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l. Introduction

Inhomogeneous (spatially dependent) order parameter
in the vicinity of the phase transition

LOFF state in superconductor A — A(r) (= 0)
Spin density wave (SDW) from ferromagnetic phase M — M(r) (— 0)

Chiral symmetry (SSB) <q‘éq> — <C_1C3q> (r) (—0)

Magnetic field (H = 0)

*High-energy H.l. Collisions O(m: ~10"'G)
 Compact stars 107G

*Early Universe



Generalized chiral order-parameter: 200

Quark—gluon plasma

M = <ﬁq> +1 <C_|i7/5z'3q> = A(r)exp(i8(r)) e C

NJL studies have shown
Inhomogeneous chiral phases
In the vicinity of the chiral transition :
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Two typical forms of the condensates H QCD phase diagram
Have been studied:
Dual chiral density wave ( ):
(T. T. and E. Nakano, hep-ph/0408294.
A =const.,0 = q-r E. Nakano and T. T., PRD 71 (2005) 114006.)
Real kink crystal (RKC)' A(2).0 =0 (D.Nickel, PRL 103(2009) 072301; PRD 80(2009)

074025.)



DCDW(dual chiral density wave) (2flavor NJL model)

(q9) = Acos(qz)
<qi7/573q> = Asin(qz)

Chiral limit
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ref. T.T. and E. Nakano, hep-ph/0408294

PRD71(2005)114006.
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S. Karasawa and T.T., arXiv:1307.6448.



Some results in 1+1 dimensional models:

() tricritical point is the Lifshitz point for RKC
(i) (Tc,y = O) IS the tricritical point, and T, is independent of « for chiral spiral.
(i) g=2u for chiral spiral (nesting is complete)
(iv) Chiral spiral the most favorite configuration
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D.Nickel, PRL 103(2009) 072301;

PRD 80(2009) 074025.
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|| Topological aspect of the inhomogeneous chiral phase

Energy spectrum (1+1 chiral Gross-Neveu model)

Es Esj=g+ A F;
£
q q q=0
B E
£
£,y Ei=q—A E,

:M(z)

Complex kink crystal  Chiral spiral (DCDW) Real kink crystal (RKC)
(CKC) Ep,g — g\Mz + p2 +q/2 (G.Basar et al. PRD 79(2009) 105012)

Spectral asymmetry «— phase degree of freedom of M(z)



It is known that spectral asymmetry induces the anomalous baryon number.
e.g. Chiral bag (Goldstone & Jaffe, PRL51(1983) 1518.)

Baryon number operator is defined by

= a°x[y 09w (0]

Atiya h-Patodi-Singer n Invariant (Atiyah etal, Proc.Cambridge Phils. Soc.

77(1975) 42;78(1975) 405:79 (1976) 71): :
ST

E,>0 E, <0

MIT bag

=lim Z‘Eﬂ ‘_s sign(E,) (“Baryon number in the vacuum”)
s—0 n

Baryon number in the thermodynamic limit: N >, V —> o withfixed p=N/V.

1 ; @(E ) (9(—E ) (A.J. Niemi and G.W. Semenoff,
N = 5 T ZS ign( El)|:eﬂ(E/l_/j; 1 + e_ﬁ(Eﬂ_ﬂi 1| Phys Reports 135 (1986) 99. )
A
——

Topological one
which must be consistent with the thermodynamic relation, N =—0Q /0.



Ill Inhomogeneous chiral phase in the magnetic field

Phase transition 400z
-Enhancement of SSB R 330 B -
or Magnetic catalysis <> #* 8 oo |

97 ee " e
Cooper pair % o5 o 15

qx Field (_GeVa’fm]
S. P. Klevansky and R.H. Lemmer, PRD 39 (1989) 3478.
H. Suganuma and T.T., Ann.Phys. 208 (1991) 371.
V.P. Gusynin, V.A. Milansky, I.A. Shovkovy, NPB 462 (1996) 249

S.P. Klevansky and R.H. Lemmer,
PRD 39(1989) 3478.
Dimensional reduction due to the Landau levels

Note: Chiral spiral (DCDW) is the most favorable phase in 1+1 dimensions.
(G.Baser et al., 2009)



Dirac operator in the magnetic field: H=(0,0,H)

Using the Landau gauge, A = (0, Hx,0)
Dirac Hamiltonian with the inhomogeneous condensate:

H, =a-P+,BF+%M(Z)+1_%M*(Z)}= H.', P=—iV+eA

7,=1

can be partially diagonalized as

| n: Landau levels
S ) 5orn) (0o Landau levels)
M “(z) i0, —/2eHn 0 iky
HD = - * (Xe un(é:))
0 _\/m —I@Z M (Z)
on the basis of the orthonormal Hermite functions {u
{u, (&)} (di+g]un(§)=—ﬂun_l(§).

with £=+/eH x+k /+eH ,for n = 0.



For the lowest Landau level (LLL), n=0,

H, is reduced to 2x 2 matrix,

Hy :( _iaz M (Z)]
M (z) 0,

from the property u , (&) =0.
It should be interesting to see that
H :(HLLL(M (2)) 0 ]

’ 0 Hi (M7 (2)

in the absence of the magnetic field, before Lorentz boost [Nickel ‘09].
These features of the Dirac operator give direct consequences.
Also, note that complex structure of the order parameter M(z) is important.



ex) In the case of DCDW M (z) = -2GAexp(igz)

Energy spectrum in the presence of the magnetic field: [L.E. Frolov et al., Phys. Rev. D82 (2010) 076002]

E...(P) :g\/(gw/m2 +p° +q/2)2 +2eHn, n=123,..

E,o.(p)=&ym’+p*>+q/2, (LowestLandau level(LLL)) <— Spectral asymmetry

\/(m+q/2)2+2eH
m
0 % ___________________________________________________________________________________________________________ q/z ________________________________________________________ $
I'm
J/(m+q/2)? +2eH
Cf:
Landau levels: E,. =eym? +[eH|(2n+1+5)+p?, n=012,..,

DCDW Eocu =8\/Pf+(§\/m2+ p; +0/2) Spectrum is symmetric about 0



Spectral asymmetry or n invariant vanishes for the real order parameter

Proof:
Consider the Dirac operator

H, =a-1>+ﬁ[l+%l\/l(2)+l_%l\/l*(2)}, P =1V +eA

and the eigenvalues,

Hyq, = E}t(M )q,1

Under the CT transformation,

qi — i7/07/5q,11

E, (M) - —E,(M*)

Therefore

ny (M) =-n,(M%)

from which anomalous baryon number vanishes for real configurations

s.t. M=M*.



Direct evaluation of nu for DCDW (LLL only) E.(p)

Using the Mellin transform

_ E+=q/2+m
B F(S)I dwo*™ exp(~[E|w), I ———
My (S )—L dp_[ dow® 1Z&gn(E )exp(—|E,| @) a/2
I'(s) 0
:_ELmSZSlp(E)F(Eﬂj Fl1:88 3. (ij E-=q/2-m
7 T(3) 2 ) 2 2’22’ 2m

Gauss hypergeometric function
removable singularity at s=0

: L
= SILrglnH (s) = —q7. Thus nH is independent of m.
Thus topological baryon-number density can be written as
panomaly — eH 77 eH q
° 4zl T 27 21

for g/2<m, u<qg/2+m



Accordingly an anomalous term appears
in the thermodynamic potential

Q=Q, +Q +0Q,

__leH cdp
vac o 9 or 27zn;g E|
o - 1leHdd e - leH e | leH rdp e
Q,=->- M(E H=IE = 5o, m 2 (I8 - M -ENE 55 )5, 2 (B -A-IE)
_ dp AE-4]
Q. —TE ﬂn;gln(ue ”)

We can easily varify the thermodynamic relation,
oQ
ou’

including anomalous baryon number.

Pp =~



IV Novel tricritical point in the presence of the magnetic field

Generalized Ginzburg-Landau (gGL ) theory:

AR = QqgL(M) —QgL(M =0)

= M :?h“(ﬁfif‘)-f%i(Jli F M)+ i (M- 3[M M) M)
7\ E

V4 +)

22.(A/'3.:;J[3 M'|? +2|M12|M2| +: J[”f) -

§]

B b

The coefficients are evaluated in terms of the Green
function in the presence of the magnetic field.

Generally the Green function is given by the well-known formula [Schwinger, (1951)],
and that for the uniform magnetic field is given by

| \ ie - T = : (removable by the suitable
Sal(z,y) = exp - (z y)FA(z+y)| Salz—y)

2 gauge trans.)




Fourier transform reads

S,(k)=["ds exp[is(kg kK2 tar;(lj'ss)ﬂ[(k‘)y‘) —K%y%) (L+77” tan (eHs)) -k, -y, (L+ tan? (eHs))
_ ki & . D,(eH,k)

- _ -1 g , sum over the Landau levels
'eXp[ eH J;( )i —2feH]n ( )

With the denominator

2 2

. . k . . k Kk’
D (eH, k) =(k%° k3 )| (L—ir*y2sign(eH))L°| 2—= |—(1+iy'y%sign(eH) ) L%, | 2—L— ||+ 4(kY' + k%% ) | 2—2
J(eH k) =(k° 7){( y'y*sign(eH)) ( IeHlj (1+iy*y’sign(eH)) nl( IeHlﬂ (k'y 7)“[ IeHlj

For LLL contribution, (L*(x): Generalized Laguerre function)
[A.Chodos et al., (1990)]

: k: \k%°—k’y° : :
S(O)(k):lexpE— L j 1—iy*y’sign(eH)
’ leH |) kg —k; ( )

2-dim. degeneracy Spin projector

M(z)

o < ' Pk n
a, = (—1)*/28N,1 Z/ (;,);; tr {.S'Au(!f)} °

Derivative expansion



If spectrum is symmetric, the “odd” terms vanish:

o, =0, fori=odd.
Then the Lifshitz point is given by the conditions:
a,=a, =0,
which meets with the tricritical point of the chiral transition in the chiral limit [Nickel, (2009)].

New tricritical point due to the odd terms

ti =2
In 1+1 dim. the chiral spiral (DCDW) is the most favorable phase, Nestng 4 =cu

and the “tricritical point” is defined as the point where

08

o, (. T)=0a3(u,T)=0 =

= 04
(

which gives L. = — =0.5669, u. =0. T

i 02

[Baser et al, (2009)]

00




The odd terms survive in the presence of the magnetic field,
due to the spectral asymmetry of the LLL levels.
So, we can define the new tricritical point (Lifshitz point) by

(no divergence)

_Tzrw & . 3/2

— 2r T 2r [(a)m+i,u)2+k2}

1 . pu
E NY L imy® —+|—j—>0, as u—0.
T sz: 21 . (2 21 -

(tri-gamma function)

(No other levels don’t contribute to a.3)

Thus a,=0—> =0



a, Includes some divergence, and we regularize it by the proper-time method,
with the cut-off parameter A.

04

| - T (,H dks 2 — Ono
as(H) = —-2N, ; / \ (wWm +ip)? + k2 + 2|lesH|n
‘ ‘ Tricritical line
1
a(H)=-N . e’ (H) AR
2 Z -[A T exp(Z‘e H‘ ) ZI_T - o(H,T,u=0)=0

+ (thermal contibution),

where o{” (H) is the LLL contribution. m
~ 220MeV|
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Dimensional reduction
becomes complete



2/3
| | . P
Dimensional reduction 7-1xl0”G(p J <|eH]
nucl

In the large H limit, only LLL contributes, so that

1+3 — 1+1(complete) q/2+m

Energy spectrum q/2
Epgzex/m2+p2—|—q/2, el g/2-m

This is exactly the same with NJL2 model in 1+1 dimension
and nesting is complete. |

Chiral spiral is the most favorite solution in 1+1 dim,
(G. Basar, G.V. Dunne, M. Thies, PRD 79(2009)105012)

while RKC is the lowest in 1+3 dim.? ( cf. D. Nickel, PRL 103(2009) 072301; PRD 80(2009) 074025.)

We have a model-independent result in the large H limit.
DCDW is the most favorite state



V. Phenomenological implications

Magnetic structure

Coupling of H and DCDW

y
e

(cf. Alfven wave)

q: spin”

S

—quantized
centers of LLL

&

“strands” structure
along the magnetic flux

Number of states

eH| | dk,

dN, = N_.S
0 C1227[L327[

Local density approximation

H & “transverse”

q(r,t)

AQ(r,t)

“longitudinal”
=NG boson

Low-energy excitations




Sponta Neous magnetization? (TT, K. Nishiyama, S. Karasawa, in preparation)

For the configuration M (z) =m(z)e”” eC

The 7 invariant can be easily evaluated:

2 T | H
s)=—cos|s= || dww*|d°xtr( z LLL 17 ),
1M () u |: 2]‘.0 J. < HELL+a)2 >
Using the derivative expansion, we find
: 1
M = lim 7, (s) =—= [ d°x0'(2).
s—0+ T
Accordingly we have
Q = 48“ 5 j d”xHVE c.f. Gauging WZW action by Son & Stephanov,
T
e (D.T. Son and M.A. Stephanov, PRD 77(2008) 014021.)
—  Magnetization? M = 0 i

Z 2
47



Cooling of hybrld stars (1T and T. Muto, inpreparation.)
The ground state can be represented as a chirally rotated state

G)=exp [ iq- I .. rd; (r)d* 7| ‘1101‘111;112’;:: (= (.,-'*DCDW(Q(1|'|)))
q-r

(cf. T. Muto and TT, PTP 80(1988)28.)

Effective Weak Hamiltonian:

G
H,, =—£ cos Ochy 1, +he.

J2

{:H. e, f_‘ H,|d = -iffun. e, ‘ H,\d,
By i, = o DCDW catalyzed
G cooling
:TFCOSQC? TP ol J ACS ]
2 B
) d
=—=cosO.ht 1 +hc,
\/5 : “pole” contribution
Uscowh 1iaUneow = expliq-r)i, cf.

(O.Maxwell et al(MBCDM), Ap.J.216(1977)77)

,which means DCDW modifies the momentum conservation
at the weak-interaction vertex.



Emissibilities near the phase boundary:

457 S
——7a7GTcosT 6., 1
1680 cHatha ™

=pcow

~ 6x10% [ﬁ V7 T3 (ergem s ™)

FPo

Epcpw —

Order Parameters at T=0

><3’F 457
8 5040

0.46

0.48 % 0,50
LA

0.52

2|q]

—~7 o) L, ol
G~ cos™ 0, Ha 2 ‘q‘ In
m

/‘ {"H

~10% (erg cm_35_1)

T6



VI Summary and concluding remarks:

*We have studied dual chiral density wave (DCDW) in the presence
of the magnetic field.

Spectral asymmetry arises in the LLL and anomalous baryon number is induced.

— Consequently, DCDW phase-region is greatly extended .

“Generalized Ginzburg-Landau analysis suggests, that there emerges
a novel tricritical point (line) on the H-T plane (p=0). T

— It should be interesting to explore it
in the lattice simulations, free from the sign problem.

T.(H)

-

g

* Possibility of similar phenomena in condensed-matter physics
, €.g., FFLO state.



*Generally dimensional reduction in not complete
— Phase diagram in the density-temperature-magnetic-field space

- Phenomenological implications

(i) longitudinal and transverse excitations are possible along the magnetic field.
— magnetic and dynamic properties of compact stars

(ii) Spontaneous magnetization is possible?
— origin of magnetic field in compact stars

(iii) Novel cooling mechanism works and emissivity is almost the same
as the pion cooling or quark cooling

"High-energy heavy ion collisions

* Ads/CFT correspondence
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FIG. 1 (color online). Left: Structure of the NJL phase diagram in the chiral limit as a function of temperature 7" and quark chemical
potential u, for M, = 300 MeV. The black (short-dashed) line indicates the second order phase transition from the chirally broken to
restored phase, the red (solid) line the first order phase transition and the bullet the critical point. The spinodal region is enclosed by the
blue (long-dashed) lines. Right: Same plot as on the left including the orange (shaded) domain where the energetically preferred
ground state is inhomogeneous.



What is the baryon number or baryon-number density ?

E=yp°+m* - u=.p:+m’

and
3
N/V =n,| d P1. — N=0 for g>m
(27)
Background soliton can induce N. We shall see manifestation of hidden anomalies
eg) chiral bag in the presence of magnetic field

We shall see that phase degrees of freedom plays an important role
M (z) = A

Spectral asymmetry of the Dirac operator

Ex) DCDW (1+3 dim.) or chiral spiral (1+1 dim.)



One dimensional order: G. Basar et al., PRD 79 (2009) 105012)

-1+1 dim. Models:
Gross-Neveu (Z2),'t Hooft , NJL2 (O(2)) models
-Large N argument

ex) NJL2 model

o . _a G.Basar and G.V.Dunne,
W PRL 100(2008) 2004004;
PRD 78(2008) 065022.

Twisted kink crystal condensate

N W — A = A"

Spiral condensate

. A(X) = \/;qsn(qz;v)

—Jvgsin(gz) as v —0
Reak kink crystal



Energy spectrum in the presence of the magnetic field:  (J || H

2
Enoes =g\/(§\/m2 +p?+q/2) +2eHn, n=123,..

E.op. =&6yM°+p*+0q/2, (LowestLandau level(LLL))  «— Spectral asymmetry

Note: for LLL,

- Hip(M(z)) 0
D=\ 0 Hip(M*(2)) )~

with

N 1. M(z)
Hip(M(z)) = ( M*(z) o, ) ”14+1 dim.” Hamiltonian

Eigenvalues: E,_,, =&/ p°+m’£0q/2
T

— redundant



ll. Spectral asymmetry of the Dirac operator
in the presence of the magnetic field

Energy spectrum in the presence of the magnetic field: (] || H

2
Enoes =g\/(§\/m2 +p?+q) +2eHn, n=123,..

E.op, =&yM°+p?+0q, (LowestLandau level(LLL)) — Spectral asymmetry

[I.E. Frolov et al., Phys. Rev. D82 (2010) 076002]

cf
2 prolate or oblate deformation
B = ‘9\/ﬁ+(5\/ m*+p; +q) (DCDW) of Fermi sea due to spin-orbit coupling

E,. =eym’ +[eH|(2n+1+5)+ p?, n=012,., s==l
(the Landau levels)

Spectrum is symmetric about O



Spectrum of the Dirac operator [P.J. Mulders (1984)]

| - . B .
Now = gage® /R SBoTe [U 80U 8,UU 8]

= H@(R) —%sin?(-)(R)]. (mapping degre

m3(SU(2)) = m3(S3) = Z




Origin of inhomogeneous phase is the nesting effect of the Fermi surface

Nesting (Overhauser, Peiels) is the key mechanism (B LR [l RIS

for generating SDW

Level crossing of the energy spectrum near the Fermi surface

/ gap Mean-field

| er V cosqx

2V

i(k+q)x

A el gl 1 g
lq| =2k

Particle-hole instability

0 RF d=2kF
Model indep.
—> sSpw,cbw —> Floerich superconductivity

A.W. Overhauser, PRL 4(1960) 462.
R.E. Peierls, Quntum Theory of Solids (1955)
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IV Is DCDW the multi-soliton state?

Recall that

1 L 1
NB=§de&:§[9(L)—9(—L)], 0(x) = gx

from WZW anomaly (chiral anomaly),

which reflects the homotopy group cf
_ 3y _
U ) = 7,(S") eSS S
for skyrmion.
ex)
O(L)=-0(L)=7—> Ng =1 (J.Goldstone and F. Wilczek (1983),
J.Goldstone and R.L. Jaffe (1984) for chiral bag)
Why N /v =29

T



Consider amplitude, <+— Sine-Gordon equation

2am(x,k) > 2x, k—0
— 2arcsintanh(x), k —1

So we can see

qlimam(x, k) = gx
k—0

111111111111




The coefficients are evaluated in terms of the Green function in the presence
of the magnetic field.

Generally the Green function is given by the well-known formula [Schwinger, (1951)],
and that for the uniform magnetic field is given by

T

Sal(z,y) = exp [T‘--" y)" A, (o !_/;l] & don — gl (removable by the suitable

gauge trans.)

—

with

7 P | ) ‘) ) l( . ;\ ) P
.Qw(h] — / fh«@q)[h<(ﬂj /ﬁi K2 (e Bs) IN”)]
U | . - e3s

a”ﬂ””h Aﬁ“{-inﬂl- ‘MBHUMrBHH k&w_[l-lnu%(BxHW

/

| - . D, (eB.k)
= iexp = Z(. 1)" — = = :
e B }'T} ],: m< — 2eBn [A.Chodos et al., (1990)]

n—=u

For LLL contribution

A \ 1] _ 1) y 5 3
ki \ k" m [ 2. ,
) ——— — (1 — v v sign(e3))
e, [ [ =

degeneracy | Spin projection

SW(k) = 1eXP (



Example:

Chiral bag L = g,
iy -0+ exp (it - n750)] ¢ = 0 on the bag boundary
= The APS 1M invariant gives [Goldstone & Jaffe, (1983)]
- [0~ 700)
,\' —8 — | —sin(20)
SKYRMEON T _)

I

[Niemi & Semenoff, (1986)]
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IV Summary and concluding remarks:
due to LLL
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No anomaly due to
/2 symmetry
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FIG. 5. Condensate behavior in n at r = 0 for a=0, 0.01,
and 0.1.

A. Barducci et al., PRD 51(1995)3042.



Thermodyamic potential

Q= Qe + Q + O,

leH [ dp
Qvae = —§§[gZ|EI=

leH dp b
5o dim [ SES(E - ul - 1B IE

2 21 s—0+
n,(.e

O(E,) 0(—E))
BE 1) 11 e BEAH £1|°




Evaluation of nu (LLL only)

Using the Mellin transform

! /ood.uws_lexp( E|w)
I'(s) Jo J ’

B =

O = o [5E deet TS senEep (-
8) = T J 27 ), ww : sign(E, )exp e| w
By

e T @G )R (1555 )

= B )= I
= e =

endent of m.

Thus ny is indep



Thus topological baryon-number density can be written as

Ps

On the other hand,

anomaly

eH

A

L

Note: 1+1 dim.

A>q

Ty =

eH ¢

5 forg(=u) <A H

2r 27

—Q=0—>q=2,u

* Fermi surface is now defined by

Pe = o

Hence

2k =0

. IOB:_

T

2%

ke

T

-kF KF

Nesting relation!

Relation for massless quarks!



gGL may gives a novel tricritical point, which should be located
near u=0

——  Can be explored by the lattice QCD?

A

v

Similar phenomena in condensed matter physics?



Symmetric phase ] ———

H = 0.60GeV*

Symmetric
phase

-
------------

(b) The H-T plot with pu fixed.

-

-
-
-----

Broken phase

0 02 0.4 06 ['X:]

H [GeV’]
(c) The p-H plot with T fixed.

—_



Note that spectrum for the Dirac operator is symmetric

even in the presence of the magnetic field.

LLL contribution exhibits 1+1 dim. character.

LLL contribution should be responsible for the odd terms in the gGL expansion

l

New tricritical point due to the odd terms

In 1+1 dim. The “tricritical point” is defined as the point where

08

ax (1) =az3(d,.pn) =0

massless

which gives

f

I,. = — = 0.5669, . =0. - o

[Dunne et al]




Phase degree of freedom of M(z) is necessary

Consider the Dirac operator
1+ y.

H'D:a-P+,B[ >
and the eigenvalues,
H ID g, = E,l(M)qz

E,(M)—-E,(M*)  under the CT transformation,

M (z)+1_27/5 M*(z)}

Therefore
My (M) = —1y (M¥)

from which anomalous baryon number vanishes for real configurations
s.t.

M=M=,



Direct evaluation of nu for DCDW (LLL only) E.(p)

gy = limn,,(s)

s—0+

. L pdp¢- 1N 1
= lim d sign(E exp(—| E
HW(S)jZﬂJO w0t 3 sign(E, (P)ep(-|E.(Ple) |

gL )
__1= (Independent of m) E-=q/2-m
/A

Thus topological baryon-number density can be written as

anomaly __ eH _ ﬂi
= 4L s 27 21

for g/2<m, u<q/2+m E |

[Florov et al,

. (2010)]
. . ! D
From these con5|derat|ons, We Can say

DCDW develops in the very wide region restored
in the presence of the magnetic field e w1 e Tw




A “paradox” and anomalous baryon number

Phase degree of freedom of M(z) is necessary

Ex)

Phase diagram of DCDW (chiral spiral)
in 1+1 dim.

0.8

massless

0.6

0.2

0.0
0.0 02 04 0.6 08 1.0
H

(Baser et al, (2009))

Chiral spiral (DCDW) |
M (2) =(da) +i(Tqrs7,0) = Ae™,
0(z) =Qz

“m
12
10 —
o8 /Ll — m
VAC
0s |
04 |
ud | \
o |
" — ] -
] 03 1o 135 0

n M

FIG. 5. Condensate behavior in n at r = 0 for a=0, 0.01,

and 0.1.

A. Barducci et al., PRD 51(1995)3042.




One dimensional order:

1+1 dim. Models:
Gross-Neveu (Z2),'t Hooft , NJL2 (O(2)) models

2

Lo zlﬁiﬁ')”"'g_

(7w) +(97i75w)1

MFA — (iy ) —i(7iy°w ) = -Al g’
Re Im
Bogoliubov-de Gennes (BdG) equation (F. Correa et al.,Ann.Phys.324 (2009) 2522)

Under the Lorentz transformation A’

1+p7 A° P

_1/2
) - (\/l"‘pi | A° ) S_l(A)W(z,O)

with  S(A)P“S7H(A) = A“P". (D. Nickel 2009)

(1,0) — (/1\/1+pi /lz,pl),—ny(wzi/



a, Includes some divergence, and we regularize it by the proper-time method.

04

| o 1'le ,H (“:g 2 — 00
i) = -2l ; / ‘ (W +ip)? + k3 +2|esH|n
_ ‘ ‘ dr 1 (0)
@ (H)=-N Z '[A T exp(2 ‘efH‘f) 1 =
‘ ‘ LLL Tricritical line
e H dk 1 _ . 1
+4N Z ;Jzﬂ % (e,)+n; (en)]+£,

1 o.(H,T,u=0)=0
e, = K2 +2\ef H|n,ng (e)=[1+exp(Bet )]

- 035

- -4 03 T([\)

where o " (H) is the LLL contribution, m

‘e H ‘ - ZZOMGV_ Jo2s

(0) _ f ~(on +iu)’e
az (H) - 4NCZ 72.)2T Re A_Z d/z-\/; 0 0.2 0.4 0.6 0.8 I()U'2
H(A%)
e, H 1 . ‘

— —4N Z ‘ ‘TZ\/—COTL ] u—0. Dimensional reduction

m 2 A° (incomplete gamma function) becomes complete



