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Table 1
Coupling Constants for the Parameterizations GM1 (Glendenning &

Moszkowski 1991), TM1 (Sugahara & Toki 1994),
and NL3 (Lalazissis et al. 1997)

Set GM1 TM1 NL3

mσ (MeV) 512 511.198 508.194
mω (MeV) 783 783 782.501
mρ (MeV) 770 770 763

gσ 8.91 10.029 10.217
gω 10.61 12.614 12.868
gρ 8.196 9.264 8.948
b 0.002947 −0.001506 0.002055
c −0.001070 0.000061 −0.002651
Mmax 2.32 2.18 2.73

Notes. Mmax is the maximum mass of a pure hadronic star for matter composed
of nucleons and electrons.

In this work, we perform an extensive study of hybrid star
masses using several parameterizations of a relativistic mean-
field hadronic EoS together with a typical three-flavor NJL
model with scalar, vector, and ’t Hooft interactions. Within this
approach, the hadronic and quark–gluon degrees of freedom
are derived from different Lagrangians and the deconfinement
transition is associated with the point where both models have
the same free energy. Thus, by construction, chiral symmetry
restoration in the quark model occurs at a chemical potential µ
that is in general different to the µ of deconfinement. Although
this behavior is an artifact of the hybrid EoS, it might be
related to the actual properties of high-density matter. Present
numerical simulations of lattice QCD indicate that for small
chemical potential µ, the deconfinement and chiral transitions
coincide, and are crossover. At finite µ, a chiral critical end-
point may exist in the phase diagram (Stephanov 2005). It has
been conjectured that, if such a critical endpoint exists, the
deconfinement and chiral transitions split from one another at
that point (McLerran & Pisarski 2007). As a consequence, the
so-called quarkyonic phase (confined but chirally symmetric)
could be present in the phase diagram (McLerran & Pisarski
2007). In a similar way, we shall consider that the split between
deconfinement and chiral symmetry restoration arising in the
phenomenological hybrid EoS employed here might represent
the actual behavior of matter at low temperatures and very
high densities. In our model, the unknown magnitude of this
hypothetical split will be studied parametrically by changing
the conventional value of the vacuum pressure −Ω0 which is
usually introduced in the grand thermodynamic potential of
the NJL model in order to force a vanishing pressure at zero
temperature and µ = 0. Instead of −Ω0, we shall use a value
−(Ω0 + δΩ0), where δΩ0 is a free parameter. Since a change in
the value of Ω0 has no influence on the fittings of the vacuum
values for the pion mass, the pion decay constant, the kaon mass,
the kaon decay constant, and the quark condensates, we shall
treat it here as a free parameter. Analogously, the value of the
vector coupling constant gv can be treated as a free parameter
because the masses of the vector mesons are not dictated by
chiral symmetry.

The paper is organized as follows. In Section 2, we briefly
present the hadronic EoS employed here. In Section 3, we
describe the NJL SU(3) model used to describe the quark matter,
paying particular attention to the role of the parameters δΩ0
and gv . In Section 4 we present our results and in Section 5 we
draw our main conclusions.

2. HADRONIC PHASE

The relativistic mean-field model is widely used to describe
hadronic matter in compact stars. In this paper we adopt
the following standard Lagrangian (Boguta & Bodmer 1977;
Glendenning & Moszkowski 1991):

LH =
∑

B

ψ̄B[γµ(i∂µ − gωBωµ − 1
2
gρBτ .ρµ)

− (mB − gσBσ )]ψB +
1
2

(
∂µσ∂µσ − m2

σ σ 2)

− 1
4
ωµνω

µν +
1
2
m2

ωωµωµ − 1
4
ρµν .ρ

µν

+
1
2
m2

ρρµ.ρµ − 1
3
bmn(gσ σ )3 − 1

4
c(gσ σ )4

+
∑

L

ψ̄L[iγµ∂µ − mL]ψL, (1)

for matter composed of (1) nucleons and electrons,
and (2) the baryon octet and electrons. Leptons L
are treated as non-interacting and baryons B are cou-
pled to the scalar meson σ , the isoscalar–vector meson
ωµ and the isovector–vector meson ρµ. For more details about
the EoS obtained from the above Lagrangian the reader is re-
ferred to, e.g., Lugones et al. (2010) and references therein.
There are five constants in the model that are fitted to the
bulk properties of nuclear matter (Glendenning & Moszkowski
1991). In this work, we use three different parameterizations
shown in Table 1. For all parameterizations we use a com-
position of nucleons and electrons. For the NL3 parameteri-
zation we consider also the case with the baryon octet and
electrons. The parameterization for the hyperon coupling con-
stants is gωΛ/gωN = gωΣ/gωN = 0.6666, gωΞ/gωN = 0.3333,
gσΛ/gσN = 0.6106, gσΣ/gσN = 0.4046, gσΞ/gσN = 0.3195,
and gρi/gρN = 1 (Chiapparini et al. 2009). At low densities
we use the Baym, Pethick, and Sutherland model (Baym et al.
1971).

3. QUARK PHASE

3.1. The Model

To describe the quark matter phase we use the SU(3) NJL
model with scalar–pseudoscalar, isoscalar–vector, and ’t Hooft
six-fermion interactions. The Lagrangian density of the model is

LQ = ψ̄(iγµ∂µ − m̂)ψ

+ gs

8∑

a=0

[(ψ̄λaψ)2 + (ψ̄iγ5λ
aψ)2]

− gv

8∑

a=0

[(ψ̄γµλaψ)2 + (ψ̄γ5γµλa ψ)2]

+ gt {det[ψ̄(1 + γ5)ψ] + det[ψ̄(1 − γ5)ψ]}, (2)

where ψ = (u, d, s) denotes the quark fields, λa(0 ! a ! 8)
are the U(3) flavor matrices, m̂ = diag(mu,md,ms) is the quark
current mass, and gs, gv , and gt are coupling constants.

Note that we have not included a diquark interaction term
in the Lagrangian. As shown by Rüster et al. (2005), color-
superconducting phases (at T = 0) are favored in the regime of
strong diquark coupling, gd/gs ≈ 1. However, in the regime of
intermediate diquark coupling strength, gd/gs = 3/4, color
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By relating scalar and vector couplings of the hyperons to the inferred empirical binding of the A

hyperon in saturated nuclear matter, we obtain compatibility of this binding energy with neutron-star
masses. Using the observational constraint on the lower bound on the maximum neutron-star mass and
the upper bound of the couplings that are compatible with hypernuclear levels, we place bounds on the
reduction in neutron-star mass that hyperons produce. For the best current estimate of nuclear-rnatter
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It has long been recognized that hyperons will be
present in the dense cores of neutron stars, unless pre-
empted by the conversion to quark matter of that density
domain which they would otherwise populate [1-5]. The
conversion of some nucleons to hyperons will occur
through the weak interaction, and is energetically favor-
able in dense matter because the Fermi energy of the
highest-lying nucleons will otherwise exceed the mass of
hyperons, plus any associated interaction energy and the
mass of leptons required by charge conservation. Since
the conversion relieves the Fermi pressure exerted by the
baryons, the equation of state is softened and the max-
imum mass of the neutron-star sequence associated with
the equation of state is lowered. The neglect of hyperons
therefore always leads to an overestimate of the max-
imum possible mass. However, the magnitude of the
reduction has not hitherto been reconciled with any

empirical observation, leading to great uncertainty in the
theoretical maximum mass [6,7]. This uncertainty was
the particular focus of a recent Letter [7]. It is the pur-
pose of this Letter to show how the binding of the A
hyperon in nuclear matter and hypernuclear levels can be
used to resolve the uncertainty. For later reference we
note that the most accurately measured mass (but not
necessarily the maximum possible mass) is that of PSR
1913+16 with M/Mo =1.442 ~ 0.003 [8]. There is
another relevant measurement, that of 4U0900-40 with
M/MO=1. 85~0.3 [9]. So it appears that the lower
bound on the maximum neutron-star mass is —1.5Mo.
Recent work on the role of hyperons in neutron stars

has been done in the framework of relativistic nuclear
field theory [4-7,10], the same framework in which anal-
ysis of hypernuclear levels had been performed [11—14].
The Lagrangian of the theory is

X t71B(ly&t) m8+g BG g 8ypto 2 gpBypt ' P ) II/O+ 2 (t) crt) 0' m 0)to& co +'m to&co
8
——,

' p „p"'+—,' m p .p"——, $m„(ga) ——,
' c(g o) + g yi(iy„r)"—mi, )yi, .e,p

We regard it as an eAective theory to be solved at the
mean-field level, and with coupling constants adjusted, as
described below, to nuclear-matter properties. The
baryons 8 are coupled to the a, m, p mesons. The sum on
8 is over all the charge states of the lowest baryon octet
(p, n, A, Z+,Z,Z,:-,:- ) as well as the d quartet.
However, the latter are not populated up to the highest
density in neutron stars, nor are any other baryon states,
save those of the lowest octet for reasons given elsewhere
[5]. The last term represents the free-lepton Lagrang-
ians. How the theory can be solved in the mean-field ap-
proximation for the ground state of charge-neutral matter
in general beta equilibrium (neutron-star matter) is de-
scribed fully in Ref. [5]. There are five constants here
that are determined by the properties of nuclear matter,

three that determine the nucleon couplings to the scalar,
vector, and vector, isovector mesons, g /m, g /m„,g~/m~,
and two that determine the scalar self-interactions, b, c.
The nuclear properties that define their values are the
saturation values of the binding, baryon density, symme-
try energy coeScient, compression modulus, and nucleon
efIective mass. Exactly the same choices for their values
were made in Refs. [6,10]. In addition, in this paper we
examine the eA'ects of exploring their likely range. The
hyperon couplings are not relevant to the ground-state
properties of nuclear matter, but information about them
can be gathered from levels in hypernuclei. We shall as-
sume that all hyperons in the octet have the same cou-
pling as the A. They are expressed as a ratio to the

2414 1991 The American Physical Society
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Table 1
Coupling Constants for the Parameterizations GM1 (Glendenning &

Moszkowski 1991), TM1 (Sugahara & Toki 1994),
and NL3 (Lalazissis et al. 1997)

Set GM1 TM1 NL3

mσ (MeV) 512 511.198 508.194
mω (MeV) 783 783 782.501
mρ (MeV) 770 770 763

gσ 8.91 10.029 10.217
gω 10.61 12.614 12.868
gρ 8.196 9.264 8.948
b 0.002947 −0.001506 0.002055
c −0.001070 0.000061 −0.002651
Mmax 2.32 2.18 2.73

Notes. Mmax is the maximum mass of a pure hadronic star for matter composed
of nucleons and electrons.

In this work, we perform an extensive study of hybrid star
masses using several parameterizations of a relativistic mean-
field hadronic EoS together with a typical three-flavor NJL
model with scalar, vector, and ’t Hooft interactions. Within this
approach, the hadronic and quark–gluon degrees of freedom
are derived from different Lagrangians and the deconfinement
transition is associated with the point where both models have
the same free energy. Thus, by construction, chiral symmetry
restoration in the quark model occurs at a chemical potential µ
that is in general different to the µ of deconfinement. Although
this behavior is an artifact of the hybrid EoS, it might be
related to the actual properties of high-density matter. Present
numerical simulations of lattice QCD indicate that for small
chemical potential µ, the deconfinement and chiral transitions
coincide, and are crossover. At finite µ, a chiral critical end-
point may exist in the phase diagram (Stephanov 2005). It has
been conjectured that, if such a critical endpoint exists, the
deconfinement and chiral transitions split from one another at
that point (McLerran & Pisarski 2007). As a consequence, the
so-called quarkyonic phase (confined but chirally symmetric)
could be present in the phase diagram (McLerran & Pisarski
2007). In a similar way, we shall consider that the split between
deconfinement and chiral symmetry restoration arising in the
phenomenological hybrid EoS employed here might represent
the actual behavior of matter at low temperatures and very
high densities. In our model, the unknown magnitude of this
hypothetical split will be studied parametrically by changing
the conventional value of the vacuum pressure −Ω0 which is
usually introduced in the grand thermodynamic potential of
the NJL model in order to force a vanishing pressure at zero
temperature and µ = 0. Instead of −Ω0, we shall use a value
−(Ω0 + δΩ0), where δΩ0 is a free parameter. Since a change in
the value of Ω0 has no influence on the fittings of the vacuum
values for the pion mass, the pion decay constant, the kaon mass,
the kaon decay constant, and the quark condensates, we shall
treat it here as a free parameter. Analogously, the value of the
vector coupling constant gv can be treated as a free parameter
because the masses of the vector mesons are not dictated by
chiral symmetry.

The paper is organized as follows. In Section 2, we briefly
present the hadronic EoS employed here. In Section 3, we
describe the NJL SU(3) model used to describe the quark matter,
paying particular attention to the role of the parameters δΩ0
and gv . In Section 4 we present our results and in Section 5 we
draw our main conclusions.

2. HADRONIC PHASE

The relativistic mean-field model is widely used to describe
hadronic matter in compact stars. In this paper we adopt
the following standard Lagrangian (Boguta & Bodmer 1977;
Glendenning & Moszkowski 1991):

LH =
∑

B

ψ̄B[γµ(i∂µ − gωBωµ − 1
2
gρBτ .ρµ)

− (mB − gσBσ )]ψB +
1
2

(
∂µσ∂µσ − m2

σ σ 2)

− 1
4
ωµνω

µν +
1
2
m2

ωωµωµ − 1
4
ρµν .ρ

µν

+
1
2
m2

ρρµ.ρµ − 1
3
bmn(gσ σ )3 − 1

4
c(gσ σ )4

+
∑

L

ψ̄L[iγµ∂µ − mL]ψL, (1)

for matter composed of (1) nucleons and electrons,
and (2) the baryon octet and electrons. Leptons L
are treated as non-interacting and baryons B are cou-
pled to the scalar meson σ , the isoscalar–vector meson
ωµ and the isovector–vector meson ρµ. For more details about
the EoS obtained from the above Lagrangian the reader is re-
ferred to, e.g., Lugones et al. (2010) and references therein.
There are five constants in the model that are fitted to the
bulk properties of nuclear matter (Glendenning & Moszkowski
1991). In this work, we use three different parameterizations
shown in Table 1. For all parameterizations we use a com-
position of nucleons and electrons. For the NL3 parameteri-
zation we consider also the case with the baryon octet and
electrons. The parameterization for the hyperon coupling con-
stants is gωΛ/gωN = gωΣ/gωN = 0.6666, gωΞ/gωN = 0.3333,
gσΛ/gσN = 0.6106, gσΣ/gσN = 0.4046, gσΞ/gσN = 0.3195,
and gρi/gρN = 1 (Chiapparini et al. 2009). At low densities
we use the Baym, Pethick, and Sutherland model (Baym et al.
1971).

3. QUARK PHASE

3.1. The Model

To describe the quark matter phase we use the SU(3) NJL
model with scalar–pseudoscalar, isoscalar–vector, and ’t Hooft
six-fermion interactions. The Lagrangian density of the model is

LQ = ψ̄(iγµ∂µ − m̂)ψ

+ gs

8∑

a=0

[(ψ̄λaψ)2 + (ψ̄iγ5λ
aψ)2]

− gv

8∑

a=0

[(ψ̄γµλaψ)2 + (ψ̄γ5γµλa ψ)2]

+ gt {det[ψ̄(1 + γ5)ψ] + det[ψ̄(1 − γ5)ψ]}, (2)

where ψ = (u, d, s) denotes the quark fields, λa(0 ! a ! 8)
are the U(3) flavor matrices, m̂ = diag(mu,md,ms) is the quark
current mass, and gs, gv , and gt are coupling constants.

Note that we have not included a diquark interaction term
in the Lagrangian. As shown by Rüster et al. (2005), color-
superconducting phases (at T = 0) are favored in the regime of
strong diquark coupling, gd/gs ≈ 1. However, in the regime of
intermediate diquark coupling strength, gd/gs = 3/4, color
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superconductivity appears only above a chemical potential
µ ∼ 3 × 440 MeV = 1320 MeV (see Figure 1 of Rüster et al.
2005). For weaker diquark coupling, color superconductivity is
shifted to very large densities that are not present at neutron
star cores. Since the case of strong diquark coupling has already
been considered by Bonanno & Sedrakian (2012) and Pagliara
& Schaffner-Bielich (2008), we shall focus here on a case where
color superconductivity is negligible.

The mean-field thermodynamic potential density Ω for a
given baryon chemical potential µ at T = 0 is given by

Ω = −ηNc

∑

i

∫ Λ

kFi

p2 dp

2π2

√
p2 + M2

i + 2gs

∑

i

〈ψ̄ψ〉2
i

− 2gv

∑

i

〈ψ †ψ〉2
i + 4gt 〈ūu〉〈d̄d〉〈s̄s〉

− ηNc

∑

i

µi

∫ kFi

0

p2 dp

2π2
− Ω0, (3)

where the sum is over the quark flavor (i = u, d, s), the constants
η = 2 and Nc = 3 are the spin and color degeneracies, and Λ
is a regularization ultraviolet cutoff to avoid divergences in the
medium integrals. The Fermi momentum of the particle i is
given by kFi = θ (µ∗

i − Mi)
√

µ∗2
i − M2

i , where µ∗
i is the quark

chemical potential modified by the vectorial interaction, i.e.,
µ∗

u,d,s = µu,d,s − 4gv〈ψ †ψ〉u,d,s .
In this work we consider the following set of parameters

(Kunihiro 1989; Ruivo et al. 1999): Λ = 631.4 MeV, gsΛ2 =
1.829, gtΛ5 = −9.4, mu = md = 5.6 MeV, ms = 135.6 MeV
in order to fit the vacuum values for the pion mass, the pion
decay constant, the kaon mass, the kaon decay constant, and
the quark condensates: mπ = 139.0 MeV, fπ = 93.0 MeV,
mK = 495.7 MeV, fK = 98.9 MeV, 〈uū〉1/3 = 〈uū〉1/3 =
−246.7 MeV, 〈ss̄〉1/3 = −266.9 MeV. The value of the vector
coupling constant gv is treated a free parameter because the
masses of the vector mesons are not dictated by chiral symmetry.
In order to obtain the EoS, we assume that matter is charge
neutral and in equilibrium under weak interactions.

3.2. Ω0 as a Free Parameter

The conventional procedure for fixing the Ω0 term in
Equation (3) is to assume that the grand thermodynamic po-
tential Ω must vanish at zero µ and T. For the parame-
terization quoted above, this assumption leads to the value
Ω0 = 5076.2 MeV fm−3. Nevertheless, this prescription is no
more than an arbitrary way to uniquely determine the EoS of
the NJL model without any further assumptions (Schertler et al.
1999). Furthermore, in the MIT bag model, for instance, the
pressure in the vacuum is non-vanishing. In view of this, Pagliara
& Schaffner-Bielich (2008) adopt a different strategy. They fix
a bag constant for the hadron–quark deconfinement to occur at
the same chemical potential as the chiral phase transition. This
method leads to a significant change in the EoS with respect to
the conventional procedure.

The connection between the chiral and the deconfinement
phase transitions along the QCD phase diagram has received
considerable attention in recent years (see Fukushima & Hatsuda
2011, and references therein). For zero chemical potential,
lattice results show that both transitions occur at the same
temperature (Karsch 2002; Laermann & Philipsen 2003). At
finite baryon chemical potential, this coincidence is an open
question (Fukushima & Hatsuda 2011). However, since a chiral

critical endpoint may exist in the plane of T and µ (Stephanov
2005), it has been conjectured that the deconfinement and
chiral transitions split from one another at that point (McLerran
& Pisarski 2007). As a consequence, a confined but chiral
symmetric phase, called the quarkyonic phase, can exist in
the region of high baryon density. Since this conjecture is
based on arguments that are valid in the large-Nc limit, it
is not clear whether this quarkyonic phase can exist in the
real QCD phase diagram. In the present paper, we are not
modeling the quarkyonic matter because our confined phase
is described by a hadronic model and the chiral transition is
restricted to the quark phase. However, we may explore the
above possibility of having chiral restoration and deconfinement
occurring at different densities. To this end, we shall substitute
Ω0 in Equation (3) by the new value Ω0 + δΩ0, where δΩ0 is a
free parameter:

Ω0 −→ Ω0 + δΩ0 in Equation (3). (4)

With this change, the thermodynamic potential Ω can be non-
vanishing at zero µ and T, and the µ of the deconfinement
transition can be tuned.1 Clearly, δΩ0 has a minimum value
because the phase transition cannot be shifted to a pressure
regime where the NJL model describes the vacuum. That is,
we fix a minimum limit to δΩ0 for which the phase transition
occurs at the chiral symmetry restoration point as performed
by Pagliara & Schaffner-Bielich (2008). On the other hand, in
principle there is no maximum value for δΩ0 since the phase
transition can be shifted to arbitrarily large pressures.

In order to illustrate the dependence of the EoS on the new
parameter δΩ0, we depict in Figure 1 the pressure as a function
of the chemical potential for different values of δΩ0 and the
pressure of the deconfinement transition Ppht as a function of
δΩ0. Note that a small change in the value of δΩ0 may result
in a significant modification of the phase transition density, and
consequently in a very different hybrid EoS.

4. RESULTS

We have solved the Tolman–Oppenheimer–Volkoff equations
for spherically symmetric and static stars in order to investigate
the influence of gv and δΩ0 on the maximum mass of hybrid
stars.

In Figures 2 and 3 we show the EoS for some specific
parameterizations and the corresponding stellar configurations
in a diagram of mass M versus central energy density εc. The
plateaus represent a first-order hadron–quark phase transition
where both phases have the same pressure and Gibbs free energy
per baryon. We consider that charge neutrality is fulfilled locally,
i.e., each phase is separately charge neutral. This leads to a sharp
discontinuity in the density profile of the star. In the left panel
of Figure 2 we note that as we increase the value of the vector
coupling constant gv the density of the phase transition also
increases, and therefore the hybrid star has a smaller quark core
and a larger hadronic contribution. This leads to larger maximum
masses because the hadronic EoS is stiffer than the quark EoS.
At the same time, there is a larger density jump between the two

1 The chemical potential at which the chiral transition occurs is determined
from the solution of the gap equations for the constituent masses and therefore
it does not depend on the value of Ω0. However, the chemical potential for the
deconfinement phase transition depends on Ω0 because it is determined by
matching the pressures of the hadronic and quark phases. As a consequence,
tuning Ω0 is an easy way to control the splitting between both chemical
potentials.
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superconductivity appears only above a chemical potential
µ ∼ 3 × 440 MeV = 1320 MeV (see Figure 1 of Rüster et al.
2005). For weaker diquark coupling, color superconductivity is
shifted to very large densities that are not present at neutron
star cores. Since the case of strong diquark coupling has already
been considered by Bonanno & Sedrakian (2012) and Pagliara
& Schaffner-Bielich (2008), we shall focus here on a case where
color superconductivity is negligible.

The mean-field thermodynamic potential density Ω for a
given baryon chemical potential µ at T = 0 is given by

Ω = −ηNc

∑

i

∫ Λ

kFi

p2 dp

2π2

√
p2 + M2

i + 2gs

∑

i

〈ψ̄ψ〉2
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− 2gv

∑

i

〈ψ †ψ〉2
i + 4gt 〈ūu〉〈d̄d〉〈s̄s〉

− ηNc

∑

i

µi

∫ kFi

0

p2 dp

2π2
− Ω0, (3)

where the sum is over the quark flavor (i = u, d, s), the constants
η = 2 and Nc = 3 are the spin and color degeneracies, and Λ
is a regularization ultraviolet cutoff to avoid divergences in the
medium integrals. The Fermi momentum of the particle i is
given by kFi = θ (µ∗

i − Mi)
√

µ∗2
i − M2

i , where µ∗
i is the quark

chemical potential modified by the vectorial interaction, i.e.,
µ∗

u,d,s = µu,d,s − 4gv〈ψ †ψ〉u,d,s .
In this work we consider the following set of parameters

(Kunihiro 1989; Ruivo et al. 1999): Λ = 631.4 MeV, gsΛ2 =
1.829, gtΛ5 = −9.4, mu = md = 5.6 MeV, ms = 135.6 MeV
in order to fit the vacuum values for the pion mass, the pion
decay constant, the kaon mass, the kaon decay constant, and
the quark condensates: mπ = 139.0 MeV, fπ = 93.0 MeV,
mK = 495.7 MeV, fK = 98.9 MeV, 〈uū〉1/3 = 〈uū〉1/3 =
−246.7 MeV, 〈ss̄〉1/3 = −266.9 MeV. The value of the vector
coupling constant gv is treated a free parameter because the
masses of the vector mesons are not dictated by chiral symmetry.
In order to obtain the EoS, we assume that matter is charge
neutral and in equilibrium under weak interactions.

3.2. Ω0 as a Free Parameter

The conventional procedure for fixing the Ω0 term in
Equation (3) is to assume that the grand thermodynamic po-
tential Ω must vanish at zero µ and T. For the parame-
terization quoted above, this assumption leads to the value
Ω0 = 5076.2 MeV fm−3. Nevertheless, this prescription is no
more than an arbitrary way to uniquely determine the EoS of
the NJL model without any further assumptions (Schertler et al.
1999). Furthermore, in the MIT bag model, for instance, the
pressure in the vacuum is non-vanishing. In view of this, Pagliara
& Schaffner-Bielich (2008) adopt a different strategy. They fix
a bag constant for the hadron–quark deconfinement to occur at
the same chemical potential as the chiral phase transition. This
method leads to a significant change in the EoS with respect to
the conventional procedure.

The connection between the chiral and the deconfinement
phase transitions along the QCD phase diagram has received
considerable attention in recent years (see Fukushima & Hatsuda
2011, and references therein). For zero chemical potential,
lattice results show that both transitions occur at the same
temperature (Karsch 2002; Laermann & Philipsen 2003). At
finite baryon chemical potential, this coincidence is an open
question (Fukushima & Hatsuda 2011). However, since a chiral

critical endpoint may exist in the plane of T and µ (Stephanov
2005), it has been conjectured that the deconfinement and
chiral transitions split from one another at that point (McLerran
& Pisarski 2007). As a consequence, a confined but chiral
symmetric phase, called the quarkyonic phase, can exist in
the region of high baryon density. Since this conjecture is
based on arguments that are valid in the large-Nc limit, it
is not clear whether this quarkyonic phase can exist in the
real QCD phase diagram. In the present paper, we are not
modeling the quarkyonic matter because our confined phase
is described by a hadronic model and the chiral transition is
restricted to the quark phase. However, we may explore the
above possibility of having chiral restoration and deconfinement
occurring at different densities. To this end, we shall substitute
Ω0 in Equation (3) by the new value Ω0 + δΩ0, where δΩ0 is a
free parameter:

Ω0 −→ Ω0 + δΩ0 in Equation (3). (4)

With this change, the thermodynamic potential Ω can be non-
vanishing at zero µ and T, and the µ of the deconfinement
transition can be tuned.1 Clearly, δΩ0 has a minimum value
because the phase transition cannot be shifted to a pressure
regime where the NJL model describes the vacuum. That is,
we fix a minimum limit to δΩ0 for which the phase transition
occurs at the chiral symmetry restoration point as performed
by Pagliara & Schaffner-Bielich (2008). On the other hand, in
principle there is no maximum value for δΩ0 since the phase
transition can be shifted to arbitrarily large pressures.

In order to illustrate the dependence of the EoS on the new
parameter δΩ0, we depict in Figure 1 the pressure as a function
of the chemical potential for different values of δΩ0 and the
pressure of the deconfinement transition Ppht as a function of
δΩ0. Note that a small change in the value of δΩ0 may result
in a significant modification of the phase transition density, and
consequently in a very different hybrid EoS.

4. RESULTS

We have solved the Tolman–Oppenheimer–Volkoff equations
for spherically symmetric and static stars in order to investigate
the influence of gv and δΩ0 on the maximum mass of hybrid
stars.

In Figures 2 and 3 we show the EoS for some specific
parameterizations and the corresponding stellar configurations
in a diagram of mass M versus central energy density εc. The
plateaus represent a first-order hadron–quark phase transition
where both phases have the same pressure and Gibbs free energy
per baryon. We consider that charge neutrality is fulfilled locally,
i.e., each phase is separately charge neutral. This leads to a sharp
discontinuity in the density profile of the star. In the left panel
of Figure 2 we note that as we increase the value of the vector
coupling constant gv the density of the phase transition also
increases, and therefore the hybrid star has a smaller quark core
and a larger hadronic contribution. This leads to larger maximum
masses because the hadronic EoS is stiffer than the quark EoS.
At the same time, there is a larger density jump between the two

1 The chemical potential at which the chiral transition occurs is determined
from the solution of the gap equations for the constituent masses and therefore
it does not depend on the value of Ω0. However, the chemical potential for the
deconfinement phase transition depends on Ω0 because it is determined by
matching the pressures of the hadronic and quark phases. As a consequence,
tuning Ω0 is an easy way to control the splitting between both chemical
potentials.
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Figure 1. (a) Pressure as a function of the chemical potential for different values
of the parameter δΩ0. (b) Pressure of the deconfinement phase transition as a
function of δΩ0 for different values of the coupling constant gv . Note that a
small change in δΩ0 can produce a significant change in the pressure of the
phase transition.
(A color version of this figure is available in the online journal.)
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Figure 2. (a) Pressure as a function of the baryon number density in units of the
nuclear saturation density ρ0 (we assumed ρ0 = 0.17 fm−3). (b) Mass of hybrid
stars as a function of the central mass-energy density εc . We use δΩ0 = 0 and
different values of gv .
(A color version of this figure is available in the online journal.)

phases, which tends to destabilize the configuration. Due to these
two effects, together with the fact that the vector term stiffens the
NJL EoS, models with a larger gv give larger maximum masses
but have stable quark cores within a smaller range of central
densities (see the right panel of Figure 2). In the left panel
of Figure 3, we show the effect of changing the magnitude
of the shift between the deconfinement and the chiral phase
transitions. As we increase δΩ0 from negative to positive values,
we increase the density of the phase transition as well as the
density jump between the two phases. However, the NJL EoS
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Figure 3. Same as Figure 2 but adopting gv/gs = 0.2 and different values of
δΩ0 (labels for δΩ0 are in MeV fm−3).
(A color version of this figure is available in the online journal.)

becomes slightly softer because there is a larger contribution to
the EoS of the regime with a partially restored chiral symmetry.
Since the latter effect is not so strong, the impact of increasing
δΩ0 is analogous to increasing gv , i.e., models with a larger δΩ0
result in larger maximum masses but the quark cores are stable
within a smaller range of central densities (see the right panel
of Figure 3).

In Figure 4, background colors represent the maximum mass
of hybrid stars for different values of gv and δΩ0. We used the
hadronic EoS of Table 1 with nucleons and electrons. Within
each panel we show contour lines indicating specific values
of the maximum mass. The black line represents the limit
between parameters that allow for stable hybrid stars and those
that always give unstable hybrid stars. The value 1.97 M",
corresponding to the observed mass of PSR J1614−2230
(Demorest et al. 2010), is shown with a red dashed line. An
interesting feature of Figure 4 is that large masses are situated
on the right-upper corner but stable configurations are located on
the left-lower corner of the figure (or left side of the figure in the
case of NL3). This clearly illustrates the difficulty of obtaining
stable hybrid stars with arbitrarily large masses. Concerning
the effect of the hadronic model, we see that stable hybrid
stars have higher values of the maximum mass for the stiffer
hadronic EoS.

The observed mass of PSR J1614−2230 can be explained
by parameters within the large region located between the red
dashed line and the solid black line in each panel of Figure 4.
However, a hypothetical future observation of a neutron star
with a mass ∼10% larger than the mass of PSR J1614−2230
will be hard to explain within hybrid star models using the GM1
and TM1 EoS (see panels (a) and (b) of Figure 4) and will
require a very stiff hadronic model such as NL3.

The effect of hyperons is shown in Figure 5, where we
consider the NL3 parameterization with the inclusion of the
baryon octet. Compared with the case without hyperons, the
maximum mass values are altered by a few percent. This follows
from the fact that the deconfinement phase transition occurs
at relatively low densities, i.e., in regions where the baryon
octet has a minor contribution. Nevertheless, hyperons have
a large effect on the possibility of finding stable hybrid stars
of large enough mass. When we increase the value of gv or
increase δΩ0, the deconfinement transition is shifted to larger
densities and the hadronic EoS with hyperons tends to be favored
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Figure 1. (a) Pressure as a function of the chemical potential for different values
of the parameter δΩ0. (b) Pressure of the deconfinement phase transition as a
function of δΩ0 for different values of the coupling constant gv . Note that a
small change in δΩ0 can produce a significant change in the pressure of the
phase transition.
(A color version of this figure is available in the online journal.)
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Figure 2. (a) Pressure as a function of the baryon number density in units of the
nuclear saturation density ρ0 (we assumed ρ0 = 0.17 fm−3). (b) Mass of hybrid
stars as a function of the central mass-energy density εc . We use δΩ0 = 0 and
different values of gv .
(A color version of this figure is available in the online journal.)

phases, which tends to destabilize the configuration. Due to these
two effects, together with the fact that the vector term stiffens the
NJL EoS, models with a larger gv give larger maximum masses
but have stable quark cores within a smaller range of central
densities (see the right panel of Figure 2). In the left panel
of Figure 3, we show the effect of changing the magnitude
of the shift between the deconfinement and the chiral phase
transitions. As we increase δΩ0 from negative to positive values,
we increase the density of the phase transition as well as the
density jump between the two phases. However, the NJL EoS
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Figure 3. Same as Figure 2 but adopting gv/gs = 0.2 and different values of
δΩ0 (labels for δΩ0 are in MeV fm−3).
(A color version of this figure is available in the online journal.)

becomes slightly softer because there is a larger contribution to
the EoS of the regime with a partially restored chiral symmetry.
Since the latter effect is not so strong, the impact of increasing
δΩ0 is analogous to increasing gv , i.e., models with a larger δΩ0
result in larger maximum masses but the quark cores are stable
within a smaller range of central densities (see the right panel
of Figure 3).

In Figure 4, background colors represent the maximum mass
of hybrid stars for different values of gv and δΩ0. We used the
hadronic EoS of Table 1 with nucleons and electrons. Within
each panel we show contour lines indicating specific values
of the maximum mass. The black line represents the limit
between parameters that allow for stable hybrid stars and those
that always give unstable hybrid stars. The value 1.97 M",
corresponding to the observed mass of PSR J1614−2230
(Demorest et al. 2010), is shown with a red dashed line. An
interesting feature of Figure 4 is that large masses are situated
on the right-upper corner but stable configurations are located on
the left-lower corner of the figure (or left side of the figure in the
case of NL3). This clearly illustrates the difficulty of obtaining
stable hybrid stars with arbitrarily large masses. Concerning
the effect of the hadronic model, we see that stable hybrid
stars have higher values of the maximum mass for the stiffer
hadronic EoS.

The observed mass of PSR J1614−2230 can be explained
by parameters within the large region located between the red
dashed line and the solid black line in each panel of Figure 4.
However, a hypothetical future observation of a neutron star
with a mass ∼10% larger than the mass of PSR J1614−2230
will be hard to explain within hybrid star models using the GM1
and TM1 EoS (see panels (a) and (b) of Figure 4) and will
require a very stiff hadronic model such as NL3.

The effect of hyperons is shown in Figure 5, where we
consider the NL3 parameterization with the inclusion of the
baryon octet. Compared with the case without hyperons, the
maximum mass values are altered by a few percent. This follows
from the fact that the deconfinement phase transition occurs
at relatively low densities, i.e., in regions where the baryon
octet has a minor contribution. Nevertheless, hyperons have
a large effect on the possibility of finding stable hybrid stars
of large enough mass. When we increase the value of gv or
increase δΩ0, the deconfinement transition is shifted to larger
densities and the hadronic EoS with hyperons tends to be favored
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Figure 4. Background colors represent the maximum mass of hybrid stars for
different parameterizations of the NJL model (i.e., different values of gv and
δΩ0). In each panel, we use a different hadronic EoS (without hyperons): (a)
GM1, (b) TM1, and (c) NL3 (see Table 1). Note that the color scale is different
for each panel. The solid contour lines indicate specific values of the maximum
mass. The black solid line represents the boundary between parameterizations
that allow for stable hybrid stars and parameterizations that do not. The red
dashed line indicates the value 1.97 M! corresponding to the observed mass of
PSR J1614−2230 (Demorest et al. 2010). The mass of PSR J1614−2230 can
be explained by parameters within the region between the red dashed line and
the solid black line.
(A color version of this figure is available in the online journal.)

almost everywhere in the star. Above a certain limit there is no
deconfinement transition at all, i.e., the star is always hadronic
(see the white region in Figure 5). As a consequence, the mass
of PSR J1614−2230 can be attained for models within a very
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Figure 5. Same as panel (c) of Figure 4 but for the NL3 model with hyperons.
Hybrid stars are not possible for the set of parameters within the white region.
Only parameters in a very small region near the upper-left corner of the colored
region explain the mass of PSR J1614−2230.
(A color version of this figure is available in the online journal.)

small region of the parameter space located near the upper-left
corner of the colored region in Figure 5.

5. DISCUSSION AND CONCLUSIONS

In this work, we performed a systematic study of hybrid star
configurations using a relativistic mean-field hadronic EoS and
the NJL model for three-flavor quark matter. For the hadronic
phase we used the stiff GM1 and TM1 parameterizations, as
well as the very stiff NL3 model. In the NJL Lagrangian we
included scalar, vector, and ’t Hooft interactions. The vector
coupling constant gv was treated as a free parameter. We also
considered that there is an arbitrary split between the decon-
finement and the chiral phase transitions. This split can be ad-
justed by a redefinition of the constant parameter Ω0 in the
NJL thermodynamic potential, i.e., by making the replacement
Ω0 −→ Ω0 + δΩ0 in Equation (3), where δΩ0 is a free parame-
ter. We find that, as we increase the value of δΩ0, hybrid stars
have a larger maximum mass but are less stable (i.e., hybrid con-
figurations are stable within a smaller range of central densities).
For large enough δΩ0, stable hybrid configurations are not pos-
sible at all (see Figure 3). The effect of increasing the coupling
constant gv is very similar (see Figure 2). These effects are clear
in Figure 4, where we show the maximum mass of static spher-
ically symmetric stars in the parameter space of gv and δΩ0.
The larger masses are situated on the right-upper corner of the
diagram, where both gv and δΩ0 are larger. On the other hand,
stable configurations are placed on the opposite part of the dia-
gram, i.e., on the left-lower corner for the GM1 and TM1 mod-
els and on the left side for the NL3 model. As a consequence,
stable configurations with a maximum mass compatible with
PSR J1614−2230 are located halfway, specifically between the
red dashed line and the solid black line of Figure 4. The effect
of the hadronic model (with nucleons only) is also clear from
Figure 4, where we see that stable hybrid stars have higher values
of the maximum mass for the stiffer hadronic EoS. This behavior
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Figure 4. Background colors represent the maximum mass of hybrid stars for
different parameterizations of the NJL model (i.e., different values of gv and
δΩ0). In each panel, we use a different hadronic EoS (without hyperons): (a)
GM1, (b) TM1, and (c) NL3 (see Table 1). Note that the color scale is different
for each panel. The solid contour lines indicate specific values of the maximum
mass. The black solid line represents the boundary between parameterizations
that allow for stable hybrid stars and parameterizations that do not. The red
dashed line indicates the value 1.97 M! corresponding to the observed mass of
PSR J1614−2230 (Demorest et al. 2010). The mass of PSR J1614−2230 can
be explained by parameters within the region between the red dashed line and
the solid black line.
(A color version of this figure is available in the online journal.)

almost everywhere in the star. Above a certain limit there is no
deconfinement transition at all, i.e., the star is always hadronic
(see the white region in Figure 5). As a consequence, the mass
of PSR J1614−2230 can be attained for models within a very
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Figure 5. Same as panel (c) of Figure 4 but for the NL3 model with hyperons.
Hybrid stars are not possible for the set of parameters within the white region.
Only parameters in a very small region near the upper-left corner of the colored
region explain the mass of PSR J1614−2230.
(A color version of this figure is available in the online journal.)

small region of the parameter space located near the upper-left
corner of the colored region in Figure 5.

5. DISCUSSION AND CONCLUSIONS

In this work, we performed a systematic study of hybrid star
configurations using a relativistic mean-field hadronic EoS and
the NJL model for three-flavor quark matter. For the hadronic
phase we used the stiff GM1 and TM1 parameterizations, as
well as the very stiff NL3 model. In the NJL Lagrangian we
included scalar, vector, and ’t Hooft interactions. The vector
coupling constant gv was treated as a free parameter. We also
considered that there is an arbitrary split between the decon-
finement and the chiral phase transitions. This split can be ad-
justed by a redefinition of the constant parameter Ω0 in the
NJL thermodynamic potential, i.e., by making the replacement
Ω0 −→ Ω0 + δΩ0 in Equation (3), where δΩ0 is a free parame-
ter. We find that, as we increase the value of δΩ0, hybrid stars
have a larger maximum mass but are less stable (i.e., hybrid con-
figurations are stable within a smaller range of central densities).
For large enough δΩ0, stable hybrid configurations are not pos-
sible at all (see Figure 3). The effect of increasing the coupling
constant gv is very similar (see Figure 2). These effects are clear
in Figure 4, where we show the maximum mass of static spher-
ically symmetric stars in the parameter space of gv and δΩ0.
The larger masses are situated on the right-upper corner of the
diagram, where both gv and δΩ0 are larger. On the other hand,
stable configurations are placed on the opposite part of the dia-
gram, i.e., on the left-lower corner for the GM1 and TM1 mod-
els and on the left side for the NL3 model. As a consequence,
stable configurations with a maximum mass compatible with
PSR J1614−2230 are located halfway, specifically between the
red dashed line and the solid black line of Figure 4. The effect
of the hadronic model (with nucleons only) is also clear from
Figure 4, where we see that stable hybrid stars have higher values
of the maximum mass for the stiffer hadronic EoS. This behavior

5

ultras/ff	
  NL3	
  npe	
  	
  +	
  NJL	
  

EFFECT	
  OF	
  
HADRONIC	
  EOS:	
  
stable	
  hybrid	
  
stars	
  have	
  higher	
  
values	
  of	
  the	
  
maximum	
  mass	
  
for	
  the	
  sNffer	
  
hadronic	
  EoS.	
  

The Astrophysical Journal, 759:57 (7pp), 2012 November 1 Lenzi & Lugones

Figure 4. Background colors represent the maximum mass of hybrid stars for
different parameterizations of the NJL model (i.e., different values of gv and
δΩ0). In each panel, we use a different hadronic EoS (without hyperons): (a)
GM1, (b) TM1, and (c) NL3 (see Table 1). Note that the color scale is different
for each panel. The solid contour lines indicate specific values of the maximum
mass. The black solid line represents the boundary between parameterizations
that allow for stable hybrid stars and parameterizations that do not. The red
dashed line indicates the value 1.97 M! corresponding to the observed mass of
PSR J1614−2230 (Demorest et al. 2010). The mass of PSR J1614−2230 can
be explained by parameters within the region between the red dashed line and
the solid black line.
(A color version of this figure is available in the online journal.)
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(A color version of this figure is available in the online journal.)
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configurations using a relativistic mean-field hadronic EoS and
the NJL model for three-flavor quark matter. For the hadronic
phase we used the stiff GM1 and TM1 parameterizations, as
well as the very stiff NL3 model. In the NJL Lagrangian we
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Ω0 −→ Ω0 + δΩ0 in Equation (3), where δΩ0 is a free parame-
ter. We find that, as we increase the value of δΩ0, hybrid stars
have a larger maximum mass but are less stable (i.e., hybrid con-
figurations are stable within a smaller range of central densities).
For large enough δΩ0, stable hybrid configurations are not pos-
sible at all (see Figure 3). The effect of increasing the coupling
constant gv is very similar (see Figure 2). These effects are clear
in Figure 4, where we show the maximum mass of static spher-
ically symmetric stars in the parameter space of gv and δΩ0.
The larger masses are situated on the right-upper corner of the
diagram, where both gv and δΩ0 are larger. On the other hand,
stable configurations are placed on the opposite part of the dia-
gram, i.e., on the left-lower corner for the GM1 and TM1 mod-
els and on the left side for the NL3 model. As a consequence,
stable configurations with a maximum mass compatible with
PSR J1614−2230 are located halfway, specifically between the
red dashed line and the solid black line of Figure 4. The effect
of the hadronic model (with nucleons only) is also clear from
Figure 4, where we see that stable hybrid stars have higher values
of the maximum mass for the stiffer hadronic EoS. This behavior
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Figure 4. Background colors represent the maximum mass of hybrid stars for
different parameterizations of the NJL model (i.e., different values of gv and
δΩ0). In each panel, we use a different hadronic EoS (without hyperons): (a)
GM1, (b) TM1, and (c) NL3 (see Table 1). Note that the color scale is different
for each panel. The solid contour lines indicate specific values of the maximum
mass. The black solid line represents the boundary between parameterizations
that allow for stable hybrid stars and parameterizations that do not. The red
dashed line indicates the value 1.97 M! corresponding to the observed mass of
PSR J1614−2230 (Demorest et al. 2010). The mass of PSR J1614−2230 can
be explained by parameters within the region between the red dashed line and
the solid black line.
(A color version of this figure is available in the online journal.)

almost everywhere in the star. Above a certain limit there is no
deconfinement transition at all, i.e., the star is always hadronic
(see the white region in Figure 5). As a consequence, the mass
of PSR J1614−2230 can be attained for models within a very
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(A color version of this figure is available in the online journal.)
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5. DISCUSSION AND CONCLUSIONS

In this work, we performed a systematic study of hybrid star
configurations using a relativistic mean-field hadronic EoS and
the NJL model for three-flavor quark matter. For the hadronic
phase we used the stiff GM1 and TM1 parameterizations, as
well as the very stiff NL3 model. In the NJL Lagrangian we
included scalar, vector, and ’t Hooft interactions. The vector
coupling constant gv was treated as a free parameter. We also
considered that there is an arbitrary split between the decon-
finement and the chiral phase transitions. This split can be ad-
justed by a redefinition of the constant parameter Ω0 in the
NJL thermodynamic potential, i.e., by making the replacement
Ω0 −→ Ω0 + δΩ0 in Equation (3), where δΩ0 is a free parame-
ter. We find that, as we increase the value of δΩ0, hybrid stars
have a larger maximum mass but are less stable (i.e., hybrid con-
figurations are stable within a smaller range of central densities).
For large enough δΩ0, stable hybrid configurations are not pos-
sible at all (see Figure 3). The effect of increasing the coupling
constant gv is very similar (see Figure 2). These effects are clear
in Figure 4, where we show the maximum mass of static spher-
ically symmetric stars in the parameter space of gv and δΩ0.
The larger masses are situated on the right-upper corner of the
diagram, where both gv and δΩ0 are larger. On the other hand,
stable configurations are placed on the opposite part of the dia-
gram, i.e., on the left-lower corner for the GM1 and TM1 mod-
els and on the left side for the NL3 model. As a consequence,
stable configurations with a maximum mass compatible with
PSR J1614−2230 are located halfway, specifically between the
red dashed line and the solid black line of Figure 4. The effect
of the hadronic model (with nucleons only) is also clear from
Figure 4, where we see that stable hybrid stars have higher values
of the maximum mass for the stiffer hadronic EoS. This behavior
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the specific heat, the thermal conductivity, and other rel-
evant quantities strongly depend on the microscopic com-
position. However, while different models lead to different
thermal evolution, there are many degrees of freedom in the
problem and a univocal interpretation of observed data is
difficult.

On the other hand, it is now clear that the increase
in sensitivity of gravitational wave (GW) detectors such as
Advanced LIGO and Advanced VIRGO will bring within
the next few years the science of gravitational radiation to
a mode of regular astrophysical observation (Riles 2013).
Since NSs can be conspicuous emitters of gravitational ra-
diation, GWs of NSs will provide in the near future an im-
portant piece of information about several aspects of NS
physics. In particular, transient phenomena involving the
excitation of oscillation modes have long been considered as
an important tool for the exploration of NS’s interiors be-
cause several oscillation modes may emit gravitational waves
(Andersson & Kokkotas 1998; Kokkotas & Schmidt 1999).
A lot of work has been carried out in the last three decades
in order to describe the non-radial oscillatory properties of
NSs; however, these studies employed equations of state that
in most cases render maximum stellar masses below 2M!.
Recent observations have shifted the maximum stellar mass
above 2M! and therefore it is worth re-examining the oscil-
lation spectra because the change in the allowed equations
of state may bring new ways to distinguish hadronic, hybrid
and strange stars.

In this work, we study the f , p and g modes of hadronic,
hybrid and pure self-bound strange quark stars with max-
imum masses above 2 M! within the relativistic Cowling
approximation. The paper is organized as follows: in Sec.
II we describe the EoS used for the description of hadronic
and quark matter. In Sec. III we present the equations that
govern non-radial fluid oscillations of compact stars. In Sec.
IV we present our results, and in Sec. V a summary and our
conclusions.

2 EQUATIONS OF STATE

Hadronic matter. The relativistic mean-field model is widely
used to describe hadronic matter in compact stars. In this
paper we adopt the following standard Lagrangian for mat-
ter composed by nucleons and electrons,

LH =
∑

B

ψ̄B [γµ(i∂
µ
− gωBω

µ
−

1
2
gρB%τ .%ρ

µ)

− (mB − gσBσ)]ψB +
1
2
(∂µσ∂

µσ −m2
σσ

2)

−
1
4
ωµνω

µν +
1
2
m2

ωωµω
µ
−

1
4
%ρµν .%ρ

µν

+
1
2
m2

ρ%ρµ.%ρ
µ
−

1
3
bmn(gσσ)

3
−

1
4
c(gσσ)

4

+
∑

L

ψ̄L[iγµ∂
µ
−mL]ψL. (1)

Leptons L are treated as non-interacting and baryons
B are coupled to the scalar meson σ, the isoscalar-
vector meson ωµ and the isovector-vector meson ρµ. For
more details about the EoS obtained from the above La-
grangian the reader is referred to e.g. do Carmo et al.
(2013) and references therein. The five constants in the

Table 1. Coupling constants for the parametrizations GM1 and
NL3 of the hadronic EoS. Mmax is the maximum mass of a pure
hadronic star for matter composed by nucleons and electrons.

Set GM1 NL3

mσ [MeV] 512 508.194
mω [MeV] 783 782.501
mρ [MeV] 770 763

gσ 8.91 10.217
gω 10.61 12.868
gρ 8.196 8.948
b 0.002947 0.002055
c -0.001070 -0.002651
Mmax [M!] 2.32 2.73

model are fitted to the bulk properties of nuclear matter
(Glendenning & Moszkowski 1991). In this work we use the
parametrizations GM1 (Glendenning & Moszkowski 1991)
and NL3 (Lalazissis et al. 1997) whose coupling constants
are shown in Table 1. At low densities we use the Baym,
Pethick and Sutherland (BPS) model (Baym et al. 1971).

Unpaired quark matter. For non-color-superconducting
quark matter we use the following modified bag model

ΩQM =
∑

i=u,d,s,e

Ωi +
3µ4

4π2
(1− a4) +B, (2)

where B is the bag constant and Ωi is the thermodynamic
potential for a free gas of u, d, s quarks and electrons.
The effects of gluon-mediated QCD interactions between the
quarks in the Fermi sea are roughly incorporated through
the parameter a4, in the same way as in Alford et al. (2005)
and Weissenborn et al. (2011). With this equation of state
we construct hybrid stars and strange quark stars. In the
case of hybrid stars we consider that the hadron-quark in-
terphase is a sharp discontinuity at which the pressure and
the Gibbs free energy per baryon are continuous. For strange
quark stars, the values of the parameters are chosen in or-
der to fulfill the absolute stability condition (Farhi & Jaffe
1984); i.e. the energy per baryon for three (two) flavour
quark matter is smaller (larger) than the energy per baryon
of the most stable atomic nucleus.

Effect of color superconductivity: We also con-
sider colour flavour locked (CFL) strange stars
(Lugones & Horvath 2003; Horvath & Lugones 2004)
made up of CFL quark matter from the center to the
surface of the star. Within the MIT bag model and to order
∆2, the thermodynamic potential ΩCFL can be expressed
as (Lugones & Horvath 2002)

ΩCFL = Ωfree −
3
π2

∆2µ2 +B, (3)

being Ωfree the thermodynamic potential of a state of un-
paired u, d and s quarks in which all them have a common
Fermi momentum ν, with ν chosen to minimize Ωfree:

Ωfree =

∫ ν

0

6p2dp
π2

[p− µ] +

∫ ν

0

3p2dp
π2

[
√

p2 +m2
s − µ]. (4)

The binding energy of the diquark condensate is included
in the condensation term proportional to ∆2µ2 where the
chemical potential µ ≡ (µu + µd + µs)/3 is related to ν
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model are fitted to the bulk properties of nuclear matter
(Glendenning & Moszkowski 1991). In this work we use the
parametrizations GM1 (Glendenning & Moszkowski 1991)
and NL3 (Lalazissis et al. 1997) whose coupling constants
are shown in Table 1. At low densities we use the Baym,
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where B is the bag constant and Ωi is the thermodynamic
potential for a free gas of u, d, s quarks and electrons.
The effects of gluon-mediated QCD interactions between the
quarks in the Fermi sea are roughly incorporated through
the parameter a4, in the same way as in Alford et al. (2005)
and Weissenborn et al. (2011). With this equation of state
we construct hybrid stars and strange quark stars. In the
case of hybrid stars we consider that the hadron-quark in-
terphase is a sharp discontinuity at which the pressure and
the Gibbs free energy per baryon are continuous. For strange
quark stars, the values of the parameters are chosen in or-
der to fulfill the absolute stability condition (Farhi & Jaffe
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quark matter is smaller (larger) than the energy per baryon
of the most stable atomic nucleus.

Effect of color superconductivity: We also con-
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   are	
   roughly	
   incorporated	
  
through	
   the	
  parameter	
   a4	
   	
   (e.g.	
  Alford	
  et	
   al.	
  
2005,	
  Weissenborn	
  et	
  al.	
  2011).	
  	
  

Effect	
   of	
   color	
   superconducNvity:	
   CFL	
  
strange	
   mawer	
   (e.g.	
   Lugones	
   &	
   Horvath	
  
2002)	
  	
  

PULSATION	
  EQUATIONS	
  
	
  
The	
   relaNvisNc	
   equaNons	
   of	
   non-­‐radial	
   oscillaNons	
   were	
   integrated	
   within	
   the	
  
Cowling	
  approximaNon.	
  	
  
Errors	
  of	
  Cowling	
  approx.	
  with	
  respect	
  to	
  full	
  linearized	
  calculaNon:	
  less	
  than	
  20	
  %	
  
for	
  f	
  mode,	
  less	
  than	
  10	
  %	
  for	
  p1	
  and	
  less	
  than	
  few	
  %	
  for	
  g-­‐modes	
   	
  (Sotani	
  et	
  al.	
  
2011).	
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  OF	
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Figure 1. The frequency ff = ωf/(2π) of the f -mode for
hadronic stars and hybrid stars as a function of the stellar mass
M for models with maximum masses above 2 M!. For hadronic
matter the GM1 and NL3 parametrizations are used. For stars
containing quark matter, the labels indicate the values of B in
MeV fm−3 and of a4 (label “a”).
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Figure 2. Frequencies of the f -mode for hadronic stars and
strange quark stars as a function of the mass M , the gravita-
tional redshift z at the surface of the star, and the square root of
the mean density. For strange stars, the labels indicate the values
of B in MeV fm−3, of ∆ in MeV and of a4. In the lower panel
we include the analytic fittings of Andersson & Kokkotas (1998)
and Benhar et al. (2004) for hadronic stars.
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1941). The most important modes for gravitational wave
emission are the (pressure) p-modes, the (fundamental) f -
mode, and the (gravity) g-modes. The frequencies of g-
modes are lower than those of p-modes, and the two sets
are separated by the frequency of the f -mode (Kokkotas &
Schmidt 1999). These are called fluid modes to distinguish
them from e.g. purely gravitational modes (w-modes) for
which the fluid motion is barely excited. Since the metric
perturbations are set to zero within the Cowling approx-
imation, only f , p and g modes can be studied through
the equations of the previous section. In chemically homoge-
neous, zero temperature (and hence isentropic) stars, all the
g-modes are zero frequency (Finn 1987), i.e. in the present
study they arise only in hybrid stars. In Figs. 1−5 we show
our results for quadrupole oscillations (l = 2). For strange
quark stars and hybrid stars, the mass of the strange quark
has been set to ms = 100 MeV in all calculations, and we
spanned the values of the parameters a4, B and ∆ that give
stars with a maximum mass above 2M!.

In Fig. 1 we show our results for the f -mode of hadronic
and hybrid stars and in Fig. 2 of hadronic and strange stars.
In Fig. 1 we see that there is a folding in the curve for hybrid
stars at the mass value above which the star has a core of
quark matter. Above that mass, the curves for hybrid stars
are steeper than the hadronic ones but the models overlap
each other. In the upper panel of Fig. 2 we show ff as a func-
tion of the stellar mass for hadronic and strange stars. The
shape of the curves is qualitatively different for both types
of objects but the results tend to overlap around ∼ 2 kHz
in the mass range of interest. However, in some cases it is
possible to differentiate strange stars from hadronic/hybrid
stars. For example, objects in the mass range 1−1.5M! with
ff in the range 2 − 3 kHz would be strange stars. We also
present the behaviour of ff as a function of the gravitational
redshift z at the surface of the star (see central panel of Fig.
2) because z could be inferred through the identification of
spectral lines. Finally, in the bottom panel of Fig. 2 we show
ff as a function of the square root of the average density,
which is a more natural scaling in the case of hadronic stars
(Andersson & Kokkotas 1998). We also show the fitting for-
mulae found by Andersson & Kokkotas (1998) and Benhar et
al. (2004) which are in reasonable agreement with the curves
for hadronic stars with maximum masses above 2 M!. The
main conclusion that can be obtained from Figs. 1 and 2
is that there is an overlapping of the results for hadronic,
hybrid and strange stars around a frequency of ∼ 2 kHz,
and therefore, in most cases it would be rather difficult to
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Figure 1. The frequency ff = ωf/(2π) of the f -mode for
hadronic stars and hybrid stars as a function of the stellar mass
M for models with maximum masses above 2 M!. For hadronic
matter the GM1 and NL3 parametrizations are used. For stars
containing quark matter, the labels indicate the values of B in
MeV fm−3 and of a4 (label “a”).
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Figure 2. Frequencies of the f -mode for hadronic stars and
strange quark stars as a function of the mass M , the gravita-
tional redshift z at the surface of the star, and the square root of
the mean density. For strange stars, the labels indicate the values
of B in MeV fm−3, of ∆ in MeV and of a4. In the lower panel
we include the analytic fittings of Andersson & Kokkotas (1998)
and Benhar et al. (2004) for hadronic stars.
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1941). The most important modes for gravitational wave
emission are the (pressure) p-modes, the (fundamental) f -
mode, and the (gravity) g-modes. The frequencies of g-
modes are lower than those of p-modes, and the two sets
are separated by the frequency of the f -mode (Kokkotas &
Schmidt 1999). These are called fluid modes to distinguish
them from e.g. purely gravitational modes (w-modes) for
which the fluid motion is barely excited. Since the metric
perturbations are set to zero within the Cowling approx-
imation, only f , p and g modes can be studied through
the equations of the previous section. In chemically homoge-
neous, zero temperature (and hence isentropic) stars, all the
g-modes are zero frequency (Finn 1987), i.e. in the present
study they arise only in hybrid stars. In Figs. 1−5 we show
our results for quadrupole oscillations (l = 2). For strange
quark stars and hybrid stars, the mass of the strange quark
has been set to ms = 100 MeV in all calculations, and we
spanned the values of the parameters a4, B and ∆ that give
stars with a maximum mass above 2M!.

In Fig. 1 we show our results for the f -mode of hadronic
and hybrid stars and in Fig. 2 of hadronic and strange stars.
In Fig. 1 we see that there is a folding in the curve for hybrid
stars at the mass value above which the star has a core of
quark matter. Above that mass, the curves for hybrid stars
are steeper than the hadronic ones but the models overlap
each other. In the upper panel of Fig. 2 we show ff as a func-
tion of the stellar mass for hadronic and strange stars. The
shape of the curves is qualitatively different for both types
of objects but the results tend to overlap around ∼ 2 kHz
in the mass range of interest. However, in some cases it is
possible to differentiate strange stars from hadronic/hybrid
stars. For example, objects in the mass range 1−1.5M! with
ff in the range 2 − 3 kHz would be strange stars. We also
present the behaviour of ff as a function of the gravitational
redshift z at the surface of the star (see central panel of Fig.
2) because z could be inferred through the identification of
spectral lines. Finally, in the bottom panel of Fig. 2 we show
ff as a function of the square root of the average density,
which is a more natural scaling in the case of hadronic stars
(Andersson & Kokkotas 1998). We also show the fitting for-
mulae found by Andersson & Kokkotas (1998) and Benhar et
al. (2004) which are in reasonable agreement with the curves
for hadronic stars with maximum masses above 2 M!. The
main conclusion that can be obtained from Figs. 1 and 2
is that there is an overlapping of the results for hadronic,
hybrid and strange stars around a frequency of ∼ 2 kHz,
and therefore, in most cases it would be rather difficult to
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Figure 1. The frequency ff = ωf/(2π) of the f -mode for
hadronic stars and hybrid stars as a function of the stellar mass
M for models with maximum masses above 2 M!. For hadronic
matter the GM1 and NL3 parametrizations are used. For stars
containing quark matter, the labels indicate the values of B in
MeV fm−3 and of a4 (label “a”).
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Figure 2. Frequencies of the f -mode for hadronic stars and
strange quark stars as a function of the mass M , the gravita-
tional redshift z at the surface of the star, and the square root of
the mean density. For strange stars, the labels indicate the values
of B in MeV fm−3, of ∆ in MeV and of a4. In the lower panel
we include the analytic fittings of Andersson & Kokkotas (1998)
and Benhar et al. (2004) for hadronic stars.
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1941). The most important modes for gravitational wave
emission are the (pressure) p-modes, the (fundamental) f -
mode, and the (gravity) g-modes. The frequencies of g-
modes are lower than those of p-modes, and the two sets
are separated by the frequency of the f -mode (Kokkotas &
Schmidt 1999). These are called fluid modes to distinguish
them from e.g. purely gravitational modes (w-modes) for
which the fluid motion is barely excited. Since the metric
perturbations are set to zero within the Cowling approx-
imation, only f , p and g modes can be studied through
the equations of the previous section. In chemically homoge-
neous, zero temperature (and hence isentropic) stars, all the
g-modes are zero frequency (Finn 1987), i.e. in the present
study they arise only in hybrid stars. In Figs. 1−5 we show
our results for quadrupole oscillations (l = 2). For strange
quark stars and hybrid stars, the mass of the strange quark
has been set to ms = 100 MeV in all calculations, and we
spanned the values of the parameters a4, B and ∆ that give
stars with a maximum mass above 2M!.

In Fig. 1 we show our results for the f -mode of hadronic
and hybrid stars and in Fig. 2 of hadronic and strange stars.
In Fig. 1 we see that there is a folding in the curve for hybrid
stars at the mass value above which the star has a core of
quark matter. Above that mass, the curves for hybrid stars
are steeper than the hadronic ones but the models overlap
each other. In the upper panel of Fig. 2 we show ff as a func-
tion of the stellar mass for hadronic and strange stars. The
shape of the curves is qualitatively different for both types
of objects but the results tend to overlap around ∼ 2 kHz
in the mass range of interest. However, in some cases it is
possible to differentiate strange stars from hadronic/hybrid
stars. For example, objects in the mass range 1−1.5M! with
ff in the range 2 − 3 kHz would be strange stars. We also
present the behaviour of ff as a function of the gravitational
redshift z at the surface of the star (see central panel of Fig.
2) because z could be inferred through the identification of
spectral lines. Finally, in the bottom panel of Fig. 2 we show
ff as a function of the square root of the average density,
which is a more natural scaling in the case of hadronic stars
(Andersson & Kokkotas 1998). We also show the fitting for-
mulae found by Andersson & Kokkotas (1998) and Benhar et
al. (2004) which are in reasonable agreement with the curves
for hadronic stars with maximum masses above 2 M!. The
main conclusion that can be obtained from Figs. 1 and 2
is that there is an overlapping of the results for hadronic,
hybrid and strange stars around a frequency of ∼ 2 kHz,
and therefore, in most cases it would be rather difficult to
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Figure 4. Frequencies of the first pressure mode for models of
hadronic and strange quark stars with maximum mass above 2
M!. From this figure and the previous one we note that the
curves for strange stars don’t overlap with the curves for hybrid
or hadronic stars for the most relevant values of M and z (M in
the range 1− 2M! and z around 0.35).

infer the internal composition of a compact object even if
its mass or the surface z is determined together with the
frequency of the fundamental mode. However, in some cases
the identification of strange stars would be possible.

Our results for the f -mode of hybrid/hadronic stars
are in agreement with similar calculations by Benhar et al.
(2007) and Sotani et al. (2011) which give ff ≈ 1.5−3.5 kHz;
however, notice that most of their models have maximum
masses well below 2M!. Additionally, our calculations were
performed for many values of the stellar mass and therefore
our curves show clearly the behaviour near the maximum
mass and in the case of hybrid stars the folding at the mass
value above which the star has a core of quark matter. For
strange stars, Benhar et al. (2007) found results in agree-
ment with ours; in particular, they show that strange stars
can be differentiated from hadronic/hybrid stars in some
cases. However, their models have maximum masses that
never exceed 1.8M!, and thus they are incompatible with
the recent observations PSR J1614-2230 and PSR J0348-
0432. Notice that we also explored the effect of color super-
conductivity that was not addressed in previous works.

In Figs. 3−4 we show our results for the first pressure
mode. The shape of the curves for hadronic and hybrid stars
is different as can be seen in Fig. 3. Above M ∼ 1.5M!,
the branches corresponding to hybrid stars emerge over the
curves corresponding to the hadronic models, i.e. for a given
hadronic equation of state the frequencies for hybrid stars
are larger than for hadronic stars. However, as seen in Fig. 3,
the curves overlap if we consider several hadronic and hybrid
models, and again, it would be rather difficult to infer the
existence of a quark matter core inside a given compact star
even if M or z are measured together with fp1. The situation
is different if we compare strange quark stars with hybrid or
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Figure 5. Frequency of the g-mode for hybrid stars with maxi-
mum masses above 2M!. The curves fall in the range 0.4−1 kHz
and don’t overlap with other modes.

hadronic stars. For hadronic and hybrid stars, the frequen-
cies are ∼ 6 kHz near the maximum mass and decrease to
∼ 4 kHz for small masses. For strange stars, the frequencies
are also ∼ 6 kHz near the maximum mass but are consid-
erably larger for smaller masses. Neutron stars observed up
to date have masses in the range 1.0 − 2.0 M!, i.e. in a re-
gion where the curves for strange and hadronic/hybrid stars
don’t overlap. Therefore, the observation a p1-mode with
a frequency significantly larger than ∼ 6 kHz would be a
clear evidence in favour of a strange quark star, even if the
mass, the radius or the gravitational redshift of the object
are unknown.

Notice that our results for the p1-mode are consis-
tent with previous studies. In Benhar et al. (2004) purely
hadronic stars and hybrid stars were described using some
hadronic equations of state (Akmal et al. 1998; Baldo et al.
2000; Glendenning & Moszkowski 1991) and the MIT bag
model for quark matter, giving fp1 ∼ 5−6 kHz, as in our cal-
culations. They also consider few strange star models with
low maximum masses around 1.5M! and obtain fp1 ∼ 8−11
kHz, in agreement with our results for low mass objects.
Sotani et al. (2011) also present calculations for hadronic
and hybrid models with very low maximum masses that are
consistent with our results.

In Fig. 5 we present the results for the g-mode of hybrid
stars. The frequencies cover the range 0.4− 1 kHz, in agree-
ment with previous calculations by Miniutti et al. (2003)
for polytropic equations of state and Sotani et al. (2011) for
hybrid stars with low maximum masses. The frequency in-
terval of the g-modes for different parametrizations of the
EOS is clearly separated from the f -mode frequencies. Addi-
tionally, other g-modes such as those associated with a non-
homogeneous composition in the outer layers of the star,
or those associated with a thermal profile, have lower fre-
quencies than the here-studied quark-hadron-discontinuity
g-modes (Miniutti et al. 2003). Thus, the observation of os-
cillations with frequency in the range 0.4− 1 kHz would be
an evidence of a hybrid star.

5 SUMMARY AND CONCLUSIONS

In this paper we have investigated non-radial fluid oscilla-
tions of hadronic, hybrid and strange quark stars with max-
imum masses above the mass of the recently observed pul-
sars PSR J1614-2230 and PSR J0348-0432 with M ≈ 2M!.

fp1	
  is	
  much	
  more	
  affected	
  by	
  the	
  internal	
  composiNon	
  of	
  the	
  star:	
  	
  
•  for	
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  and	
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  find	
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•  for	
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Figure 4. Frequencies of the first pressure mode for models of
hadronic and strange quark stars with maximum mass above 2
M!. From this figure and the previous one we note that the
curves for strange stars don’t overlap with the curves for hybrid
or hadronic stars for the most relevant values of M and z (M in
the range 1− 2M! and z around 0.35).

infer the internal composition of a compact object even if
its mass or the surface z is determined together with the
frequency of the fundamental mode. However, in some cases
the identification of strange stars would be possible.

Our results for the f -mode of hybrid/hadronic stars
are in agreement with similar calculations by Benhar et al.
(2007) and Sotani et al. (2011) which give ff ≈ 1.5−3.5 kHz;
however, notice that most of their models have maximum
masses well below 2M!. Additionally, our calculations were
performed for many values of the stellar mass and therefore
our curves show clearly the behaviour near the maximum
mass and in the case of hybrid stars the folding at the mass
value above which the star has a core of quark matter. For
strange stars, Benhar et al. (2007) found results in agree-
ment with ours; in particular, they show that strange stars
can be differentiated from hadronic/hybrid stars in some
cases. However, their models have maximum masses that
never exceed 1.8M!, and thus they are incompatible with
the recent observations PSR J1614-2230 and PSR J0348-
0432. Notice that we also explored the effect of color super-
conductivity that was not addressed in previous works.

In Figs. 3−4 we show our results for the first pressure
mode. The shape of the curves for hadronic and hybrid stars
is different as can be seen in Fig. 3. Above M ∼ 1.5M!,
the branches corresponding to hybrid stars emerge over the
curves corresponding to the hadronic models, i.e. for a given
hadronic equation of state the frequencies for hybrid stars
are larger than for hadronic stars. However, as seen in Fig. 3,
the curves overlap if we consider several hadronic and hybrid
models, and again, it would be rather difficult to infer the
existence of a quark matter core inside a given compact star
even if M or z are measured together with fp1. The situation
is different if we compare strange quark stars with hybrid or

 0.5

 0.6

 0.7

 0.8

 0.9

 1.4  1.6  1.8  2  2.2

f g
 [k

H
z]

M [solar masses]

B44.5 a0.50 + GM1
B47.1 a0.52 + GM1
B52.9 a0.55 + GM1
B45.8 a0.45 + NL3
B44.5 a0.48 + NL3
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Figure 5. Frequency of the g-mode for hybrid stars with maxi-
mum masses above 2M!. The curves fall in the range 0.4−1 kHz
and don’t overlap with other modes.

hadronic stars. For hadronic and hybrid stars, the frequen-
cies are ∼ 6 kHz near the maximum mass and decrease to
∼ 4 kHz for small masses. For strange stars, the frequencies
are also ∼ 6 kHz near the maximum mass but are consid-
erably larger for smaller masses. Neutron stars observed up
to date have masses in the range 1.0 − 2.0 M!, i.e. in a re-
gion where the curves for strange and hadronic/hybrid stars
don’t overlap. Therefore, the observation a p1-mode with
a frequency significantly larger than ∼ 6 kHz would be a
clear evidence in favour of a strange quark star, even if the
mass, the radius or the gravitational redshift of the object
are unknown.

Notice that our results for the p1-mode are consis-
tent with previous studies. In Benhar et al. (2004) purely
hadronic stars and hybrid stars were described using some
hadronic equations of state (Akmal et al. 1998; Baldo et al.
2000; Glendenning & Moszkowski 1991) and the MIT bag
model for quark matter, giving fp1 ∼ 5−6 kHz, as in our cal-
culations. They also consider few strange star models with
low maximum masses around 1.5M! and obtain fp1 ∼ 8−11
kHz, in agreement with our results for low mass objects.
Sotani et al. (2011) also present calculations for hadronic
and hybrid models with very low maximum masses that are
consistent with our results.

In Fig. 5 we present the results for the g-mode of hybrid
stars. The frequencies cover the range 0.4− 1 kHz, in agree-
ment with previous calculations by Miniutti et al. (2003)
for polytropic equations of state and Sotani et al. (2011) for
hybrid stars with low maximum masses. The frequency in-
terval of the g-modes for different parametrizations of the
EOS is clearly separated from the f -mode frequencies. Addi-
tionally, other g-modes such as those associated with a non-
homogeneous composition in the outer layers of the star,
or those associated with a thermal profile, have lower fre-
quencies than the here-studied quark-hadron-discontinuity
g-modes (Miniutti et al. 2003). Thus, the observation of os-
cillations with frequency in the range 0.4− 1 kHz would be
an evidence of a hybrid star.

5 SUMMARY AND CONCLUSIONS

In this paper we have investigated non-radial fluid oscilla-
tions of hadronic, hybrid and strange quark stars with max-
imum masses above the mass of the recently observed pul-
sars PSR J1614-2230 and PSR J0348-0432 with M ≈ 2M!.

•  High	
  frequency	
  g-­‐modes	
  are	
  only	
  present	
  in	
  hybrid	
  stars	
  and	
  fall	
  in	
  the	
  range	
  0.4	
  −	
  1	
  kHz.	
  	
  

•  Clearly	
  disNnguishable	
  from:	
  
	
  -­‐	
  	
  the	
  fundamental	
  mode,	
  	
  
	
  -­‐	
  	
  low-­‐frequency	
  g-­‐modes	
  associated	
  with	
  chemical	
  inhomogeneiNes	
  in	
  the	
  outer	
  layers	
  
	
  	
  	
  	
  	
  or	
  thermal	
  profiles	
  (Minium,	
  Pons,	
  BerN,	
  GualNeri,	
  Ferrari	
  2003).	
  

	
  
	
  

Only	
  for	
  Hybrid	
  Stars	
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ff fp1 fg

strange stars ∼ 2 kHz > 6 kHz not present
hybrid stars ∼ 2 kHz ∼ 4− 6 kHz ∼ 0.4− 1 kHz
hadronic stars ∼ 2 kHz ∼ 4− 6 kHz not present

Table 2. Discrimination between hadronic, hybrid and strange
quark stars based on the observation of the f , p1 and g modes.

For the hadronic equation of state we employed two differ-
ent parametrizations of a relativistic mean-field model with
nucleons and electrons. For quark matter we have included
the effect of strong interactions and color superconductiv-
ity within the MIT bag model. The equations of non-radial
oscillations were integrated within the Cowling approxima-
tion in order to determine the frequency of the f , p1 and
g-modes.

We find that the fundamental mode is sensitive to the
internal composition, but due to the uncertainties in the
equations of state, there is an overlapping of the curves cor-
responding to hadronic, hybrid and strange quark stars for
stellar masses larger that∼ 1M!. As a consequence it would
be difficult to distinguish hybrid and hadronic stars through
the f -mode frequency, even if the mass or the surface z of
the object is determined concomitantly with ff . However,
there are features that in some cases may allow a differ-
entiation between strange stars and hadronic/hybrid stars.
For example, strange stars cannot emit gravitational waves
with frequency below ∼ 1.7 kHz for any value of the mass.
Also, sources with a mass in the range 1− 1.5M! emitting
a signal in the range 2− 3 kHz would be strange stars. The
frequency of the p1 mode is much more affected by the inter-
nal composition of the star. For hadronic and hybrid stars,
we find that fp1 is in the range 4 − 6 kHz for objects with
masses in the range 1− 2M!, but for strange quark stars it
is always significantly larger than ∼ 6 kHz. Thus, a compact
object emitting a signal above ∼ 6 kHz could be identified
as a strange star even if its mass or gravitational redshift
are unknown. High frequency g-modes are only present in
hybrid stars and fall in the range 0.4 − 1 kHz. Thus, they
are clearly distinguishable from the fundamental mode, and
of low-frequency g-modes associated with chemical inhomo-
geneities in the outer layers or thermal profiles. Our results
are summarized in Table 2 and show that based on the simul-
taneous analysis of the frequency of the f , p1 and g-modes it
would be possible to discriminate between hadronic, hybrid
and strange quark stars.

The spectrum of a pulsating compact star is very rich
and therefore the possibility of having other kind of modes
in the same frequency range of the above studied fluid modes
should be studied in more detail in the light of modern equa-
tions of state leading to stellar models compatible with the
recent observations of PSR J1614-2230 and PSR J0348-0432.
If other modes are present in the same range, the criterion
presented above may be less effective. Additionally, rota-
tion is known to change the frequency range of the modes,
but these modifications are not expected to alter qualita-
tively the scenario presented in this paper (see e.g. Gaertig
& Kokkotas 2009, and references therein). In particular, it
looks quite robust the conclusion that compact objects emit-
ting a signal above 6 kHz should be interpreted as strange

quark stars and those emitting a signal in the range ∼ 0.4−1
kHz should be interpreted as hybrid stars.
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Surface	
  Tension:	
  a	
  wide	
  range,	
  5–300	
  MeV/fm2:	
  

1.  Lima,	
  Avancini	
  &	
  Providência	
  	
  (2013)	
  	
  	
  0.5-­‐1	
  MeV/fm2	
  	
  

2.  Early	
  calculaNons	
  (Berger	
  &	
  Jaffe	
  1987)	
  values	
  below	
  5	
  MeV/fm2	
  	
  

3.  Palhares	
  &	
  Fraga	
  (2010):	
  	
  	
  5–15  MeV/fm2	
  
	
  
4.  Pinto,	
  Koch	
  &	
  Randrup	
  (2012):	
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  within	
  a	
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  approach	
  5	
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  30	
  MeV/

fm2	
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  50	
  −	
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  MeV/fm2	
  

6.  Lugones,	
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  (2013)	
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  &	
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  ∼	
  300	
  MeV/fm2,	
  on	
  the	
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  of	
  dimensional	
  
analysis	
   of	
   the	
   minimal	
   interface	
   between	
   a	
   color-­‐flavor	
   locked	
   phase	
   and	
  
nuclear	
  mawer.	
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However, in spite of its key role for compact star physics, the surface tension is still poorly

known for quark matter. Early calculations by Berger and Jaffe gave rather low values, below

5MeV/fm2 [13], but larger values within 10−50MeV/fm2 where used in further works about

quark matter droplets in neutron stars [14, 15]. More recently, values around ≈ 30MeV/fm2

have been adopted for studying the effect of quark matter nucleation on the evolution of

protoneutron stars [16, 17]. However, much larger values have also been obtained in the

literature. Estimates given in Ref. [7] give values in the range 50−150MeV/fm2 and values

around ∼ 300MeV/fm2 were suggested on the basis of dimensional analysis of the minimal

interface between a color-flavor locked phase and nuclear matter [18].

In this paper we study the surface tension and the curvature energy of three-flavour quark

matter in equilibrium under weak interactions within the Nambu-Jona-Lasinio (NJL) model.

We include the effect of color superconductivity and describe finite size effects within the

multiple reflection expansion (MRE) framework [19–22]. We shall consider only the 2SC

phase, but we shall see that our conclusions are quite general and the results for other

superconducting phases can be easily foreseen within the present model. Our calculations

result in large values of the surface tension which disfavor the formation of mixed phases at

hybrid star cores.

The article is organized as follows: in Sect. II we present the quark matter equations of

state without finite size effects. Then, in Sect. III we introduce the MRE formalism for the

finite size effects. Finally, in sect. IV we present our results and conclusions.

II. THE MODEL IN THE BULK

In the present work we start from a SU(3)f NJL effective model which also includes color

superconducting quark-quark interactions. The corresponding Lagrangian is given by

L = ψ̄ (i/∂ − m̂)ψ

+ G
8

∑

a=0

[

(

ψ̄ τa ψ
)2

+
(

ψ̄ iγ5τa ψ
)2
]

(1)

+ 2H
∑

A,A′=2,5,7

[(

ψ̄ iγ5τAλA′ ψC

) (

ψ̄C iγ5τAλA′ ψ
)]

where m̂ = diag(mu, md, ms) is the current mass matrix in flavour space. In what follows we

will work in the isospin symmetric limit mu = md = m, and for simplicity we do not include

5

III. FINITE SIZE EFFECTS

A. MRE formalism

Now we are ready to introduce the effects of finite size in the thermodynamic potential.

For doing so we consider the multiple reflection expansion formalism (see Refs. [19–22] and

references therein) which consists in modifying the density of states for the case of a finite

spherical droplet as follows

ρMRE(k,mf , R) = 1 +
6π2

kR
fS +

12π2

(kR)2
fC (12)

where the surface contribution to the density of states is

fS = −
1

8π

(

1−
2

π
arctan

k

mf

)

, (13)

and the curvature contribution is given in the Madsen ansatz [20]

fC =
1

12π2

[

1−
3k

2mf

(

π

2
− arctan

k

mf

)]

(14)

to take into account the finite quark mass contribution.

The density of states of MRE for massive quarks is reduced compared with the bulk one,

and for a range of small momentum becomes negative. This non-physical negative values

are removed by introducing an infrared (IR) cutoff in momentum space [22]. Thus, we have

to perform the following replacement in order to obtain the thermodynamic quantities

∫ Λ

0

· · ·
k2 dk

2π2
−→

∫ Λ

ΛIR

· · ·
k2 dk

2π2
ρMRE . (15)

The IR cut-off ΛIR is the largest solution of the equation ρMRE(k) = 0 with respect to the

momentum k.

After the above replacement, the full thermodynamic potential for finite size spherical

droplets reads:

ΩMRE

V
= 2

∫ Λ

ΛIR

k2dk

2 π2
ρMRE

9
∑

i=1

ω(xi, yi)

+
1

4G
(σ2

u + σ2
d + σ2

s) +
|∆|2

2H
−Pe + P

vac
. (16)
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FIG. 1: Surface tension α and curvature energy γ for different radii and temperatures. In all

figures, the left branches correspond to the solutions in which the chiral symmetry broken phase

is more favorable and the right curves after the discontinuity, correspond to the 2SC solutions.

representative, respectively, of the conditions prevailing at the beginning and at the end of

the cooling/deleptonization phase of protoneutron star evolution. We have checked that the

results for T = 5 MeV are almost indistinguishable of those for zero temperature, thus, in

practice they also represent old and cold neutron stars. We show results for drops with radii

ranging from very small values of 5 fm, which have a large energy cost due to surface and

curvature effects, to the bulk limit of R = ∞. For given values of R, T and µ there may

exist more than one solution of the equations. If more than one solution is found, the one

that minimizes the thermodynamic potential is chosen. As explained in the figure caption,

the left branches correspond to the chiral symmetry broken phase and the right curves after

the discontinuity to the 2SC phase. For the curves presenting negative pressures we have

introduced a black dot indicating the zero pressure point. The part of the curve to the left
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all from the Cowling approximation (compare [31] with
[33] or see [28] for an early Newtonian calculation).
However in this paper, we are interested in the evolution
of the f-mode frequency with increasing angular velocity.
While the absolute values may be incorrect by a factor of
20%–30%, we still should be able to make some state-
ments about the characteristic behavior of the f-mode
frequency dependence on the equations of state.
Figure 11 shows our results for the models depicted in
Fig. 9. In contrast to previous figures, we now plot the
oscillation frequencies against the rotation frequency
which is given by ! ¼ !=2". As one can see, the various
models have quite a different range of f-mode frequencies.
The BU model, which is the less compact, also has the
lowest fundamental frequency. Because of the model pa-
rameters the Kepler limit for this particular neutron star is
reached already at !K ¼ 853 Hz. The models for the other
equations of state are more compact and therefore allow for
higher rotation rates, which can be as high as ! ¼
1:758 kHz for EOS A. For each of the three EOS the m ¼
2 branches are those in Fig. 11 with the higher frequencies

and we will see in a second how we have been able to
determine this. The frequency of the fundamental mode
scales with the compactness of the star, higher compact-
ness means higher frequency; a property we can directly
validate from the left panel of Fig. 11.
The right panel shows a different representation of the

same picture where we plot for each model the normalized
mode frequency #=#0 against the normalized rotation
frequency !=!K where #0 is the mode frequency in the
nonrotating limit and !K labels the Kepler limit for the
rotation frequency. It is quite remarkable that although the
models used in these simulations have very different pa-
rameters their normalized f-mode frequencies change
nearly in the same manner when rotation is increased. It
is only in the regime close to the Kepler limit where
deviations for the various models become evident. For all
rotation parameters we can write

#

#0
¼ 1:0þ Cð1Þ

lm

!
!

!K

"
þ Cð2Þ

lm

!
!

!K

"
2

(27)

independent of the specific EOS. To determine the coef-
ficients Clm, we made least-square fittings of all of the data
points we obtained from the various simulations. In par-

ticular, we find Cð1Þ
22 ¼ %0:25& 0:02 and Cð2Þ

22 ¼ %0:38&
0:02 for the m ¼ 2 solution and Cð1Þ

2%2 ¼ 0:48& 0:03 and

Cð2Þ
2%2 ¼ %0:55& 0:04 in the m ¼ %2 case.
However, one should keep in mind that the results

presented up to now are all derived in the corotating frame
since this is the natural coordinate system in which our
equations were formulated (see Sec. III). The only coor-
dinate that changes when going to a stationary coordinate
system is the azimuthal angle’ and the relation connecting
these two coordinates simply is

’corot ¼ ’stat %!t: (28)

Because of the decomposition (10) of our perturbation
variables and the harmonic Fourier transformation, we
are performing on our numerically obtained time series,
we are effectively decomposing our time-evolution quan-
tities like

FIG. 10. Power spectral density of them ¼ 2 f mode for initial
data provided by (26). The splitting in the spectrum becomes
apparent for increasing angular velocities.

EOS BU
EOS A
EOS II

EOS BU
EOS A
EOS II

FIG. 11 (color online). The f mode frequencies for the three models in consideration; in the left panel they are normalized with the
corresponding Kepler rotation frequency !K.
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•  δΩ0	
   has	
   a	
   minimum	
   value	
   because	
   the	
   deconfinement	
  
transiNon	
   cannot	
   be	
   shi]ed	
   to	
   a	
   pressure	
   regime	
  where	
   the	
  
NJL	
  model	
  describes	
  the	
  vacuum.	
  	
  

•  That	
   is,	
   we	
   fix	
   a	
  minimum	
   limit	
   to	
   δΩ0	
   for	
  which	
   the	
   phase	
  
transiNon	
  occurs	
   at	
   the	
   chiral	
   symmetry	
   restoraNon	
  point	
   as	
  
performed	
  by	
  Pagliara	
  &	
  Schaffner-­‐Bielich	
  (2008).	
  	
  

•  On	
  the	
  other	
  hand,	
  in	
  principle	
  there	
  is	
  no	
  maximum	
  value	
  for	
  
δΩ0	
   since	
   the	
   phase	
   transiNon	
   can	
   be	
   shi]ed	
   to	
   arbitrarily	
  
large	
  pressures.	
  	
  

	
  


