
University of Jyväskylä
Center of Excellence in Quark Matter

Leading Lyapunov exponent in the GlasmaPooja, Dana Avramescu, Tuomas LappiPhys. Rev. D 114, 014010 (2026)

Leading Lyapunov exponent in the Glasma
Pooja, Dana Avramescu, Tuomas Lappi
Phys. Rev. D 114, 014010 (2026)

Pooja  

https://journals.aps.org/prd/abstract/10.1103/6j35-n7z4
https://www.jyu.fi/en/research-groups/centre-of-excellence-in-quark-matter


𝒗𝒛 ≈ −𝒄𝒗𝒛 ≈ 𝒄

Colliding sheets

BA

Lorentz contraction along the 

longitudinal direction :

Two thin colliding sheets

v equals 0

gamma equals 1

v equals 0.866 c

gamma equals 2

v equals 0.995 c

gamma equals 10

v goes to c

gamma goes to infinity

𝑣 = 0

𝛾 = 1

𝑣 = 0.866𝑐

𝛾 = 2

𝑣 = 0.995𝑐

𝛾 = 10

𝑣 → 𝑐
𝛾 → ∞

EMMI Workshop:
Probing the early stages with jets

Pooja
University of Jyväskylä

Wednesday, 
July 15, 2026

2Heavy -Ion Collisions (HICs)



EMMI Workshop:
Probing the early stages with jets

3

Pooja
University of Jyväskylä

Wednesday, 
July 15, 2026

Different stages of HICs

J. Berges, M. P. Heller, A. Mazeliauskas, R. Venugopalan, Rev. Mod. Phys. 93 (2021) 3, 035003

❖ Before collision: 𝝉 ≤ 𝟎 𝒇𝒎/𝒄 

   Gluon field of high-energy nucleus

❖ Initial stage: 𝝉 ≲ 𝟎. 𝟒 𝒇𝒎/𝒄 

    Glasma: strong classical gluon fields

❖ Thermalization: 𝝉 ≲ 𝟏 𝒇𝒎/𝒄
    Effective kinetic theory

❖ Equilibration: 𝝉 ≲ 𝟏𝟎 𝒇𝒎/𝒄
    Relativistic hydrodynamics

❖ Final stages: 𝝉 ≥ 𝟏𝟎 𝒇𝒎/𝒄
    Hadronization

https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.93.035003


EMMI Workshop:
Probing the early stages with jets

4

Pooja
University of Jyväskylä

Wednesday, 
July 15, 2026

Initial stage of HICs 

T. Lappi, Phys. Lett. B 643 (2006) 11-16
F. Gelis, Int. J. Mod. Phys. A 28 (2013) 1330001

❖ Color glass condensate

    Effective field theory for high-energy QCD

❖Gluons as color fields

❖ Classical gauge fields

    High occupation number

❖ Real-time classical lattice gauge theory

    Numerical solution

❖ Longitudinal flux tubes of color fields

❖ Out-of-equilibrium medium  

https://www.sciencedirect.com/science/article/pii/S0370269306012925?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0370269306012925?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0370269306012925?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0370269306012925?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0370269306012925?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0370269306012925?via%3Dihub
https://www.worldscientific.com/doi/abs/10.1142/S0217751X13300019


The small-x 
region is 

dominated by 
the  gluons

bold italic x equals numerator , bold italic cap P bold italic a. bold italic r bold italic t bold italic o bold italic n , bold italic m bold italic o bold italic m bold italic e bold italic n bold italic t bold italic u bold italic m end numerator , over denominator , bold italic cap N bold italic u bold italic c bold italic l bold italic e bold italic o bold italic n , bold italic m bold italic o bold italic m bold italic e bold italic n bold italic t bold italic u bold italic m end denominator

bold italic x almost equal to bold 1

bold italic x much less than bold 1

𝒙 =
𝑷𝒂𝒓𝒕𝒐𝒏 𝒎𝒐𝒎𝒆𝒏𝒕𝒖𝒎

𝑵𝒖𝒄𝒍𝒆𝒐𝒏 𝒎𝒐𝒎𝒆𝒏𝒕𝒖𝒎

𝒙 ≈ 𝟏

Valence quarks

𝒙 ≪ 𝟏

Sea quarks + antiquarks

Sea gluons

• Slow partons:  Gluons dominate the nucleonic wave function. 
• Fast partons:   Random sources of the classical gluon fields.
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Glasma: The initial condition

R. Placakyte (on behalf of the H1 and ZEUS Collaborations),Proceedings, 31st International Conference on Physics in collisions (PIC 2011)

R. Placakyte (on behalf of the H1 and ZEUS Collaborations),
Proceedings, 31st International Conference on Physics in collisions (PIC 2011)

https://inspirehep.net/literature/954990
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Color -Glass Condensate (CGC)

𝒟𝜇𝐹𝜇𝜈 = 𝐽𝜈The dynamical evolution of the CGC:

Classical Yang-Mills (CYM) equations

Condensate
(𝑥 ≈ 0)

Gluon fields

Glass
(𝑥 ≈ 1)

SourceK. Fukushima,Acta Phys. Polon. B 42 (2011) 2697-2715 

K. Fukushima,

Acta Phys. Polon. B 42 (2011) 2697-2715 

❖ Color: Gluons have “colors”.
❖ Glass: Partons (quarks and gluons) with 𝑥 ≈ 1 are very fast (𝑣 ≈ 𝑐). 
     So, they appear frozen in lab, like molecules in glasses.
❖ Condensate: Many small-𝑥 gluons: Gluon density is very high and saturated.

https://inspirehep.net/literature/944605
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McLerran -Venugopalan (MV) model

Provides initial condition where large-𝑥 partons are modeled as 
random color charges on a 2𝐷 plane, sourcing soft gluon fields.

𝜌𝑎 𝒙⊥ = 0 

𝜌𝑎 𝒙⊥ 𝜌𝑏 𝒚⊥ = 𝑔𝜇 2𝛿𝑎𝑏𝛿 2 (𝒙⊥ − 𝒚⊥)

“Colliding nuclei”

B A

MV model parameter, 𝑔2𝜇 ~ 𝑄𝑠

𝑄𝑠: Saturation scale of Glasma

L. McLerran, R. Venugopalan, Phys. Rev. D 49 (1994) 2233-2241

L. McLerran, R. Venugopalan, Phys. Rev. D 49 (1994) 2233-2241 

https://inspirehep.net/literature/358358
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How nuclei collide: A visual sequence

A. Ipp, D. Müller, Phys. Lett. B 771 (2017) 74-79

https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010


A. Ipp, D. Müller, Phys. Lett. B 771 (2017) 74-79
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Animatic sketch of collision of two nuclei

https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub#ec0010
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Features of Glasma

K. Fukushima, Acta Phys.Polon.B 42 (2011) 2697-2715

A. Ipp, D. Müller, Phys. Lett. B 771 (2017) 74-79

https://inspirehep.net/literature/944605
https://inspirehep.net/literature/944605
https://inspirehep.net/literature/944605
https://inspirehep.net/literature/944605
https://inspirehep.net/literature/944605
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0370269317303957?via%3Dihub
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Evolution of expanding Glasma: 
CYM equations

Due to the large density, 
the gluon field behaves 

like a classical field.

Dynamics is governed 
by classical EoMs, 

namely the Classical 
Yang-Mills (CYM) 

equations.

Evolution of the system is studied assuming Glasma as the initial condition, 

and evolving this condition by virtue of the CYM equations.

ሶ𝐸𝑖  =  𝜏 𝐷𝑗 , 𝐹𝑗𝑖 −
𝑖𝑔

𝜏
𝐴𝜂 , 𝐷𝑖 , 𝐴𝜂

ሶ𝐸𝜂  =
1

𝜏
𝐷𝑖 , 𝐷𝑖 , 𝐴𝜂  

ሶ𝐴𝑖  =
1

𝜏
𝐸𝑖

ሶ𝐴𝜂  =  𝜏𝐸𝜂

Classical 

Yang-Mills 

(CYM) 

Equations
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Pooja, D. Avramescu, T. Lappi

 Phys. Rev. D 114, 014010 
B. Muller, A. Trayanov, Phys. Rev. Lett. 68 (1992) 3387
U. W. Heinz, C. R. Hu, S. Leupold, S. G. Matinyan, B. Muller, Phys. Rev. D 55 (1997) 2464
P. Romatschke, R. Venugopalan, Phys. Rev. D 74 (2006) 045011
P. Romatschke, Raju Venugopalan, Phys. Rev. L 96 (2006) 062302
T. Kunihiro, B. Müller, A. Ohnishi, A. Schäfer, T. T. Takahashi, A. Yamamoto, Phys. Rev. D 82 (2010) 114015
Sylwia Bazak, Stanisław Mrówczynski, Phys. Rev. C 109 (2024) 024903



Ingredients for chaos in Glasma:
❖ Non-Abelian Nature: Gluon fields self-interact. This non-linear interaction is a source of 

complexity and chaos.

❖  Classical Field Dynamics: In the early, dense stage, gluons can be treated as classical Yang-Mills

      fields, highly non-linear.

❖  Sensitivity to Initial Conditions: The initial color charges in the nuclei are random. Small changes 

      here should propagate.

Butterfly Effect: 
Small changes in initial conditions lead to 

unpredictable, significant results.
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Is Glasma chaotic?



Create a

simulation setup

of Glasma fields 

Simulate

Make a nearly

identical copy of

the fields

Copy
Introduce a small

fluctuation to the

copy

Perturb

Monitor the

growth of the

difference of fields

over time

Observe
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Seeding the chaos
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𝑈 Ƹ𝑖
′ 𝜏 = 0, 𝒙⊥ =  𝑈 Ƹ𝑖 𝜏 = 0, 𝒙⊥ . exp 𝑖𝑔𝑎⊥𝛿𝐴𝑖

𝑎 𝜏 = 0, 𝒙⊥ 𝑇𝑎

 𝐵𝜂 𝜏𝑛, 𝒙⊥  =  −𝐹𝑥𝑦 𝜏𝑛, 𝒙⊥  ≈  −
1

𝑔𝑎⊥
2 𝑈 Ƹ𝑖 Ƹ𝑗 𝜏, 𝒙⊥ 𝑎ℎ

  

𝜒𝑎 𝒙⊥ = 0 

𝜒𝑎 𝒙⊥ 𝜒𝑏 𝒚⊥ = 𝛼2𝛿𝑎𝑏𝛿𝒙⊥,𝒚⊥

𝜉𝑖
𝑎 𝒙⊥ = 0 

𝜉𝑖
𝑎 𝒙⊥ 𝜉𝑗

𝑏 𝒚⊥ = 𝛽2𝛿𝑎𝑏𝛿𝑖𝑗𝛿𝒙⊥,𝒚⊥

𝛼, 𝛽:   Perturbation amplitude

anti-Hermitian

Seeding the chaos in initial classical fields

leads to perturbed 𝑩𝜼
′

Perturb any one of the initial fields:

𝐸𝜂
′𝑎 𝜏 = 0, 𝒙⊥  =  𝐸𝜂

𝑎 𝜏 = 0, 𝒙⊥  +  
2𝜒𝑎 𝒙⊥

𝑎⊥
2

𝐴𝑖
′𝑎 𝜏 = 0, 𝒙⊥  =  𝐴𝑖

𝑎 𝜏 = 0, 𝒙⊥  +  
2𝜉𝑖

𝑎 𝒙⊥

𝑎⊥

Perturbed field                Unperturbed field         Small perturbation
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Evolve and measure the fields

Solve CYM 
equations of 

motion 
separately for 
𝑬, 𝑨, and 𝑬′, 𝑨′

Measure 

𝜹𝑬𝜼 𝝉
𝟐
and 

𝜹𝑩𝜼 𝝉
𝟐
vs 𝝉 
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Impact of longitudinal expansion

Static system Expanding system (Glasma)

As the field perturbations attempt to grow, the boost 

invariant longitudinal expansion of the colliding 

system stretches physically and dilutes the growth.

Growth in the Glasma is not exponential in time, 

but exponential in the square root of the proper 

time, 𝝉.

𝑒𝜆𝑡 𝑒𝜆 𝜏
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Impact of longitudinal expansion of Glasma

𝑇𝑟 𝛿𝐹𝜂 𝜏
2

 ∝  𝑒𝝀 𝑔2𝜇𝜏

In a static box, chaotic perturbations grow 

exponentially with linear time (𝑒𝝀𝑡).

However, in the expanding system, 

longitudinal expansion stretches the system. 

This dilutes the energy density, modifying the 

chaotic growth into a square-root trajectory.

𝑒𝝀 𝑔2𝜇𝜏
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Impact of longitudinal expansion of Glasma

𝑇𝑟 𝛿𝐹𝜂 𝜏
2

 ∝  𝑒𝝀 𝑔2𝜇𝜏

Square-root time 

dependency: A direct 

physical consequence 

of the 2+1 D boost-

invariant Glasma

The tracked perturbation in the 

longitudinal fields, 𝐹 = 𝐸, 𝐵

The signature of classical 

chaos: exponential growth

The leading Lyapunov exponent 

(the intrinsic chaoticity being 

extracted)

The MV model parameter, 𝑔2𝜇 ~ 𝑄𝑠

𝑄𝑠: Saturation scale of Glasma

𝑒𝝀 𝑔2𝜇𝜏

Longitudinal 
expansion dictates a 
square - root time 
dependence.



𝑇𝑟 𝛿𝐹𝜂 𝜏
2

 ∝  𝑒𝝀 𝑔2𝜇𝜏

• Scaling by 𝛼2confirms that the dynamics remain 

strictly in linear regime for α < 10−3

• Initial transient phase: Other modes die away

• Later, a very clear exponential growth
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Step 0: Check linearity

~𝑒𝜆 𝑔2𝜇𝜏

Linear regime stability:

𝜶, 𝜷 ≪ 𝟏

𝝀: Lyapunov exponent𝑭 = 𝑬, 𝑩

Chaoticity: Perturbations grow exponentially as a square root of time 

due to boost-invariant expansion of the Glasma fields.
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The awakening of chaos

Transient phase:

System takes 

time to digest 

the perturbation

Exponential phase:

Clear linear 

growth on the 

logarithm scale

~𝑒𝜆 𝑔2𝜇𝜏

Log Scale



Log 

Scale

𝑇𝑟 𝛿𝐸𝜂 𝜏
2

∝ 𝑒𝝀 𝑔2𝜇𝜏
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White noise perturbation

𝝀 = 𝟎. 𝟑𝟓, … , 𝟎. 𝟑𝟖

➢ Perturbations remain in linear regime for α < 10−3

➢ White noise excites all momentum modes equally.

➢ Clearly visible exponential growth at late times, thus we extract the Lyapunov exponent, 𝝀

Normal 

Scale



Does the chaos in the Glasma 
originate from specific instabilities at 

specific momentum scales?
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Which momentum modes 
are unstable?
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Momentum -space filtering

𝒦𝑠ℎ𝑒𝑙𝑙 𝑘⊥ = ቐ1,  𝜅𝑠 −
Δ𝑘

2
≤ 𝑘⊥ ≤ 𝜅𝑠 +

Δ𝑘

2
0,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

➢ Isolates a narrow band of momenta
➢ Tests specific momentum modes 

independently

𝒦𝑝𝑜𝑤𝑒𝑟(𝑘⊥) =
𝜅𝑝

2

𝑘⊥
2 + 𝜅𝑝

2

➢ Milder suppression of high-
momentum modes

➢ Preserves the ultraviolet tail

𝒦𝑔𝑎𝑢𝑠𝑠 𝑘⊥ = 𝑒𝑥𝑝 −
𝜅⊥

2

𝜅𝑔
2

➢ Aggressively suppresses high-
momentum ultraviolet modes

➢ Focuses on infrared modes
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Momentum -space filtering
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Momentum -space filtering

If the chaos is driven by specific 
instabilities, changing these filters 

should change the Lyapunov exponent.
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Gaussian -filtered perturbations

➢ Aggressively suppresses high-momentum ultraviolet modes
➢ Focuses on infrared modes

𝒦𝑔𝑎𝑢𝑠𝑠 𝑘⊥ = 𝑒𝑥𝑝 −
𝜅⊥

2

𝜅𝑔
2



𝑎⊥
4 𝑇𝑟 𝛿𝐸𝜂 𝜏 = 0

2
∝  𝑎⊥

2 𝜅𝑔
2

Initial amplitude of the perturbations ∝  𝜿𝒈
For smaller values of 𝜅𝑔, the filter suppresses a larger 

portion of the momentum spectrum, resulting in fewer 

modes contributing to the initial fluctuations. 

Hence, we get a smaller initial intercept on the y-axis.
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Gaussian -filtered perturbations



Clean exponential growth:

 𝝀 ≈ 𝟎. 𝟑𝟗 − 𝟎. 𝟒𝟎

The slope is insensitive to the

filter scale, 𝜅𝑔. 

𝑇𝑟 𝛿𝐸𝜂 𝜏
2

∝ 𝑒𝝀 𝑔2𝜇𝜏
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Gaussian -filtered perturbations
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Power -law filtered perturbations

➢ Milder suppression of high-momentum modes (algebraic fall-off)
➢ Preserves the ultra-violet tail

𝒦𝑝𝑜𝑤𝑒𝑟(𝑘⊥) =
𝜅𝑝

2

𝑘⊥
2 + 𝜅𝑝

2
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Power -law filtered perturbations

𝑎⊥
4 𝑇𝑟 𝛿𝐸𝜂 𝜏 = 0

2
∝  𝑎⊥

2 𝜅𝑝
2

Initial amplitude of the perturbations ∝  𝜿𝒑
For smaller values of 𝜅𝑝, the filter suppresses a larger 

portion of the momentum spectrum, resulting in fewer 

modes contributing to the initial fluctuations. 

Hence, we get a smaller initial intercept on the y-axis.
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Power -law filtered perturbations

Clean exponential growth:

 𝝀 ≈ 𝟎. 𝟑𝟗 − 𝟎. 𝟒𝟎

The slope is insensitive to the

filter scale, 𝜅𝑝. 

𝑇𝑟 𝛿𝐸𝜂 𝜏
2

∝ 𝑒𝝀 𝑔2𝜇𝜏
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Shell -filtered perturbations

➢ Isolates a narrow band of momenta
➢ Tests specific momentum modes independently

𝒦𝑠ℎ𝑒𝑙𝑙 𝑘⊥

= ቐ1, 𝜅𝑠 −
Δ𝑘

2
≤ 𝑘⊥ ≤ 𝜅𝑠 +

Δ𝑘

2
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
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Shell -filtered perturbations

kappa sub s

cap A. ~2 pi kappa sub s , increment k

kappa sub s

Clear vertical hierarchy 

in the growth curve

Early time

Higher momentum shells 
(larger 𝜅𝑠) exhibit larger initial 

amplitudes due to the larger 
phase-space area 𝐴~2𝜋𝜅𝑠∆𝑘.

Late time

Higher-𝜅𝑠 modes have smaller 
overlap with the unstable 

modes, leading to lower late 
time amplitudes.
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Shell -filtered perturbations

kappa sub s

cap A. ~2 pi kappa sub s , increment k

kappa sub s
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Higher momentum shells 
(larger 𝜅𝑠) exhibit larger initial 

amplitudes due to the larger 
phase-space area 𝐴~2𝜋𝜅𝑠∆𝑘.

Late time

Higher-𝜅𝑠 modes have smaller 
overlap with the unstable 

modes, leading to lower late 
time amplitudes.
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Shell -filtered perturbations

Despite the oscillatory start and  

shifting amplitudes, every single shell 

eventually locks into the same slope:

𝝀 ≈ 𝟎. 𝟑𝟖 − 𝟎. 𝟒𝟎

➢ The unstable mode has a nontrivial 

momentum-space structure, rather than being 

associated with a single momentum scale. 

➢ Need a Fourier-space analysis of the 

perturbation.
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Robustness of the Lyapunov exponent
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Robustness of the Lyapunov exponent

𝝀 ≈ 𝟎. 𝟑𝟗 ± 𝟎. 𝟎𝟐

The growth rate is insensitive to the specific functional form of the initial 

perturbation and/or perturbation amplitude in momentum space.



Lyapunov exponent is insensitive to:

➢ Component of field perturbed

➢ Component of field measured
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Electric vs magnetic field perturbations

✓ Initialize one, measure the other

✓ Both couple to same unstable mode



The Lyapunov exponent (𝝀 ≈ 𝟎. 𝟑𝟖 − 𝟎. 𝟒𝟎) of the Glasma is 
independent of the numerical discretization details.

Lattice parameters dependence ??
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Dependence on lattice volume Dependence on lattice spacing
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Conclusions

❑We discovered an unstable leading 
mode in the non-linear Glasma 
fields.

❑Chaos in the Glasma is a scale-
invariant, collective phenomenon.

❑The leading mode couples to all 
momenta scales in the background 
fields efficiently.

❑The Lyapunov exponent sets the 
fundamental timescale for entropy 
production and transition from the 
classical fields to a thermalized 
plasma.

𝜹𝑭𝜼 𝝉
𝟐

~ exp 𝟎. 𝟑𝟗 ± 𝟎. 𝟎𝟐 𝒈𝟐𝝁𝝉

𝒅

𝒅𝝉
𝜹𝑭𝜼 𝝉 = 𝜰(𝝉)𝑭𝜼(𝝉)

𝜰 𝝉 = (𝟎. 𝟏 ± 𝟎. 𝟎𝟎𝟓)
𝒈𝟐𝝁

𝝉

leads to
growth rate, 𝜰(𝝉)

where



In linear regime of the 
perturbation, the 
Lyapunov exponent for 
the Glasma is 𝜆~0.4 .

𝑇𝑟 𝛿𝐹𝜂 𝜏
2

∝ 𝑒𝜆 𝑔2𝜇𝜏
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45Work in progress: 
 Heavy quarks ’trajectories

HQs can probe the entire evolution of the medium, from the early stage up to hadronization. 

K.J. Sun, R. Wang, C.M. Ko, Y.G. Ma, C. Shen, Nature Communications, 15 (2024) 1, 1074 

https://link.springer.com/article/10.1140/epjp/s13360-022-02517-w
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• Moving beyond field fluctuations to track 

actual particles (heavy quarks)

• Solving Wong equations for heavy quarks 

moving in the background CYM glasma 

system

• Goal: Measure chaotic signatures directly 

from the diffusion of heavy quarks

Equations of motion 

of heavy quarks 

(Wong Equations)

𝑑𝑥𝑖

𝑑𝑡
 = 

𝑝𝑖

𝐸
 ,      𝐸 = 𝒑2 + 𝑚2

𝑑𝑝𝑖

𝑑𝑡
= 𝑔𝑄𝑎𝐹𝑎

𝑖𝜇 𝑝𝜇

𝐸

𝑑𝑄
𝑎

𝑑𝑡
= 𝑔𝑓𝑎𝑏𝑐𝐴𝑏

𝜇 𝑝𝜇

𝐸
𝑄𝑐

Work in progress: 
 Heavy quarks ’trajectories
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𝛼𝑥 , 𝛼𝑝, 𝛼𝑄:   

Perturbation amplitudes

Seeding the chaos in HQs

𝑥0
𝑖′ = 𝑥0

𝑖 + 𝜒𝑖𝑎⊥

𝜒𝑖 𝒙⊥  = 0 

𝜒𝑖 𝒙⊥ 𝜒𝑗 𝒚⊥ = 𝛼𝑥
2𝛿𝑖𝑗𝛿𝒙⊥,𝒚⊥

𝑝0
𝑖′ = 𝑝0

𝑖 +
𝜉𝑖

𝑎⊥

𝜉𝑖 𝒙⊥  = 0 

𝜉𝑖 𝒙⊥ 𝜉𝑗 𝒚⊥ = 𝛼𝑝
2𝛿𝑖𝑗𝛿𝒙⊥,𝒚⊥

𝑄0
𝑎′ = (𝑄0

𝑎+𝜁𝑎)
𝑄0

𝑎

(𝑄0
𝑎+𝜁𝑎)

𝜁𝑎 𝒙⊥  = 0 

𝜁𝑎 𝒙⊥ 𝜁𝑏 𝒚⊥ = 𝛼𝑄
2 𝛿𝑎𝑏𝛿𝒙⊥,𝒚⊥
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𝜒𝑖 𝒙⊥ = 0 

𝜒𝑖 𝒙⊥ 𝜒𝑗 𝒚⊥ = 𝛼𝑥
2 𝛿𝑖𝑗𝛿𝒙⊥,𝒚⊥

𝑥0
𝑖′ = 𝑥0

𝑖 + 𝜒𝑖𝑎⊥

Perturbation in position Preliminary results
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𝜁𝑎 𝒙⊥ = 0 

𝜁𝑎 𝒙⊥ 𝜁𝑏 𝒚⊥ = 𝛼𝑄
2 𝛿𝑎𝑏𝛿𝒙⊥,𝒚⊥

𝑄0
𝑎′ = (𝑄0

𝑎+𝜁𝑎)
𝑄0

𝑎

(𝑄0
𝑎+𝜁𝑎)

Perturbation in color charge Preliminary results
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50The road ahead for Glasma chaos 

Extract momentum 
dependence of the leading 
mode in Coulomb gauge.

Extract the complete matrix of 
Lyapunov exponents, rather than 
just the leading mode.

Study of exponentially
growing modes related to 
the Weibel instability.







Appendix



EMMI Workshop:
Probing the early stages with jets

EMMI Workshop:
Probing the early stages with jets

Pooja
University of Jyväskylä

Wednesday, 
July 15, 2026

54

𝜒𝑖 𝒙⊥ = 0 

𝜒𝑖 𝒙⊥ 𝜒𝑗 𝒚⊥ = 𝛼𝑥
2 𝛿𝑖𝑗𝛿𝒙⊥,𝒚⊥

𝑥0
𝑖′ = 𝑥0

𝑖 + 𝜒𝑖𝑎⊥

Perturbation in position
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55Perturbation in color charge

𝜁𝑎 𝒙⊥ = 0 

𝜁𝑎 𝒙⊥ 𝜁𝑏 𝒚⊥ = 𝛼𝑄
2 𝛿𝑎𝑏𝛿𝒙⊥,𝒚⊥

𝑄0
𝑎′ = (𝑄0

𝑎+𝜁𝑎)
𝑄0

𝑎

(𝑄0
𝑎+𝜁𝑎)



𝒗𝒛 ≈ −𝒄𝒗𝒛 ≈ 𝒄

Colliding nuclei

BA

A B

Lappi and McLerran (2006)

t

z

Ea

Ba

𝒗𝒛 ≈ −𝒄 𝒗𝒛 ≈ 𝒄
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56Formation of Glasma



• Fast (large momentum) partons
Their dynamics in the Lab frame is slowed down due 
to time dilation: static sources of color fields.

g2 ≈ Qs : saturation scale

z

x

y

“Colliding nuclei”

B A

Model of static sources (MV model)
Uncorrelated color density fluctuations on the two nuclei.

McLerran and Venugopalan (1996)
Kovchegov (1996)

Lappi (2008)

From the correlators of Wilson lines:
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57The MV model of color sources
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Evolution of static Background 
Glasma: CYM Equations

Due to the large density, 
the gluon field behaves 

like a classical field.

Dynamics is governed 
by classical EoMs, 

namely the classical 
Yang-Mills (CYM) 

equations.

cap F sub i. j to the a. , open paren x , close paren equals partial sub i. , cap A. sub j to the a. , open paren x , close paren minus partial sub j , cap A. sub i. to the a. , open paren x , close paren plus superscript base , g f , end base , to the a. b c , , cap A. sub i. to the b , open paren x , close paren , cap A. sub j to the c , open paren x , close paren

Evolution of the system is studied assuming Glasma as the initial condition, 

and evolving this condition by virtue of the CYM equations.

𝑑𝐸𝑖
𝑎(𝑥)

𝑑𝑡
= 𝜕𝑗𝐹𝑗𝑖

𝑎(𝑥) + 𝑔𝑓𝑎𝑏𝑐𝐴𝑗
𝑏(𝑥)𝐹𝑗𝑖

𝑐(𝑥)

𝑑𝐴𝑖
𝑎(𝑥)

𝑑𝑡
= 𝐸𝑖

𝑎(𝑥)CYM 

Equations
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cap E sub eta

cap E sub eta to the prime a. , open paren tau equals 0,, bold italic x sub up tack , , close paren equals subscript base , cap E sub eta to the a. , open paren tau equals 0,, bold italic x sub up tack , , close paren plus delta cap E , sub eta to the a. , open paren tau equals 0,, bold italic x sub up tack , , close paren

, , subscript base , delta cap E , sub eta to the a. , open paren bold italic x sub up tack , , close paren equals 2 chi to the a. , open paren bold italic x sub up tack , , close paren over a. sub up tack squared

open angle bracket chi to the a. , open paren bold italic x sub up tack , , close paren close angle bracket equals 0

open angle bracket chi to the a. , open paren bold italic x sub up tack , , close paren , chi to the b , open paren bold italic y sub up tack , , close paren close angle bracket equals alpha squared , delta to the a. b , delta sub , bold italic x sub up tack ,bold italic y sub up tack , end subscript

cap B sub eta

cap A. sub i. to the prime a. , open paren tau equals 0,, bold italic x sub up tack , , close paren equals subscript base , cap A. sub i. to the a. , open paren tau equals 0,, bold italic x sub up tack , , close paren plus delta cap A. , sub i. to the a. , open paren tau equals 0,, bold italic x sub up tack , , close paren

subscript base , delta cap A. , sub i. to the a. , open paren bold italic x sub up tack , , close paren equals 2 xi sub i. to the a. , open paren bold italic x sub up tack , , close paren over a. sub up tack squared

cap U sub i. hat to the prime , open paren tau equals 0,x sub up tack , , close paren equals cap U sub i. hat , , open paren tau equals 0,x sub up tack , , close paren . e x p open bracket i. g a. sub up tack , subscript base , delta cap A. , sub i. to the a. , open paren tau equals 0,, x sub up tack , , close paren close bracket , cap T to the a.

cap B sub eta , open paren tau sub n ,x sub up tack , , close paren equals minus cap F sub x y , open paren tau sub n ,x sub up tack , , close paren almost equal to minus 1 over denominator , g a. sub up tack squared , end denominator , , open bracket cap U sub , i. hat j hat , end subscript , open paren tau ,bold italic x sub up tack , , close paren close bracket sub a. h

open angle bracket xi sub i. to the a. , open paren bold italic x sub up tack , , close paren close angle bracket equals 0

open angle bracket xi sub i. to the a. , open paren bold italic x sub up tack , , close paren , xi sub j to the b , open paren bold italic y sub up tack , , close paren close angle bracket equals beta squared , delta to the a. b , delta sub i. j , delta sub , bold italic x sub up tack ,bold italic y sub up tack , end subscript

In
it

ia
l 

p
er

tu
rb

at
io

n Perturb 𝐸𝜂

𝐸𝜂
′𝑎 𝜏 = 0, 𝒙⊥ = 𝐸𝜂

𝑎 𝜏 = 0, 𝒙⊥ + 𝛿𝐸𝜂
𝑎 𝜏 = 0, 𝒙⊥

              with 𝛿𝐸𝜂
𝑎 𝒙⊥ = 2𝜒𝑎 𝒙⊥ /𝑎⊥

2

𝜒𝑎 𝒙⊥ = 0

𝜒𝑎 𝒙⊥ 𝜒𝑏 𝒚⊥ = 𝛼2𝛿𝑎𝑏𝛿𝒙⊥,𝒚⊥

Perturb 𝐵𝜂

𝐴𝑖
′𝑎 𝜏 = 0, 𝒙⊥ = 𝐴𝑖

𝑎 𝜏 = 0, 𝒙⊥ + 𝛿𝐴𝑖
𝑎 𝜏 = 0, 𝒙⊥

              with     𝛿𝐴𝑖
𝑎 𝒙⊥ = 2𝜉𝑖

𝑎 𝒙⊥ /𝑎⊥
2

𝑈 Ƹ𝑖
′ 𝜏 = 0, 𝑥⊥ = 𝑈 Ƹ𝑖 𝜏 = 0, 𝑥⊥ . 𝑒𝑥𝑝 𝑖𝑔𝑎⊥𝛿𝐴𝑖

𝑎 𝜏 = 0, 𝑥⊥ 𝑇𝑎

𝐵𝜂 𝜏𝑛, 𝑥⊥ = −𝐹𝑥𝑦 𝜏𝑛, 𝑥⊥ ≈ −
1

𝑔𝑎⊥
2 𝑈 Ƹ𝑖 Ƹ𝑗 𝜏, 𝒙⊥ 𝑎ℎ

𝜉𝑖
𝑎 𝒙⊥ = 0

𝜉𝑖
𝑎 𝒙⊥ 𝜉𝑗

𝑏 𝒚⊥ = 𝛽2𝛿𝑎𝑏𝛿𝑖𝑗𝛿𝒙⊥,𝒚⊥

EMMI Workshop:
Probing the early stages with jets

61

Pooja
University of Jyväskylä

Wednesday, 
July 15, 2026

Methodology



Shell -Filtered Perturbations

𝒦𝑠ℎ𝑒𝑙𝑙 𝑘⊥ = ቐ1, 𝜅𝑠 −
Δ𝑘

2
≤ 𝑘⊥ ≤ 𝜅𝑠 +

Δ𝑘

2
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

• Clean exponential growth: 𝝀 ≈ 𝟎. 𝟑𝟖 − 𝟎. 𝟒𝟎

• Late-time amplitude of the perturbations ∝
1

𝜅𝑠

• Non-trivial momentum space structure: Need a 

detailed study in Fourier-space analysis of 

the perturbation
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Chaotic Behavior of HQs

Starting Point: Study the chaotic behavior of the Glasma 

Aim: To study the chaotic behavior of the HQs interacting 
with the dense Glasma fields

Classical 
Yang-Mills 
Equations

Wong 
Equations

Particle’s 
trajectories 
in Glasma 

fields

63
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   𝒗 𝒛 ≈ − 𝒄


   𝒗 𝒛 ≈ 𝒄


  v = 0


  𝛾 = 1


  v = 0 . 866 c


  𝛾 = 2


  v = 0 . 995 c


  𝛾 = 10


  v → c


  𝛾 → ∞


  v = 0


  𝛾 = 1


  v = 0 . 866 c


  𝛾 = 2


  v = 0 . 995 c


  𝛾 = 10


  v → c


  𝛾 → ∞


  𝝉 ≤ 𝟎   𝒇 𝒎 / 𝒄


  𝝉 ≲ 𝟎 . 𝟒   𝒇 𝒎 / 𝒄


  𝝉 ≲ 𝟏   𝒇 𝒎 / 𝒄


  𝝉 ≲ 𝟏 𝟎   𝒇 𝒎 / 𝒄


  𝝉 ≥ 𝟏 𝟎   𝒇 𝒎 / 𝒄


  𝒙 =   𝑷 𝒂 𝒓 𝒕 𝒐 𝒏   𝒎 𝒐 𝒎 𝒆 𝒏 𝒕 𝒖 𝒎  𝑵 𝒖 𝒄 𝒍 𝒆 𝒐 𝒏   𝒎 𝒐 𝒎 𝒆 𝒏 𝒕 𝒖 𝒎


  𝒙 ≈ 𝟏


  𝒙 ≪ 𝟏


  𝒙 =   𝑷 𝒂 𝒓 𝒕 𝒐 𝒏   𝒎 𝒐 𝒎 𝒆 𝒏 𝒕 𝒖 𝒎  𝑵 𝒖 𝒄 𝒍 𝒆 𝒐 𝒏   𝒎 𝒐 𝒎 𝒆 𝒏 𝒕 𝒖 𝒎


  𝒙 ≈ 𝟏


  𝒙 ≪ 𝟏


   𝒟 𝜇  F  𝜇 𝜈 =  J 𝜈


  ( x   ≈   0 )


  ( x   ≈   1 )


  x ≈ 1


  v ≈ c


  x


  x


  2 D


          g 2 𝜇   ~    Q s


   Q s


     E . i   =   𝜏  [   D j ,  F  j i ] −   i g 𝜏  [   A 𝜂 ,  [   D i ,    A 𝜂 ] ]


     E . 𝜂   =    1 𝜏  [   D i ,  [   D i ,    A 𝜂 ] ]                                                    


     A . i   =    1 𝜏  E i


     A . 𝜂   =   𝜏  E 𝜂


  𝛼 ,     𝛽


   𝑩 𝜼 ′


   E 𝜂  ′ a  (  𝜏 = 0 ,    𝒙 ⊥ )     =      E 𝜂 a  (  𝜏 = 0 ,    𝒙 ⊥ )         +           2  𝜒 a  (   𝒙 ⊥ )   a ⊥ 2


   A i  ′ a  (  𝜏 = 0 ,    𝒙 ⊥ )     =        A i a  (  𝜏 = 0 ,    𝒙 ⊥ )       +           2  𝜉 i a  (   𝒙 ⊥ )   a ⊥


  𝑬 ,   𝑨 ,  


   𝑬 ′ ,   𝑨 ′


     (    𝜹 𝑬 𝜼  ( 𝝉 ) ) 𝟐


     (    𝜹 𝑩 𝜼  ( 𝝉 ) ) 𝟐


  𝝉


  𝝉


   e  𝜆 t


   e  𝜆  𝜏


   ⟨  T r    (    𝛿 F 𝜂  ( 𝜏 ) ) 2 ⟩   ∝    e  𝝀    g 2 𝜇 𝜏


    ( e  𝝀 t )


   e  𝝀    g 2 𝜇 𝜏


   ⟨  T r    (    𝛿 F 𝜂  ( 𝜏 ) ) 2 ⟩   ∝    e  𝝀    g 2 𝜇 𝜏


  F = E ,   B


          g 2 𝜇   ~    Q s


   Q s


   e  𝝀    g 2 𝜇 𝜏


   ⟨  T r    (    𝛿 F 𝜂  ( 𝜏 ) ) 2 ⟩   ∝    e  𝝀    g 2 𝜇 𝜏


   𝛼 2


  α <   10  − 3


  ~  e  𝜆    g 2 𝜇 𝜏


  𝜶 , 𝜷 ≪ 𝟏


  𝝀


  𝑭 = 𝑬 ,   𝑩


  ~  e  𝜆    g 2 𝜇 𝜏


   ⟨  T r    (    𝛿 E 𝜂  ( 𝜏 ) ) 2 ⟩ ∝  e  𝝀    g 2 𝜇 𝜏


  𝝀 = 𝟎 . 𝟑 𝟓 ,   … ,   𝟎 . 𝟑 𝟖


  α <   10  − 3


  𝝀


   𝒦  s h e l l  (   k ⊥ ) =  {      1 ,      𝜅 s −   Δ k 2 ≤  k ⊥ ≤  𝜅 s +   Δ k 2     0 ,     o t h e r w i s e                                                    


   𝒦  p o w e r (  k ⊥ ) =    𝜅 p 2   k ⊥ 2 +  𝜅 p 2


   𝒦  g a u s s  (   k ⊥ ) = e x p  (  −    𝜅 ⊥ 2   𝜅 g 2 )


   𝒦  g a u s s  (   k ⊥ ) = e x p  (  −    𝜅 ⊥ 2   𝜅 g 2 )


   a ⊥ 4  ⟨  T r    (    𝛿 E 𝜂  (  𝜏 = 0 ) ) 2 ⟩ ∝    a ⊥ 2  𝜅 g 2


  ∝    𝜿 𝒈


   𝜅 g


    𝝀   ≈ 𝟎 . 𝟑 𝟗   − 𝟎 . 𝟒 𝟎


   𝜅 g


   ⟨  T r    (    𝛿 E 𝜂  ( 𝜏 ) ) 2 ⟩ ∝  e  𝝀    g 2 𝜇 𝜏


   𝒦  p o w e r (  k ⊥ ) =    𝜅 p 2   k ⊥ 2 +  𝜅 p 2


   a ⊥ 4  ⟨  T r    (    𝛿 E 𝜂  (  𝜏 = 0 ) ) 2 ⟩ ∝    a ⊥ 2  𝜅 p 2


  ∝    𝜿 𝒑


   𝜅 p


    𝝀   ≈ 𝟎 . 𝟑 𝟗   − 𝟎 . 𝟒 𝟎


   𝜅 p


   ⟨  T r    (    𝛿 E 𝜂  ( 𝜏 ) ) 2 ⟩ ∝  e  𝝀    g 2 𝜇 𝜏


   𝒦  s h e l l  (   k ⊥ ) =  {      1 ,      𝜅 s −   Δ k 2 ≤  k ⊥ ≤  𝜅 s +   Δ k 2     0 ,     o t h e r w i s e                                                    


   𝜅 s


  A ~ 2 𝜋  𝜅 s ∆ k


   𝜅 s


   𝜅 s


  A ~ 2 𝜋  𝜅 s ∆ k


   𝜅 s


   𝜅 s


  A ~ 2 𝜋  𝜅 s ∆ k


   𝜅 s


   𝜅 s


  A ~ 2 𝜋  𝜅 s ∆ k


   𝜅 s


   𝜅 s


  A ~ 2 𝜋  𝜅 s ∆ k


   𝜅 s


   𝜅 s


  A ~ 2 𝜋  𝜅 s ∆ k


   𝜅 s


  𝝀   ≈ 𝟎 . 𝟑 𝟖   − 𝟎 . 𝟒 𝟎


  𝝀   ≈ 𝟎 . 𝟑 𝟗   ± 𝟎 . 𝟎 𝟐


  𝝀   ≈ 𝟎 . 𝟑 𝟖   − 𝟎 . 𝟒 𝟎


   𝒈 𝟐 𝝁  𝒂 ⊥


   𝒈 𝟐 𝝁  𝒂 ⊥


   𝒈 𝟐 𝝁  𝒂 ⊥


   𝒈 𝟐 𝝁  𝑳 ⊥


   𝒈 𝟐 𝝁  𝑳 ⊥


     (  𝜹  𝑭 𝜼  ( 𝝉 ) ) 𝟐 ~  


   [   (  𝟎 . 𝟑 𝟗 ± 𝟎 . 𝟎 𝟐 )    𝒈 𝟐 𝝁 𝝉 ]


     𝒅  𝒅 𝝉 𝜹  𝑭 𝜼  ( 𝝉 ) = 𝜰 ( 𝝉 )  𝑭 𝜼 ( 𝝉 )


  𝜰  ( 𝝉 ) = ( 𝟎 . 𝟏 ± 𝟎 . 𝟎 𝟎 𝟓 )      𝒈 𝟐 𝝁 𝝉


  leads   to  


  growth   rate


  𝜰 ( 𝝉 )


  𝜆 ~ 0 . 4


   ⟨  T r    (    𝛿 F 𝜂  ( 𝜏 ) ) 2 ⟩ ∝  e  𝜆    g 2 𝜇 𝜏


    d  x i  d t


     p i E


    E =    𝒑 2 +  m 2


    d  p i  d t = g  Q a  F a  i 𝜇    p 𝜇 E


    d Q a  d t = g  f  a b c  A b 𝜇    p 𝜇 E  Q c


   𝛼 x ,      𝛼 p ,      𝛼 Q


   x 0  i ′ =  x 0 i +  𝜒 i  a ⊥


   ⟨   𝜒 i  (   𝒙 ⊥ ) ⟩   = 0                


   ⟨   𝜒 i  (   𝒙 ⊥ )  𝜒 j  (   𝒚 ⊥ ) ⟩ =  𝛼 x 2  𝛿  i j  𝛿   𝒙 ⊥ ,  𝒚 ⊥


   p 0  i ′ =  p 0 i +    𝜉 i   a ⊥


   ⟨   𝜉 i  (   𝒙 ⊥ ) ⟩   = 0                


   ⟨   𝜉 i  (   𝒙 ⊥ )  𝜉 j  (   𝒚 ⊥ ) ⟩ =  𝛼 p 2  𝛿  i j  𝛿   𝒙 ⊥ ,  𝒚 ⊥


   Q 0  a ′ =   ( Q 0 a +  𝜁 a )    |   Q 0 a |   |    ( Q 0 a +  𝜁 a ) |


   ⟨   𝜁 a  (   𝒙 ⊥ ) ⟩   = 0                


   ⟨   𝜁 a  (   𝒙 ⊥ )  𝜁 b  (   𝒚 ⊥ ) ⟩ =  𝛼 Q 2  𝛿  a b  𝛿   𝒙 ⊥ ,  𝒚 ⊥


   𝒗 𝒛 ≈ − 𝒄


   𝒗 𝒛 ≈ 𝒄


   𝒗 𝒛 ≈ − 𝒄


   𝒗 𝒛 ≈ 𝒄


   F  i j a  ( x ) =  𝜕 i  A j a  ( x ) −


   𝜕 j  A i a  ( x ) +   g f  a b c    A i b  ( x )  A j c  ( x )


    d  E i a ( x )  d t =  𝜕 j  F  j i a ( x ) + g  f  a b c  A j b ( x )  F  j i c ( x )


    d  A i a ( x )  d t =  E i a ( x )


   E 𝜂


   E 𝜂  ′ a  (  𝜏 = 0 ,    𝒙 ⊥ ) =    E 𝜂 a  (  𝜏 = 0 ,    𝒙 ⊥ ) + 𝛿 E 𝜂 a  (  𝜏 = 0 ,    𝒙 ⊥ )


        𝛿 E 𝜂 a  (   𝒙 ⊥ ) = 2  𝜒 a  (   𝒙 ⊥ ) /  a ⊥ 2


   ⟨   𝜒 a  (   𝒙 ⊥ ) ⟩ = 0


   ⟨   𝜒 a  (   𝒙 ⊥ )  𝜒 b  (   𝒚 ⊥ ) ⟩ =  𝛼 2  𝛿  a b  𝛿   𝒙 ⊥ ,  𝒚 ⊥


   B 𝜂


   A i  ′ a  (  𝜏 = 0 ,    𝒙 ⊥ ) =    A i a  (  𝜏 = 0 ,    𝒙 ⊥ ) + 𝛿 A i a  (  𝜏 = 0 ,    𝒙 ⊥ )


    𝛿 A i a  (   𝒙 ⊥ ) = 2  𝜉 i a  (   𝒙 ⊥ ) /  a ⊥ 2


   U   i ^ ′  (  𝜏 = 0 ,  x ⊥ ) =  U   i ^  (  𝜏 = 0 ,  x ⊥ ) . e x p  [  i g  a ⊥   𝛿 A i a  (  𝜏 = 0 ,    x ⊥ ) ]  T a


   B 𝜂  (   𝜏 n ,  x ⊥ ) = −  F  x y  (   𝜏 n ,  x ⊥ ) ≈ −  1  g  a ⊥ 2    [   U   i ^  j ^  (  𝜏 ,  𝒙 ⊥ ) ]  a h


   ⟨   𝜉 i a  (   𝒙 ⊥ ) ⟩ = 0


   ⟨   𝜉 i a  (   𝒙 ⊥ )  𝜉 j b  (   𝒚 ⊥ ) ⟩ =  𝛽 2  𝛿  a b  𝛿  i j  𝛿   𝒙 ⊥ ,  𝒚 ⊥


   E 𝜂


   E 𝜂  ′ a  (  𝜏 = 0 ,    𝒙 ⊥ ) =    E 𝜂 a  (  𝜏 = 0 ,    𝒙 ⊥ ) + 𝛿 E 𝜂 a  (  𝜏 = 0 ,    𝒙 ⊥ )


        𝛿 E 𝜂 a  (   𝒙 ⊥ ) = 2  𝜒 a  (   𝒙 ⊥ ) /  a ⊥ 2


   ⟨   𝜒 a  (   𝒙 ⊥ ) ⟩ = 0


   ⟨   𝜒 a  (   𝒙 ⊥ )  𝜒 b  (   𝒚 ⊥ ) ⟩ =  𝛼 2  𝛿  a b  𝛿   𝒙 ⊥ ,  𝒚 ⊥


   B 𝜂


   A i  ′ a  (  𝜏 = 0 ,    𝒙 ⊥ ) =    A i a  (  𝜏 = 0 ,    𝒙 ⊥ ) + 𝛿 A i a  (  𝜏 = 0 ,    𝒙 ⊥ )


    𝛿 A i a  (   𝒙 ⊥ ) = 2  𝜉 i a  (   𝒙 ⊥ ) /  a ⊥ 2


   U   i ^ ′  (  𝜏 = 0 ,  x ⊥ ) =  U   i ^  (  𝜏 = 0 ,  x ⊥ ) . e x p  [  i g  a ⊥   𝛿 A i a  (  𝜏 = 0 ,    x ⊥ ) ]  T a


   B 𝜂  (   𝜏 n ,  x ⊥ ) = −  F  x y  (   𝜏 n ,  x ⊥ ) ≈ −  1  g  a ⊥ 2    [   U   i ^  j ^  (  𝜏 ,  𝒙 ⊥ ) ]  a h


   ⟨   𝜉 i a  (   𝒙 ⊥ ) ⟩ = 0


   ⟨   𝜉 i a  (   𝒙 ⊥ )  𝜉 j b  (   𝒚 ⊥ ) ⟩ =  𝛽 2  𝛿  a b  𝛿  i j  𝛿   𝒙 ⊥ ,  𝒚 ⊥


   𝒦  s h e l l  (   k ⊥ ) =  {      1 ,      𝜅 s −   Δ k 2 ≤  k ⊥ ≤  𝜅 s +   Δ k 2     0 ,     o t h e r w i s e                                                    


  𝝀   ≈ 𝟎 . 𝟑 𝟖   − 𝟎 . 𝟒 𝟎


  ∝      1 𝜅 s

