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CGC: a reminder 

 kinematic phase space 

large x: DGLAP, CSS evolution 

background field methods 

quark TMD 

target vs projectile light cone gauge 

Outline



Resolving the nucleus/hadron: Regge-Gribov limit 

gluons are radiated into a fixed resolved area 
number of gluons increases due to increased longitudinal phase space 

hadron/nucleus becomes a dense state of gluons (CGC)

Gribov-Levin-Ryskin
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strong color fields   
possible universal properties of QCD observables ? 

EIC 



QCD at small x: gluon saturation
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high gluon density: multiple eikonal scatterings 

high energy: evolution in x via BK/JIMWLK

pt broadening 
suppression of single inclusive spectra/away side peak
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x ⇠ 3⇥ 10�4

A systematic formalism for multi-particle production in QCD 
nuclear shadowing/modification factor, azimuthal correlations 
long range rapidity correlations  
connections to TMD, spin physics, diffraction,….
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Probing CGC in high energy collisions 

nucleus-nucleus collisions: “dense on dense” 

proton-nucleus collisions: “dilute on dense” 

DIS: (inclusive/diffractive)

structure functions

particle production

angular correlations

significant modeling/QGP 

much less modeling 

EIC 
to start in ~ 10 years 



Dihadrons at EIC 

Zheng, Aschenauer,Lee,Xiao, arXiv:1403.2413
SIDIS: 

larger kinematic phase space than dihadrons 
Sudakov effect can be avoided (in a limited kinematic range)  
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EIC
kinematics of inclusive dihadron production

Aschenauer et al. arXiv:1708.01527 Fig. courtesy of Xiaoxuan Chu

transition region: from large x to small x



A unified formalism for both large and small x ? 
(hybrid factorization) 

Collinear/TMD/… factorization at intermediate/large x 

Gluon saturation (CGC) at small x 

this would be tremendously useful for RHIC, LHC, EIC,.. observables

could a background field be the common ingredient in a unified approach?  

already at small x: 

connections to TMDs in back to back kinematics in DIS,…, Marquet et al.,…. 

sub-eikonal corrections: Altinoluk et al., Kovchegov et al., Tarasov et al. 
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MV: a high energy hadron/nucleus as a classical color field 
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Aµ(x)solution: classical field

color charge

this is the starting point for CGC 



TMD factorization: two hard scales 

DY SIDIS

……

Transverse Momentum Distribution                              satisfies the CSS evolution equations    
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q(x,b;µ2, ω)



Some reviews/white papers: 
TMD Handbook: arXiv:2304.03302 
Boer et al., arXiv:1108.1713 
………………….

Cherednikov and Stefanis, arXiv:0904.2727 
Idilbi and Scimemi, arXiv:1009.2776 
Echevarria, Idilbi and Scimemi, arXiv:1104.0686 
Echevarria, Idilbi and Scimemi, arXiv:1111.4996 
Mukherjee, Skokov, Tarasov and Tiwari, arXiv:2502.15889 
……… 

Closely related to this work: 



CSS evolution of quark TMD 
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Gauge links
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Target light cone gauge
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gluon propagator

advantages: partonic picture is manifest,… 
disadvantages: extra pole,…



identical contribution from 
radiation by the other leg 
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light cone pole contribution

<latexit sha1_base64="00XOQCyX+6mOeOP0J8h5eNY/e7k="></latexit>

q(x,b;µ2, ω)
∣∣∣
rad.→

= lim
Y +↑+→

µ2ωεsCF

∫
d4↓2ωy

〈
P
∣∣T ϑε(0)ϑϑ(y)

∣∣P
〉
c
eixP

→y+
∫

d2↓2ωl

(2ϖ)2↓2ω

∫
dl+

(2ϖ)
eil

+y→

→ e↓il·(y+b)

∫
d2↓2ωk

(2ϖ)2↓2ω

bi

[k·b+ i0]

[
eik·b ↑ 1

] ∫ →

0

dk+

(2ϖ)

1

[2xP↓(l+↑k+)↑(l↑k)2 + i0]

→
{[

↑ xP↓ϱ↓ϱ+ϱi + (lj↑kj)ϱ↓ϱjϱi

]

εϑ

e↓i (k2→i0)

2k+ (Y +↓y+)

2k+

+
2xP↓ ki ϱ↓

εϑ

k2

[
e↓i (k2→i0)

2k+ (Y +↓y+) ↑ 1

]}

this is finite at both  
<latexit sha1_base64="YjZCJbxLVFj6OAgGd9+63/RtVUM="></latexit>

k+ →↑ 0 and k+ →↑ ↓

but if we take                         it will be divergent as   
<latexit sha1_base64="CU2Qg+FmtsQ91GTPJ3I+kVOuwJQ="></latexit>

Y + →↑ ↓
<latexit sha1_base64="Nxs1SZqr+ZDiYxc3zhDX7aACZAg="></latexit>

k+ →↑ ↓

need the “pure rapidity regulator”: Ebert et al., arXiv:1812.08189       



<latexit sha1_base64="pi+Kuv2lEMsPidfqGa2ZW5D8idc="> ar6nrQmGTg91B5LgMQ/unrK8uRkN8lgb/p3qmJYUHU21vJfqEAOCNf5KzCzl8mIzsnrWVBWxd825K4zYl2eeJDKYXJvIQRKy4MS5qZ04KSFuS0sKSFOc0paU5OW5c0cA9lljcltbiQ5CWtvFIsaUUc1yXtOqetStoqp8UlLc5ppyXttOBTLsaenR3+18XExJsasCmBbQ3YloBTA8o5joMaEJRAWAPCEriuAdclsKoBEC5kdXZnf9x8M9sevJ+Mxs9Gz9482f/6ZfbW9vPe73t/7A16496Xva97f+ud9d71rNsvb//zdnRboP/u/W7vi70/pKy3PstkfturffYG/wOu9loZ</latexit>

q(x,b;µ2, ω)
∣∣∣
rad.→

= → µ2ωεsCF

2ϑ

∫
d4↑2ωy

〈
P
∣∣T ϖ(0) ϱ↑ϖ(y)

∣∣P
〉
c
eixP

→y+
∫

d2↑2ωl

(2ϑ)2↑2ω

∫
dl+

(2ϑ)
eil

+y→
e↑il·(y+b)

↑
∫

d2↑2ωk

(2ϑ)2↑2ω

[
eik·b→1

]

k2

∫ →

0
dk+

2xP↑

[2xP↑(l+→k+)→(l→k)2 + i0]

[
k2

2(k+)2
ς+

ς↑

]ε/2

(     plays the role of     in dim reg of transverse momentum integrals) <latexit sha1_base64="U2grOv5/9enC4eqlamWx9dLyXRc="></latexit>ω<latexit sha1_base64="CdYd3495ASN0a1isGOsPEJnK2jA="></latexit>ω

<latexit sha1_base64="573vs9I4LTfjfU0uaTIo5Bbrcxk="></latexit>

q(x,b;µ2
, ω)

∣∣∣
rad.→

=
εsCF

4ϑ
! (→ϖ)

[
ϑµ

2b2
]ω

[
2

ϱ
+ log

(
ω b2

c20

)
→”(→ϖ) +”(1)

]
q
LO(x,b;µ2)

+ finite NLO +O(ϱ)

and expand around 
<latexit sha1_base64="vj1++WTAa69jyPncnQSGr36fC94="></latexit>

ω = 0

<latexit sha1_base64="H0Q+o9N/0Ts8sdCbHLCRlGYVewY="></latexit>

c0 → 2e!(1) = 2e→ωE

with

there is an identical contribution from radiation by the other leg 

“ladder” diagrams are finite



Transverse Wilson line self-energy at infinity
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involves only the transverse components of the gluon propagator 
light cone gauge singularity is not present
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q(x,b;µ2, ω) =
εsCF

2ϑ
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ϖ(1→2ϖ)

(
ϑµ2b2

)ω
qLO(x,b;µ2)

contribution of this diagram is then

contribution of this diagram is cancelled by a soft factor which must be included in the proper definition of the quark TMD



The soft factor 
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The soft factor in the target light cone gauge  
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then the full result is

contributions of these two diagrams cancel contribution of the self energy of the transverse gauge link at infinity
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+ finite NLO +O(ε2
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Renormalization in target light cone gauge
bare and renormalized fields/coupling in Lagrangian are related by 
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non-multiplicative renormalization

transverse component of gauge field 
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good/bad components of Dirac field 
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Sω → (4ωe→εE )ω

one-loop QCD: Bassetto, Dalbosco, Soldati, PRD33, 617 (1987)



Toward CSS: putting things together
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2, ω)

remove the rapidity divergence
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ZUV
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bare TMD is independent of 
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fully renormalized TMD  
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 is independent of 
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CSS evolution of quark TMD
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we also investigated PV, retarded and advanced prescriptions: different diagrams but the same result 
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A+ = 0Evolution of quark TMD in projectile light cone gauge 

CGC calculations are most  
conveniently done in this gauge

T. Altinoluk, G. Beuf, JJM and M. Tevio 

 arXiv:2606.17993

new diagrams

rapidity divergences appear 
differently  
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this is one of the two diagrams contributing to CSS
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Evolution of quark TMD in projectile light cone gauge 
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A+ = 0



the final result is the same as in target light cone gauge as it must be 

Evolution of quark TMD in projectile light cone gauge 
<latexit sha1_base64="p5Li3Vbk38NN2s3b0NrHzFpWdo4="></latexit>

A+ = 0

one can also get CSS using other prescriptions: PV, retarded, advanced (different diagrams)

these don’t contribute to CSS evolution equations (either poles on the same side or                          kills them)
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Y + →↑ ↓
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Contribution Target gauge (A→ = 0) Projectile gauge (A+ = 0)
Gluon emission to trans. Rapidity divergent Vanishes
Wilson line at → (diagram 1c) (derives CSS) (Y + ↑ → phase suppression)
Gluon emission to lower Absent Rapidity divergent
long. Wilson line (diagram1a) (long. Wilson line = 1) (contributes to CSS)
Gluon emission to upper Absent Rap. div. (contributes to CSS)
long. Wilson line (diagram 1b) (long. Wilson line = 1) Rap. fin. but UV div. part (contributes to ZUV )
Quark-to-quark ladder Finite Finite
(diagram 1d) (contributes to finite NLO) (contributes to finite NLO)
Long. Wilson line Absent Vanishes
self-energy (diagram 1f) (long. Wilson line = 1) (due to ML prescription pole structure)
Emission from long. Wilson Absent Vanishes
line to → (diagram 1g) (long. Wilson line = 1) (due to ML prescription pole structure)
Gluon exchange between long. Absent Vanishes
Wilson lines (diagram 1h) (long. Wilson line = 1) (due to ML prescription pole structure)
Trans. Wilson line self-energy UV div. UV div.
at infinity (diagram 1e) Canceled by soft factor Canceled by soft factor
Soft factor S(b) UV div. (determined by UV div. (same calculation up to

trans. propagator only) the interchange of + and ↓ components)

TABLE I: Diagram-by-diagram comparison of the one-loop quark TMD calculation in the target light-cone gauge
A

→ = 0 within the ML prescription (Ref. [55]) and in the projectile light-cone gauge A
+ = 0 (this work). Despite

the very di!erent diagrammatic structures, the final CSS evolution equations are identical, providing a non-trivial
gauge-invariance check.

contributes to UV renormalization factor ZUV . We emphasize that this diagram has no counter part in the target
light-cone gauge.

A concise diagram-by-diagram comparison is provided in Table I, using the notation “Rap. div.” for a contribution
containing a 1/ω rapidity pole (and accompanying 1/ε UV poles via the !(→ε) prefactor); “UV div.” for a rapidity-
finite contribution with a 1/ε UV pole; and “Finite” for a contribution that is both rapidity-finite and UV-finite
at b ↑= 0.

B. Significance for the CGC-TMD connection

At first sight, the calculation in projectile light-cone gauge may appear to serve only as a consistency check of
the corresponding analysis in target light-cone gauge. Because gauge invariance requires the CSS equations to be
independent of the choice of gauge, one expects their final form to be identical in both cases, suggesting that the
overall outcome may appear largely predetermined. This view, however, misses an important aspect of the present
work. Gauge invariance is a property of physical observables rather than of individual perturbative contributions,
and its correct realization must be demonstrated through an explicit calculation. The nontrivial redistribution of
contributions among diagrams, discussed in Sec. V A, cannot be inferred from the target light-cone gauge analysis
alone. In particular, this includes the vanishing of diagrams 1c, 1f, 1g, and 1h; the shift of the rapidity-finite but
UV-divergent contribution to diagram 1b; and the realization of gauge independence of the soft factor through the ML
prescription. Each of these features provides a nontrivial check of the consistency of the background field formalism
combined with the ML prescription in projectile light-cone gauge. Taken together, they indicate that the framework
is internally consistent and correctly reproduces the expected gauge-invariant structure.

The deeper significance of the present calculation, however, lies not in the verification of gauge invariance itself,
but in the gauge choice in which it is carried out. The projectile light-cone gauge A

+ = 0 is a natural gauge choice
in the CGC framework [6–8], where small-x evolution equations and particle production processes are commonly
formulated [69–71]. By contrast, the TMD factorization framework has predominantly been developed in Feynman
gauge or in the target light-cone gauge, where the gauge-link structure simplifies and longitudinal Wilson lines become
trivial. This di!erence in customary gauge choices has complicated the construction of a fully transparent connection
between the CGC and TMD descriptions of high-energy QCD. The present calculation addresses this issue at the
level of TMD evolution by deriving the CSS equations within the background field formalism in projectile light-cone

Evolution of quark TMD: a tale of two gauges 

with ML prescription



Summary
QCD at small x 

  dense hadron/nucleus: gluon saturation, strong color fields - CGC 

  strong hints from RHIC, LHC,…, to be probed precisely at EIC 

  toward precision: NLO, beyond-eikonal corrections, … 

  deep connections to TMD, Sudakov physics, …

 Toward a unified approach to particle production at large and small x! 

Background fields (?) 
 

QCD at large x 

Collinear/TMD factorization 
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collinear factorization                                          CGC               
                  GSV, PLB603 (2004) 173-183 DHJ, NPA765 (2006) 57-70                          

which kinematics are we in?

Single inclusive pion production in pp at RHIC



Collinear factorization: DGLAP evolution of parton PDFs

Bassetto, Heinrich, Kunszt, Vogelsang: 9805283 

Altinoluk-Beuf-JJM: 2305.11079 

one-loop renormalization of gluon distribution function in light cone gauge using background fields
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renormalization of YM in light cone gauge  

Bassetto, Dalbosco, Soldati: PRD33, 617 (1986)
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