. JQ/2H RjR

MaxPool3D (2x2x2)

Flatten

FC (64, LReLU)

FC (2, Softmax)

QGP off QGP on

Conv3D (32, 3x3x3, LReLU)

MaxPool3D (2x2x2)

Conv3D (64, 3x3x3, LReLU)

Input (28x20x20x20)

MaxPool3D (2x2x2)

Flatten

FC (64, LReLU)

FC (4, LReLU)

Conv3D (32, 3x3x3, LReLU)

MaxPool3D (2x2x2)

Conv3D (64, 3x3x3, LReLU)

Input (28x20x20x20)

QGP 
Particles

Impact 
Parameter

6B;m`2 dXRj, lT/�i2/ *LL �`+?Bi2+im`2 7Q` l`ZJ. /�i�- MQr rBi? k QmiTmi
M2m`QMbX h?2 +?�M;2b BM+Hm/2 KQ/B}+�iBQMb iQ i?2 �+iBp�iBQM 7mM+iBQMb �M/ i?2
K2�M b[m�`2/ 2``Q` UJa1V HQbb 7mM+iBQM iQ �++QmMi 7Q` i?2 M2r QmiTmibX

�TTHB+�#BHBiv 7Q` 7m`i?2` �M�HvbBb �M/ Bib mb2 BM ?2�pv@BQM 2p2Mi +H�bbB}+�iBQM i�bFbX
Sb2m/Q+Q/2 7Q` i?2 mT/�i2/ HQbb 7mM+iBQM,

R f .27BM2 +mbiQK HQbb 7mM+iBQM 7Q` irQ QmiTmi M2m`QMb  f
k 6mM+iBQM +mbiQKnHQbbUT`2/B+iBQMb- i�`;2ibV,
j 2``Q`R 4 Ja1UT`2/B+iBQMb(Ln[;T)- i�`;2ib(Ln[;T)V
9 2``Q`k 4 Ja1UT`2/B+iBQMb(AKT�+inT�`�K2i2`)- i�`;2ib(

AKT�+inT�`�K2i2`)V
8
e iQi�Hn2``Q` 4 2``Q`R Y 2``Q`k
d _2im`M iQi�Hn2``Q`
3 1M/ 6mM+iBQM
N

Ry f .27BM2 i?2 QmiTmi H�v2` rBi? G2�Fv_2Gl �+iBp�iBQM  f
RR PmiTminG�v2`,
Rk 6mHHv@+QMM2+i2/ H�v2`, BMTmi @= k M2m`QMb ULn[;T-

AKT�+inT�`�K2i2`V
Rj �+iBp�iBQM 7mM+iBQM, G2�Fv_2Gl
R9 1M/ G�v2`

GBbiBM; dXk, Sb2m/Q+Q/2 7Q` mT/�i2/ *LL �`+?Bi2+im`2 7Q` l`ZJ.



Rjk dX Z:S h_A::1_ "�a1. PL *LL, S>a. oa l_ZJ.

dXkX8 _2bmHib �M/ AMi2`T`2i�iBQM

6B;m`2 dXR9, .2T2M/2M+2 Q7
i?2 iQi�H MmK#2` Q7 T�`iB+H2b
QM i?2 BKT�+i T�`�K2i2` b 7Q`
l`ZJ. /�i�X

h`�BMBM; �M/ p�HB/�iBQM Q7 i?2 +H�bbB}2` 7Q` l`ZJ. /�i� r2`2 T2`7Q`K2/ bBK@
BH�`Hv iQ i?2 T`Q+2/m`2 mb2/ 7Q` S>a.X h?2 BMTmi /�i�b2i BM+Hm/2b 2p2Mib 7`QK
irQ bQm`+2b, *�b2R �M/ *�b2kX 1�+? 2p2Mi Bb H�#2H2/ rBi? BM7Q`K�iBQM �#Qmi
i?2 MmK#2` Q7 Z:S@`2H�i2/ T�`iB+H2b UNqgpV �M/ i?2 BKT�+i T�`�K2i2` UbV- r?B+?
r2`2 mb2/ 7Q` #Qi? i`�BMBM; �M/ p�HB/�iBQMX

6Q` i`�BMBM;- 3yW Q7 i?2 /�i�b2i r�b �HHQ+�i2/ 7Q` i`�BMBM;- r?BH2 i?2 `2K�BMBM;
kyW r�b mb2/ 7Q` p�HB/�iBQMX h?2 KQ/2H r2B;?ib �M/ QmiTmib r2`2 biQ`2/ iQ
/2i2`KBM2 i?2 QTiBK�H M2irQ`F bi�i2X �M�HvbBb Q7 i?2 *LL QmiTmib /2KQMbi`�i2/
bi�#H2 T2`7Q`K�M+2 BM T`2/B+iBM; 2p2Mi T�`�K2i2`bX

6B;m`2 dXR8 b?Qrb i?2 /Bbi`B#miBQMb Q7 *LL QmiTmi p�Hm2b 7Q` 2p2Mib 7`QK *�b2R
�M/ *�b2kX h?2 THQib /2KQMbi`�i2 i?�i i?2 M2irQ`F �++m`�i2Hv `2+QMbi`m+ib 2p2Mi
+?�`�+i2`BbiB+bX

�b b22M BM 6B;m`2 dXRe- i?2 M2irQ`F QmiTmib +HQb2Hv K�i+? i?2 i`m2 H�#2Hb 7Q`
jy 2p2Mib- +QM}`KBM; i?2 �++m`�+v Q7 i?2 KQ/2H T`2/B+iBQMbX

6B;m`2 dXRd T`2b2Mib i?2 M2irQ`FǶb T2`7Q`K�M+2 BM T`2/B+iBM; i?2 BKT�+i T�@
`�K2i2` b 7Q` l`ZJ. /�i�X h?2 H27i T�M2Hb b?Qr i?2 `2H�iBQMb?BT #2ir22M i?2
T`2/B+i2/ M2m`QM p�Hm2b 7Q` i?2 BKT�+i T�`�K2i2` �M/ i?2 i`m2 b p�Hm2bX h?2 `B;?i
T�M2Hb /BbTH�v i?2 /Bbi`B#miBQM Q7 i?2 T`2/B+iBQM 2``Q` 7Q` i?2 BKT�+i T�`�K2i2`X

h?2 �M�HvbBb Q7 l`ZJ. /�i� +QM}`Kb i?�i i?2 mT/�i2/ *LL �`+?Bi2+im`2
�++m`�i2Hv T`2/B+ib 2p2Mi T�`�K2i2`bX h?2 QmiTmi p�Hm2b Q7 i?2 M2m`QMb UNqgp

�M/ bV +HQb2Hv K�i+? i?2 ;`QmM/ i`mi? H�#2Hb 7Q` #Qi? *�b2R �M/ *�b2k 2p2MibX
h?2 ;`�T?B+�H `2bmHib bmTTQ`i i?2 KQ/2HǶb ?B;? �++m`�+v- K�FBM; Bi � `2HB�#H2
iQQH 7Q` 7m`i?2` bim/B2b BM ?2�pv@BQM 2p2Mi +H�bbB}+�iBQMX



dXk Z:S *H�bbB}+�iBQM lbBM; l`ZJ. JQ/2H Rjj
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Rj9 dX Z:S h_A::1_ "�a1. PL *LL, S>a. oa l_ZJ.
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dXk Z:S *H�bbB}+�iBQM lbBM; l`ZJ. JQ/2H Rj8
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Rje dX Z:S h_A::1_ "�a1. PL *LL, S>a. oa l_ZJ.

dXj JQ/2H@AM/2T2M/2Mi Z:S *H�bbB}+�iBQM
AM i?2 T`2pBQmb b2+iBQMb- i?2 *LL +H�bbB}2` r�b i2bi2/ QM BMTmi /�i� ;2M2`�i2/ #v
i?2 S>a. �M/ l`ZJ. KQ/2Hb iQ �bb2bb Bib �#BHBiv iQ /BbiBM;mBb? #2ir22M Z:S
�M/ MQZ:S 2p2MibX h?2 `2bmHib /2KQMbi`�i2/ i?�i i?2 +H�bbB}2` bm++2bb7mHHv
/Bz2`2MiB�i2b #2ir22M Z:S �M/ MQZ:S 2p2Mib 7Q` #Qi? KQ/2HbX

h?Bb b2+iBQM 2p�Hm�i2b i?2 KQ/2H BM/2T2M/2M+2 Q7 i?2 +H�bbB}2`, i?2 *LL
+H�bbB}2` Bb i`�BM2/ QM BMTmi /�i� ;2M2`�i2/ #v i?2 S>a. KQ/2H- +QMi�BMBM; irQ
2p2Mi +H�bb2b UZ:S �M/ MQZ:SVX h?2 i`�BM2/ M2irQ`F r2B;?ib �`2 i?2M b�p2/-
�M/ i?2 +H�bbB}2` Bb i2bi2/ QM BMTmi /�i� Q#i�BM2/ 7`QK i?2 l`ZJ. KQ/2H 7Q`
+�b2R �M/ +�b2kX

dXjXR _2bmHib �M�HvbBb
6B;m`2 dXR3 BHHmbi`�i2b i?2 �LL +H�bbB}2`Ƕb T2`7Q`K�M+2- b?QrBM; i?2 /Bbi`B#miBQM
Q7 i?2 _�iBQ Q7 i?2 Z:S T�`�K2i2` 7Q` BMTmi /�i� Q#i�BM2/ 7`QK S>a. �M/
l`ZJ.X h?2 _�iBQ Q7 i?2 Z:S T�`�K2i2` +�M #2 BMi2`T`2i2/ �b i?2 pQHmK2
Q7 Z:S BM �M 2p2MiX h?2 mTT2` THQib `2T`2b2Mi /Bbi`B#miBQMb 7Q` S>a.- r?2`2
Z:S@QM �M/ Z:S@Qz 2p2Mib �`2 +H2�`Hv b2T�`�i2/X h?2 HQr2` THQib BM/B+�i2 i?�i
Z:S@QM +Q``2bTQM/b iQ l`ZJ. +�b2R- r?BH2 Z:S@Qz +Q``2bTQM/b iQ l`ZJ.
+�b2kX h?2b2 `2bmHib +QM}`K i?2 +H�bbB}2`Ƕb �#BHBiv iQ B/2MiB7v F2v /Bz2`2M+2b BM
2p2Mib `2;�`/H2bb Q7 i?2 KQ/2H mb2/X

JQ/2H BM/2T2M/2M+2 Q7 i?2 +H�bbB}2` Bb +`m+B�H 7Q` �M�HvxBM; `2�H 2tT2`BK2Mi�H
/�i�- �b Bi 2M�#H2b 2p2Mi BMi2`T`2i�iBQM rBi?Qmi #2BM; iB2/ iQ � bT2+B}+ i?2Q`2iB+�H
KQ/2HX

dXjXk JQ/B}+�iBQM Q7 i?2 *H�bbB}2` �`+?Bi2+im`2
hQ 7m`i?2` 2ti2M/ i?2 +H�bbB}2`Ƕb +�T�#BHBiB2b- � mMBp2`b�H �`+?Bi2+im`2 Bb T`QTQb2/-
BMi2;`�iBM; QmiTmi M2m`QMb 7Q` #Qi? S>a. �M/ l`ZJ. /�i�X h?2 QmiTmi H�v2`
Q7 i?2 mMBp2`b�H +H�bbB}2` +QMbBbib Q7 bBt M2m`QMb,

• 6Qm` M2m`QMb 7Q` S>a. /�i�, QM2 M2m`QM 7Q` i?2 T`Q#�#BHBiv i?�i �M 2p2Mi
+QMi�BMb Z:S- QM2 7Q` i?2 T�`�K2i2` Ri- QM2 7Q` i?2 MmK#2` Q7 T�`iB+H2b
Nqgp- �M/ QM2 7Q` i?2 2p2Mi BKT�+i T�`�K2i2`X

• hrQ M2m`QMb 7Q` l`ZJ. /�i�, QM2 7Q` i?2 MmK#2` Q7 T�`iB+H2b Nqgp �M/
QM2 7Q` i?2 2p2Mi BKT�+i T�`�K2i2`X



dXj JQ/2H@AM/2T2M/2Mi Z:S *H�bbB}+�iBQM Rjd

6B;m`2 dXR3, S2`7Q`K�M+2 Q7 i?2 �LL +H�bbB}2`, _�iBQ Q7 i?2 Z:S 7Q` BMTmi
/�i� ;2M2`�i2/ #v i?2 S>a. �M/ l`ZJ. KQ/2HbX h?2 mTT2` THQib b?Qr i?2
/Bbi`B#miBQM 7Q` S>a. UZ:S �M/ MQZ:SV- r?BH2 i?2 HQr2` THQib +Q``2bTQM/ iQ
l`ZJ. U+�b2R �M/ +�b2kVX

h?2 i`�BMBM; T`Q+2bb BM+Hm/2b � HQbb 7mM+iBQM i?�i +QMbB/2`b i?2 bmK Q7 2``Q`b
7`QK �HH �+iBp2 M2m`QMbX q?2M rQ`FBM; rBi? /�i� 7`QK � bT2+B}+ KQ/2H- QMHv i?2
M2m`QMb +Q``2bTQM/BM; iQ i?�i KQ/2H �`2 �+iBp�i2/X

6B;m`2 dXRN BHHmbi`�i2b i?2 T`QTQb2/ �`+?Bi2+im`2X

dXjXj Sb2m/Q+Q/2 Q7 i?2 lMBp2`b�H *H�bbB}2`
h?2 i`�BMBM; �H;Q`Bi?K 7Q` i?2 mMBp2`b�H +H�bbB}2` Bb T`2b2Mi2/ #2HQrX Ai /2b+`B#2b
?Qr M2m`QMb �`2 �+iBp�i2/ �M/ T�`iB+BT�i2 BM i?2 i`�BMBM; T`Q+2bb 7Q` /Bz2`2Mi
/�i�b2ibX h?Bb bi`m+im`2/ �TT`Q�+? 2Mbm`2b i?�i 2�+? /�i�b2i +QMi`B#mi2b QMHv
iQ i?2 `2H2p�Mi QmiTmi M2m`QMb- T`2p2MiBM; BMi2`72`2M+2 #2ir22M S>a. �M/
l`ZJ. /�i� /m`BM; i`�BMBM;X
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6B;m`2 dXRN, lMBp2`b�H *LL +H�bbB}2` �`+?Bi2+im`2X AMi2;`�i2b QmiTmi M2m`QMb
7Q` S>a. �M/ l`ZJ. /�i�X amTTQ`ib +QK#BM2/ i`�BMBM;X

R O h`�BMBM; T`Q+2bb 7Q` mMBp2`b�H *LL +H�bbB7B2`
k 6Q` 2�+? i`�BMBM; /�i�b2i,
j A7 /�i�b2i 44 S>a.,
9 �+iBp�i2 M2m`QMb 7Q` Z:SnM2m`QM- _nB- Ln[;T-

BKT�+inT�`�K2i2`
8 1Hb2 B7 /�i�b2i 44 l`ZJ.,
e �+iBp�i2 M2m`QMb 7Q` Ln[;T- BKT�+inT�`�K2i2`
d 1M/ A7
3
N O *�H+mH�i2 HQbb QMHv 7Q` �+iBp2 M2m`QMb

Ry HQbb 4 y
RR 6Q` 2�+? �+iBp2 M2m`QM,
Rk HQbb Y4 Ja1UT`2/B+i2/nQmiTmi(M2m`QM)- i`m2nQmiTmi(M2m`QM)V
Rj 1M/ 6Q`
R9
R8 O S2`7Q`K #�+FT`QT�;�iBQM mbBM; i?2 +�H+mH�i2/ HQbb
Re "�+FT`QT�;�i2UHQbbV
Rd 1M/ 6Q`

GBbiBM; dXj, Sb2m/Q+Q/2 7Q` lMBp2`b�H *LL �`+?Bi2+im`2 h`�BMBM;
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h?Bb b2+iBQM /2KQMbi`�i2/ � KQ/2H@BM/2T2M/2Mi �TT`Q�+? iQ +H�bbB7vBM; Z:S
2p2Mib mbBM; � *LL@#�b2/ +H�bbB}2`X h?2 i`�BMBM; r�b +QM/m+i2/ QM S>a.
/�i� rBi? Z:S@QM �M/ Z:S@Qz +H�bb2b- r?BH2 i2biBM; r�b T2`7Q`K2/ QM
l`ZJ. /�i� U+�b2R �M/ +�b2kV- r?B+? r2`2 MQi BM+Hm/2/ BM i?2 i`�BMBM;X
h?2 `2bmHib +QM}`K2/ i?�i i?2 +H�bbB}2` bm++2bb7mHHv /BbiBM;mBb?2b #2ir22M
Z:S@QM �M/ Z:S@Qz 2p2Mib 7Q` #Qi? KQ/2Hb- /2KQMbi`�iBM; Bib KQ/2H BM@
/2T2M/2M+2X

�//BiBQM�HHv- � mMBp2`b�H +H�bbB}2` �`+?Bi2+im`2 r�b T`QTQb2/- BMi2;`�iBM;
/�i� 7`QK /Bz2`2Mi KQ/2Hb rBi? i?2 �#BHBiv iQ �+iBp�i2 i?2 `2H2p�Mi M2m`QMb
7Q` 2�+? KQ/2HX h?Bb bi`m+im`2 2M�#H2b +QK#BM2/ i`�BMBM;- r?2`2 QMHv i?2
+Q``2bTQM/BM; QmiTmi M2m`QMb �`2 �+iBp�i2/ 7Q` 2�+? /�i�b2iX h?Bb �TT`Q�+?
2Mbm`2b T`QT2` +H�bbB}2` i`�BMBM; QM /�i� 7`QK /Bz2`2Mi i?2Q`2iB+�H KQ/2Hb
rBi?Qmi +QKT`QKBbBM; +H�bbB}+�iBQM [m�HBivX

AM i?2 7mim`2- i?Bb �TT`Q�+? +�M #2 �TTHB2/ iQ i?2 �M�HvbBb Q7 `2�H 2tT2`BK2M@
i�H /�i�X lbBM; � +H�bbB}2` i`�BM2/ QM S>a. �M/ l`ZJ. /�i� rBHH �HHQr 7Q` i?2
BMi2`T`2i�iBQM Q7 `2�H 2p2Mib �M/ i?2B` +QKT�`BbQM rBi? i?2Q`2iB+�H KQ/2H +?�`@
�+i2`BbiB+bX am+? �M �M�HvbBb rBHH QT2M M2r TQbbB#BHBiB2b 7Q` bim/vBM; [m�`F@;HmQM
TH�bK� T`QT2`iB2b- �bb2bbBM; +QMi`B#miBQMb 7`QK p�`BQmb KQ/2Hb- �M/ B/2MiB7vBM;
mMB[m2 72�im`2b BM 2tT2`BK2Mi�H /�i�X 6m`i?2`KQ`2- i?2 mMBp2`b�H +H�bbB}2` �`+?B@
i2+im`2 +�M #2 �/�Ti2/ iQ rQ`F rBi? Qi?2` KQ/2Hb Q` i?2B` +QK#BM�iBQMb- K�FBM;
Bi � p2`b�iBH2 iQQH 7Q` +H�bbB}+�iBQM �M/ /�i� �M�HvbBb i�bFb BM ?B;?@2M2`;v T?vbB+bX

h?2 M2ti b2+iBQM rBHH T`2b2Mi i?2 �TTHB+�iBQM Q7 i?2 2p2Mi +H�bbB}2` iQ bBKmH�i2/
/�i� Q#i�BM2/ 7`QK i?2 *"J 2tT2`BK2MiX

dX9 Z:S *H�bbB}+�iBQM BM i?2 *"J 1tT2`BK2Mi

h?2 T`2pBQmb b2+iBQMb /2KQMbi`�i2/ i?2 T2`7Q`K�M+2 Q7 i?2 *LL +H�bbB}2` QM /�i�
Q#i�BM2/ mbBM; /Bz2`2Mi i?2Q`2iB+�H KQ/2HbX h?Bb b2+iBQM /2b+`B#2b i?2 T`Q+2/m`2
7Q` i`�MbBiBQMBM; 7`QK B/2�HBx2/ JQMi2 *�`HQ UJ*V /�i� iQ `2+QMbi`m+i2/ /�i�
Q#i�BM2/ mbBM; i?2 6G1a T�+F�;2X
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6B;m`2 dXky, "HQ+F /B�;`�K Q7 i?2 6G1a T�+F�;2 rBi? i?2 i2Mi�iBp2 +QKTQM2Mib
Q7 �LL96G1a- r?B+? rBHH #2 mb2/ BM i?2 i`B;;2` 7Q` 2p2Mi b2H2+iBQM (R9N)X

dX9XR AMi2;`�iBQM Q7 *LL *H�bbB}2` BMiQ 6G1a

h?2 6G1a T�+F�;2 7Q` i?2 *"J 2tT2`BK2Mi +�M `2+QMbi`m+i i?2 +QKTH2i2 iQTQH@
Q;v Q7 �M 2p2Mi- BM+Hm/BM; i`�+Fb Q7 +?�`;2/ �M/ b?Q`i@HBp2/ T�`iB+H2bX h?2 6G1a
T�+F�;2 +QMbBbib Q7 b2p2`�H KQ/mH2b U6B;m`2 dXkyV, � i`�+F b2�`+? KQ/mH2- � i`�+F
}Hi2`- � T�`iB+H2 b2�`+? KQ/mH2- �M/ � T?vbB+�H �M�HvbBb KQ/mH2X

�i i?2 BMTmi- i?2 6G1a T�+F�;2 `2+2Bp2b bBKTHB}2/ /2i2+iQ` ;2QK2i`v �M/
bB;M�Hb ;2M2`�i2/ #v +?�`;2/ T�`iB+H2b �b i?2v T�bb i?`Qm;? i?2 /2i2+iQ`bX

h`�+Fb Q7 +?�`;2/ T�`iB+H2b �`2 `2+QMbi`m+i2/ mbBM; i?2 *� h`�+F 6BM/2` �H;Q@
`Bi?K #�b2/ QM � +2HHmH�` �miQK�iQMX h?2 E6 h`�+F 6Bii2`- #�b2/ QM i?2 E�HK�M
}Hi2`- Bb mb2/ 7Q` T`2+Bb2 i`�+F T�`�K2i2` 2biBK�iBQMX a?Q`i@HBp2/ T�`iB+H2b i?�i
/2+�v #27Q`2 `2�+?BM; i?2 /2i2+iQ`b +�M QMHv #2 `2+QMbi`m+i2/ i?`Qm;? i?2B` /2+�v
T`Q/m+ibX hQ b2�`+? 7Q` �M/ `2+QMbi`m+i i?2 T�`�K2i2`b Q7 bm+? b?Q`i@HBp2/ T�`@
iB+H2b- i?2 E6 S�`iB+H2 6BM/2` +QK#BM2b i?2 i`�+Fb Q7 HQM;@HBp2/ +?�`;2/ T�`iB+H2b
i?�i ?�p2 �H`2�/v #22M B/2MiB}2/X 6BM�HHv- i?2 [m�HBiv +QMi`QH KQ/mH2 2Mbm`2b
p2`B}+�iBQM Q7 i?2 `2+QMbi`m+iBQM [m�HBiv �i 2�+? bi�;2X

h?2 +H�bbB}+�iBQM M2m`�H M2irQ`F- #�b2/ QM i?2 �LL96G1a T�+F�;2- `2+2Bp2b
BM7Q`K�iBQM �#Qmi `2+QMbi`m+i2/ T�`iB+H2b 7`QK i?2 E6 S�`iB+H2 6BM/2` �M/ rBHH
#2 BMi2;`�i2/ BMiQ i?2 T?vbB+b �M�HvbBb KQ/mH2 Q7 i?2 6G1a T�+F�;2 U6B;m`2 dXkyVX
Ai rBHH i?2M #2 mb2/ �b � i`B;;2` 7Q` b2H2+iBM; Z:S 2p2MibX lbBM; i?2 QmiTmib Q7
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i?Bb M2m`�H M2irQ`F BM +QK#BM�iBQM rBi? `2bmHib 7`QK i?2 6G1a T?vbB+b �M�HvbBb
KQ/mH2- i?2 }M�H 2p2Mi b2H2+iBQM rBHH #2 T2`7Q`K2/ rBi?BM i?2 6G1a T�+F�;2X

dX9Xk hQTQHQ;v `2+QMbi`m+iBQM rBi? E6 S�`iB+H2 6BM/2`
h?Bb b2+iBQM /2b+`B#2b i?2 2p2Mi iQTQHQ;v `2+QMbi`m+iBQM T`Q+2bb mbBM; i?2 E6
S�`iB+H2 6BM/2`- /2KQMbi`�i2/ rBi? i?2 /2+�vb K0

s → π+π− �M/ Λ→ pπ−X h?2b2
/2+�vb �`2 +`m+B�H 7Q` �M�HvbBb �M/ `2+QMbi`m+iBQM p�HB/�iBQM �b i?2v 7`2[m2MiHv
Q++m` BM +2Mi`�H +QHHBbBQMb �M/ ?�p2 r2HH@/2}M2/ T�`�K2i2`bX h?2 `2+QMbi`m+iBQM
bi`m+im`2 `2K�BMb i?2 b�K2 7Q` Qi?2` /2+�vb- K�FBM; i?2 /2b+`B#2/ �TT`Q�+?
mMBp2`b�HX

S?vbB+�H �M�HvbBb `2[mB`2b Q#i�BMBM; i?2 +H2�M2bi TQbbB#H2 b�KTH2b Q7 `2+QM@
bi`m+i2/ T�`iB+H2bX hQ �+?B2p2 i?Bb- #�+F;`QmM/ +QMi`B#miBQMb 7`QK B``2H2p�Mi
2p2Mib Kmbi #2 KBMBKBx2/X AM/2T2M/2Mi �M�HvbBb Q7 2�+? /2+�v +�MMQi 7mHHv 2HBK@
BM�i2 #�+F;`QmM/ MQBb2- �b `2/mM/�Mi T�`iB+H2b K�v +QMi`B#mi2 iQ Bib ;2M2`�iBQMX
h?2`27Q`2- +QKTH2i2 2p2Mi iQTQHQ;v `2+QMbi`m+iBQM Bb `2[mB`2/ iQ �//`2bb i?Bb
Bbbm2X

�i i?2 }`bi bi�;2- �HH TQbbB#H2 T�`iB+H2 +�M/B/�i2b �`2 +`2�i2/- BM+Hm/BM; mMB/2M@
iB}2/ +?�`;2/ T�`iB+H2b i?�i T�`iB+BT�i2 BM i?2 `2+QMbi`m+iBQM Q7 #Qi? /2+�vb mbBM;
i?2 +Q``2bTQM/BM; K�bb ?vTQi?2bBbX

h?2 K�BM bQm`+2 Q7 #�+F;`QmM/ Bb `�M/QK +QK#BM�iQ`B�H BMi2`b2+iBQMb Q7 i`�+Fb
i?�i �`2 MQi �bbQ+B�i2/ rBi? i?2 T`BK�`v p2`i2tX *�M/B/�i2b rBi? �M BM+Q``2+i
K�bb ?vTQi?2bBb ;2M2`�i2 � #`Q�/ #�+F;`QmM/- r?BH2 +�M/B/�i2b rBi? i?2 +Q``2+i
K�bb ?vTQi?2bBb +QMi`B#mi2 iQ i?2 bB;M�H T2�FX

hQ }Hi2` Qmi BM+Q``2+i +�M/B/�i2b- /Bbi�M+2b iQ i?2 K�bb T2�F MQ`K�HBx2/ #v
i?2 bi�M/�`/ /2pB�iBQM U3σV �`2 +�H+mH�i2/- �M/ QMHv i?2 +HQb2bi +�M/B/�i2 Bb
`2i�BM2/X h?Bb ?2HTb 2HBKBM�i2 #�+F;`QmM/ 7Q`K2/ #v `2�H b?Q`i@HBp2/ T�`iB+H2bX

_2bB/m�H T?vbB+�H #�+F;`QmM/ Bb +QKTQb2/ Q7 γ@T�`iB+H2b �M/ +�M/B/�i2b rBi?
�M BM+Q``2+i K�bb ?vTQi?2bBb i?�i �`2 `�M/QKHv +HQb2` iQ �M BM+Q``2+i T2�FX h?Bb
Bb BHHmbi`�i2/ BM 6B;m`2 dXkRX

PMHv T`BK�`v T�`iB+H2b- r?B+? �`2 T`Q/m+2/ /B`2+iHv BM i?2 +QHHBbBQM- b?QmH/
#2 b2H2+i2/ 7Q` T?vbB+�H �M�HvbBb- �b b2+QM/�`v T�`iB+H2b T`Q/m+2/ #v /2+�vb Q`
BMi2`�+iBQMb rBi? /2i2+iQ` K�i2`B�H /Q MQi +�``v BM7Q`K�iBQM �#Qmi i?2 +QHHBbBQMX

h?mb- i?2 /2b+`B#2/ `2+QMbi`m+iBQM K2i?Q/- /2KQMbi`�i2/ mbBM; i?2 K0
s →

π+π− �M/ Λ → pπ− /2+�vb- T`Qp2b i?2 2z2+iBp2M2bb Q7 i?2 �TT`Q�+? �M/ Bib
mMBp2`b�HBiv 7Q` Qi?2` ivT2b Q7 /2+�vb- r?B+? +�M #2 �M�Hvx2/ BM � bBKBH�` K�MM2`X
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Towards full event topology reconstruction with KF Particle Finder∗

M. Zyzak† 1, I. Kisel1,2,3, and I. Vassiliev1
1GSI, Darmstadt, Germany; 2Goethe-Universitaet Frankfurt, Frankfurt am Main, Germany; 3Frankfurt Institute for

Advanced Studies, Frankfurt am Main, Germany

Physics analysis requires the cleanest possible samples
of reconstructed particles. Therefore background for them
should be suppressed. An independent analysis of each de-
cay separately cannot guarantee this, since abundant par-
ticles can contribute to the background generation for all
other particles. Thus, to solve the problem full event topol-
ogy reconstruction is required.
We started the development of full event topology recon-

struction at the example of K0
s → π+π− and Λ → pπ−.

At first, all possible particle candidates are constructed in a
usual manner (see Fig. 1, blue line). We would like to no-
tice, that charged particles without PID are participating in
reconstruction of both decays with the corresponding mass
hypothesis.
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Figure 1: Full event topology reconstruction at an example
of K0

s → π+π− and Λ → pπ− decays reconstruction in
10k mbias UrQMDAuAu events at 10 AGeVwith ToF PID

Only primary particles, which are produced directly in
the collision, should be selected for physics analysis, since
secondary particles produced as a result of a decay or inter-
action with the material of the detector do not carry infor-
mation of the collision. The obtained spectra of the primary
candidates are shown with a green line. We would like to

∗Work supported by HICforFAIR, FIAS and BMBF.
†m.zyzak@gsi.de

notice, that the signal to background (S/B) ratio improved
by about one order at this step, because the most of the
background is due to the random combinatorial intersec-
tions of charged particles, that do not point to the primary
vertex.
Candidates constructed with the incorrect mass hypoth-

esis of the charged daughters but corresponding to the real
primary particles (K0

s , γ) cannot be rejected at this step.
Since the mass of the daughters is assigned incorrectly,
such candidates do not form a peak, but a broad struc-
ture at the mass spectrum (see Fig. 1, green line). How-
ever, candidate from the same daughter particles but with
the correct mass hypothesis should be constructed, and it
will contribute to the signal peak at the corresponding spec-
trum. Thus, from the particle candidates with the same set
of daughters but different mass hypothesis only one can
be selected. Currently, if at least one candidate lies within
3σ from the corresponding mass peak, the distances to the
peaks normalised to the peak width are calculated for all
candidates, and only the closest candidate is stored. As a
result, background formed by the real short-lived particles
can be suppressed, that additionally increases the S/B ra-
tio (see Fig. 1, red line). The residual physics background
is formed by γ and candidates with the incorrect mass hy-
pothesis that a arbitrary closer to the incorrect peak, it is
shown with the black line in Fig. 1.
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Figure 2: Illustration of the full event topology reconstruc-
tion with the Armenteros-Podolanski plots.

The procedure is illustrated by the Armenteros-
Podolanski plots in Fig. 2. It is clearly seen, that initial
spectra can be significantly cleaned up by the topology re-
construction.
Providing clean particle samples, full event topology re-

construction is a powerful tool for the physics analysis.

Towards full event topology reconstruction with KF Particle Finder∗

M. Zyzak† 1, I. Kisel1,2,3, and I. Vassiliev1
1GSI, Darmstadt, Germany; 2Goethe-Universitaet Frankfurt, Frankfurt am Main, Germany; 3Frankfurt Institute for

Advanced Studies, Frankfurt am Main, Germany

Physics analysis requires the cleanest possible samples
of reconstructed particles. Therefore background for them
should be suppressed. An independent analysis of each de-
cay separately cannot guarantee this, since abundant par-
ticles can contribute to the background generation for all
other particles. Thus, to solve the problem full event topol-
ogy reconstruction is required.
We started the development of full event topology recon-

struction at the example of K0
s → π+π− and Λ → pπ−.

At first, all possible particle candidates are constructed in a
usual manner (see Fig. 1, blue line). We would like to no-
tice, that charged particles without PID are participating in
reconstruction of both decays with the corresponding mass
hypothesis.
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Figure 1: Full event topology reconstruction at an example
of K0

s → π+π− and Λ → pπ− decays reconstruction in
10k mbias UrQMDAuAu events at 10 AGeVwith ToF PID

Only primary particles, which are produced directly in
the collision, should be selected for physics analysis, since
secondary particles produced as a result of a decay or inter-
action with the material of the detector do not carry infor-
mation of the collision. The obtained spectra of the primary
candidates are shown with a green line. We would like to

∗Work supported by HICforFAIR, FIAS and BMBF.
†m.zyzak@gsi.de

notice, that the signal to background (S/B) ratio improved
by about one order at this step, because the most of the
background is due to the random combinatorial intersec-
tions of charged particles, that do not point to the primary
vertex.
Candidates constructed with the incorrect mass hypoth-

esis of the charged daughters but corresponding to the real
primary particles (K0

s , γ) cannot be rejected at this step.
Since the mass of the daughters is assigned incorrectly,
such candidates do not form a peak, but a broad struc-
ture at the mass spectrum (see Fig. 1, green line). How-
ever, candidate from the same daughter particles but with
the correct mass hypothesis should be constructed, and it
will contribute to the signal peak at the corresponding spec-
trum. Thus, from the particle candidates with the same set
of daughters but different mass hypothesis only one can
be selected. Currently, if at least one candidate lies within
3σ from the corresponding mass peak, the distances to the
peaks normalised to the peak width are calculated for all
candidates, and only the closest candidate is stored. As a
result, background formed by the real short-lived particles
can be suppressed, that additionally increases the S/B ra-
tio (see Fig. 1, red line). The residual physics background
is formed by γ and candidates with the incorrect mass hy-
pothesis that a arbitrary closer to the incorrect peak, it is
shown with the black line in Fig. 1.
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Figure 2: Illustration of the full event topology reconstruc-
tion with the Armenteros-Podolanski plots.

The procedure is illustrated by the Armenteros-
Podolanski plots in Fig. 2. It is clearly seen, that initial
spectra can be significantly cleaned up by the topology re-
construction.
Providing clean particle samples, full event topology re-

construction is a powerful tool for the physics analysis.

6B;m`2 dXkR, 6mHH 2p2Mi iQTQHQ;v `2+QMbi`m+iBQM BHHmbi`�i2/ rBi? K0
s → π+π−

�M/ Λ → pπ− /2+�vb BM RyF KBMBKmK #B�b l`ZJ. �mY�m 2p2Mib �i Ry �:2o
rBi? hQ6 SA. (R89)X

dX9Xj h`�MbBiBQM 7`QK J* /�i� iQ _2+Q /�i�

h?2 i`�MbBiBQM 7`QK JQMi2 *�`HQ /�i� iQ `2+QMbi`m+i2/ /�i� BM i?2 *"J 2t@
T2`BK2Mi +QMbBbib Q7 b2p2`�H bi�;2b- 2�+? H2�/BM; iQ � `2/m+iBQM BM +H�bbB}+�iBQM
�++m`�+vX �i i?2 BMBiB�H bi�;2- i?2 �M�HvbBb Bb T2`7Q`K2/ QM Tm`2 S>a. /�i�-
r?2`2 +H�bbB}+�iBQM �++m`�+v `2�+?2b N8XRWX h?2b2 /�i� T`QpB/2 +QKTH2i2 BM7Q`@
K�iBQM �#Qmi i?2 FBM2K�iB+ T�`�K2i2`b Q7 T�`iB+H2b rBi?Qmi +QMbB/2`BM; T?vbB+�H
�M/ i2+?MB+�H HBKBi�iBQMbX >Qr2p2`- �b i?2 /�i� �`2 T`Q+2bb2/ rBi? /2i2+iQ` ;2@
QK2i`v �M/ `2+QMbi`m+iBQM �H;Q`Bi?Kb- �++m`�+v ;`�/m�HHv /2+`2�b2bX

�i i?2 bi�;2 Q7 /2i2+iQ` �++2Ti�M+2 U*"J �++2Ti�M+2V- �++m`�+v /`QTb iQ
NyXjWX h?Bb `2/m+iBQM Bb /m2 iQ HBKBi�iBQMb BM i?2 /2i2+iQ`Ƕb �M;mH�` +Qp2`�;2 �M/
BM2{+B2M+B2b BM /2i2+iBM; T�`iB+H2b BM +2`i�BM `2;BQMbX aQK2 T�`iB+H2b ;2M2`�i2/ BM
i?2 bBKmH�iBQM /Q MQi 2Mi2` i?2 �+iBp2 `2;Bbi`�iBQM xQM2 /m2 iQ i?2 2tT2`BK2Mi�H
b2imTǶb ;2QK2i`v Q` /2i2+iQ` ǳ/2�/ xQM2bǴX

h?2 M2ti bi�;2 BMpQHp2b i`�+F `2+QMbi`m+iBQM mbBM; i?2 *� h`�+F 6BM/2` �H@
;Q`Bi?K BM +QK#BM�iBQM rBi? i`m2 JQMi2 *�`HQ UJ*V BM7Q`K�iBQM UJ* JQi?2`
S�`iB+H2bVX �i i?Bb bi�;2- �++m`�+v /2+`2�b2b iQ 38X3WX h?2 K�BM `2�bQMb 7Q`
�++m`�+v HQbb �`2 `2H�i2/ iQ i?2 ?B;? i`�+F /2MbBiv- 2bT2+B�HHv BM +2Mi`�H +QHHBbBQMb-
r?B+? +`2�i2b +?�HH2M;2b 7Q` i?2 i`�+FBM; �H;Q`Bi?KX �//BiBQM�HHv- 2``Q`b �`Bb2
/m2 iQ +QK#BM�iQ`B�H #�+F;`QmM/ +�mb2/ #v `�M/QK i`�+F BMi2`b2+iBQMbX

h?2 }M�H bi�;2 mb2b i?2 E6 S�`iB+H2 6BM/2` KQ/mH2 iQ `2+QMbi`m+i b?Q`i@HBp2/
T�`iB+H2bX >2`2- +H�bbB}+�iBQM �++m`�+v /2+`2�b2b iQ 3jXdWX GQbb2b �`2 �bbQ+B@



dX9 Z:S *H�bbB}+�iBQM BM i?2 *"J 1tT2`BK2Mi R9j

Artemiy Belousov CBM Collaboration Meeting, Prag, 17.09.2024        /12 
 

CBM: CNN based QGP Classification

12

Stage Efficiency Drop

1 CNN on PHSD 95.1%

2 CBM Acceptance 90.3% - 4.8%

3 CA Track Finder +  
MC Mother Particles 85.8% - 4.5%

4 CA Track Finder +  
KF Particle Finder 83.7% - 2.1%

A. Belousov, P. Kisel

Online selection of collisions with QGP is possible in the CBM experiment with the efficiency of 83.7%.

Artemiy Belousov CBM Collaboration Meeting, Prag, 17.09.2024        /12 
 

CBM: CNN based QGP Classification

12

Stage Efficiency Drop

1 CNN on PHSD 95.1%

2 CBM Acceptance 90.3% - 4.8%

3 CA Track Finder +  
MC Mother Particles 85.8% - 4.5%

4 CA Track Finder +  
KF Particle Finder 83.7% - 2.1%

A. Belousov, P. Kisel

Online selection of collisions with QGP is possible in the CBM experiment with the efficiency of 83.7%.

6B;m`2 dXkk, *H�bbB}+�iBQM �++m`�+v �i /Bz2`2Mi bi�;2b Q7 /�i� T`Q+2bbBM; 7Q`
�mY�m +QHHBbBQMb �i jRXk �:2oX h?2 ;`�T? QM i?2 H27i b?Qrb i?2 �++m`�+v �b �
7mM+iBQM Q7 i`�BMBM; 2TQ+?b 7Q` p�`BQmb /�i�b2ibX h?2 i�#H2 QM i?2 `B;?i bmKK�@
`Bx2b i?2 �++m`�+v �i 2�+? bi�;2 �M/ i?2 /`QT +QKT�`2/ iQ i?2 T`2pBQmb bi2TX

�i2/ rBi? 2``Q`b BM /2+�v `2+QMbi`m+iBQM �b r2HH �b �M BM+`2�b2 BM +QK#BM�iQ`B�H
#�+F;`QmM/X

h?2 }M�H �M�HvbBb- T`2b2Mi2/ BM 6B;m`2 dXkk- b?Qrb i?�i i?2 Qp2`�HH �++m`�+v
HQbb �KQmMib iQ �TT`QtBK�i2Hv RRX9WX .2bTBi2 i?Bb- i?2 }M�H �++m`�+v Q7 3jXdW
`2K�BMb bm{+B2MiHv ?B;? 7Q` T2`7Q`KBM; QMHBM2 2p2Mi b2H2+iBQM 7Q` Z:S BM i?2
*"J 2tT2`BK2MiX h?2b2 `2bmHib +QM}`K i?�i i?2 T`QTQb2/ �TT`Q�+? 2z2+iBp2Hv
?�M/H2b /�i� �M�HvbBb i�bFb 2p2M mM/2` `2�HBbiB+ +QMbi`�BMibX

h?2 /2+`2�b2 BM +H�bbB}+�iBQM �++m`�+v �i 2�+? bi�;2 Bb � `2bmHi Q7 i?2 `2�HBbiB+
+QMbi`�BMib Q7 i?2 *"J 2tT2`BK2Mi- BM+Hm/BM;,

• /2i2+iQ` ;2QK2i`v �M/ i?2 T`2b2M+2 Q7 /2�/ xQM2bc

• BM�++m`�+B2b BM i`�+FBM; �M/ T�`iB+H2 B/2MiB}+�iBQM �H;Q`Bi?Kbc
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• T?vbB+�H 2z2+ib bm+? �b KmHiBTH2 b+�ii2`BM; �M/ BM7Q`K�iBQM HQbb 7`QK
HQr@2M2`;v T�`iB+H2bX

h?2 }M�H +H�bbB}+�iBQM �++m`�+v Bb 3jXdW- /2KQMbi`�iBM; i?2 72�bB#BHBiv
Q7 `2HB�#H2 Z:S 2p2Mi +H�bbB}+�iBQM 2p2M r?2M +QMbB/2`BM; �HH HBKBi�iBQMbX

h?Bb `2bmHi +QM}`Kb i?�i i?2 T`QTQb2/ +H�bbB}+�iBQM K2i?Q/ Bb 2z2+iBp2
�M/ bmBi�#H2 7Q` QMHBM2 Z:S 2p2Mi b2H2+iBQM mM/2` *"J 2tT2`BK2Mi +QM/B@
iBQMbX Ai QT2Mb mT T`QbT2+ib 7Q` 7m`i?2` `2�H@iBK2 �TTHB+�iBQM Q7 i?2 +H�bbB}2`
BM �M�HvxBM; +QKTH2t 2p2MibX

dX8 *QM+HmbBQMb
h?Bb +?�Ti2` T`QpB/2/ � /2i�BH2/ �M�HvbBb Q7 i?2 �TTHB+�iBQM Q7 +QMpQHmiBQM�H M2m@
`�H M2irQ`Fb 7Q` Z:S 2p2Mi +H�bbB}+�iBQM BM i?2 *"J 2tT2`BK2MiX h?2 /�i�
7Q`K�ib Q#i�BM2/ mbBM; i?2 S>a. �M/ l`ZJ. KQ/2Hb r2`2 /2b+`B#2/- �HQM;
rBi? i?2B` +?�`�+i2`BbiB+b �z2+iBM; i?2 �M�HvbBb T`Q+2bbX h?2 /2p2HQTK2Mi �M/
i`�BMBM; Q7 i?2 +H�bbB}2` r2`2 /Bb+mbb2/- BM+Hm/BM; Bib i2biBM; QM /�i� 7`QK #Qi?
KQ/2HbX

aT2+B�H �ii2MiBQM r�b ;Bp2M iQ +QMbi`m+iBM; � mMBp2`b�H *LL �`+?Bi2+im`2 +�@
T�#H2 Q7 T`Q+2bbBM; /�i� 7`QK /Bz2`2Mi i?2Q`2iB+�H KQ/2HbX h?2 BMi2;`�iBQM Q7
i?2 +H�bbB}2` BMiQ i?2 6G1a T�+F�;2 r�b �HbQ /2b+`B#2/- 2M�#HBM; i?2 i`�MbBiBQM
7`QK B/2�HBx2/ JQMi2 *�`HQ /�i� iQ `2+QMbi`m+i2/ /�i�X h?2 BKT�+i Q7 2�+? /�i�
T`Q+2bbBM; bi�;2 QM +H�bbB}+�iBQM �++m`�+v r�b �M�Hvx2/- B/2MiB7vBM; F2v bQm`+2b
Q7 HQbb2b `2H�i2/ iQ /2i2+iQ` HBKBi�iBQMb �M/ `2+QMbi`m+iBQM �H;Q`Bi?KbX

h?2 `2bmHib /2KQMbi`�i2/ i?�i i?2 T`QTQb2/ �TT`Q�+? 2z2+iBp2Hv ?�M/H2b Z:S
2p2Mi +H�bbB}+�iBQM r?BH2 K�BMi�BMBM; ?B;? �++m`�+v- 2p2M mM/2` `2�HBbiB+ 2tT2`B@
K2Mi�H +QMbi`�BMibX

h?2 BMi2;`�iBQM Q7 i?2 +H�bbB}2` BMiQ i?2 6G1a T�+F�;2 QT2Mb M2r TQbbB#BHBiB2b
7Q` `2�H@iBK2 Z:S 2p2Mi b2H2+iBQMX h?Bb Bb T�`iB+mH�`Hv BKTQ`i�Mi 7Q` i?2 *"J
2tT2`BK2Mi- r?B+? `2[mB`2b 7�bi T`Q+2bbBM; Q7 H�`;2 pQHmK2b Q7 /�i�X

6mim`2 rQ`F BM+Hm/2b �/�TiBM; i?2 +H�bbB}2` iQ `2�H 2tT2`BK2Mi�H /�i�- 2t@
i2M/BM; i?2 �`+?Bi2+im`2 iQ bmTTQ`i �//BiBQM�H KQ/2Hb- �M/ QTiBKBxBM; i`�BMBM;
K2i?Q/b iQ BKT`Qp2 �++m`�+vX h?2 /2p2HQT2/ �TT`Q�+?2b H�v i?2 7QmM/�iBQM 7Q`
7m`i?2` bim/B2b Q7 T?�b2 i`�MbBiBQMb BM ?2�pv@BQM +QHHBbBQMb �M/ i?2 BMi2;`�iBQM Q7
K�+?BM2 H2�`MBM; BMiQ ?B;?@2M2`;v T?vbB+b 2tT2`BK2MibX
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h?Bb rQ`F 2tTHQ`2b i?2 i?2Q`2iB+�H �M/ K2i?Q/QHQ;B+�H �bT2+ib Q7 bim/vBM; i?2
T?�b2 i`�MbBiBQM 7`QK � ?�/`QMB+ bi�i2 iQ [m�`F@;HmQM TH�bK� UZ:SV �M/ T`Q@
TQb2b i?2 mb2 Q7 M2m`�H M2irQ`F@#�b2/ �H;Q`Bi?Kb iQ bB;MB}+�MiHv 2M?�M+2 i?2
2{+B2M+v Q7 `2�H@iBK2 `�`2 2p2Mi b2H2+iBQM Uǳi`B;;2`BM;ǴV BM ?2�pv@BQM +QHHBbBQMbX
lbBM; i?2 S>a. �M/ l`ZJ. i`�MbTQ`i KQ/2Hb- Bi Bb /2KQMbi`�i2/ i?�i +QMpQHm@
iBQM�H M2m`�H M2irQ`Fb U*LLbV +�M MQi QMHv +H�bbB7v 2p2Mib #�b2/ QM i?2 T`2b2M+2
Q` �#b2M+2 Q7 Z:S #mi bBKmHi�M2QmbHv /2i2`KBM2 b2p2`�H BKTQ`i�Mi +?�`�+i2`Bb@
iB+b- bm+? �b i?2 MmK#2` Q7 Z:S T�`iB+H2b- BKT�+i T�`�K2i2`- �M/ i?2 7`�+iBQM
Q7 2M2`;v BM i?2 Z:S T?�b2X � i?Q`Qm;? p�HB/�iBQM +QM}`K2/ i?�i i?2 /2p2H@
QT2/ �TT`Q�+? K�BMi�BMb ?B;? �++m`�+v 2p2M r?2M �++QmMiBM; 7Q` /BbiQ`iBQMb
BMi`Q/m+2/ #v i?2 /2i2+iQ` bvbi2K- r?B+? Bb +`BiB+�H 7Q` �TTHB+�iBQMb BM `2�H 2t@
T2`BK2MibX

h?2 F2v }M/BM;b Q7 i?Bb bim/v �`2 �b 7QHHQrbX 6B`bi- Bi ?B;?HB;?ib i?2 ?B;?
b2MbBiBpBiv Q7 *LLb iQ i?Qb2 T?vbB+�H Q#b2`p�#H2b i?�i +�M #2 2{+B2MiHv `2+QM@
bi`m+i2/ mbBM; i?2 /2i2+iQ`Ƕb i`�+FBM; �M/ B/2MiB}+�iBQM bm#bvbi2KbX a2+QM/- Bi
Bb +QM}`K2/ i?�i i`�BMBM; *LLb QM S>a. �M/ l`ZJ. KQ/2Hb 2Mbm`2b KQ/2H@
BM/2T2M/2Mi 2p2Mi +H�bbB}+�iBQMX h?Bb 2z2+i Bb �+?B2p2/ #v `2HvBM; QM mMBp2`b�H
bT�iB�H �M/ �M;mH�` 72�im`2b UKQK2MimK �M/ �M;mH�` /Bbi`B#miBQMb Q7 T�`iB+H2bV-
r?B+? `2K�BM +QMbBbi2Mi �+`Qbb /Bz2`2Mi �TT`Q�+?2b iQ /2b+`B#BM; ?2�pv@BQM +QHHB@
bBQMbX �//BiBQM�HHv- Bi Bb b?QrM i?�i i`�MbBiBQMBM; 7`QK ǳB/2�HǴ JQMi2 *�`HQ /�i�
iQ `2+QMbi`m+i2/ /�i� H2�/b iQ �M 2tT2+i2/ /2;`�/�iBQM BM +H�bbB}+�iBQM T2`7Q`@
K�M+2X >Qr2p2`- �M �++m`�+v H2p2H �`QmM/ 3yĜ38W `2K�BMb �+?B2p�#H2- r?B+? Bb
bm{+B2Mi 7Q` b2H2+iBM; i?2 `2[mB`2/ 2p2Mi bi�iBbiB+bX

PM2 Q7 i?2 K�BM T`�+iB+�H +QMi`B#miBQMb Q7 i?Bb /Bbb2`i�iBQM Bb i?2 BMi2;`�@
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iBQM Q7 i?2 /2p2HQT2/ �H;Q`Bi?Kb BMiQ i?2 6G1a T�+F�;2 ě � bT2+B�HBx2/ bvb@
i2K 7Q` QMHBM2 2p2Mi `2+QMbi`m+iBQM �M/ b2H2+iBQM BM i?2 *"J 2tT2`BK2MiX h?2
+QM/m+i2/ i2bib BM/B+�i2 i?�i rBi? T`QT2` +Q/2 QTiBKBx�iBQM 7Q` ?2i2`Q;2M2Qmb
+QKTmiBM; �`+?Bi2+im`2b U*Slf:Slf6S:�V �M/ +QMbB/2`�iBQM Q7 M2irQ`F +QM@
};m`�iBQM bT2+B}+b- i?2 Qp2`�HH /�i� QmiTmi bi`2�K +�M #2 `2/m+2/ #v b2p2`�H
Q`/2`b Q7 K�;MBim/2 r?BH2 T`2b2`pBM; M2�`Hv �HH 2p2Mib r?2`2 [m�`F@;HmQM TH�bK�
r�b T`Q/m+2/X h?Bb T�p2b i?2 r�v 7Q` � KQ`2 BM@/2Ti? 2tTHQ`�iBQM Q7 i?2 Z*.
T?�b2 /B�;`�K- BM+Hm/BM; i?2 b2�`+? 7Q` i?2 +`BiB+�H TQBMi- ~m+im�iBQM K2�bm`2@
K2Mib- �M/ +QHH2+iBp2 ~Qr bim/B2bX

Ai b?QmH/ �HbQ #2 MQi2/ i?�i i?2 T`QTQb2/ M2m`�H M2irQ`F@#�b2/ K2i?Q/ Bb
~2tB#H2 �M/ b+�H�#H2X "v 2M�#HBM; Q` /Bb�#HBM; bT2+B}+ QmiTmi M2m`QMb �M/ BMi`Q@
/m+BM; M2r 72�im`2b- Bi +�M #2 �/�Ti2/ iQ /Bz2`2Mi 2tT2`BK2Mi�H +QM};m`�iBQMb
�M/ 2p2M iQ Qi?2` b2imTb rBi? bBKBH�` /2i2+iQ` bvbi2KbX JQ`2Qp2`- 2ti2M/2/ *LL
�`+?Bi2+im`2b +�M BM+Q`TQ`�i2 MQi QMHv FBM2K�iB+ T`QT2`iB2b #mi �HbQ iQTQHQ;B+�H
72�im`2b Q7 T�`iB+H2 /2+�vb Ubm+? �b .@K2bQM Q` ?vT2`Mm+H2B /2+�vbV- 7m`i?2` 2M@
?�M+BM; i?2 b2MbBiBpBiv iQ Z:S 2p2Mi B/2MiB}+�iBQMX

6mim`2 /2p2HQTK2Mi T`QbT2+ib +Qp2` b2p2`�H /B`2+iBQMbX 6B`bi- 7mHH BMi2;`�iBQM
Q7 QMHBM2 T`Q+2bbBM; �H;Q`Bi?Kb BMiQ bT2+B�HBx2/ ?�`/r�`2 �++2H2`�iQ`b Bb TQbbB#H2-
r?2`2 /22T +QMpQHmiBQM�H M2irQ`F +QKTmi�iBQMb �`2 T2`7Q`K2/ QM 6S:� BM `2�H
iBK2- 7m`i?2` `2/m+BM; H�i2M+vX a2+QM/- � KQ`2 /2i�BH2/ �M�HvbBb Q7 i?2 i2KTQ`�H
bi`m+im`2 Q7 2p2Mib U9. i`�+FBM;- r?2`2 ?Bi iBK2bi�KTb �`2 +QMbB/2`2/ �HQM;bB/2
bT�iB�H +QQ`/BM�i2bV Bb Q7 T�`iB+mH�` BMi2`2bi- �b Bi +QmH/ TQi2MiB�HHv BKT`Qp2 i?2
b2T�`�iBQM Q7 Qp2`H�TTBM; +QHHBbBQMbX h?B`/- QT2M [m2biBQMb `2K�BM `2;�`/BM; i?2
2tT�MbBQM Q7 i?2 i`�BMBM; /�i�b2i rBi? M2r KQ/2Hb �M/ i?2 p2`B}+�iBQM Q7 i?2
T`QTQb2/ �`+?Bi2+im`2Ƕb mMBp2`b�HBiv Qp2` �M 2p2M #`Q�/2` 2M2`;v `�M;2 ě 7`QK
HQr aAaR3 2M2`;B2b iQ i?2 mHi`�@`2H�iBpBbiB+ 2M2`;B2b Q7 i?2 G>* +QHHB/2`X

h?mb- i?2 Qmi+QK2 Q7 i?Bb rQ`F Bb � +QKT`2?2MbBp2 �TT`Q�+? i?�i +QK#BM2b
7mM/�K2Mi�H T?vbB+b +QM+2Tib Q7 i?2 [m�`F@;HmQM TH�bK� T?�b2 i`�MbBiBQM rBi?
KQ/2`M /22T H2�`MBM; i2+?MB[m2bX h?2 T`QTQb2/ bQHmiBQMb bB;MB}+�MiHv `2/m+2
i?2 pQHmK2 Q7 biQ`2/ /�i� rBi?Qmi HQbBM; i?2 KQbi BM7Q`K�iBp2 2p2Mib- #`BM;BM;
i?2 }2H/ +HQb2` iQ � KQ`2 +QKT`2?2MbBp2 �M/ T`2+Bb2 bim/v Q7 bi`QM;Hv BMi2`�+iBM;
K�ii2` mM/2` 2ti`2K2 +QM/BiBQMbX 6m`i?2` BKT`Qp2K2Mib BM M2m`�H M2irQ`F@#�b2/
2p2Mi b2H2+iBQM- Bib 2ti2MbBQM iQ M2r /�i� ivT2b- �M/ Bib BKTH2K2Mi�iBQM BM `2�H
2tT2`BK2Mi�H +QM/BiBQMb K�v H2�/ iQ M2r /Bb+Qp2`B2b BM ?2�pv@BQM T?vbB+b �M/
T`QpB/2 � MQp2H T2`bT2+iBp2 QM i?2 7mM/�K2Mi�H H�rb Q7 Z*.X



�+FMQrH2/;2K2Mib

A rQmH/ HBF2 iQ 2tT`2bb Kv bBM+2`2 ;`�iBim/2 iQ 2p2`vQM2 r?Q bmTTQ`i2/ K2
i?`Qm;?Qmi i?2 HQM; �M/ /B{+mHi T`Q+2bb Q7 T`2T�`BM; �M/ r`BiBM; i?Bb i?2bBbX

6B`bi Q7 �HH- A �K /22THv ;`�i27mH iQ Kv bmT2`pBbQ`- S`Q7X .`X Ap�M EBb2H-
7Q` ?Bb BMp�Hm�#H2 bmTTQ`i- rBb2 �/pB+2- �M/ K2MiQ`b?BT- r?B+? ?�p2 #2+QK2 i?2
7QmM/�iBQM Q7 Kv rQ`F �M/ T`Q72bbBQM�H ;`Qri?X A �K 2bT2+B�HHv ;`�i27mH i?�i A
+QmH/ �Hr�vb im`M iQ ?BK 7Q` ?2HT rBi? �Mv [m2biBQMb �M/ `2+2Bp2 bmTTQ`i /m`BM;
/B{+mHi KQK2MibX

aT2+B�H i?�MFb iQ S`Q7X .`X oQHF2` GBM/2Mbi`mi? 7Q` ?Bb ?2HT �M/ bmTTQ`i
/m`BM; i?2 }M�H T?�b2 Q7 i?2 i?2bBb- r?B+? K�/2 i?Bb bi`2bb7mH T2`BQ/ Km+? 2�bB2`X

A �K bBM+2`2Hv ;`�i27mH iQ Kv +QHH2�;m2b ě .`X :`B;Q`v EQxHQp- .`X S�p2H
EBb2H- P//?�`�F hv�;B- �F?BH JBi?`�M- _Q#BM G�FQb- �M/ :B�MM� wBb+?F� ě 7Q`
i?2B` 7�Bi? BM K2- 7`B2M/Hv bmTTQ`i- �M/ p�Hm�#H2 �/pB+2X

aT2+B�H i?�MFb iQ .`X J�tBK wvx�F �M/ .`X AQm`B o�bbBHB2p 7`QK i?2 *"J
T?vbB+b rQ`FBM; ;`QmT 7Q` i?2B` +QKT`2?2MbBp2 ?2HT BM rQ`FBM; rBi? E6 S�`iB+H2
6BM/2` �M/ *#K_QQi- �b r2HH �b 7Q` i?2B` T�iB2Mi �M/ �++2bbB#H2 2tTH�M�iBQMb Q7
+QKTH2t T?vbB+�H T?2MQK2M�X

A 2tT`2bb Kv ;`�iBim/2 iQ .`X um`B 6Bbv�F �i "LG 7Q` ?Bb ?2HT �M/ bmTTQ`i
/m`BM; b?B7ib �M/ BM b+B2MiB}+ rQ`F �i "LGX

h?�MFb iQ S`Q7X .`X 1H2M� "`�iFQpbF�v� �M/ .`X PH;� aQHQp2p� 7Q` i?2B` ?2HT
rBi? i?2 S>a. KQ/2H- �M/ iQ .`X C�M ai2BM?2BK2`@6`Qb+?�m2` �M/ S`Q7X .`X
J�`+mb "H2B+?2` 7Q` i?2B` �bbBbi�M+2 rBi? i?2 l`ZJ. KQ/2HX

aT2+B�H i?�MFb iQ Kv 7`B2M/b r?Q bmTTQ`i2/ K2 /m`BM; /B{+mHi KQK2Mib-
BMbTB`2/ K2- �M/ HB7i2/ Kv bTB`Bib /m`BM; i?2 +?�HH2M;BM; /�vb Q7 rQ`FBM; QM i?2
i?2bBb, .`X a2KvQM :2`K�MbFBv- aQ}� a?+?2`#vM�- J�`F w�F?p�iFBM- .KBi`Bv
S�pHBM- EB`BHH E`�bMQpB/ �M/ PH;� _m#�MQp�X

A i?�MF s2MB� SQ;`2#MB�F 7Q` ?2` ?2HT rBi? i?2 /2bB;M �M/ p�Hm�#H2 �/pB+2-
�M/ Gvm/KBH� _�x;mHBM� 7Q` +`2�iBM; i?2 #2�miB7mH +Qp2`X
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AǶ/ HBF2 iQ i?�MF a2`;2v LBFmHBM 7Q` ?Bb iB`2H2bb 2zQ`ib BM F22TBM; Kv bi`2bb
H2p2Hb ?B;? rBi? ?Bb H2;2M/�`v ǳq?2M �`2 vQm bm#KBiiBM;\Ǵ BMi2``Q;�iBQMb ě
+H2�`Hv- ?2 KBbb2/ ?Bb +�HHBM; �b � S?. �/pBbQ`X >QT27mHHv- /2+�/2b 7`QK MQr-
?2ǶHH biBHH #2 b?�FBM; ?Bb ?2�/- BMbBbiBM; i?�i BMbi2�/ Q7 r�biBM; iBK2 QM � S?.- A
+QmH/Ƕp2 Dmbi bFBTT2/ bi`�B;?i iQ #2BM; � "B; h2+? *1P BM _mbbB� ě T`272`�#Hv
rBi? � v�+?i �M/ � /�+?�- #mi- �H�b- ?2`2 r2 �`2X

A �K BKK2Mb2Hv ;`�i27mH iQ Kv 7�KBHv 7Q` i?2B` HQp2- bmTTQ`i- �M/ 7�Bi? BM
K2X A rQmH/ 2bT2+B�HHv HBF2 iQ i?�MF Kv #`Qi?2` 7Q` �M mM7Q`;2ii�#H2 i`BT iQ
*�HB7Q`MB� /m`BM; i?2 r`BiBM; Q7 i?Bb i?2bBb- r?B+?- /m`BM; � T�`iB+mH�`Hv /B{+mHi
T2`BQ/- ?2HT2/ K2 }M/ bi`2M;i? �M/ BMbTB`�iBQM- �M/ Kv T�`2Mib 7Q` 2p2`vi?BM;
i?2v ?�p2 /QM2 7Q` K2X h?Bb rQ`F Bb /2/B+�i2/ iQ i?2KX

G�bi #mi MQi H2�bi- A r�MM� i?�MF K2X
A r�Mi iQ i?�MF K2 7Q` #2HB2pBM; BM K2X A r�Mi iQ i?�MF K2 7Q`

/QBM; �HH i?Bb ?�`/ rQ`FX A r�MM� i?�MF K2 7Q` ?�pBM; MQ /�vb QzX A
r�MM� i?�MF K2 7Q` M2p2` [mBiiBM;X A r�MM� i?�MF K2 7Q` �Hr�vb

#2BM; � ;Bp2` �M/ i`vBM; iQ ;Bp2 KQ`2 i?�M A `2+2Bp2X A r�MM� i?�MF
K2 7Q` i`vBM; iQ /Q KQ`2 `B;?i i?�M r`QM;X A r�MM� i?�MF K2 7Q`

#2BM; K2 �i �HH iBK2bX

Ü aMQQT .Q;;

h?�MF vQm �HH 7Q` #2BM; T�`i Q7 i?Bb BKTQ`i�Mi +?�Ti2` Q7 Kv HB725



"B#HBQ;`�T?v

(R) *QiiBM;?�K- qX LQ2H- �M/ .2`2F �X :`22MrQQ/X ǳ�M BMi`Q/m+iBQM iQ
i?2 bi�M/�`/ KQ/2H Q7 T�`iB+H2 T?vbB+bXǴ *�K#`B/;2 lMBp2`bBiv S`2bb-
kyydX

(k) u�;B- EQ?bmF2- h2ibmQ >�ibm/�- �M/ u�bmQ JB�F2X ǳZm�`FĜ;HmQM TH�bK�,
6`QK #B; #�M; iQ HBiiH2 #�M;XǴ oQHX kjX *�K#`B/;2 lMBp2`bBiv S`2bb-
kyy8X

(j) :`Qbb- .�pB/ CX- �M/ 6`�MF qBH+x2FX ǳ�bvKTiQiB+�HHv 7`22 ;�m;2 i?2Q`B2bX
AXǴ S?vbB+�H _2pB2r . 3XRy URNdjV, jejjX

(9) 6`Bixb+?- >�`�H/- Jm``�v :2HH@J�MM- �M/ >2BM`B+? G2mirvH2`X ǳ�/p�M@
i�;2b Q7 i?2 +QHQ` Q+i2i ;HmQM TB+im`2XǴ S?vbB+b G2ii2`b " 9dX9 URNdjV,
je8@@je3X

(8) "`�mM@JmMxBM;2`- S2i2`- �M/ CQ+?2M q�K#�+?X ǳ*QHHQ[mBmK, S?�b2 /B�@
;`�K Q7 bi`QM;Hv BMi2`�+iBM; K�ii2`XǴ _2pB2rb Q7 JQ/2`M S?vbB+b 3RXj
UkyyNV, RyjR@@Ry8yX

(e) 1HK7Q`b- S2`- E�`B 1M[pBbi- �M/ AB`Q oBHD�X ǳPM i?2 MQM@2[mBHB#`BmK 2�`Hv
mMBp2`b2XǴ S?vbB+b G2ii2`b " jkeXR@@k URNN9V, jd@@99X

(d) ��KQ/i- E2MM2i?- 2i �HX ǳh?2 �GA*1 2tT2`BK2Mi �i i?2 *1_L G>*XǴ
CQm`M�H Q7 AMbi`mK2Mi�iBQM jXy3 Ukyy3V, ay3yykX

(3) �+F2`K�MM- EX >X- 2i �HX ǳah�_ /2i2+iQ` Qp2`pB2rXǴ Lm+H2�` AMbi`mK2Mib
�M/ J2i?Q/b BM S?vbB+b _2b2�`+? a2+iBQM �, �++2H2`�iQ`b-
aT2+i`QK2i2`b- .2i2+iQ`b �M/ �bbQ+B�i2/ 1[mBTK2Mi 9NNXk@@j
UkyyjV, ek9@@ejkX
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(N) a?m`v�F 1X ǳZm�MimK *?`QKQ/vM�KB+b �M/ i?2 h?2Q`v Q7 amT2`/2Mb2
J�ii2`XǴ aQpX S?vbX lbT2F?B- RN3yX

(Ry) "`�mM@JmMxBM;2` SX �M/ q�K#�+? CX ǳ*QHHQ[mBmK, S?�b2 /B�;`�K Q7
bi`QM;Hv BMi2`�+iBM; K�ii2`XǴ _2pX JQ/X S?vbX 3R Ukyy3V RyjRX

(RR) dX Z*. S�`iB+H2 �M/ Lm+H2�` S?vbB+b- S`Q7X hBM� SQii2` U*�K#`B/;2 lXV

(Rk) S?vbB+b T2`bT2+iBp2b rBi? ?2�pv BQMb �i i?2 >B;? GmKBMQbBiv- ai27�M 6HQ@
2`+?BM;2` U>2B/2H#2`; lXV

(Rj) ai2T?�MQp JX ǳZ*. T?�b2 /B�;`�K, �M Qp2`pB2rXǴ SQa G�hkyye- yk9
UkyyeVX

(R9) E2F2HB/x2 oX 2i �HX ULA*� *QHH�#Q`�iBQMVX ǳai�imb Q7 i?2 LA*� T`QD2+i �i
CAL_XǴ Lm+HX S?vbX � N8e UkyReV 39eX

(R8) PHHBi`�mHi CX uX ǳ�MBbQi`QTv �b � bB;M�im`2 Q7 i`�Mbp2`b2 +QHH2+iBp2 ~QrXǴ
S?vbX _2pX . 9e URNNkV kkNX

(Re) oQHQb?BM aX �X- SQbF�Mx2` �X JX- aM2HHBM;b _X ǳ*QHH2+iBp2 T?2MQK2M� BM
MQM@+2Mi`�H Mm+H2�` +QHHBbBQMbXǴ G�M/QHi@"Q2`Mbi2BM oQHX kj UkyRyV kNjX

(Rd) ai2T?�MQp JX ǳLQM@:�mbbB�M ~m+im�iBQMb M2�` i?2 Z*. +`BiB+�H TQBMiXǴ
S?vbX _2pX G2iiX Ryk UkyyNV yjkjyRX

(R3) EQ+? SX- JɃHH2` "X- _�72HbFB CX ǳai`�M;2M2bb BM `2H�iBpBbiB+ ?2�pv BQM +QHHB@
bBQMbXǴ S?vbX _2TX R9k URN3eV RedX

(RN) _�72HbFB CX �M/ G2i2bbB2` CX ǳai`�M;2M2bb �M/ [m�`FĜ;HmQM TH�bK�XǴ CX S?vbX
: kd UkyyRV jedX

(ky) _�TT _X �M/ q�K#�+? CX ǳ*?B`�H bvKK2i`v `2biQ`�iBQM �M/ /BH2TiQMb BM
`2H�iBpBbiB+ ?2�pv@BQM +QHHBbBQMbXǴ �/pX Lm+HX S?vbX k8 UkyyyV RX

(kR) ǳ6�A_ @ �M AMi2`M�iBQM�H 6�+BHBiv 7Q` �MiBT`QiQM �M/ AQM _2b2�`+?XǴ
?iiTb,ff7�B`@+2Mi2`X2mfBM/2tXT?T

(kk) *QMp2MiBQM +QM+2`MBM; i?2 *QMbi`m+iBQM �M/ PT2`�iBQM Q7 � 6�+BHBiv 7Q`
�MiBT`QiQM �M/ AQM _2b2�`+? BM 1m`QT2 U6�A_VX "mM/2b;2b2ix#H�ii kyR9
AA TX 9kX P+iX kyRyX
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(kj) JX .m`�Mi2 2i �HX ǳ�HH i?2 7mM Q7 i?2 6�A_, 7mM/�K2Mi�H T?vbB+b �i i?2 7�@
+BHBiv 7Q` �MiBT`QiQM �M/ BQM `2b2�`+?XǴ AM, S?vbB+� a+`BTi� N9Xj UC�MX
kyRNV- TX yjjyyRX /QB, RyXRy33fR9yk@93Nef��7Nj7

(k9) *X aim`K �M/ >X aiQ+F2`X ǳh?2 7�+BHBiv 7Q` �MiBT`QiQM �M/ BQM `2@
b2�`+? 6�A_XǴ AM, S?vbX S�`iX Lm+HX G2iiX 3X3 U.2+X kyRRV- TTX
3e8@@3e3X /QB, RyXRRj9faR89d9ddRRRy3yR9y

(k8) 6�A_ S`QD2+iX ǳ6�A_ PT2`�iBQM JQ/2b ě _272`2M+2 JQ/2b 7Q` i?2 JQ/@
mH�`Bx2/ ai�`i o2`bBQMXǴ 1.Ja@kjd99Nj U`2[mB`2b *1_L HQ;BMVX a2TiX
kykyX

(ke) 6`B2b2- oX- 2i �HX ǳ*"J *QKT`2bb2/ "�`vQMB+ J�ii2` 1tT2`BK2Mi
�i 6�A_XǴ *"J S`Q;`2bb _2TQ`i kykj- Aa"L Nd3@j@N3kkRkd@k@kX h?2
AMbiBimi2 Q7 1H2+i`QMB+ avbi2Kb- kyk9X

(kd) ǳ1tTHQ`BM; i?2 ?B;?@/2MbBiv `2;BQM Q7 i?2 Z*. T?�b2 /B�;`�K rBi? *"J �i
6�A_XǴ ?iiTb,ffBM/B+QXT?XimKX/2f2p2Mifdy8yf+QMi`B#miBQMbfej99f

(k3) SX a2M;2`- oX 6`B2b2- 2i �HX ǳLm+H2�` K�ii2` T?vbB+b �i aAa@RyyXǴ *"J _2TQ`i
kyRk@yRX kyRR

(kN) "X 6`BK�M 2i �HX- 2/bX ǳh?2 *"J T?vbB+b #QQF, *QKT`2bb2/ #�`vQMB+
K�ii2` BM H�#Q`�iQ`v 2tT2`BK2MibXǴ oQHX 3R9X G2+im`2 LQi2b BM S?vbB+bX
kyRR- N3y TX Bb#M, Nd3@j@e9kRj@kNk@eX

(jy) �X �M/`QMB+ 2i �HX ǳ>�/`QM T`Q/m+iBQM BM +2Mi`�H Mm+H2mbĜMm+H2mb +QHHBbBQMb
�i +?2KB+�H 7`22x2@QmiXǴ AM, Lm+HX S?vbX �ddk UkyyeV- TTX Red@@RNNX
/QB, RyXRyRefDXMm+HT?vb�XkyyeXyjXyRkX

(jR) 6`B2b2- oQHF2`X ǳaBKmH�iBQM �M/ `2+QMbi`m+iBQM Q7 7`22Ĝbi`2�KBM; /�i� BM
*"JXǴ CQm`M�H Q7 S?vbB+b, *QM72`2M+2 a2`B2bX oQHX jjRX LQX jX
APS Sm#HBb?BM;- kyRRX

(jk) ǳJ�+?BM2 G2�`MBM; �TTHB+�iBQMb 7Q` *"J �i 6�A_XǴ a?�?B/ E?�M 2i
�HX 7Q` i?2 *"J *QHH�#Q`�iBQM- JP.1 qQ`Fb?QT QM .B772`2MiB�H
S`Q;`�KKBM;

(jj) AX *X �`b2M2 2i �HX ǳ.vM�KB+�H T?�b2 i`�D2+iQ`B2b 7Q` `2H�iBpBbiB+ Mm+H2�`
+QHHBbBQMbXǴ AM, S?vbX _2pX * d8 UkyydV- TX yj9NykX
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(j9) ǳS`Q#BM; /2Mb2 Z*. K�ii2` BM i?2 H�#Q`�iQ`v ě h?2 *"J 2tT2`BK2Mi �i
6�A_XǴ SX a2M;2` 7Q` i?2 *"J *QHH�#Q`�iBQM

(j8) �`K#`mbi2`- �X- SX 6Bb+?2`- �M/ AX S2`BÉX ǳ� a2H7 h`B;;2`2/ �KTHB}2`f.B;@
BiBx2` *?BT 7Q` *"JXǴ UkyyNVX

(je) ǳlT/�i2/ +QM+2Ti Q7 i?2 *"J /BTQH2 K�;M2iXǴ �H2t2v "`�;BM- "m/F2`
AMbiBimi2 Q7 Lm+H2�` S?vbB+b- LQpQbB#B`bF- _mbbB�

(jd) �H2t�M/2` J�H�F?Qp �M/ �H2t2v a?�#mMQp- 2/bX ǳh2+?MB+�H .2bB;M _2TQ`i
7Q` i?2 *"J amT2`+QM/m+iBM; .BTQH2 J�;M2iXǴ *"J h2+?MB+�H .2bB;M
_2TQ`ibX :aA- P+iX kyRj- 3y TX

(j3) ǳh?2 *"J +�p2 rBi? K�;M2i 7QmM/�iBQMXǴ ?iiTb,ffrrrX+#KX;bBX/2f

(jN) JX .2p2�mt 2i �HX- 2/bX ǳh2+?MB+�H .2bB;M _2TQ`i 7Q` i?2 *"J JB+`Q o2`i2t
.2i2+iQ`XǴ *"J h2+?MB+�H .2bB;M _2TQ`ibX :aA- J�v kykk- R8d TX

(9y) 6X J�i2D+2F 2i �HX ǳai�imb Q7 i?2 Jo. 2M;BM22`BM; /2bB;MXǴ :Q2i?2
lMBp2`bBiv 6`�MF7m`i- 6�A_ .�`Kbi�/i- kyk9X

(9R) CQ?�MM >2mb2` 2i �HX- 2/bX ǳ(:aA _2TQ`i kyRj@9) h2+?MB+�H .2bB;M _2@
TQ`i 7Q` i?2 *"J aBHB+QM h`�+FBM; avbi2K UahaVXǴ *"J h2+?MB+�H .2bB;M
_2TQ`ibX :aA- P+iX kyRj- Red TX

(9k) CX JX >2mb2`- >X _X a+?KB/i- *X CX a+?KB/i- �M/ i?2 *"J aha rQ`FBM;
;`QmTX ǳaBHB+QM h`�+FBM; avbi2K ě amKK�`vXǴ :aA .�`Kbi�/i- 1#2`?�`/
E�`Hb lMBp2`bBi�i hȹ#BM;2M- kyk9X

(9j) *H�m/B� >ƺ?M2- 2/X ǳh2+?MB+�H .2bB;M _2TQ`i 7Q` i?2 *"J _BM; AK�;@
BM; *?2`2MFQp .2i2+iQ`XǴ *"J h2+?MB+�H .2bB;M _2TQ`ibX :aA- CmM2
kyRj- kR8 TX

(99) �/�K+x2rbFB@Jmb+?- CX- 2i �HX ǳai�imb Q7 i?2 *"J �M/ >�.1a _A*>
T`QD2+ib �i 6�A_XǴ Lm+H2�` AMbi`mK2Mib �M/ J2i?Q/b BM S?vbB+b
_2b2�`+? a2+iBQM �, �++2H2`�iQ`b- aT2+i`QK2i2`b- .2i2+iQ`b
�M/ �bbQ+B�i2/ 1[mBTK2Mi N8k UkykyV, ReRNdyX

(98) *X >ƺ?M2- EX@>X E�KT2`i- *X S�mHv- �M/ i?2 *"J _A*> rQ`FBM;
;`QmTX ǳ_A*> bmKK�`vXǴ *"J S`Q;`2bb _2TQ`i kykj- Cmbimb GB2#B;
lMBp2`bBi�i :B2ĸ2M- :aA .�`Kbi�/iX
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(9e) CX GB2ix- CX S2Ƣ�@_Q/`ő;m2x- *X S�mHv- �M/ EX@>X E�KT2`iX ǳaBSJ
#�b2/ *"J@_A*> +�K2`�, TBt2H +?�`�+i2`Bx�iBQMXǴ *"J S`Q;`2bb
_2TQ`i kykj- 6�FmHi�i 7ȹ` J�i?2K�iBF mM/ L�im`rBbb2Mb+?�7i2M-
"2`;Bb+?2 lMBp2`bBi�i qmTT2`i�H- :2`K�MvX

(9d) EmM/m- amKBi EmK�`- 2i �HX ǳ.2p2HQTK2Mi Q7 � r�i2`Ĝ#�b2/ +QQHBM;
bvbi2K 7Q` i?2 JmQM *?�K#2` /2i2+iQ` bvbi2K Q7 i?2 *"J 2tT2`BK2MiXǴ
Lm+H2�` AMbi`mK2Mib �M/ J2i?Q/b BM S?vbB+b _2b2�`+? a2+iBQM
�, �++2H2`�iQ`b- aT2+i`QK2i2`b- .2i2+iQ`b �M/ �bbQ+B�i2/
1[mBTK2Mi Ry8y UkykjVX

(93) am#?�bBb *?�iiQT�/?v�v 2i �HX- 2/bX ǳh2+?MB+�H .2bB;M _2TQ`i 7Q`
i?2 *"J, JmQM *?�K#2`b UJm*?VXǴ *"J h2+?MB+�H .2bB;M _2TQ`ibX
.�`Kbi�/i, :aA- LQpX kyR8- RNy TX

(9N) 1X L�M/v 2i �HX ǳ.�i� �M�HvbBb Q7 *"J Jm*?@_S* /2i2+iQ` i2bib �i i?2
:�KK� A``�/B�iBQM 6�+BHBiv U:A6YYV �i *1_L BM kykjXǴ *"J S`Q;`2bb
_2TQ`i kykj- o1** EQHF�i�- >"LA JmK#�B- AM/B�X

(8y) *?`BbiQT? "HmK2- *X "2`;K�MM- �M/ .X 1Kb+?2`K�MM- 2/bX ǳh2+?MB+�H
.2bB;M _2TQ`i 7Q` i?2 *"J h`�MbBiBQM _�/B�iBQM .2i2+iQ` Uh_.VXǴ *"J
h2+?MB+�H .2bB;M _2TQ`ibX 6�A_- P+iX kyR3- Re8 TX

(8R) *X "HmK2 �M/ i?2 *"J@h_. rQ`FBM; ;`QmTX ǳamKK�`v QM i?2 h_.
T`QD2+iXǴ AMbiBimi 7ȹ` E2`MT?vbBF- :Q2i?2@lMBp2`bBi�i 6`�MF7m`i
�K J�BM- :2`K�Mv- kykjX

(8k) 6X 6B/Q``� �M/ .X "QM�p2Mim`�X ǳ*QMbi`m+iBQM Q7 i?2 }`bi HBM2 Q7 i?2
h_. ;�b bvbi2KXǴ AMbiBimi 7ȹ` E2`MT?vbBF- lMBp2`bBi�i JȹMbi2`-
:2`K�Mv- kykjX

(8j) oX �T`Q/m- 2i �HX ǳai2Tb iQr�`/b h_.k. �bb2K#Hv �M/ i2bibXǴ LASL1@>>-
>�/`QM S?vbB+b .2T�`iK2Mi- "m+?�`2bi- _QK�MB�- kykjX

(89) *X ȓ+?B�m- �X "2`+m+B- :X *�`�;?2Q`;?2QTQH- �M/ oX *�i�M2b+mX ǳh?2
h_.k. 6`QMiĜ1M/ "Q�`/ U61"V 7Q` *"JXǴ LASL1@>>- >�/`QM S?vbB+b
.2T�`iK2Mi- "m+?�`2bi- _QK�MB�- kykjX
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(88) LQ`#2`i >2``K�MM- 2/X ǳh2+?MB+�H .2bB;M _2TQ`i 7Q` i?2 *"J hBK2Ĝ
Q7Ĝ6HB;?i avbi2K UhP6VXǴ *"J h2+?MB+�H .2bB;M _2TQ`ibX :aA- P+iX
kyR9- R3k TX

(8e) JX u�Q- qX GB- EX q�M;- uX w?Qm- �M/ uX amMX ǳh2bi Q7 M2r J_S* T`Q@
iQivT2 rBi? T�/ bT�+2` rBi? sĜ`�v B``�/B�iBQMXǴ ai�i2 E2v G�#Q`�iQ`v
Q7 S�`iB+H2 .2i2+iBQM �M/ 1H2+i`QMB+b- lMBp2`bBiv Q7 a+B2M+2
�M/ h2+?MQHQ;v Q7 *?BM�- >272B kjyyke- *?BM�- kykjX

(8d) AX .2TTM2` 7Q` i?2 *"J hP6 rQ`FBM; ;`QmTX ǳhP6 bmKK�`vXǴ :aA
>2HK?QHixx2Mi`mK 7ȹ` a+?r2`BQM2M7Q`b+?mM; :K#>- kykjX

(83) oX �T`Q/m- .X "�`iQb- oX .mȥ- JX S2i`BȔ- JX S2i`QpB+B- �X _�/m- GX _�/@
mH2b+m- �M/ :X aiQB�MX ǳai�imb Q7 i?2 +QMbi`m+iBQM Q7 i?2 }`bi KQ/mH2 UJyV
Q7 i?2 *"JĜhP6 BMM2` r�HHXǴ >�/`QM S?vbB+b .2T�`iK2Mi- L�iBQM�H
AMbiBimi2 7Q` S?vbB+b �M/ Lm+H2�` 1M;BM22`BM; UA6AL@>>V-
"m+?�`2bi- _QK�MB�- kykjX

(8N) 62/Q` :m#2` �M/ AHv� a2Hvmx?2MFQp- 2/bX ǳh2+?MB+�H .2bB;M _2TQ`i 7Q`
i?2 *"J S`QD2+iBH2 aT2+i�iQ` .2i2+iQ` USa.VXǴ *"J h2+?MB+�H .2bB;M
_2TQ`ibX :aA- CmHv kyR8- d8 aX

(ey) oX JBF?�vHQp 2i �HX- SQa 1Sa@>1S kyR8- ky3 UkyR8VX

(eR) CX �Hp2b- �X �m;mbiQ 2i �HX UG>*# *QHH�#Q`�iBQMV- ǳCALah j- ay3yy8
Ukyy3VXǴ

(ek) JX ai27�MBF- SX "2K- JX :Qix- EX E�iQpbFv- JX J�D2`H2- CX LQp�F- 1X
aBK2+FQp�- ǳ_�/B�iBQM S?vbB+b �M/ *?2KBbi`v Ry9- jye UkyR9VXǴ

(ej) .B`F >mii2` �M/ C�M /2 *mp2H�M/X ǳh?2 6G1a .2i2+iQ` AMTmi AMi2`7�+2X
h2+?MB+�H LQi2X 62#X kyRe U+BiX QM TX 8eVXǴ h2+?MB+�H LQi2X 62#X kyReX

(e9) qX w�#QHQiMv- JX :mKBMbFB- JX E`mbx2rbFB- SX JB2/xBF- EX SQx@
MB�F- �M/ _X _QK�MBmFX ǳ.�Z@`2H�i2/ 6S:� }`Kr�`2 /2p2HQT@
K2MiXǴ q�`b�r lMBp2`bBiv Q7 h2+?MQHQ;v- AMbiBimi2 Q7 1H2+i`QMB+
avbi2Kb- q�`bx�r�- SQH�M/- kykjX

(e8) qX JX w�#QHQiMvX ǳa+�H�#H2 .�i� *QM+2Mi`�iQ` rBi? "�b2HBM2 AM@
i2`+QMM2+iBQM L2irQ`F 7Q` h`B;;2`H2bb .�i� �+[mBbBiBQM avbi2KbXǴ
.PA,RyXjjNyf2H2+i`QMB+bRjyRyy3R- kykjX
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(ee) *"J +QHH�#Q`�iBQMX ǳh2+?MB+�H .2bB;M _2TQ`i 7Q` i?2 *"J PMHBM2 avbi2Kb
ě S�`i A- .�Z �M/ 6G1a 1Mi`v ai�;2XǴ :aA@kykj@yydjN- kykjX

(ed) *"J *QHH�#Q`�iBQM- ǳ6B`bi@H2p2H 1p2Mi a2H2+iQ` U6G1aV Pp2`pB2r-Ǵ *"J
S`Q;`2bb _2TQ`i kykjX

(e3) :aA >2HK?QHix *2Mi`2 7Q` >2�pv AQM _2b2�`+?- ǳ:`22M Ah *m#2, >B;?@
T2`7Q`K�M+2 +QKTmiBM; 7Q` 6�A_ 2tT2`BK2Mib-Ǵ kykjX

(eN) .X >mii2` �M/ oX GBM/2Mbi`mi?- ǳ.2bB;M *QM+2Ti 7Q` i?2 L2tiĜ;2M2`�iBQM
6G1a AMi2`7�+2 JQ/mH2-Ǵ *"J S`Q;`2bb _2TQ`i kykjX

(dy) qX w�#QHQiMv 2i �HX- ǳ*QMi`QH �M/ .B�;MQbiB+ avbi2K :2M2`�iQ` 7Q` *QK@
TH2t 6S:�@"�b2/ J2�bm`2K2Mi avbi2Kb-Ǵ A111 h`�Mb�+iBQMb QM Lm+H2�`
a+B2M+2- kykjX

(dR) qX *�bbBM; �M/ 1X GX "`�iFQpbF�v�- ǳ>�/`QMB+ �M/ 2H2+i`QK�;M2iB+ T`Q#2b
Q7 ?Qi �M/ /2Mb2 Mm+H2�` K�ii2`-Ǵ S?vbX _2TiX jy3 URNNNV e8X

(dk) SX EQ+?- "X JɃHH2` �M/ CX _�72HbFB- ǳai`�M;2M2bb BM _2H�iBpBbiB+ >2�pv AQM
*QHHBbBQMb-Ǵ S?vbX _2TX R9k URN3eV RedX

(dj) qX _2Bb/Q`7 �M/ >X :X _Bii2`- ǳ*QHH2+iBp2 ~Qr BM ?2�pv@BQM +QHHBbBQMb-Ǵ �MMX
_2pX Lm+HX S�`iX a+BX 9d URNNdV eejX

(d9) >X aiQ2+F2`- AX �m;mbiBM- CX ai2BM?2BK2`- �X �M/`QMB+- hX a�BiQ �M/ SX
a2M;2`- ǳ>B;?HB;?ib Q7 bi`�M;2M2bb T?vbB+b �i 6�A_-Ǵ Lm+HX S?vbX � 3kd
UkyyNV ek9X

(d8) SX JX >Q?H2` �M/ _X _�TT- ǳAb ρĜJ2bQM J2HiBM; *QKT�iB#H2 rBi? *?B`�H
_2biQ`�iBQM\-Ǵ S?vbX G2iiX " djR UkyR9V RyjX

(de) hX J�ibmB �M/ >X a�ix- ǳJ/ψ amTT`2bbBQM #v Zm�`FĜ:HmQM SH�bK� 6Q`K�@
iBQM-Ǵ S?vbX G2iiX " Rd3 URN3eV 9ReX

(dd) oX �FBb?BM� �M/ AX EBb2H- ǳPMHBM2 1p2Mi _2+QMbi`m+iBQM BM i?2 *"J 1t@
T2`BK2Mi �i 6�A_-Ǵ 1SC q2# Q7 *QM72`2M+2bX RdjX yRyykX RyXRy8Rf2TD@
+QM7fkyR3RdjyRyyk UkyR3VX

(d3) oX �FBb?BM� �M/ AX EBb2H- ǳhBK2Ĝ#�b2/ *2HHmH�` �miQK�iQM i`�+F }M/2` 7Q`
i?2 *"J 2tT2`BK2Mi-Ǵ CX S?vbX *QM7X a2`X 8NN UkyR8V R- yRkyk9X
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(dN) AMi2H AMbi`m+iBQM a2i 1ti2MbBQMb h2+?MQHQ;v,
?iiTb,ffrrrXBMi2HX+QKfbmTTQ`if�`iB+H2bfyyyyy8ddNfT`Q+2bbQ`bX?iKH

(3y) h?2 PT2MJS �SA bT2+B}+�iBQM 7Q` T�`�HH2H T`Q;`�KKBM;,
?iiTb,ffrrrXQT2MKTXQ`;

(3R) aX :Q`#mMQp- lX E2#b+?mHH- AX EBb2H- oX GBM/2Mbi`mi?- qX6XCX JɃHH2`- ǳ6�bi
aAJ.Bx2/ E�HK�M }Hi2` #�b2/ i`�+F }i-Ǵ *QKTmi2` S?vbB+b *QKKmMB+�@
iBQMb- oQHX Rd3- LQX 8- Ukyy3V TX jd9Ĝj3jX

(3k) JX wvx�F- AX EBb2H- AX EmH�FQp- AX o�bbBHB2p- ǳh?2 E6 S�`iB+H2 6BM/2` T�+F�;2
7Q` b?Q`iĜHBp2/ T�`iB+H2b `2+QMbi`m+iBQM 7Q` *"J-Ǵ :aA _2TQ`i kyRj@R- dN
TX UkyRjVX

(3j) S>a. lb2` :mB/2

?iiT,ffi?2Q`vX;bBX/2f�2#`�iFQpfT?b/@T`QD2+ifS>a.fBM/2tRX?iKH

(39) hX JX JBi+?2HH �M/ hX JX JBi+?2HH, J�+?BM2 H2�`MBM;- oQHX R- N UJ+:`�rĜ
>BHH L2r uQ`F- RNNdVX

(38) AX CX :QQ/72HHQr- uX "mH�iQp- CX A#�`x- aX �`MQm/ �M/ oX a?2i, ǳJmHiBĜ
/B;Bi MmK#2` `2+Q;MBiBQM 7`QK bi`22i pB2r BK�;2`v mbBM; /22T +QMpQHmiBQM�H
M2m`�H M2irQ`Fb-Ǵ UkyRjVX

(3e) :QQ/72HHQr- AXc "2M;BQ- uX � *Qm`pBHH2- �X UkyReV- .22T G2�`MBM;- JAh
S`2bbX

(3d) "Bb?QT- *X UkyyeV- S�ii2`M _2+Q;MBiBQM �M/ J�+?BM2 G2�`MBM;- oQHX 9-
aT`BM;2` L2r uQ`FX

(33) Jm`T?v- EX UkyRkV- J�+?BM2 G2�`MBM;, � S`Q#�#BHBbiB+ S2`bT2+iBp2- JAh
S`2bbX

(3N) >�biB2- hXc hB#b?B`�MB- _X � 6`B2/K�M- CX UkyyNV- h?2 1H2K2Mib Q7 ai�iBb@
iB+�H G2�`MBM;, .�i� JBMBM;- AM72`2M+2- �M/ S`2/B+iBQM- aT`BM;2`X

(Ny) .QKBM;Qb- SX UkyRkV- ǳ� 72r mb27mH i?BM;b iQ FMQr �#Qmi K�+?BM2 H2�`MBM;-Ǵ
*QKKmMB+�iBQMb Q7 i?2 �*J 88 URyV- d3Ĝ3dX

https://www.intel.com/content/www/us/en/support/articles/000005779/processors.html
https://www.openmp.org
http://theory.gsi.de/~ebratkov/phsd-project/PHSD/index1.html
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(NR) "�/BHHQ- aX- "�M7�B- "X- "B`x2H2- 6X- .�pv/Qp- AXAX- >mi+?BMbQM- GX- E�K
h?QM;- hX- aB2#Qm`; SQHbi2`- CX- ai2B2`i- "X �M/ w?�M;- CX.X- kykyX ǳ�M
BMi`Q/m+iBQM iQ K�+?BM2 H2�`MBM;XǴ *HBMB+�H S?�`K�+QHQ;v � h?2`�T2miB+b-
RydU9V- TTX3dRĜ338X

(Nk) _mK2H?�`i- .X 1Xc >BMiQM- :X 1X � qBHHB�Kb- _X CX URN3eV- ǳG2�`MBM; `2T@
`2b2Mi�iBQMb #v #�+FĜT`QT�;�iBM; 2``Q`b-Ǵ L�im`2 jkj- 8jjX

(Nj) G2*mM- uX- hQm`2bFv- .X- >BMiQM- :X �M/ a2DMQrbFB- hX- RN33- CmM2X ǳ�
i?2Q`2iB+�H 7`�K2rQ`F 7Q` #�+FĜT`QT�;�iBQMXǴ AM S`Q+22/BM;b Q7 i?2 RN33
*QMM2+iBQMBbi JQ/2Hb amKK2` a+?QQH UoQHX R- TTX kRĜk3VX

(N9) E`Bx?2pbFv- �Xc amibF2p2`- AX � >BMiQM- :X 1X UkyRkV- ǳAK�;2M2i +H�bbB}@
+�iBQM rBi? /22T +QMpQHmiBQM�H M2m`�H M2irQ`Fb-Ǵ BM �/p�M+2b BM L2m`�H
AM7Q`K�iBQM S`Q+2bbBM; avbi2Kb- TTX RyNdĜRRy8X

(N8) "2HQmbQp- �X- EBb2H- AX �M/ G�FQb- _X- kykjX ǳ� L2m`�HĜL2irQ`F@"�b2/
*QKT2iBiBQM #2ir22M a?Q`iĜGBp2/ S�`iB+H2 *�M/B/�i2b BM i?2 *"J 1t@
T2`BK2Mi �i 6�A_XǴ �H;Q`Bi?Kb- ReU3V- TXj3jX

(Ne) *v#2MFQ- :X- RN3NX ǳ�TT`QtBK�iBQM #v bmT2`TQbBiBQMb Q7 � bB;KQB/�H 7mM+@
iBQMXǴ J�i?2K�iB+b Q7 *QMi`QH- aB;M�Hb �M/ avbi2Kb- kU9V- TTXjyjĜjR9X

(Nd) a+?KB/?m#2`- CX- kykkX ǳ�MMQi�i2/ ?BbiQ`v Q7 KQ/2`M �A �M/ .22T G2�`M@
BM;XǴ

(N3) u�K�b?Bi�- _X- LBb?BQ- JX- .Q- _XEX:X �M/ hQ;�b?B- EX- kyR3X ǳ*QMpQHm@
iBQM�H M2m`�H M2irQ`Fb, �M Qp2`pB2r �M/ �TTHB+�iBQM BM `�/BQHQ;vXǴ AMbB;?ib
BMiQ AK�;BM;- N- TTXeRRĜekNX

(NN) w?Qm- CXc *mB- :Xc w?�M;- wXc u�M;- *Xc GBm- wXc q�M;- GXc GB- *X � amM- JX
UkyR3V- ǳ:`�T? L2m`�H L2irQ`Fb, � _2pB2r Q7 J2i?Q/b �M/ �TTHB+�iBQMbXǴ

(Ryy) EBT7- hX LX � q2HHBM;- JX UkyReV- ǳa2KBĜbmT2`pBb2/ +H�bbB}+�iBQM rBi?
;`�T? +QMpQHmiBQM�H M2irQ`FbXǴ

(RyR) q�M;- .X- *mB- SX �M/ w?m- qX- kyRe- �m;mbiX ǳai`m+im`�H /22T M2irQ`F
2K#2//BM;XǴ AM S`Q+22/BM;b Q7 i?2 kkM/ �*J aA:E.. AMi2`M�iBQM�H *QM@
72`2M+2 QM EMQrH2/;2 .Bb+Qp2`v �M/ .�i� JBMBM; UTTX Rkk8ĜRkj9VX
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(Ryk) >�KBHiQM- qXc uBM;- wX � G2bFQp2+- CX UkyRdV- ǳAM/m+iBp2 `2T`2b2Mi�iBQM
H2�`MBM; QM H�`;2 ;`�T?b-Ǵ �/p�M+2b BM L2m`�H AM7Q`K�iBQM S`Q+2bbBM; avb@
i2Kb jyX

(Ryj) "QiiQm- GX- kyRyX ǳG�`;2Ĝb+�H2 K�+?BM2 H2�`MBM; rBi? biQ+?�biB+ ;`�/B2Mi
/2b+2MiXǴ AM S`Q+22/BM;b Q7 *PJSah�hǶkyRy, RNi? AMi2`M�iBQM�H *QM@
72`2M+2 QM *QKTmi�iBQM�H ai�iBbiB+b- S�`Bb- 6`�M+2- �m;mbi kkĜkd- kyRy-
E2vMQi2- AMpBi2/ �M/ *QMi`B#mi2/ S�T2`b UTTX RddĜR3eVX

(Ry9) _m/2`- aX UkyReV- ǳ�M Qp2`pB2r Q7 ;`�/B2Mi /2b+2Mi QTiBKBx�iBQM �H;Q@
`Bi?KbXǴ

(Ry8) a`Bp�bi�p�- LXc >BMiQM- :X 1Xc E`Bx?2pbFv- �Xc amibF2p2`- AX � a�H�F?mi/B@
MQp- _X UkyR9V- ǳ.`QTQmi, � bBKTH2 r�v iQ T`2p2Mi M2m`�H M2irQ`Fb 7`QK
Qp2`}iiBM;-Ǵ CQm`M�H Q7 J�+?BM2 G2�`MBM; _2b2�`+? R8 URV- RNkNĜRN83X

(Rye) hB#b?B`�MB- _X URNNeV- ǳ_2;`2bbBQM b?`BMF�;2 �M/ b2H2+iBQM pB� i?2 G�bbQ-Ǵ
CQm`M�H Q7 i?2 _Qv�H ai�iBbiB+�H aQ+B2ivX a2`B2b " UJ2i?Q/QHQ;B+�HV- kedĜk33X

(Ryd) >Q2`H- �X 1X � E2MM�`/- _X qX URNdyV- ǳ_B/;2 `2;`2bbBQM, "B�b2/ 2biBK�@
iBQM 7Q` MQMQ`i?Q;QM�H T`Q#H2Kb-Ǵ h2+?MQK2i`B+b Rk URV- 88ĜedX

(Ry3) wQm- >X � >�biB2- hX Ukyy8V- ǳ_2;mH�`Bx�iBQM �M/ p�`B�#H2 b2H2+iBQM pB� i?2
2H�biB+ M2i-Ǵ CQm`M�H Q7 i?2 _Qv�H ai�iBbiB+�H aQ+B2iv, a2`B2b " Uai�iBbiB+�H
J2i?Q/QHQ;vV ed UkV- jyRĜjkyX

(RyN) "QiiQm- GX- kyRkX ǳaiQ+?�biB+ ;`�/B2Mi /2b+2Mi i`B+FbXǴ AM L2m`�H L2irQ`Fb,
h`B+Fb Q7 i?2 h`�/2, a2+QM/ 1/BiBQM UTTX 9kRĜ9jeVX "2`HBM- >2B/2H#2`;,
aT`BM;2`X

(RRy) GBm- *X �M/ "2HFBM- JX- kyR3X ǳ�++2H2`�iBM; a:. rBi? KQK2MimK 7Q` Qp2`Ĝ
T�`�K2i2`Bx2/ H2�`MBM;XǴ

(RRR) "B`;2- _XhX- RNjNX ǳh?2 T`QT�;�iBQM Q7 2``Q`bXǴ �K2`B+�M CQm`M�H Q7
S?vbB+b- dUeV- TTXj8RĜj8dX

(RRk) aBM;�`BK#mM- _XLX- L�#�#�M- 1X"X �M/ aBiQKTmH- PXaX- kyRN- LQp2K#2`X
ǳ�/�TiBp2 KQK2Mi 2biBK�iBQM iQ KBMBKBx2 b[m�`2 2``Q` BM #�+FT`QT�;�@
iBQM �H;Q`Bi?KXǴ AM kyRN AMi2`M�iBQM�H *QM72`2M+2 Q7 *QKTmi2` a+B2M+2 �M/
AM7Q`K�iBQM h2+?MQHQ;v UA*QaLAEPJV UTTX RĜdVX A111X
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(RRj) qBHbQM- �X*X- _Q2HQ7b- _X- ai2`M- JX- a`2#`Q- LX �M/ _2+?i- "X- kyRdX ǳh?2
K�`;BM�H p�Hm2 Q7 �/�TiBp2 ;`�/B2Mi K2i?Q/b BM K�+?BM2 H2�`MBM;XǴ �/p�M+2b
BM L2m`�H AM7Q`K�iBQM S`Q+2bbBM; avbi2Kb jyX

(RR9) 6X a2`;22p- 1X "`�iFQpbF�v�- AX EBb2H �M/ AX o�bbBHB2p- ǳ.22T H2�`MBM; 7Q`
[m�`F ;HmQM TH�bK� /2i2+iBQM BM i?2 *"J 2tT2`BK2Mi-Ǵ AMiX CX JQ/X
S?vbX �- oQHX j8- LQX jj UkykyV ky9jyykX

(RR8) SvhQ`+? KQ/mH2b /Q+mK2Mi�iBQM 7Q` M2m`�H M2irQ`Fb

?iiTb,ffTviQ`+?XQ`;f/Q+bfbi�#H2fMMX?iKH

(RRe) Zi *`2�iQ` J�Mm�H

?iiTb,ff/Q+X[iXBQf[i+`2�iQ`fBM/2tX?iKH

(RRd) :hE .Q+b

?iiTb,ffrrrX;iFXQ`;f/Q+bf

(RR3) qX *�bbBM;- 1X "`�iFQpbF�v�- ǳS�`iQM i`�MbTQ`i �M/ ?�/`QMBx�iBQM 7`QK
i?2 /vM�KB+�H [m�bBT�`iB+H2 TQBMi Q7 pB2rXǴ S?vbX _2pX * d3 Ukyy3V
yj9NRNX

(RRN) qX *�bbBM;- 1X "`�iFQpbF�v�- ǳS�`iQMĜ>�/`QMĜai`BM; .vM�KB+b, �M QzĜ
b?2HH i`�MbTQ`i �TT`Q�+? 7Q` `2H�iBpBbiB+ 2M2`;B2bXǴ Lm+HX S?vbX � 3jR
UkyyNV kR8@@k9kX

(Rky) aX Cm+?2K- qX *�bbBM;- *X :`2BM2`- ǳZm�MimK /vM�KB+b �M/ i?2`K�HBx�@
iBQM 7Q` QmiĜQ7Ĝ2[mBHB#`BmK φ2 i?2Q`vXǴ S?vbX _2pX . eN Ukyy9V yk8yyeX

(RkR) qX *�bbBM;- 1X "`�iFQpbF�v�- ǳ>�/`QMB+ �M/ 2H2+i`QK�;M2iB+ T`Q#2b Q7 ?Qi
�M/ /2Mb2 Mm+H2�` K�ii2`XǴ S?vbX _2TX jy3 URNNNV e8@@kjjX

(Rkk) 1X "`�iFQpbF�v�- qX *�bbBM;- oX EQM+?�FQpbFB- PX GBMMvF- ǳS�`iQMĜ
>�/`QMĜai`BM; .vM�KB+b �i _2H�iBpBbiB+ *QHHB/2` 1M2`;B2bXǴ Lm+HX S?vbX
� 38e UkyRRV Rek@@R3kX

(Rkj) CX �#?Bb2F- ǳlM/2`bi�M/ �M/ AKTH2K2Mi i?2 "�+FT`QT�;�iBQM �H;Q`Bi?K
6`QK a+`�i+? AM Svi?QMXǴ

?iiT,ff#BiX/Qf#�+FT`QT�;�iBQM

https://pytorch.org/docs/stable/nn.html
https://doc.qt.io/qtcreator/index.html
https://www.gtk.org/docs/
http://bit.do/backpropagation
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(Rk9) sX :HQ`Qi �M/ uX "2M;BQ- ǳlM/2`bi�M/BM; i?2 /B{+mHiv Q7 i`�BMBM; /22T
722/7Q`r�`/ M2m`�H M2irQ`FbXǴ �Bbi�ib- oQHX N- TTX k9N@@k8e- kyRyX

(Rk8) SX a�/QrbFB- ǳLQi2b QM "�+FT`QT�;�iBQMXǴ

?iiTb,ffrrrXB+bXm+BX2/mf�TDb�/QrbfMQi2bXT/7

(Rke) .X EBM;K� �M/ CX "�- ǳ�/�K, � J2i?Q/ 7Q` aiQ+?�biB+ PTiBKBx�iBQMXǴ
AMiX *QM7X QM G2�`MBM; _2T`2b2Mi�iBQMb UkyR8V- TX RX

(Rkd) :X >BMiQM rBi? LX a`Bp�bi�p�- EX ar2`bFv- ǳ`KbT`QT, .BpB/2 i?2 ;`�/B2Mi
#v � `mMMBM; �p2`�;2 Q7 Bib `2+2Mi K�;MBim/2XǴ

?iiTb,ffrrrX+bXiQ`QMiQX2/mf�iBDK2Mf+b+jkRfbHB/2bfH2+im`2n
bHB/2bnH2+eXT/7

(Rk3) .X _mK2H?�`i- :X >BMiQM- _X qBHHB�Kb- ǳG2�`MBM; `2T`2b2Mi�iBQMb #v #�+FĜ
T`QT�;�iBM; 2``Q`bXǴ L�im`2 jkj URN3eV ey33X

(RkN) JX h�//v- ǳ"mbBM2bb .�i� a+B2M+2, *QK#BMBM; J�+?BM2 G2�`MBM; �M/ 1+Q@
MQKB+b iQ PTiBKBx2- �miQK�i2- �M/ �++2H2`�i2 "mbBM2bb .2+BbBQMbXǴ J+:`�r
>BHH S`Q72bbBQM�H- kyRN- TTX jyd@@jyNX

(Rjy) CX .m+?B- 1X >�x�M �M/ uX aBM;2`- ǳ�/�TiBp2 bm#;`�/B2Mi K2i?Q/b 7Q` QMHBM2
H2�`MBM; �M/ biQ+?�biB+ QTiBKBx�iBQMXǴ

?iiTb,ffDKH`XQ`;fT�T2`bfpQHmK2Rkf/m+?BRR�f/m+?BRR�XT/7

(RjR) SX "�H/B- SX a�/QrbFB- ǳlM/2`bi�M/BM; .`QTQmiXǴ �/p�M+2b BM L2m`�H
AM7Q`K�iBQM S`Q+2bbBM; avbi2Kb ke ULASa kyRjV

(Rjk) aX AQz2- *X ax2;2/v- ǳ"�i+? MQ`K�HBx�iBQM, �++2H2`�iBM; /22T M2irQ`F
i`�BMBM; #v `2/m+BM; BMi2`M�H +Qp�`B�i2 b?B7iXǴ S`Q+22/BM;b Q7 i?2 jkM/
AMi2`M�iBQM�H *QM72`2M+2 QM J�+?BM2 G2�`MBM; UA*JG kyR8V-
oQHX jd- TTX 993@@98e

(Rjj) oX .mKQmHBM- CX a?H2Mb- JX Em/Hm`- ǳ� G2�`M2/ _2T`2b2Mi�iBQM 6Q` �`iBb@
iB+ aivH2XǴ AMi2`M�iBQM�H *QM72`2M+2 QM G2�`MBM; _2T`2b2Mi�iBQMb
UA*G_ kyRdV

(Rj9) �X �;`�r�H- ǳ"�+F S`QT�;�iBQM BM "�i+? LQ`K�HBx�iBQM G�v2`XǴ

?iiTb,ffrrrX�/Biv��;`�r�HXM2if#HQ;f#T`QTn#�i+?nMQ`K

https://www.ics.uci.edu/~pjsadows/notes.pdf
https://www.cs.toronto.edu/~tijmen/csc321/slides/lecture_slides_lec6.pdf
https://www.cs.toronto.edu/~tijmen/csc321/slides/lecture_slides_lec6.pdf
https://jmlr.org/papers/volume12/duchi11a/duchi11a.pdf
https://www.adityaagrawal.net/blog/bprop_batch_norm
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(Rj8) 6X GB- CX qm- _X :�Q- ǳ*akjRM, .22T G2�`MBM; 7Q` *QKTmi2` oBbBQMXǴ

?iiTb,ff+bkjRMX;Bi?m#XBQf+QMpQHmiBQM�H@M2irQ`Fb

(Rje) :X GB- JX w?�M;- ZX w?�M; �M/ wX GBM- ǳ1{+B2Mi #BM�`v j. +QMpQHmiBQM�H
M2m`�H M2irQ`F �M/ ?�`/r�`2 �++2H2`�iQ`XǴ CQm`M�H Q7 _2�H@@hBK2 AK�;2
S`Q+2bbBM;- pQHmK2 RN- T�;2b eR@@dR UkykkV

(Rjd) *�H/2`b- hX �M/ C�`Qbx2rB+x- aX ǳ1{+B2Mi �l* QTiBKBx�iBQM 7Q` +H�b@
bB}+�iBQMXǴ 1m`QT2�M *QM72`2M+2 QM S`BM+BTH2b Q7 .�i� JBMBM; �M/
EMQrH2/;2 .Bb+Qp2`v- kyyd- TTX 9k@@8j

(Rj3) JQMi�pQM- :X- 2i �HX ǳG�v2`ĜrBb2 `2H2p�M+2 T`QT�;�iBQM, �M Qp2`pB2rXǴ AM
1tTH�BM�#H2 �A, AMi2`T`2iBM;- 1tTH�BMBM; �M/ oBbm�HBxBM; .22T
G2�`MBM; UkyRNV, RNj@@kyNX

(RjN) _Qv- �X �M/ L2m#�m2`- JX aX ǳAMi2`T`2i�#BHBiv Q7 �M AMi2`�+iBQM L2irQ`F 7Q`
B/2MiB7vBM; H → bb̄ D2ibXǴ �`sBp T`2T`BMi �`sBp,kkRRXRkddy UkykkVX

(R9y) LQ?�`�- uX- 2i �HX ǳ1tTH�M�iBQM Q7 K�+?BM2 H2�`MBM; KQ/2Hb mbBM; BK@
T`Qp2/ b?�TH2v �//BiBp2 2tTH�M�iBQMXǴ AM S`Q+22/BM;b Q7 i?2 Ryi?
�*J AMi2`M�iBQM�H *QM72`2M+2 QM "BQBM7Q`K�iB+b- *QKTmi�iBQM�H
"BQHQ;v �M/ >2�Hi? AM7Q`K�iB+b- kyRNX

(R9R) _Qx2K#2`+xFB- "X- 2i �HX ǳh?2 b?�TH2v p�Hm2 BM K�+?BM2 H2�`MBM;XǴ �`sBp
T`2T`BMi �`sBp,kkykXy88N9 UkykkVX

(R9k) _Qi?- �X 1X ǳAMi`Q/m+iBQM iQ i?2 a?�TH2v p�Hm2XǴ AM h?2 a?�TH2v o�Hm2
URN33V, R@@kdX

(R9j) EmK�`- AX 1X- 2i �HX ǳS`Q#H2Kb rBi? a?�TH2vĜp�Hm2Ĝ#�b2/ 2tTH�M�@
iBQMb �b 72�im`2 BKTQ`i�M+2 K2�bm`2bXǴ AM AMi2`M�iBQM�H *QM72`2M+2 QM
J�+?BM2 G2�`MBM;- SJG_- kykyX

(R99) GBTQp2ibFv- aX �M/ *QMFHBM- JX ǳ�M�HvbBb Q7 `2;`2bbBQM BM ;�K2 i?2Q`v
�TT`Q�+?XǴ �TTHB2/ aiQ+?�biB+ JQ/2Hb BM "mbBM2bb �M/ AM/mbi`v
RdX9 UkyyRV, jRN@@jjyX

(R98) GmM/#2`;- aX JX �M/ G22- aX@AX ǳ� mMB}2/ �TT`Q�+? iQ BMi2`T`2i@
BM; KQ/2H T`2/B+iBQMbXǴ �/p�M+2b BM L2m`�H AM7Q`K�iBQM S`Q+2bbBM;
avbi2Kb jy UkyRdVX

https://cs231n.github.io/convolutional-networks
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(R9e) a?`BFmK�`- �X- :`22MbB/2- SX- �M/ EmM/�D2- �X ǳG2�`MBM; BKTQ`i�Mi
72�im`2b i?`Qm;? T`QT�;�iBM; �+iBp�iBQM /Bz2`2M+2bXǴ AM AMi2`M�iBQM�H
*QM72`2M+2 QM J�+?BM2 G2�`MBM;- SJG_- kyRdX

(R9d) a+Qii GmM/#2`;X ǳq2H+QK2 iQ i?2 a>�S /Q+mK2Mi�iBQMXǴ ?iiTb,ffb?�TX
`2�/i?2/Q+bXBQ

(R93) S>a. lb2` :mB/2

?iiT,ffi?2Q`vX;bBX/2f�2#`�iFQpfT?b/@T`QD2+ifS>a.fBM/2tRX?iKH

(R9N) "2HQmbQp- �X- 2i �HX ǳL2m`�HĜL2irQ`FĜ"�b2/ Zm�`Fě:HmQM SH�bK� h`B;;2`
7Q` i?2 *"J 1tT2`BK2Mi �i 6�A_XǴ �H;Q`Bi?Kb ReXd UkykjV, j99X

(R8y) sB�M;- SX- w?�Q- uX@aX �M/ >m�M;- sX@:X ǳ.2i2`KBM�iBQM Q7 i?2 BKT�+i
T�`�K2i2` BM ?B;?Ĝ2M2`;v ?2�pvĜBQM +QHHBbBQMb pB� /22T H2�`MBM;XǴ *?BM2b2
S?vbB+b * 9eXd UkykkV, yd9RRyX

(R8R) h?2 l`ZJ. lb2` :mB/2

?iiTb,ffBiTXmMB@7`�MF7m`iX/2f�#H2B+?2`fmb2`;mB/2XT/7

(R8k) ai2BM?2BK2`- CX �M/ "H2B+?2`- JX ǳ*Q`2Ĝ+Q`QM� b2T�`�iBQM BM i?2 l`ZJ.
?v#`B/ KQ/2HXǴ S?vbB+�H _2pB2r * 39Xk UkyRRV, yk9Ny8X

(R8j) Emii�M- PX- J�MDmM�i?- 2i �HX ǳ� +?B`�H K2�MĜ}2H/ 2[m�iBQMĜQ7Ĝbi�i2
BM l`ZJ., 2z2+ib QM i?2 ?2�pv BQM +QKT`2bbBQM bi�;2XǴ h?2 1m`QT2�M
S?vbB+�H CQm`M�H * 3kX8 UkykkV, 9kdX

(R89) wvx�F- JX- EBb2H- AX- �M/ o�bbBHB2p- AX ǳhQr�`/b 7mHH 2p2Mi iQTQHQ;v `2+QM@
bi`m+iBQM rBi? E6 S�`iB+H2 6BM/2`XǴ kyReX amTTQ`i2/ #v >A* 7Q` 6�A_-
6A�a- �M/ "J"6X

https://shap.readthedocs.io
https://shap.readthedocs.io
http://theory.gsi.de/~ebratkov/phsd-project/PHSD/index1.html
https://itp.uni-frankfurt.de/~bleicher/userguide.pdf


wmb�KK2M7�bbmM;

JQiBp�iBQM mM/ 1BM7Ƀ?`mM; BM /�b Zm�`F@:HmQM@
SH�bK�

.B2 lMi2`bm+?mM; 2ti`2K2` J�i2`B2xmbi M/2 bi�M/ bi2ib BK w2Mi`mK /2` KQ/2`@
M2M S?vbBFX lMi2` "2/BM;mM;2M- BM /2M2M b2?` ?Q?2 h2KT2`�im`2M mM/ .B+?i2M
Ĝ rB2 bB2 #2B EQHHBbBQM2M b+?r2`2` AQM2M Q/2` BM /2M 7`Ƀ?2M JQK2Mi2M /2b lMB@
p2`bmKb 2``2B+?i r2`/2M Ĝ pQ`?2``b+?2M- Bbi /B2 ;2rƺ?MHB+?2 ?�/`QMBb+?2 J�i2`B2
BM /2` G�;2- BM 2BM2M pƺHHB; �M/2`2M wmbi�M/ Ƀ#2`xm;2?2M- BM /2K Zm�`Fb mM/
:HmQM2M �mb B?`2M ǲw2HH2Mǳ �mbi`2i2MX .B2b2` wmbi�M/- /�b bQ;2M�MMi2 Zm�`F@
:HmQM@SH�bK� UZ:SV- bi2HHi 2BM2 S?�b2 /�`- BM /2` /B2 bi�`F2 q2+?b2HrB`FmM;
/�b o2`?�Hi2M bm#�iQK�`2` h2BH+?2M r2b2MiHB+? p2` M/2`iX

.�b o2`bi M/MBb /2b Z:S Bbi pQM 7mM/�K2Mi�H2` "2/2mimM; 7Ƀ` /B2 1`@
7Q`b+?mM; /2` Zm�Mi2M+?`QKQ/vM�KBF UZ*.V mM/ 7Ƀ` /B2 _2FQMbi`mFiBQM /2`
"2/BM;mM;2M- /B2 BM /2M 2`bi2M �m;2M#HB+F2M M�+? /2K l`FM�HH ?2``b+?i2MX
AM /B2b2K wmbi�M/ FƺMM2M Zm�`Fb mM/ :HmQM2M 7`2B mK?2`r�M/2`M- r�b M2m2
Jƺ;HB+?F2Bi2M 2`ƺzM2i- /B2 1B;2Mb+?�7i2M /2` bi�`F2M q2+?b2HrB`FmM; mM/ /B2
J2+?�MBbK2M /2` .2FQM}MB2`mM; xm mMi2`bm+?2MX L2#2M /2` i?2Q`2iBb+?2M _2H@
2p�Mx #2bBixi /B2 2tT2`BK2Mi2HH2 1`7Q`b+?mM; /2b Z:S �m+? T`�FiBb+?2 "2/2m@
imM;- /� bB2 /�xm #2Bi` ;i- M2m2 EQ``2H�iBQM2M xrBb+?2M EQHHBbBQMb2B;2Mb+?�7i2M
xm B/2MiB}xB2`2M- /2M 1BM~mbb FQHH2FiBp2` 1z2Fi2 xm #2r2`i2M mM/ /B2 .vM�KBF
/2` 1Mibi2?mM; M2m2` J�i2`B2xmbi M/2 xm p2`bi2?2MX

1BM x2Mi`�H2b S`Q#H2K #2bi2?i /�`BM- /�bb 1`2B;MBbb2 KBi Z:S@"BH/mM;  mĽ2`bi
b2Hi2M �m7i`2i2MX "2B EQHHBbBQM2M b+?r2`2` AQM2M 2Mibi2?i 2BM2 `B2bB;2 �Mx�?H pQM
h2BH+?2M- mM/ Mm` 2BM FH2BM2` "`m+?i2BH Bbi KBi /2K ɂ#2`;�M; BM /2M Z:S@wmbi�M/
p2`#mM/2MX .B2b2 h�ib�+?2 7Ƀ?`i xm` >2`�mb7Q`/2`mM;- �mb 2BM2K 2MQ`K2M .�i2M@
bi`QK /B2 `2H2p�Mi2M 1`2B;MBbb2 ?2`�mbxm}Hi2`MX h`�/BiBQM2HH2 h`B;;2`@J2i?Q/2M
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6B;m`2 3XR, _�mKx2BiHB+?2 1MirB+FHmM; pQM �Y�@EQHHBbBQM2M ;2K Ľ `2H�iBpBb@
iBb+?2M ?v/`Q/vM�KBb+?2M JQ/2HH2MX AM /B2b2K p2`2BM7�+?i2M S?�b2M/B�;`�KK
UM�+? CX ai�+?2H mM/ EX _2v;2`bV rB`/ /B2 �#7QH;2 pQM ?�/`QMBb+?2` S?�b2 Ƀ#2`
2BM2 JBb+?T?�b2 #Bb ?BM xmK Zm�`F@:HmQM@SH�bK� UZ:SV BHHmbi`B2`iX

biQĽ2M #2B /2` o2`�`#2BimM; bQH+? ?Q?2` .�i2M`�i2M ? m}; �M B?`2 :`2Mx2M-
r2b?�H# KQ/2`M2 J2i?Q/2M /2` .�i2M�M�Hvb2 Ĝ BMb#2bQM/2`2 .22T G2�`MBM; Ĝ
mMmK; M;HB+? r2`/2MX

�Fim2HH2 �H;Q`Bi?K2M /2b .22T G2�`MBM;b- pQ` �HH2K *QMpQHmiBQM�H L2m@
`�H L2irQ`Fb U*LLV- 2`Kƺ;HB+?2M 2b- 72BM2- `�mKQ`B2MiB2`i2 J2`FK�H2 BM /2M
o2`i2BHmM;2M /2` h2BH+?2M xm 2ti`�?B2`2MX .�MF B?`2` 6 ?B;F2Bi- bB+? �miQK�iBb+?
�M?�M/ FQKTH2t2`- K2?`/BK2MbBQM�H2` 1BM;�#2/�i2M xm i`�BMB2`2M- 2`ƺzM2M *LL
M2m2 S2`bT2FiBp2M 7Ƀ` /B2 �M�Hvb2 b2Hi2M2` 1`2B;MBbb2X .B2b Bbi BMb#2bQM/2`2 7Ƀ`
1tT2`BK2Mi2 pQM ;`QĽ2` "2/2mimM;- BM /2M2M .�i2M BM 1+?ix2Bi �M�HvbB2`i r2`/2M
KɃbb2MX

wmb�KK2M7�bb2M/ xB2Hi /B2b2 �`#2Bi /�`�m7 �#- 7mM/�K2Mi�H2 6`�;2bi2HHmM;2M
xmK Z:S KBi KQ/2`M2M `2+?M2`;2biɃixi2M J2i?Q/2M xm p2`#BM/2MX wB2H Bbi 2b-
/2M S?�b2MɃ#2`;�M; ;2M�m2` xm mMi2`bm+?2M mM/ xm;H2B+? /B2 T`�FiBb+?2 lK@
b2ixmM; pQM PMHBM2@a2H2FiBQMb�H;Q`Bi?K2M BM 2tT2`BK2Mi2HH2M lK;2#mM;2M /2`
E2`MT?vbBF xm `2�HBbB2`2MX
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.�b *"J@1tT2`BK2Mi mM/ b2BM2 �MH�;2

Chapter 1 The Compressed Baryonic Matter Experiment

Figure 1.5: Layout of the Facility for Antiproton and Ion Research in Europe (FAIR)

Figure 1.6: Drawing of the experimental setup of CBM
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6B;m`2 3Xk, a+?2K�iBb+?2 .�`bi2HHmM; /2` 2tT2`BK2Mi2HH2M �MH�;2 /2b *"J@
1tT2`BK2MibX .B2 �##BH/mM; x2B;i /B2 r2b2MiHB+?2M EQKTQM2Mi2M rB2 J�;M2i-
h`�+FBM;bvbi2K2- JBF`Qp2`i2t@.2i2FiQ`- _A*>@ mM/ hP6@avbi2K2 bQrB2 r2Bi2`2
JQ/mH2- /B2 7Ƀ` 2BM2 pQHHbi M/B;2 _2FQMbi`mFiBQM /2` EQHHBbBQM2M MQir2M/B; bBM/X

.�b 1tT2`BK2Mi *"J U*QKT`2bb2/ "�`vQMB+ J�ii2`V Bbi 2BM2b /2` a+?HɃb@
b2H7Q`b+?mM;bT`QD2Fi2 �K xmFɃM7iB;2M 6�A_@"2b+?H2mMB;2`x2Mi`mK BM .�`Kbi�/iX
.�b wB2H /2b *"J@1tT2`BK2Mib Bbi 2b- /B2 1B;2Mb+?�7i2M /2` bi�`F r2+?b2H@
rB`F2M/2M J�i2`B2 #2B 2ti`2K ?Q?2M .B+?i2M xm mMi2`bm+?2M mM/ /�KBi /2M
S?�b2MɃ#2`;�M; pQM /2` ?�/`QMBb+?2M BM /B2 T�`iQMBb+?2 S?�b2 xm 2`7Q`b+?2M
bQrB2 /�b S?�b2M/B�;`�KK /2` Zm�Mi2M+?`QKQ/vM�KBF UZ*.V �m7xm#�m2MX 6Ƀ`
/B2b2 lMi2`bm+?mM;2M Bbi 2b MQir2M/B;- 2BM2 2MQ`K2 �Mx�?H pQM EQHHBbBQM2M b+?r@
2`2` AQM2M xm `2;Bbi`B2`2M mM/ xm �M�HvbB2`2M- r�b ?Q?2 �M7Q`/2`mM;2M �M /B2
.�i2M2`7�bbmM; mM/ @p2`�`#2BimM; bi2HHiX

1BM2 #2bQM/2`2 1B;2Mb+?�7i /2` *"J@�MH�;2 Bbi /B2 �`#2Bibr2Bb2 Q?M2
?2`FƺKKHB+?2M h`B;;2`X ai�ii/2bb2M r2`/2M �HH2 aB;M�H2 /2` .2i2FiQ`2M FQM@
iBMmB2`HB+? 2`7�bbi mM/ �M /�b 6G1a avbi2K U6B`bi@G2p2H 1p2Mi a2H2+iQ`V r2Bi@
2`;2H2Bi2i- /�b 7Ƀ` /B2 PMHBM2@_2FQMbi`mFiBQM /2` 1`2B;MBbb2 p2`�MirQ`iHB+? BbiX
.B2b2` �Mb�ix 2`H�m#i 2b- b KiHB+?2 p2`7Ƀ;#�`2M .�i2M xm Mmix2M- 2`7Q`/2`i D2@
/Q+? /B2 1MirB+FHmM; pQM �H;Q`Bi?K2M- /B2 BM 1+?ix2Bi b2Hi2M2- �#2` T?vbBF�HBb+?
`2H2p�Mi2 1`2B;MBbb2 b2H2FiB2`2MX
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.�b 1tT2`BK2Mi *"J mK7�bbi 2BM pB2H7 HiB;2b .2i2FiQ`M2ixr2`F- #2B /2K D2/2`
.2i2FiQ` 2BM2 bT2xB}b+?2 �m7;�#2 Ƀ#2`MBKKi,

• JBF`Qp2`i2t@.2i2FiQ`, GB272`i T` xBb2 AM7Q`K�iBQM2M Ƀ#2` /B2 T`BK `2
EQHHBbBQM- BM/2K 2` /B2 SQbBiBQM /2` q2+?b2HrB`FmM;bxQM2 KBi ?Q?2`
:2M�mB;F2Bi #2biBKKiX

• h`�+FBM;bvbi2K2, 1`Kƺ;HB+?2M /B2 _2FQMbi`mFiBQM /2` 6Hm;#�?M2M pQM
;2H�/2M2M h2BH+?2M KBi ?Q?2` ` mKHB+?2` �m~ƺbmM;X

• _A*> U_BM; AK�;BM; *?2`2MFQpV mM/ hP6 UhBK2@Q7@6HB;?iV,
.B2b2 avbi2K2 /B2M2M /2` h2BH+?2MB/2MiB}F�iBQM- BM/2K bB2 AM7Q`K�iBQM2M
Ƀ#2` :2b+?rBM/B;F2Bi mM/ 1M2`;B2 /2` h2BH+?2M HB272`MX

• q2Bi2`2 am#bvbi2K2, 1`; Mx2M /B2 .2i2FiBQM- BM/2K bB2 x2BiHB+?2 mM/
` mKHB+?2 S�`�K2i2` /2` 1`2B;MBbb2 K2bb2MX

.2` 1BMb�ix /B2b2b FQKTH2t2M .2i2FiQ`M2ixr2`Fb 2`Kƺ;HB+?i MB+?i Mm` /B2
_2FQMbi`mFiBQM /2` h2BH+?2M#�?M2M- bQM/2`M �m+? /B2 1`7�bbmM; rB+?iB;2`
T?vbBF�HBb+?2` :`ƺĽ2M rB2 1M2`;B2- AKTmHb mM/ qBMF2Hp2`i2BHmM;2MX .B2b2 mK@
7�bb2M/2M AM7Q`K�iBQM2M bBM/ /B2 :`mM/H�;2 7Ƀ` /2M 1BMb�ix KQ/2`M2` �M�H@
vb2K2i?Q/2M- KBi /2M2M b2Hi2M2 1`2B;MBbb2 Ĝ BMb#2bQM/2`2 D2M2 KBi Z:S@"BH/mM;
Ĝ ?2`�mb;2}Hi2`i r2`/2M FƺMM2MX .B2 FQMiBMmB2`HB+?2 PMHBM2@o2`�`#2BimM; /m`+?
/�b 6G1a@avbi2K 2`H�m#i 2b- /B2 .�i2MK2M;2 2`?2#HB+? xm `2/mxB2`2M- BM/2K
pQ`�# mM2`rɃMb+?i2 1`2B;MBbb2 p2`rQ`72M r2`/2MX

1MirB+FHmM; /2b �LL96G1a@S�F2ib
AK _�?K2M /2` �M�Hvb2 pQM a+?r2`BQM2MFQHHBbBQM2M Bbi 2b mM�#/BM;#�`- ?Q+?@
T2`7Q`K�Mi2 �H;Q`Bi?K2M 2BMxmb2ix2M- /B2 BM /2` G�;2 bBM/- BM 1+?ix2Bi b2Hi2M2-
�#2` r2`ipQHH2 1`2B;MBbb2 xm B/2MiB}xB2`2MX >2`FƺKKHB+?2 J2i?Q/2M biQĽ2M ?B2`@
#2B b+?M2HH �M B?`2 :`2Mx2M- /� bB2 KBi /2` 2MQ`K2M .�i2MK2M;2 MB+?i 2{xB2Mi
mK;2?2M FƺMM2MX wm` GƺbmM; /B2b2` S`Q#H2K�iBF rm`/2 /�b S�F2i �LL96G1a
2MirB+F2Hi Ĝ 2BM 6`�K2rQ`F- /�b �m7 /2M M2m2bi2M h2+?MBF2M /2b .22T G2�`M@
BM;b #�bB2`i mM/ bT2xB2HH 7Ƀ` /B2 PMHBM2@.�i2Mp2`�`#2BimM; BK *"J@1tT2`BK2Mi
FQMxBTB2`i rm`/2X
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6B;m`2 3Xj, :`�}b+?2 "2Mmix2`Q#2`~ +?2 xm` G2BbimM;b�M�Hvb2 mM/
>vT2`T�`�K2i2`@�#biBKKmM; r ?`2M/ /2b M2m`QM�H2M L2ixi`�BMBM;bX

JQiBp�iBQM 7Ƀ` /2M 1BMb�ix M2m`QM�H2` L2ix2
h`�/BiBQM2HH2 h`B;;2`@�H;Q`Bi?K2M #2`m?2M ? m}; �m7 2BM7�+?2M a+?r2HH2Mr2`i2M
Q/2` HBM2�`2M EQK#BM�iBQM2M pQM S�`�K2i2`M- r�b BM 6 HH2M- BM /2M2M /B2 aB;M�@
im`2M b2Hi2M2` S`Qx2bb2 ?Q+?/BK2MbBQM�H mM/ FQKTH2t bBM/- MB+?i �mb`2B+?iX EɃM@
biHB+?2 M2m`QM�H2 L2ix2- BMb#2bQM/2`2 *QMpQHmiBQM�H L2m`�H L2irQ`Fb U*LLbV-
#B2i2M ?B2` 2BM2M 2Mib+?2B/2M/2M oQ`i2BH, aB2 bBM/ BM /2` G�;2- �mb /2M ?Q+?/B@
K2MbBQM�H2M 1BM;�#2/�i2M p2`#Q`;2M2 Jmbi2` xm 2ti`�?B2`2M mM/ MB+?iHBM2�`2
wmb�KK2M? M;2 xm 2`F2MM2MX .B2b 2`Kƺ;HB+?i 2BM2 2z2FiBp2 h`2MMmM; pQM Z:S@
1`2B;MBbb2M pQM /2K Ƀ#2`rB2;2M/2M _�mb+?2M �M .�i2MX

AKTH2K2MiB2`mM; mM/ 1MirB+FHmM;bbi�M/
.�b �LL96G1a@S�F2i rm`/2 pQHHbi M/B; BM *YY BKTH2K2MiB2`i- mK K�tBK�H2
EQMi`QHH2 Ƀ#2` /B2 p2`r2M/2i2M �H;Q`Bi?K2M xm ;2r ?`H2Bbi2M mM/ 2BM2 ?Q?2
G2BbimM;b7 ?B;F2Bi xm 2`xB2H2MX �M/2`b �Hb #2B ?2`FƺKKHB+?2M GƺbmM;2M- /B2 �m7
mK7�M;`2B+?2M K�i?2K�iBb+?2M 6Q`K2HM #2`m?2M- HB2;i /2` 6QFmb ?B2` �m7 2BM2`
T`�tBbQ`B2MiB2`i2M "2b+?`2B#mM; /2` 6mMFiBQMbr2Bb2X qB+?iB;2 �bT2Fi2 /2` AK@
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TH2K2MiB2`mM; bBM/,

• JQ/mH�`Bi i mM/ 1`r2Bi2`#�`F2Bi, .B2 �`+?Bi2Fim` 2`H�m#i 2b- p2`@
b+?B2/2M2 hvT2M pQM M2m`QM�H2M L2ix2M Ĝ 2ir� pQHHbi M/B; p2`#mM/2M2
U6mHHv *QMM2+i2/V a+?B+?i2M bQrB2 6�HimM;bb+?B+?i2M Ĝ ~2tB#2H xm FQK@
#BMB2`2M mM/ #2B "2/�`7 xm 2`r2Bi2`MX

• PTiBKB2`mM; /2` "2`2+?MmM;2M, JBii2Hb PT2MJS rB`/ 2BM2 2z2FiBp2
S�`�HH2HBbB2`mM; 2``2B+?i- mM/ /B2 aQ7ir�`2 Bbi bQ FQMxBTB2`i- /�bb bB2 �m+?
�m7 ?2i2`Q;2M2M avbi2K2M U*Sl- :Sl- 6S:�V QTiBK�H H�m72M F�MMX

• 1+?ix2Bi7 ?B;F2Bi, .m`+? /B2 PTiBKB2`mM; /2b *Q/2b mM/ /B2 AMi2;`�iBQM
BM /�b 6G1a@avbi2K F�MM �LL96G1a 1`2B;MBbb2 BM 1+?ix2Bi FH�bbB}xB2`2M-
r�b 7Ƀ` /2M PMHBM2@h`B;;2` 2bb2MxB2HH BbiX

• S`�FiBb+?2 �mb`B+?imM;, �Mbi2HH2 2BM2b ɂ#2`K�Ľ2b �M i?2Q`2iBb+?2M
6Q`K2HM bi2?2M �mb7Ƀ?`HB+?2 "2b+?`2B#mM;2M /2` �`#2BibT`BMxBTB2M- /B2 2b
/2K �Mr2M/2` 2`Kƺ;HB+?2M- /B2 BMi2`M2 GQ;BF xm p2`bi2?2M mM/ /�b avbi2K
�M bT2xB}b+?2 2tT2`BK2Mi2HH2 "2/Ƀ`7MBbb2 �MxmT�bb2MX

.B2 G2BbimM;b7 ?B;F2Bi pQM �LL96G1a rm`/2 /m`+? mK7�M;`2B+?2 h2bib �m7
#2F�MMi2M .�i2Mb ix2M p�HB/B2`iX .�#2B x2B;i2 bB+?- /�bb /B2 GƺbmM; MB+?i Mm`
p2`;H2B+?#�`2 EH�bbB}F�iBQMb2`;2#MBbb2 rB2 ai�M/�`/#B#HBQi?2F2M UxX"X SvhQ`+?V
HB272`i- bQM/2`M �m+? BM "2xm; �m7 /B2 �mb7Ƀ?`mM;b;2b+?rBM/B;F2Bi Ƀ#2`H2;2M
Bbi Ĝ 2BM 2Mib+?2B/2M/2` 6�FiQ` 7Ƀ` /2M 1BMb�ix BK PMHBM2@"2i`B2# /2b *"J@
1tT2`BK2MibX

�Mr2M/mM; pQM �LL96G1a �Hb h`B;;2` 7Ƀ` Z:S@
1`2B;MBbb2 mM/ AMi2;`�iBQM BM *"J
1BM x2Mi`�H2` �bT2Fi /B2b2` �`#2Bi Bbi /B2 T`�FiBb+?2 �Mr2M/mM; /2b �LL96G1a@
S�F2ib xm` 1+?ix2Bib2H2FiBQM pQM Z:S@1`2B;MBbb2MX wm` .2KQMbi`�iBQM /2` 17@
72FiBpBi i rm`/2M bBKmHB2`i2 .�i2Mb ix2 �mb xr2B mMi2`b+?B2/HB+?2M h`�MbTQ`i@
KQ/2HH2M Ĝ S>a. mM/ l`ZJ. Ĝ p2`r2M/2iX
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h`�BMBM; mM/ E`2mxp�HB/B2`mM; KBi S>a.@ mM/
l`ZJ.@.�i2M

wmM +?bi rm`/2 /�b *LL �M?�M/ pQM .�i2M �mb /2K S>a.@JQ/2HH i`�BMB2`iX C2@
/2K bBKmHB2`i2M 1`2B;MBb rm`/2M S�`�K2i2` rB2 /�b oQ`?�M/2Mb2BM pQM Z:S- /2`
AMi2;`�HbT�`�K2i2` Ri- /B2 �Mx�?H /2` Z:S@h2BH+?2M bQrB2 /2` AKT�+i@S�`�K2i2`
xm;2Q`/M2iX .B2 h`�BMBM;b`2bmHi�i2 x2B;i2M- /�bb /�b L2ixr2`F BM /2` G�;2
r�`- Z:S@1`2B;MBbb2 pQM LB+?i@Z:S@1`2B;MBbb2M KBi b2?` ?Q?2` :2M�mB;F2Bi
xm i`2MM2MX 1BM rB+?iB;2` a+?`Bii r�` /B2 E`2mxp�HB/B2`mM;, .B2 �m7 S>a.@
.�i2M i`�BMB2`i2 L2ixr2`F�`+?Bi2Fim` rm`/2 �Mb+?HB2Ľ2M/ �m7 .�i2M /2b l`ZJ.@
JQ/2HHb �M;2r2M/2i- #2B /2M2M KBi?BH72 bT2xB2HH2` J�`FB2`mM;2M 1`2B;MBbb2 B/2MiB@
}xB2`i rm`/2M- /B2 �M�HQ; xm Z:S@1`2B;MBbb2M BMi2`T`2iB2`i r2`/2M FQMMi2MX .B2
/�#2B 2`xB2Hi2M 1`;2#MBbb2 rB2b2M 2BM2 ?Q?2 EQ``2H�iBQM xrBb+?2M /2M oQ`?2`@
b�;2M /2b L2ixr2`Fb mM/ /2M i�ib +?HB+?2M T?vbBF�HBb+?2M S�`�K2i2`M �m7 Ĝ 2BM
"2H2; 7Ƀ` /B2 _Q#mbi?2Bi mM/ JQ/2HHmM�#? M;B;F2Bi /2b �Mb�ix2bX

AMi2;`�iBQM BM /�b 6G1a@avbi2K /2b *"J@
1tT2`BK2Mib

1BM r2Bi2`2` J2BH2Mbi2BM #2bi�M/ BM /2` AMi2;`�iBQM /2b �LL96G1a@S�F2ib BM /�b
PMHBM2@.�i2Mp2`�`#2BimM;bbvbi2K 6G1a- /�b BK _�?K2M /2b *"J@1tT2`BK2Mib
2BM;2b2ixi rB`/X .�b 6G1a@avbi2K Ƀ#2`MBKKi /B2 1+?ix2Bi@_2FQMbi`mFiBQM /2`
1`2B;MBbb2 �mb /2M p2`b+?B2/2M2M .2i2FiQ`bm#bvbi2K2M UxXg"X *� h`�+F 6BM/2`-
E6 S�`iB+H2 6BM/2`V mM/ #BH/2i /B2 "�bBb 7Ƀ` /B2 PMHBM2@a2H2FiBQMX .m`+? /B2
1BM#BM/mM; /2b *LL@#�bB2`i2M Z:S@h`B;;2`b FƺMM2M 1`2B;MBbb2- /B2 aB;M�@
im`2M 2BM2` Z:S@"BH/mM; �m7r2Bb2M- BM 1+?ix2Bi B/2MiB}xB2`i mM/ 7Ƀ` 2BM2 /2@
i�BHHB2`i2 P|BM2@�M�Hvb2 ;2bT2B+?2`i r2`/2MX 1BM bT2xB2HH 2MirB+F2Hi2` AMi2`7�+2@
J2+?�MBbKmb 2`Kƺ;HB+?i /�#2B /2M `2B#mM;bHQb2M .�i2M�mbi�mb+? xrBb+?2M /2M
`2FQMbi`mB2`i2M 1`2B;MBb/�i2M mM/ /2K �LL96G1a@JQ/mHX .B2b 7Ƀ?`i xm 2BM2`
bB;MB}F�Mi2M _2/mFiBQM /2` xm bT2B+?2`M/2M .�i2MK2M;2- Q?M2 /�bb /B2 `2H2p�M@
i2M T?vbBF�HBb+?2M 1`2B;MBbb2 p2`HQ`2M ;2?2MX
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CBM: CNN based QGP Classification

12

Stage Efficiency Drop

1 CNN on PHSD 95.1%

2 CBM Acceptance 90.3% - 4.8%

3 CA Track Finder +  
MC Mother Particles 85.8% - 4.5%

4 CA Track Finder +  
KF Particle Finder 83.7% - 2.1%

A. Belousov, P. Kisel

Online selection of collisions with QGP is possible in the CBM experiment with the efficiency of 83.7%.
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Online selection of collisions with QGP is possible in the CBM experiment with the efficiency of 83.7%.

6B;m`2 3X9, EH�bbB}F�iBQMb;2M�mB;F2Bi BM p2`b+?B2/2M2M aim72M /2` .�i2Mp2`�`@
#2BimM; 7Ƀ` �mY�m@EQHHBbBQM2M #2B jR-k �:2oX .�b .B�;`�KK �m7 /2` HBMF2M
a2Bi2 x2B;i /B2 :2M�mB;F2Bi BM �#? M;B;F2Bi pQM /2` �Mx�?H /2` h`�BMBM;b2@
TQ+?2M 7Ƀ` mMi2`b+?B2/HB+?2 .�i2Mb ix2X .B2 h�#2HH2 �m7 /2` `2+?i2M a2Bi2 7�bbi
/B2 :2M�mB;F2Bi BM D2/2` aim72 xmb�KK2M mM/ p2`�Mb+?�mHB+?i /2M _Ƀ+F;�M;
;2;2MɃ#2` /2K pQ`?2`B;2M a+?`BiiX

a+?Hmbb7QH;2`mM;2M mM/ �mb#HB+F

wmb�KK2M7�bb2M/ p2`#BM/2i /B2 pQ`HB2;2M/2 �`#2Bi 7mM/�K2Mi�H2 T?vbBF�HBb@
+?2 EQMx2Ti2 /2b S?�b2MɃ#2`;�M;b pQM ?�/`QMBb+?2` J�i2`B2 BM /�b Zm�`F@
:HmQM@SH�bK� KBi KQ/2`M2M J2i?Q/2M /2b .22T G2�`MBM;bX .�b 2MirB+F2Hi2
�LL96G1a@S�F2i 2`r2Bbi bB+? �Hb H2BbimM;b7 ?B;2b q2`Fx2m;- mK BM 1+?ix2Bi b2H@
i2M2 Z:S@1`2B;MBbb2 �mb `B2bB;2M .�i2Mbi`ƺK2M xm b2H2FiB2`2M mM/ ;H2B+?x2BiB;
rB+?iB;2 T?vbBF�HBb+?2 S�`�K2i2` rB2 /B2 �Mx�?H /2` Z:S@h2BH+?2M- /2M AMi2@
;`�HbT�`�K2i2` Ri mM/ /2M AKT�+i@S�`�K2i2` xm `2FQMbi`mB2`2MX

.B2 2`xB2Hi2M 1`;2#MBbb2 x2B;2M- /�bb b2H#bi #2B /2` lKbi2HHmM; pQM B/2�H2M
JQMi2@*�`HQ@.�i2M �m7 `2FQMbi`mB2`i2 .�i2M Ĝ #2B /2M2M .2i2FiQ`2z2Fi2 mM/
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_2FQMbi`mFiBQMbmMbB+?2`?2Bi2M #2`Ƀ+FbB+?iB;i r2`/2M Ĝ 2BM2 EH�bbB}F�iBQMb;2@
M�mB;F2Bi pQM 2ir� 3jĜ38 W 2``2B+?i rB`/X .B2b2 :2M�mB;F2Bi Bbi �mb`2B+?2M/-
mK /2M PMHBM2@h`B;;2` BK *"J@1tT2`BK2Mi xm `2�HBbB2`2M mM/ bQ /B2 xm bT2@
B+?2`M/2 .�i2MK2M;2 2`?2#HB+? xm `2/mxB2`2M- r ?`2M/ /B2 7Ƀ` /B2 T?vbBF�HBb+?2
�M�Hvb2 `2H2p�Mi2M 1`2B;MBbb2 M�?2xm pQHHbi M/B; 2`?�Hi2M #H2B#2MX

.�`Ƀ#2` ?BM�mb x2B+?M2i bB+? /2` 2MirB+F2Hi2 �Mb�ix /m`+? b2BM2 6H2tB#BHBi i
mM/ aF�HB2`#�`F2Bi �mbX 1` F�MM T`Q#H2KHQb �M mMi2`b+?B2/HB+?2 aBKmH�iBQMb@
KQ/2HH2 UxX "X S>a.- l`ZJ.V �M;2T�bbi r2`/2M mM/ H bbi bB+? mK xmb i@
xHB+?2 T?vbBF�HBb+? `2H2p�Mi2 S�`�K2i2` 2`r2Bi2`MX .B2 AMi2;`�iBQM BM /�b 6G1a@
avbi2K /2b *"J@1tT2`BK2Mib bi2HHi 2BM2M rB+?iB;2M a+?`Bii /�`- mK /B2 PMHBM2@
.�i2Mp2`�`#2BimM; BM xmFɃM7iB;2M a+?r2`BQM2M2tT2`BK2Mi2M xm `2pQHmiBQMB2`2MX

6Ƀ` /B2 wmFmM7i 2`;2#2M bB+? 7QH;2M/2 S2`bT2FiBp2M,

• .B2 pQHHbi M/B;2 AKTH2K2MiB2`mM; /2` �H;Q`Bi?K2M �m7 bT2xB�HBbB2`i2M
"2b+?H2mMB;2`M UxX "X 6S:�V- mK /B2 G�i2Mxx2Bi2M #2B /2` PMHBM2@
o2`�`#2BimM; r2Bi2` xm b2MF2MX

• .B2 1`r2Bi2`mM; /2` h`�BMBM;b/�i2Mb ix2 /m`+? /B2 1BM#2xB2?mM; r2Bi2`2`
aBKmH�iBQMbKQ/2HH2 mM/ `2�H2` 1tT2`BK2Mi�H/�i2M- mK /B2 _Q#mbi?2Bi mM/
:2M2`�HBbB2`#�`F2Bi /2b �Mb�ix2b xm p2`#2bb2`MX

• .B2 AMi2;`�iBQM pQM 9.@h`�+FBM;@J2i?Q/2M- #2B /2M2M x2BiHB+?2 AM7Q`K�iBQ@
M2M M2#2M /2M ` mKHB+?2M EQQ`/BM�i2M ;2Mmixi r2`/2M- mK /B2 h`2MMmM;
pQM Ƀ#2`H�TT2M/2M 1`2B;MBbb2M xm QTiBKB2`2MX

• .B2 q2Bi2`2MirB+FHmM; /2` L2ixr2`F�`+?Bi2Fim` bQrB2 /2` _2;mH�`@
BbB2`mM;b�H;Q`Bi?K2M- mK /B2 _2bBbi2Mx ;2;2MɃ#2` _�mb+?2M mM/ >BMi2`@
;`mM/FQKTQM2Mi2M r2Bi2` xm 2`?ƺ?2MX

AMb;2b�Ki HB272`i /B2b2 �`#2Bi 2BM2M mK7�bb2M/2M- T`�tBbQ`B2MiB2`i2M �Mb�ix 7Ƀ`
/B2 PMHBM2@a2H2FiBQM pQM Z:S@1`2B;MBbb2M- /2` 2b 2`Kƺ;HB+?i- /B2 2MQ`K2M .�i2M@
K2M;2M xmFɃM7iB;2` a+?r2`BQM2M2tT2`BK2Mi2 2{xB2Mi xm p2`�`#2Bi2M mM/ /�#2B
/B2 T?vbBF�HBb+? `2H2p�Mi2M 1`2B;MBbb2 xm 2`?�Hi2MX .B2 EQK#BM�iBQM pQM 7mM@
/�K2Mi�H2M T?vbBF�HBb+?2M S`BMxBTB2M KBi KQ/2`M2M .22T@G2�`MBM;@J2i?Q/2M
2`ƺzM2i M2m2 >Q`BxQMi2 BM /2` 1`7Q`b+?mM; /2` 1B;2Mb+?�7i2M bi�`F r2+?b2HrB`F@
2M/2` J�i2`B2 mM/ rB`/ BM wmFmM7i xm #2/2mi2M/2M 1Mi/2+FmM;2M BM /2` E2`M@
T?vbBF 7Ƀ?`2MX
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