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e Improved Transverse Momentum Dependent factorization

e kr-type factorization at NLO

Andreas van Hameren 080726 _Improved perturbative calculations for forward physics and saturation
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e approach to saturation in QCD in terms of TMDs and matrix elements

e originally formulated for dijets in hadron scattering,

e x is assumed to be small, so the jets are forward

e parton-level matrix elements explicitly depend on k|, and involve an “off-shell” (reggeized) initial-state gluon
e allows for the final-state jets to be away from the back-to-back limit, so allows for P, = k; = Q;

e generalization of Generalized TMD factorization (Dominguez, Marquet, Xiao, Yuan 2011)

e obtained from the CGC formalism by including so-called kinematic twist corrections (k% /P%) (as opposed to
genuine twist corrections QZ/P%) (Antinoluk, Boussarie, Kotko 2019)

e the saturation enters calculations via the TMDs

e the matrix element is “color-decomposed’ into gauge-invariant pieces, and each gets its own TMD
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KaTie parton-level Monte Carlo program ﬂ’%

The ITMD factorization formula fits in the general shape for hadron-scattering process Y
with partonic processes y = (Y7 Y1 — Y3 Y4 ...) contributing to multi-jet final state

doy(p1, P2 ksy .oy Koun) = Z J d'ky Py, (k1) J d*ks Py, (k2) 6y (ki ka3 Ky - - ko)
yey

: oL dx;
collinear factorization: Py, (ki) = J k
X

£y, (xi, 1) 8% (ki — xipi)

g

k| -dependent factorization: P, (ki) = J Ty, (xi, ki |y 1) 5% (ki — xipi — kiy)

T i

dzki 1 J dXi

partonic cross section: doy(ki, Ky Kz, ..., kon) = dDy(ky, ko ksy ..oy ko) X Cuts(ks, ...y ko)
x fluxfactor(ky, ky) x [MatrixElement, (k1, k2; k3, . . ., Kan ) [?

n+2
parton-level phase space: d®v(kq,ka;ksy ... koin) = (H d*kid (K} — mf)) (k) +k — k3 — -+ — Knia)
i=3

Given fy, (xi, 1) and/or Fy, (xi, ki1 [, 1), KATIE can deal with everything else,
including matrix elements with “off-shell” aka “reggeized” initial-state partons, at leading order for now.
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Collinear factorization at NLO

general Sudakov decomposition: K* = xP* + x¢P* + K" iﬁ
positive-rapidity initial state: k" = xP* »
xP*
% (4m)°
O 2nT(1—e)

doto — Z J dxdx f;(x) (%) dBi(x, X) negative-rapidity initial-state: ki’ =

doNLo — Z J dxdx fi(x) fl()_(){ [ae dVi(x,X) + a. an(xn‘c)}

AN \

~ N Real contribution,
Virtual contribution,

i,1

containing the square of

containing the interference of real-radiation graphs,

1-loop graphs with tree-level graphs integrated over the radiation
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CO”|near faCtOrlzatIOH at NLO general Sudakov decomposition: K* = xP* + x¢P* + K" iﬁ

positive-rapidity initial state: k" = xP*

Z dxdx f;(x) (%) dBi(x, X) negative-rapidity initial-state: ki’ = XP*
s (4m)°
Qe = —
2 T'(1—¢€)

NLO Z J dXde ( ){ |:(1€ qu(X X) + Qe dRu(X X):|

finite

x Z fi(x) e—J; z fr(x)

i’ 1

o] X[ Erue M Iy [ Ee B e
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CO”|near faCtOrlzatIOH at NLO general Sudakov decomposition: K* = xP* + x¢P* + K" iﬁ

positive-rapidity initial state: k" = xP*

Z dxdx i (x) fo(%) dBy(x, X) negative-rapidity initial-state: ki’ = XP*
o (4m)E
Qe = —
2 T'(1—¢€)
GNLO Zdedxf fi(x ){ [ae dVi(x,x) + ae dRi(x, x)}
finite
R 'd fu 1 "dz fu (x/z
—a| - J T L R J 2 o) 2 g )
L € i’ X z fl(x) € 1/ X z f{(X)
[ of (X pe) | OFr (X 1) _
. dB;
el T TR X

fi(x) — fi(x, W, €) = fi(x) + ac 8fi(x, r, €) + O(od)
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CO”|near faCtOrlzatIOH at NLO general Sudakov decomposition: K* = xP* + x¢P* + K" iﬁ

positive-rapidity initial state: k" = xP*
Z dxdx fi(x) f:(x) dBi(x, X) negative-rapidity initial-state: ki’ = XP*
s (4m)°
Qe = —
2 T'(1—¢€)

NLO Z J dXde ( ){ |:(1€ qu(X X) + Qe dRu(X X):|

finite
r2 1 2 135 > /3
o dz fy (x/z) n J dz _ _ fu(x/2) _
el In— —Pwlz) /5~ + In— — Pw —— |dB&
T i nu%Z/L z Twle) R nu% — ) Z 2 fe(x) o %)

[ offn(x, up) 8T (X, p) _
+ ac TR + (%) ] dBiz(x, X) }

E 1
fi(x) — fi(x, ur, €) = fi(x) + ac 6fi(x, ur, €) + O(o) 5Fi(x, Wr, €) = 8F"(x, up) + %(&2) ZJ d72 Piir(z) i/(X/Z)

H¥
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CO”|near faCtOrlzatIOH at NLO general Sudakov decomposition: K* = xP* + x¢P* + K" iﬁ

positive-rapidity initial state: k" = xP*

Z dxdx f;(x) (%) dBi(x, X) negative-rapidity initial-state: ki’ = XP*
s (4m)°
Qe = — ——
2 T'(1—¢€)

NLO Z J dXde ( ){ |:(1€ qu(X X) T Qe dRu(X X):|

finite
r2 1 2 135 > /3
o dz fy (x/z) n J dz _ _ fu(x/2) _
el In— —Pwlz) /5~ + In— — Pw —— |dB&
T i nu%ZL z Twle) R nu% — ) Z 2 fe(x) o %)

[ offn(x, up) 8T (X, p) _
+ ac TR + (%) ] dBiz(x, X) }

2\ €
fi(x) — fi(x, ur, €) = fi(x) + ac 6fi(x, ur, €) + O(o) 5Fi(x, Wr, €) = 8F"(x, up) + %(%) ZJ d72 Piir(z) i/(X/Z)

i/

do ddfin(x, up) dz arfir(x, ue) dz i
dlnp.]% =0 = dln}l% - ;Jx _Tu ( ) i’(X/Z) = T}l% = Q¢ ZJ — iPu ( ) i (X/Z, },L]:)
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Collinear factorization at NLO

Z J dxdx fi(x

NLO

ZJddef

fi(x)

do
dinuZ
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positive-rapidity initial state: k" = xP*

£:(x) dBi(x, %) negative-rapidity initial-state: ki’ =

aiﬁi
C2nT(1—e)

(F a

\

.

We want to establish the same for hybrid ky-factorization, which
has leading-order formula

do*© ZdeJ

1

T

J dXF(x, k.) (X) dBai(x, k., X)

and involves both a UPDF and matrix elements explicitly depend-
ing on k.

~

— fi(x, 1r, €) = filx) + ac 0Ty (X, Hf, €) + U0

déf{in (X) PLF)
dinu2

dz

dffin(x,
CZpi2)f dfi"(x, pr)

S T

zzj

iU

:%ZJ

i v

calculations for forward physics and saturation

d_Z iPu ( ) ﬁn (X/Z) HF)

general Sudakov decomposition: K* = xP* + x¢P* + K" iﬁ
5

XPH

(47)¢

J— (Mdz
OTi(Xy Uy €) = OT{ 7 (Xy UF) + . \E) % L - Pur(2) fi/(X/Z)



Hybrid kr-factorization at NLO ﬂ’%
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Off-shell, or space-like, matrix elements QURIEEENLIE WAL U R s ﬂ?

A space-like gluon is indicated with “x" and has momentum

ki =xP* 4+ k! .

A tree-level matrix element with a space-like initial-state gluon is
understood to be defined with the help of auxiliary partons as (AvH,
Kotko, Kutak 2012)

lesz m 2 K . A—o0 m 2 K .
m ‘ ﬁ’ ( A,kI,QA,{P}n) — } *i| ( *ykf){p}n)
with
G=d=0 \ Ki-ah 2k
4 2\
The example of auxiliary AP q=(A—x)P—k,
quarks, for the gluonic con- xP +k, 000, 0000 P
tribution to dijet production, A—o0 xP + %P+ k,
and neglecting momentum Q0QQ P } <P+ XP +k 5 000¢ Q00
_ . p QS QP2
components of O(A™"). xp 000 2000 p, X
- J
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Off-shell, or space-like, matrix elements QURIEEENLIE WAL U R s ﬂ?

A space-like gluon is indicated with “x" and has momentum

. — 2. .
The matrix element ‘Mﬁ‘ is independent

ki = xPH + k" . of the type of auxiliary parton 1 used, partly
thanks to the color correction factor Ci(=
A tree-level matrix element with a space-like initial-state gluon is 2Ca, 2Cs).

understood to be defined with the help of auxiliary partons as (AvH,

The factor 1/g? corrects the power of the
Kotko, Kutak 2012)

coupling constant.

2 2
Xk = 2 A—oo |+ |2 The factor |k, |* assures a smooth on-shell
———— M| (ka, ki3 — Mgl (K, ks .
ggci/\z ‘ u’ ( /\)kt q/\»{p}n) } *1| ( *)kt {p}n) limit |kJ_| 0.
with The factor x assures that M,; only depends
kf\ — qf\ =0 , ki—qh Ao | pr + kM. on xP, not x separately.
4 N
The example of auxiliary AP q=(A—x)P—k,
quarks, for the gluonic con- xP +k, 000, 0000 P
tribution to dijet production, A—o0 xP + %P+ k,
and neglecting momentum Q0QQ P } <P+ XP +k <P 000 0000 p,
components of O(A™"). xp Q00 20Q pa i
o J
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Embedding in collinear factorization (CF) s

Consider hadron collisions, with production of the final state of interest H:
_ P projectile hadron
h(AP) +h(P) = H+ X

We assume that there is a natural rapidity Y|, associated with J{, which separates
the event into “target” and “projectile” parts. Then we can define

P
X:ZG(UKW)% k== 0y <Vup
j j

AP target hadron
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Embedding in collinear factorization (CF) s

Consider hadron collisions, with production of the final state of interest H:
_ P projectile hadron
h(AP) +h(P) = H+ X

We assume that there is a natural rapidity Y|, associated with J{, which separates
the event into “target” and “projectile” parts. Then we can define

P
x=Y 0(y<V)BS |, k==Y 0y <V.)py.
j j

We can associate rapidity scale py (Collins-Soper scale) to the rapidity Y, as

w=vxe" & Y,=In— | v2=(P+P)

Hy
Due to IRC-safety of variables x and k,, the hadronic differential cross section
doy" ‘ v deSF .
T (X, kiy...) = Z L dX fi(X) L dx fr(x) ENRET (AX, %%, Kiy..n)

AP target hadron

i1

should be computable in CF, at least up to NLO, and in the limit:

A— oo , X,k —fixed .

Andreas van Hameren 080726 Improved perturbative calculations for forward physics and saturation



kT-factorizable cross section A = AX must go to co ﬂ,%

absolute kinematic minimum: X > x/A

8o 1
do'© = J dX £(X) d6-°(AX) +J dX f(X) d6"°(AX)

x/A do

/‘ o Aox[k |

[non kT—factorizabIeJ oo = Aty s, A=Ay — 0
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kT-factorizable cross section A = AX must go to co gl,%

absolute kinematic minimum: X > x/A

rapidity 4

o o
= =

Y.+ InA — g g YAX — x)
= 0000 Yy Y =TT > Yok S X > 6

Yotk +— & — — —— — — L
= .
g | The rapidity yq of the auxiliary parton must be large enough
3 : in order to guarantee that X is large enough.
= !
S .
d |

vx S :
Yy=nh— — &/ - — — — — —
* Hy g I
8o 1
dot© = J dX f(X) d6-°(AX) +J dX f(X) d6-°(AX)
d d X/?\ 50
g g /
}\oX’k ’
non kr-fact.  LO (non Ki-factorizable | o= 0 Moo
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kT-factorizable cross section A = AX must go to co <g|§

rapidity 4
o o o
Y, +InA — g g g
2 *QQQQ *QQQQ

Y]_L + ln AO I g - - - - - - — — — " " " " T T

g | |

o) ! |

o I I

o [ I

d | |

g | |

o ! |

vx S | |
Yuzlnagfg——f, fffffffffff  —

% [ %QQQQ
S ) S

non kr-fact. LO NLO projectile




kT-factorizable cross section

rapidity 4

Y, +InA —
Y, +1In)o

Yu+ln7\1 —

Y,=In— —
* Hy

{
0Q000000Q0QQ0QQQA0C0Q0Q0Q

=
2

non ky-fact.

=y =y =y =y
LO NLO target NLO Green’s  NLO projectile

function

A = AX must go to oo i";
< < < <
: 2 ot S =
*,Q.Q.Q_Q *,Q.Q_Q_%Q\/Q’ *,Q_Q_Q_Q *,Q_Q_Q_Q
N - - - T - @k - 7| 777777
B
—_— - — 4+ — — — —+ — — — |— — — A=A >=A — 00

It turns out that an-
other rapidity sepa-
rator A; is needed
to consistently de-
fine the target and
Green's function con-
tributions.




Born contribution

Given the rapidity separator Y, which separates the event into “target” and

“projectile” parts, we define

X = Z 8 y; < Yu
The kT—factorizabIe Born level differential cross section is defined as

dos™B({ph) ¢ [’ L ey QOROAX X {Ph)
k= ZJ dXﬂ(X)J dx fz(x)

F,

]5 y Ky :—Ze(y]- <YLL)P]’L

j

-

5o 0 dXdsz

A — oo is guaranteed to be equivalent to A = AX — o0, and we get

CF,B 1
doxec (Pl _ FYO(80, k1) ZJ dX fi(X) dBa(x, ki, X3 {pha)

dxd?k, — ),

1

where dB,; is the usual Born-level “partonic off-shell” cross section, and with

!
C.
FLO(580. k :E J AX F;(X) =t
( 0y L) - 50 ( )27-[2|kJ_|2 b

a “proto UPDF". The Born contribution is independent of Y,.
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Vlrtual Cont”bunon Blanco, Giachino, AvH, Kotko 2023, AvH, Motyka, Ziarko 2022 iﬁ
5

dGCFV {p}n A—)oo O('SC - -
W ZJ AXFi(X) 3 ome PJ dx fo(x )[ AV (e, AX5%, ko, X3 {ph) 4+ AVE™ (€3%, ki, X5 {pn) ]
AP — — q=(A—x)P—k,

xP +k. Q00 0000 P
A_)HOO @ xP + %P+ k.,
<p Q0N QQQQQQQQS} xP+XP +k, 2P 00085220000 s
XK >
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Virtual contribution tls

dGCFV {p}n A—)oo s Cy un _ am _
:\bcT ZJ ax f;(X 27[2|k IZJ dxf(x)[Eivhf(e,?\X;x,khx;{p}n)]—l—[dVil (e;x,kl,x;{p}n)]

[Contains InA, Ink ., and depends on auxiliary parton type] [Looks looks similar to if k, were zero]

T/ 12\ N, 2 \“2N.InA
dvit{al'g(e) /\) }\]) HY) — dviu{nf(ea/\) - dB*T X Qe (i) = T ﬁ + (“:L |2) en 1:|
I 1

ui) ez e
[ 2 \“2N_InA
dVEren (e, ) - dB.: X a. a A
L k., ? €
) 2 €NC
dVE;OJ(G, },Ly) = dVE’“(e) + dB*{ X Q¢ (%) 3 -+ E:| .
L\HKy/ € €

_@_HNcizTRnf
Y= 3 T 76 3
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Real projectile contribution ﬂ?

Familiar real contribution

AP qg=(A—x)P—k,

Includes collinear divergence xP 4k, 000, 0000 P1
associated with the positive- QQQQ P1 ) /\—>_o>o QQ%QQ_Q_Q T } xP + %P+ k,
rapidity initial state. QQ0Q T } xP + %P+ k <p Q8 2000 p,

%P QO 2000 P,
No restriction in rapidity on
the radiation.
The radiative matrix element — 4N,
in the collinear region 7||P is ‘M*{}Z(k*,k;;r,{p}n) = 9: Ir 21 —x,/x)? |M*1‘ =P 1k k)
given by N,

z(1—2z)
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Real projectile contribution ﬁ’;

Andreas van

Familiar real contribution

Includes collinear divergence
associated with the positive-
rapidity initial state.

No restriction in rapidity on
the radiation.

Real projectile contribution

Remove this collinear region,
but only for the radiation ra-
pidity above Y,.

The radiative matrix element
in the collinear region 7||P is
given by
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AP q=(A—x)P—k,

xP+k, QQQ Q_'Q_,Q,Q P1
QQQQ P A—op QQ%QQ_Q_Q T } XP +xP +k,
QQQQ T } XP 4+ %P +k, <p 000 2000 p,
<p 0000 p,

QTP
Pk, 200020000 P XP 1k, 0o
%@QQQ T QQQ%%@ Pl xe(Y, <y
<p 0000000 p, 5 00000000 p;
— 2 Trs0 4N, )
‘M*I} (k*)kﬁT){P}n) — 95 |T |2(.| —XT/X 2 |M*1‘ XrP_TL)k'T){p}n)
2N,
z(1—2z)



Complete finite projectile contribution ﬂ?

The negative-rapidity-side PDF needs to be renormalized fi(%) = iR, 1p) + Qe (i)e Z [9;7/ ® fﬁ/} (%)
like usual to arrive at a finite result ) € " '




Complete finite projectile contribution

The negative—rapidity—sid.e PDF needs to be renormalized £(%) o fol% ) 4 a. (ij)e Z [Tﬁ/ . f{/} -
like usual to arrive at a finite result € \H:/ =

complete finite projectile contribution =
+

_|_

resolved contribution]

unresolved independent of s, uy]

remnants of collinear cancelIations/subtractions} (p,]f, uy)

Andreas van
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Complete finite projectile contribution and evolution equation

Andreas van

iy

The negative-rapidity-side PDF needs to be renormalized (%) — ful%, pe) + Qe (E)e Z [in/ ® fﬁ/} (%)
1 1 ) u 1

like usual to arrive at a finite result

complete finite projectile contribution =

+

2

{/

resolved contribution]

unresolved independent of s, uy]

[+

remnants of collinear cancelIations/subtractions} (p,]f, uy)J

contract (x, k,)-dependent differential cross section with “test UPDF” F(x, k,; ty)/x,
and demand cross section is independent of iy

dinpsg 2m? | |r, ]2

dF(x, k ; N (a2, |- 1—
(okimwy) J U{F<X{1+M}h+n;w>9(lnl<w

Hy

X> o e(FLY - |ﬂ.|) ]E(xy k'J_; PLY)}
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Complete finite projectile contribution and evolution equation ﬂ?

Andreas van

The negative-rapidity-side PDF needs to be renormalized £(%) o fol% ) 4 a. (ij)e Z [:pﬁ, . f{/} -
like usual to arrive at a finite result € \Hf

{/

complete finite projectile contribution = |resolved contribution]

+ |unresolved independent of s, uy]

[+ remnants of collinear cancelIations/subtractions} (p,]f, uy)J

contract (x, k,)-dependent differential cross section with “test UPDF” F(x, k,; ty)/x,
and demand cross section is independent of iy

dF(x, ko iy) N J d2r, | . v, | 1—
- Flaft+ ™k, vy )0
dinpsg 22 | .2 x|+ |2 + T Ky Ir | < py

X> o e(FLY - |ﬂ.|) ]E(xy k'J_; PLY)}

e Closely related to the LO Collins-Soper-Sterman equation

e Very similar to the equation from Born-Oppenheimer renormalization group by Duan, Kovner, Lublinsky 2024,
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Real target and Green’s function contribution ﬂ?

rapidity 4 , N
[« [« [« (= (=
= #QQQQ #QQQQS& *QQQQ *QQQQ
Yu+ln?\o4*%———,———T—%——,———,———
o
g I I ( I I
d | | | |
Yu—’—h'l)\] 1T <9L - - - - - - + - - - —+ - — \— | —
g | | | |
S | | 00000 |
= | | | |
vX
Vo=mZ g e - b - - 4 - |
% : % : % : %QQQQ
S = S = =)
non kr-fact. LO NLO target NLO Green’s | NLO projectile
function
. J
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Real target and Green’s function contribution ﬂ?

rapidity 4 - ~
[« [« [« (= (=
= ?QQQQ ?QQQQS& *QQQQ *QQQQ
Yotlnr — S — — — 1 — - — _— — - — —
i 0 =4 I I o I I
g I I ( I I
d | | | |
Yo+InA\y — & — — —1— — | + _ = =+ — — — — —
g | | | |
S | | 00000 |
= | | | |
vX
R - Pt el wi I I
% [ % [ % [ %QQQQ
S = S = =)
non kr-fact. LO NLO target NLO Green’s | NLO projectile

function
L )
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Target collinear counter term ﬂ?

We need to include the collinear do5FE ({phn) ! ! doB (AX, x;{ph)
. — = dXfi(X)0(X >0 dx fi(x = :
counter term for the target-side dxd2k, Z J (X) ( 0) Jo X fi(x) dxd?k

collinear PDF
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Target collinear counter term ﬂ?

We need to include the collinear do‘%F»B ({P}n) 1 e dfrﬁ(?\X,i;{p}n)
counter term for the target-side dxd2k, Z L dXf;(X) (X > &) Jo dx fi(x) dxdZk,
collinear PDF " /
1 1 2\ €
Qe (W Aox|k, | Ax[k, |
dXf(X)0(X >d dX—( = P ® 1.0 X)0(X >2d =0y =01 =
L (Xj6(x > °)+L €<u%),z[ © o] (X 6(X > 81) A 0T T Ay
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Target collinear counter term ﬂ?

We need to include the collinear do‘%F»B ({P}n) 1 e dfrﬁ(?\X,fc;{p}n)
counter term for the target-side dxd2k, Z L dXfi(X) 6(X > &) Jo dx fi(x) dxdZk,
collinear PDF " /
1 1 2\ €
Qe (W Aox|k, | Arxlk, |
dXf(X)0(X >0 dX—( = Py ® 1,0 X)0(X>2d —— =0y~ 01 =
Jo (X) ( ~ 0) +L € (H%) Z [ ? >60]( ) ( ~ ]) Aty 0o Ay

after proper coupling constant renormalization

Apy H llz 1) N, },L

V+R—C]2E (A A x,k,) = |99 — 2N In—T 4 2v,l 2% + g |2 Y

[ + ]1 ( b 1)“’Y’ H'F)X) L) |:81 CnA]X|kL| |k, |2 + ‘Yg nlk |2 + +31 |k, |2
Jusa = % + %e = ”;\IC + 37— ayze  Ciafaloni, Colferai 1999
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Unintegrated PDF il?

dG%SEOthI\;II’_g?}—Green ({p}ﬂ) LO+NLO 1 B B B
dXdsz =|F () ; JO dx fT(X) dB.« (X> kl» X5 {p}n)

o‘SCi ] ar,
[Z J dX fi(X> PLF) |:1 + ae[v‘i‘jz_e]: g(AX>}\1) My, Hr 5 X, kl) + ae[’v‘i‘:R_e]Green (}\1, HF;kL)] }

272K g,




Unintegrated PDF ﬂ’%

dG}?SEOth'\:nI'_?}—Green ({p}n) | LO-NLO ] 1 B B -
dxgdzkl = F + () ; JO dX f{(X) dB*{ (X, kl’ X ; {p}n)

“SC1 | ar reen
Z 272k, |2 ,[ AXTi(X, ur) [1 + ac[V+R—CIE (AX, Aty fy, 1%, K1) + ac[V+R—E]O" (A, uF;kl)]
i + )

A — oo for x-fixed, is equivalent to x — 0 for A =1

set Ay = (Xpy)/(xlk.[)
set py = [k, |

\

1
X
F(x, ki, py = k. |) = ZJ dX fi(X, ue) J a2k, L (K, ur) G (k’i,kh 2 HF)

X

i
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Unintegrated PDF ﬂ’%

dG}?:Eoth'\elnl'_g?}—Green {p}n) . FLO+NLO ]d*f 2\ dB S
dXdsz o () ; 0 X T(X) *T(X> vay{p}n)

Z 2 2|k |2 J de (X> PLF) |:1 + ae[v‘i‘jz_e];arg (7\X,7\1, Hyy LF 5 X, kl) + ae[’v‘i‘:R_e]Green (}\h HF;kL)]

A — oo for x-fixed, is equivalent to x — 0 for A =1

set Ay = (Xpy)/(xlk.[)
set py = [k, |

\

X
dX fi(X) HF) J dz_zekili (ki) FLF) G (ki> kL) ;» H'F>

Flx oy py = [kul) = Zf

i X

g 3N, +N

/9= 3

s Ci o [0y, MF p () 2 22

Ii(k 1+ —=1J."l 2v,l 2K : Q)

( 1) FLF) 7 2|k ’2{ + It |:31 n‘kﬂz + Yg n‘k ’2 + +31 + ((xs) g, = 11;\1c %—%e
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Unintegrated PDF ﬂ’%

dG}?SEOth'\:nI'_?}—Green ({p}n) | LO-NLO ] 1 B B -
dxgdzkl = F + () ; JO dX f{(X) dB*{ (X, kl’ X ; {p}n)

“SC1 | ar reen
Z 272k, |2 ,[ AXTi(X, ur) [1 + ac[V+R—CIE (AX, Aty fy, 1%, K1) + ac[V+R—E]O" (A, uF;kl)]
i + )

A — oo for x-fixed, is equivalent to x — 0 for A =1

set Ay = (Xpy)/(xlk.[)
set py = [k, |
Y

1
X
F(x, ki, py = k. |) = ZJ dX fi(X, ue) J a2k, L (K7, ur) G (ki,km 2 HF)

X

i

1
G(K K.,y 1) = 6<“€J(k1—kn+aej

d
72 J d**q, [KBFKL (ki) ql)—e(H%—\kUZ) KerkL (0> qL)i| G (qu Ky, g, HF)
y

' ple 1 (2-2¢) (1.1 Tle | 7 |—¢
Kerx (K, q.) :4NCZTIe m+5 (kL*qL)?|qL|
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Unintegrated PDF ﬂ’%

dG)C\E;Eoth'\elnl'_?&-Green ({p}n) | LO-NLO ] 1 B B -
dxgdzkl = F + () ; JO dX f{(X) dB*{ (X, kL) X ; {p}n)

“SC1 | ar reen
LZ 2mk, 2 J XX, ur) [1 + e [V+HR—CITE(AX, Ay pyy 1 X, Ko ) 4 ac[VAR—CIS (A, HF;kl)]
i €L o0

A — oo for x-fixed, is equivalent to x — 0 for A =1

set Ay = (Xpy)/(xlk.[)
set py = [k, |
\

1
X
F(x, ki, py = k. |) = ZJ dX fi(X, ue) J a2k, L (K, ur) G (k’i,kh 2 HF>

X

i

'd
G (k'/m k.,y, HF) = 6(2’26)(ki—kl)—|—a€ J ?Z J dzfzeqi [KBFKL (ki) ql)—e(u%—lkilz) KerkL (O> qL)] G (ql, k., %) HF)
Y

The initial condition F(x,x,, uy = [k.|) resums In(X/x),
while the py-evolution resums In(py/[k,|).
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Conclusions i

e |ITMD factorization provides a momentum-space formula suitable to study saturation in QCD within an automat-

able Monte Carlo approach

e collinear embedding is a powerfull strategy to extract NLO formulas for cross sections and evolution equations

within ky-type factorization
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