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LQCD: Issues
• Spectroscopy Recipe Book
• Spectroscopy

– Baryons, Mesons, flavor content of isoscalars
– Resonances in LQCD: Extraction of Phase Shifts
– To-do list - inelastic + multihadron decays

• Form factors of Stable Hadrons
– Pion form factor
– Nucleon Form factor
– In-medium effects....

• Transition form factors
– “Stable” Delta form factors
– Photo-couplings between mesons
– Form Factors of Resonances
– Time-like form factors - two-photon width?
– Asymptotic Form Factors - large Q2



Low-lying Hadron Spectrum

Control over:
•  Quark-mass dependence
•  Continuum extrapolation
•  finite-volume effects 

(pions, resonances)

Durr et al., BMW 
Collaboration

Science 2008

Benchmark of LQCD



Construct matrix of correlators with judicious choice of operators

Cαβ(t, t0) = �0 | Oα(t)O
†
β(t0) | 0�

−→
�

n

Zn
αZ

n†
β e−Mn(t−t0)

C(t)u(t, t0) = λ(t, t0)C(t0)u(t, t0)

Variational Method

Delineate contributions using variational method: solve

Eigenvectors, with metric C(t0), are orthonormal and project onto the 
respective states

Subleading terms ➙ Excited states

➡ Resolve energy dependence - anisotropic lattice
➡ Judicious construction of interpolating operators - cubic symmetry



C(t) = �0 | O(t)O(0)† | 0� −→ e−Et

σ2(t) �
�
�0 | |O(t)O(0)†|2 | 0� − C(t)2

�
−→ e−2mπt

Challenges
Anisotropic lattices
To appreciate difficulty of extracting excited states, need to understand 
signal-to-noise ratio in two-point functions.  Consider correlation function:

Then the fluctuations behave as 

Signal-to-noise ratio degrades with increasing E - Solution: anisotropic lattice 
with at < as

DeGrand, Hecht, PRD46 (1992)

Cubic symmetry of lattices

a2

MH
MG2

M



Glueball Spectroscopy - I

Observe 
emergence of 
degeneracies

Morningstar, Peardon 97,99



Glueball Spectrum - II
This is the pure Yang-Mills 
spectrum.  Predicts existence of 
bound states.

2+1 flavor staggered - can mix with 
two-pi states - not  a smoking gun for 
gluonic excitations!



Anisotropic Clover

Low-lying spectrum: agrees with 
experiment to 10%



ψ̄(�x, t)ΓDiDj . . .ψ(�x, t)
←→
Dm=−1 = i√

2

�←→
D x − i

←→
D y

�

←→
Dm=0 = i

←→
D z

←→
Dm=+1 = − i√

2

�←→
D x + i

←→
D y

�
.

Meson Operators
Aim: interpolating operators of definite (continuum) JM: OJM

�0 | OJM | J �
,M

�� = Z
J
δJ,J �δM,M �

9

Starting point

Introduce circular basis: 

(Γ×D[1]
J=1)

J,M =
�

m1,m2

�
1,m1; 1,m2

��J,M
�
ψ̄Γm1

←→
Dm2ψ.

Use projection formula to find subduction under irrep. of cubic group - 
operators are closed under rotation!

Straighforward to project to definite spin: J = 0, 1, 2

Action of R
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CΛ
ij =

1

dim(Λ)

�

λ

�0 | O
[J]
i(Λ)λO

[J]
j(Λ)λ | 0�

Hadspec collab. (dudek et al),  1004.4930, PRD82, 034508

Identification of Spin

0.2 0.4 0.6 0.8 1.0

Operators know their parentage
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Isovector Meson Spectrum - I
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(2009)



Interpretation of Meson Spectrum

In each Lattice Irrep, state 
dominated by operators of 
particular J 
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look at the ‘overlaps’

hybrid?

x x x x

ground state 
is dominantly
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Anti-commutator of covariant 
derivative: vanishes for unit gauge!

Dudek, arXiv:1106.5515

1--

Use lattice QCD to build 
phenomenology of bound 
states
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• Spin-identified single-particle spectrum: 
states of spin as high as four
• Hidden flavor mixing angles extracted - 
except 0-+, 1++ near ideal mixing
• First determination of exotic isoscalar 
states: comparable in mass to isovector

Isoscalar Meson Spectrum

14
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YM glueball

negative parity positive parity

J. Dudek et al., PRD73, 11502

Diagonalize in 2x2 flavor space

C =

�
−C�� + 2D��

√
2D�s

√
2Ds� −Css +Dss

�
.
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Construct basis of 3-quark interpolating operators in the continuum:

Subduce to lattice irreps:  

163 × 128 lattices mπ = 524, 444 and 396 MeV

Hu

Excited Baryon Spectrum - I

15

O
[J]
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�

M

S
J,M
nΛ,rO

[J,M ] : Λ = G1g/u, Hg/u, G2g/u
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3
2

−�1
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�J=
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R.G.Edwards et al., arXiv:1104.5152

Observe remarkable realization of rotational 
symmetry at hadronic scale: reliably determine 
spins up to 7/2, for the first time in a lattice 
calculation

Continuum antecedents
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Spectral Overlaps



Excited Baryon Spectrum - II

17

Broad features of SU(6)xO(3) 
symmetry.
Counting of states consistent 
with NR quark model.
Inconsistent with quark-diquark 
picture or parity doubling.

[70,1-]
[70,1-]

[56,0+]

[56,0+]

N 1/2+ sector: need for complete basis to 
faithfully extract states



Excited Baryon Spectrum - II

17

Broad features of SU(6)xO(3) 
symmetry.
Counting of states consistent 
with NR quark model.
Inconsistent with quark-diquark 
picture or parity doubling.

[70,1-]
[70,1-]

[56,0+]

[56,0+]

N 1/2+ sector: need for complete basis to 
faithfully extract states

[70, 0+], [56, 2+], [70, 2+], [20, 1+]



D[2]
l=1,M

Hybrid Baryon Spectrum

18

Original analysis ignore hybrid operators of form 
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Dudek, Edwards, arXiv:1201.2349



Putting it Together

19
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Putting it Together
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Common mechanism in meson and baryon hybrids: chromomagnetic 
field with Eg ∼ 1.2 - 1.3 GeV 



The elephant in the room...
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denote expected (non-
interacting) multi-particle 
energies.

Calculation is incomplete.

Allowed two-particle 
contributions governed 
by cubic symmetry of 
volume
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States unstable under strong 
interactions



Luescher: energy levels at finite volume ↔ phase shift at 
corresponding k

O
Γ,γ
ππ (|�p|) =

�

m

S
�,m
Γ,γ

�

p̂

Y m
� (p̂)Oπ(�p)Oπ(−�p)
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0.35

0.40

Momentum-dependent I = 2 ππ Phase Shift

21

Dudek et al., Phys Rev D83, 071504 (2011)

Operator basis

Total momentum zero - pion 
momentum ±p



Energy Levels for Scattering States
Slide: J. Dudek



Luescher: energy levels at finite volume ↔ phase shift at 
corresponding k

Matrix in l

l = 0

l = 2

4π at mπ = 396 MeV

Momentum-dependent I = 2 ππ Phase Shift

23

Dudek et al., Phys Rev D83, 071504 (2011)

det
�
e2iδ(k) −UΓ

�
k L
2π

��
= 0

lattice irrep
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• More sophisticated analysis
– Moving ππ system ➙ far more momenta below inelastic threshold
– Optimized single-pion interpolating operators ➙ more precise determination 

of energies
– Investigation of thermal effects

24

Momentum-dependent I = 2 ππ Phase Shift
Dudek, Edwards, Thomas, arXiv:1203.6041
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Avoided level crossings...

25

Mohler, Lattice 2012

Resonant I = 1 ππ Phase Shift
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Resonant I = 1 ππ Phase Shift
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Dudek, Edwards, Thomas, Phys. Rev. D 87, 034505 (2013)

Extend to inelastic channels: Guo et al, Briceno et al., 

Feng, Renner, Jansen, PRD83, 094505
PACS-CS, PRD84, 094505
Alexandru et al
Lang et al., PRD84, 054503



�π(�pf ) | Vµ(0) | π(�pi)� = (pi + pf )µF (Q2)

Vµ =
2

3
ūγµu− 1

3
d̄γµd

−Q2 = [Eπ(�pf )− Eπ(�pi)]
2 − (�pf − �pi)

2

Paradigm: Pion EM form factor

e
e

where

12 GeV



φ(x) = d̄(x)γ5u(x)

φ†(x) = −ū(x)γ5d(x)

Vµ(x) = euū(x)γµu(x) + edd̄(x)γµd(x).

Anatomy of a Matrix Element Calculation - I

Pion Interpolating 
Operator

p’=p+q p
π

γq

π

�0 | φ(0) | π, �p+ �q��π, �p+ �q | Vµ(0) | π, �p��π, �p | φ† | 0�e−E(�p(t−ti)e−E(�p+�q)(tf−t)

Resolution of unity – insert states
Spacelike form factor



F (Q2) =
1

1 +Q2/MVMD
2

| Qmax |� 1

a

Pion Form Factor - I
LHPC, Bonnet et al,
Phys.Rev. D72 (2005) 054506

�r2� = 6
dF (q2)

dq2

����
q2=0

Charge radius
Quark distribution amplitudes



Pion Form Factor - II

Brandt, Jutter, Wittig, 
arXiv:1109.0196

Twisted 
boundary 
conditions



Isovector Form Factor

J.D.Bratt et al (LHPC),
arXiv:0810.1933

DWF valence/Asqtad sea
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FIG. 7: Isovector Pauli radius, �r2
2�, and anomalous magnetic moment, κnorm

v ≡ mphys
N
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2 (0), as a function of the pion mass

for all ensembles.

regard to their error bars.

We can also scrutinize this behavior by looking at the form factors as a function of Q2
directly and compare the

location of the points on the two volumes. Figure 8 shows this comparison. The solid curves are dipole fits to all
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FIG. 8: Direct comparison of finite-volume effects for the isovector form factors, F v
1 (Q2) and F v

2 (Q2), at mπ = 356MeV on the
two volumes Ω = 283 × 64 and Ω = 203 × 64.

available data points. It is evident that their dipole masses are different, but the data points at small Q2
are identical.

The difference in curvature is only caused by points beyond that.

We conclude that we observe finite-size effects in our lattice form-factor data. However, the finite-size effects are

only significant for intermediate values of Q2
. Based on the smallest values of Q2

, the Dirac and Pauli radii may be

identical on both volumes. We did not find a satisfactory explanation based on chiral expansions or models at this

point and leave this matter for future investigations.

As a final remark, in Sec. IVD we will compare the radii defined by the generalized form factors. There we will

also find suggestive evidence that the mass radius is larger on the larger volume. Here our intention was to illustrate

our observation of finite-volume effects with the data that is most accurate.

IV. RESULTS

A. The axial charge

In this section we present new data on the nucleon axial charge gA. Although axial form factors are discussed in more

depth below in Sec. IV C, the fundamental phenomenological importance of the axial charge warrants highlighting our

Data well described by dipole form - but 
example of notable finite-volume effect: 



Isovector Charge Radius

LHPC, arXiv:1001.3620

Dipole fits at each pion mass
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Green et al, arXiv:1211.0253



Medium modification of structure
• How is the structure of a hadron modified “in medium” 

- EMC effect?
• First attempt - momentum fraction carried by quarks in 

Bose-condensed pion gas.

W Detmold, H-W Lin, 
arXiv:1112.5682

Proof of concept
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Form factors of excited states, and transition form factors to excited states, provide 
additional insight into nature of QCD.  Precise electro-production data

Program of computations looking at Δ form factor, and Nγ → Δ transition form factors
N.B.   Δ → Nπ is p-wave decay, suppressed at zero momentum.
Admits three multipoles: magnetic dipole, electric quadrupole and Coulomb 
quadrupole: GM1, GE2, GC2
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N-Δ Transition Form Factor

Non-zero values: sphericity in either N or Δ - zero quadrupole moment for 
spin-1/2 system



P11-N Form Factors

Lin, Cohen et al., PRD78, 
114508 (2008)



Matrix Elements for Scattering States
Slide: J. Dudek

General formalism: Bernard, Hoya, Meisner, Rusetsky, arXiv:1204.4642
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Transitions from Excited States?

Can Access time-like form factors! 



Time-Like Form Factors

Photon Structure function and two-photon decays of 
neutral mesons - defined in Minkowski space:

41

Ji and Jung, PRL86, 208 (2001) and PRD64, 034506;  
Dudek and Edwards,  Phys.Rev.Lett. 97, 172001 (2006);
Cohen and Lin, arXiv:1302.0874; Meyer, arXiv:1303.0138

Analytically continue to Euclidean space providing photons not sufficiently off-shell to 
produce on-shell hadrons Q2 =| �q |2 −ω2 > −m2

H

First example: two-photon with in 
charmonium - Dudek, Edwards



Time-Like Form Factors - II

42

ηc −→ γγ∗

χc0 −→ γγ∗

Time-like pion form factor: H. Meyer,  
PRL 107, 072002 (2011)



Form factors at High Q2

• For exclusive processes at sufficiently high Q2, can describe 
processes in terms of quark distribution amplitudes, e.g. for N(*)

• Can compute low moments of quark distribution amplitudes

QCDSF, arXiv:1112.0473

N N*(1535)



Form factors at High Q2

V.Braun, arXiv:1008.5228

Helicity amplitudes from DA



SUMMARY
• Remarkable progress at understanding the excited-state 

spectrum of QCD - resonance properties
• In principle, extension to EM properties of resonances 

straightforward, but need to do the work
• I haven’t discussed chiral extrapolations - focus is on 

understanding decays at calculated masses
• Euclidean-space at finite volume is a blessing, not a curse
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Hybrids - lattice + expt 

π1(1600) in pion production at 
BNL

No clear evidence in 
photoproduction at CLAS
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Hybrids - lattice + expt 

π1(1600) in pion production at 
BNL

No clear evidence in 
photoproduction at CLAS

Beyond “bump hunting”!
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Glueball Spectroscopy - I
Improved anisotropic pure-gauge action

s

s
s s

s s
t

t
Operators: closed Wilson loops

Morningstar, Peardon 97,99

ξ is bare anisotropy as/at

Obtain renormalized anisotropy by 
comparing different Wilson Loops

Ratio at large J gives ξ
Morningstar, 96



Challenges - II
• States at rest are characterized by their behavior 

under rotations - SO(3)
Lattice does not possess full symmetry of the continuum - 
allowed energies characterised by cubic symmetry, or the 
octahedral point group Oh

• 24 elements
• 5 conjugacy classes/5 irreducible representations
• Oh x Is: rotations + inversions (parity)

a2

ME
MT2

M2



Anisotropic Clover Generation - I

H-W Lin et al (Hadron Spectrum Collaboration), 
PRD79, 034502 (2009 )

Challenge: setting scale and strange-quark mass

Express physics in (dimensionless) 
(l,s) coordinates

Omega

Lattice coupling fixed

Tuning performed for three-flavor theory
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Challenge: setting scale and strange-quark mass

Express physics in (dimensionless) 
(l,s) coordinates

Omega

Lattice coupling fixed

Tuning performed for three-flavor theory
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Proportional to ml to LO ChPT



Anisotropic Clover – II 

Low-lying spectrum: agrees with 
experiment to 10%



Correlation functions: Distillation
• Use the new “distillation” method.
• Observe

• Truncate sum at sufficient i to capture relevant physics modes – we use 
64: set “weights” f to be unity

• Meson correlation function

• Decompose using “distillation” operator as

Eigenvectors of 
Laplacian

Includes displacements

Perambulators

M. Peardon et al., PRD80,054506 
(2009)
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