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INTRODUCTION

» 2D models

* High temperature limits of (3+1)-dimensional field theories
* Lower dimensional gravity
* Dirac materials (graphene, topological insulators, Weyl semimetals)

» Boundary conditions in 2D models

* Condensed matter systems, finite regions, interfaces
» Topological defects, conical singularity

» AdS/CFT correspondence
» Finite temperature in 2D physics

* Practical application (optoelectronics, sensors, and nanotechnology)
= Affecting electronic, magnetic and optical properties of materials



PROBLEM SETUP: GEOMETRY

» Conical spacetime

ds’ =dt’ —dr’ —r’d¢’

=0, 0<¢9<g,
¢0 =2 mmm) (2+1)-dimensional Minkowski spacetime

@y <27 wmmhy Cone with the apex at 7 = ()
27 — ¢0 —— Planar angle deficit

» External electromagnetic field

A y = (O, 0, A) — Vector potential in the coordinates system (l‘ 7, ¢)

A¢ =—Alr — Physical components of the vector potential

|

Infinitely thin magnetic flux @ = —¢0 Alocatedat 7 =0

‘ quﬂ/%‘a:—eCD/Zﬂ‘ a=a,+n,,|a,|<1/2,n,eN 4



PROBLEM SETUP: FIELD

> Spinor field (2-component)

Dirac equation

— y(x)
— [(W‘D,, —sm )y (x) = 0] D,=0,+T +ied,

e Charge of the field quantum
s=x1 2 inequivalent irreducible representations of the Clifford algebra in (2+1)-dimensions

- - INONOR:
r, Spin connection I, = Z}/ V€8
/4 “ Flat space Dirac matrices 7/(0) = 03, 7/(1)=i0'1, 7/(2)=i0'2
o, Pauli matrices

. Basis tetrads ,
€a) ¢!, =(1,0,0), ¢" =| 0,cos(qs),— SGP) | i —[ 0, sin(gg), 259D
(0) (1) p (2) -
Dirac matrices : :
1 0 0 e 1 0 e™

7/” M _ LM (a) 0 _ L _ 2 _ 2

yoEey T ™=, )T g o T T aw




FERMIONIC MODE FUNCTIONS

» Complete set of mode functions —— { (+) (x) /g )(X)}
» Circular boundaryat 7 = a (MIT bag boundary condition (BC))

- (1+inﬂ7/“)w(x)=0,r:a
> Exterior region ¥'>d

Quantum numbers —> (}/,j),0<7/<00,j=i1/2,i3/2,... v:'BJ”BJ_I_ej

Radial part expressed in terms of ~ J y ( 4 7') and Y y ( 4 I’) - 'B j =& T /2
1 ! .= '+
Bessel Neumann i =4 | J |
function function ;
» Interior region ¥ <a L Jra~> 0

€. =
Quantum numbers — (l,j),lz1,2,...,j=i1/2,i3/2,... ’ -1, j+a<0

BC -_( )(]/Cl) () ™= Eigenvalues — yd = ]/

Ref: —| A.A. Saharian, E.R. Bezerra de Mello, A.A. Saharyan, Phys. Rev. D 100, 105014 (2019) 6




EXPECTATION VALUES OF TH

[(J )=etr| pizy”

w], V= 0,1,2J

Ensemble average

Dirac adjoint

Z w=yy

,5 Density matrix P l e—ﬂ(ﬁ—uQ) 5 i
Z T

T Temperature

H " | Chemical potential

/ Partition function /Z =tr [e_ﬁ(ﬁ_” Q)}

- CHARGE AND CURRENT DENSITIES

» Expansion of the field operator

|

=2 ayl +biyl

7= apy) + b,

> Anticommutation relations



DECOMPOSITIONS OF EXPECTATION VALUES

Vacuum / Temperature

U= Dt e 4D

—

» Vacuum expectation values <j V>

(") = ——zzww P (x)

> Contrlbutlons from partlcles and antiparticles

< > _eZV/f;)(XW v (x)

/
p=eu
,3 (EcF4) +1 ’
+ E — Energles corresponding to the modes '7”0 )(x )

Boundary-free / Boundary-induced

<].v >i <jv >(0) N <jv >(b)

N =)
o

Y )
o




EXPECTATION VALUES: VACUUM STATE

W\ a\(0) v \(2)
> Boundary-free VEVs [ <J >Vac _<] >Vac+<] >Vac ]

A0 e | q ¢~ [, (2mreoshy) f(q,, )
<] > {Z( 1) sin2rzla,) f, (2mrsm(7rl/q) _[ y cosh(2gy) )cos(c]ﬂ) }

vac 272'}/

» Boundary-induced VEVs (Exterior region)
b I U,
< >iai - _ZI dxxRe{ i (ax) VA (rx)}

Py 5 —ﬂ.(ax)\/xz—m2 '
L _ Modified Bessel
» Boundary-induced VEVs (Interior region) [W] — Integer part of w functions

< >(b) =—Zj dxxRe[K (@) Uy, (rx)] Fﬂj(u)zuF/;j(u)—[ejﬂj -5 (Sma +iyJu’ —m’ )}Fﬂj(u);Fil,K

a1 __ (ax) x> —m /
0 J B U(fﬁ (rx): Z (Sm-l-)[i x2 _m2 )F;J.—ZEJ/Z(FX)

fo(z)=sme™, fz(Z):zmze_Z(l+Z)/zz P

f(g,a,,y)= Z ;(cos[qﬂ(l/Z—Zao)]cosh[q(l+2;(a0)y}
P F=1K

Ufﬂ (rx) = 5 F (rx) _(rx)

Ref:
(Vacuum 1eboundary_») E. R. Bezerra de Mello, V. Bezerra, A.A. Saharian, V.M. Bardeghyan, Phys. Rev. D 82, 085033 (2010)




EXPECTATION VALUES: BOUNDARY-FREE

() =)o ()

where
0\(0) e oo y/E
()= 2, Ay stz — 2 (E% zsm) 0 (vr)
2¢0 J 1;(=i1
2
2\(0) e o cev | E
<]2>Ti :_rzjo ﬂ](E+,U) lJ:Bj (7/r)J,3j+ej (7/1/')
0"
Ref: o

(Boundary-free, Finite temp.)

S. Bellucci, E.R. Bezerra de Mello, E. Braganca, A.A. Saharian, Eur. Phys. J. C76, 359 (2016)




EXPECTATION VALUES: BOUNDARY-INDUCED

{ <jv>: <jv>(0) .\ <jv>(b) ]

» Exterior region

) D
A®  2Te & 1, (u,a
= Re< == + +7z2n+1Ta12ur
) 2Te ]—ﬂ (”na) K
<j2> - _ZZ;‘RG K ] (u a) ij (u,r) \ Odd functions
\§ P At _/ under simultaneous
: : replacements
> I;terlor region _ < O —> —at, 11— — 1
K
< >(b) 26TZZR€ i (,9) Z [Sm+;(,u+;(z7r(2n+1)T][a _p (u,r)
¢0 J n=0 i Iﬁj (una)
K
< >(b) 2eT ZZRC _,B (u a)UI (unr)
\ ¢O J n=0 i ],Bj (una) j

Fy, () = uFf ()~ [ejﬂj - (Sm“ " lmﬂ Fy (u); FF=1,K ‘ U, = {[7[(214 +1)T - i,u]2 +m’ }1/2



MASSLESS FIELD WITH ZERO CHEMICAL POTENTIAL
m=0 and u=0

» Exterior region
zr/a)—K2 (zr/a)

o\®)  2Te ,B]+] B,
ORI S PII®

a¢0 j n=0

(2n+1)7zaT

o= ye;2 (2)K,, a;- €12 (2)

by 4Te x1,
f_(zr/ )
< > ZZZ ﬁ,+,( )+Kpj( ) B, a

j n=0 y=xI

z:(2n+1)7raT
» Interior region

<.o>b ZeTZZ ﬁﬁe] Zr/a)—lzj (zr/a)
Cl¢0 Jj n=0 ﬂ]+]( )+12 (Z)
ZI Q= JE; /2(Z)K i XE /2(2)

U!
s (2r/a)
Jo n=0 y=%l ( )+[/23,+6,( ) 2ﬂ]

2

Expectation values do not depend on the parameter §

(2n+1)7mT

< >(b> 2eT

Z:(2n+1)7mT




(az/e) <j0>(b)

(a*/e) (o)

RADIAL DEPENDENCE

Interior

o35y
0.30;
0.25¢
0.20"
0.15-
0.10;
0.05

0.00¢

0.08

0.00

0.06
0.04

0.02

m = () and ,UZO

Charge density

-
Full / Dashed

qg=13,5 )
Ja=0.5,a,=02/04

<— Current density ——

(a®/e) ()"

(a*/¢) (5)"”

Exterior

0.00¢
~0.02}
~0.04}
~0.06]

~0.08/

2.2

0.00|
-0.02|
-0.04
~0.06

~0.08

2.2

2.4



DEPENDENCE ON TEMPERATURE

v/ a = 0.5 (Interior)

0.35}
0.30F

m = (0 and ,UZO

-

\_

Full / Dashed

L]
a,=0.2/0.4

r/ a =1.5(Exterior)




DEPENDENCE ON PARAMETERS «,, g

r/a=0.5nterior) m=0and LL=0 r/a=1.5(xterior)
= - Ta=05, g=1,34,5)

Qi el
0.00}
m=0and U= 0 ;
~0.01}
r = ool
Full / Dashed >
‘ ;}; —0.03?

@, =0.2,04, Ta=0.5/0.25) o




0.30}

r [/ a = 0.5 (Interior) u=>0 r/a=1.5 (Exterior)
: e 01 e
R —0-055......7..........
o 1 2 3 4
0 1 2 3 4 .
ma
4 Full / Dashed )

DEPENDENCE ON MASS

qg=2.5,a,=04, )
kTa =0.1,0.2,0.3, s= +1/—1)

16



BOUNDARY CONDITION: GENERAL FORM

» Boundary condition
(1 +77inﬂ7/“)w(x) =0,r=a,n=x=I
Special case 1 =41 — MIT bag BC

» Expectation values

o\ (D —V v\ (b
3V = GG

% 0 — -1/ 0
Gy = (=D 26,

The same for the total expectation values <] V) ( S, [ 77)
? Y
17



PARITY AND TIME-REVERSAL INVARIANT MODELS

» 3 2 inequivalent irreducible representations of the Clifford algebra

0 1 2
2 sets of y-matrices = 7/{;) =7,y »7/(3))9
7/(2S) =—isy'y' /r,s ==l

[ s=+1 - > Present problem ]

3 fermionic models which are invariant under the

» Ifﬁ magnetic field== P- and T-reversal transformations

s=*1

[Lagrangian density . L= Z l//(s)(ly sy — M )l//(S) ]

» The corresponding problem can be mapped to the present problem
18



PARITY AND TIME-REVERSAL INVARIANT MODELS

0. (1-5)/2

Field V(s Wiy =77 W

Boundary conditions (1 + n(s)inﬂy(’;))w(s) =0,r=a (1 + Sn(s)inﬂy”)w('s) =0,r=a

Field equations (l]/(S)D )W(S)(x) =0 (i}/”Dﬂ — Sm)w('s)(x) =0

o e % — 1% oIV —f 1% /
Current densities Jis)y =W V¥ s Jio) =W\ VoV

<j(‘,/g)>:SV/2<.](S)> v=0,2

]

1% 1-v/2 | .v
Total expectation values > [ )= ZSU(S) < >(,7(S),sn(s)ﬂ,+1) ]

s=*1

19




APPLICATIONS IN GRAPHITIC CONES

SEM 1mages of free-standing hollow carbon nanocones produced by
pyrolysis of heavy oil

Planar angle deficit - 2r—@y=mn,/3, n,=12,...,5

c

20



APPLICATIONS IN GRAPHITIC CONES

» Dirac model describing the long wavelength properties of the electronic subsystem
of graphene

s =1 — Points K, and K_ of the graphene Brillouin zone
Spinors — Y= (%’Asj

) l//s,BS
S =+1 — Additional degree of freedom related to spin

W..as-¥sps — Electron wave functions on the A and B sites of the graphene lattice

» Dirac equation for m-electrons

4-component spinors — ¥, = (W(H)j

Vi 1 0
4x4 Dirac matrices — 7{51) =0p;, ® Op3 = [0 _J
1 O
Spin connection — TI)=1®T, = 0 1

¢ — Speed of light

N 7
¢ > vp #7.9x10" em/sec V¥ — Fermi velocity of electrons 21



SUMMARY

» We have considered the combined effects of finite temperature and circular boundary on
the expectation values of the charge and current densities in a (2+1)-dimensional conical
spacetime with an arbitrary value of the planar angle deficit

» In two-dimensional spaces there exist two inequivalent representations of the Clifford
algebra and we have presented the investigation for both the fields realizing those
representations

» The expectation values of the charge and current densities in both the exterior and
interior regions are decomposed into boundary-free and boundary-induced contributions

» Boundary-induced contributions are periodic functions of the magnetic flux with the
period equal to the flux quantum

» Boundary-induced contributions are odd functions under the simultaneous reflections
oa—>—a, U—>—U

» At large distances from the boundary the charge density i1s dominated by the
Minkowskian part which does not depend on radial coordinate, whereas the current
density decays exponentially

22
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EXPECTATION VALUES: EXTERIOR REGION

» Thermal part Z ( E+ ysm )gg?zj_lej/z (761’7/?)

tTe R
.0 y==*1
i) =] dy : = —
< >Tir 2¢0 - 0 E |:e,3(E+u) +1][Jlé%)2 (7/61)+Yﬂ(.i)2 (7/61):|
(£)2
o Bouqdary-free th§rma.1 part <j0 >(0) _(ﬂfﬂw (xi(yg2 v fp e
(particles and antiparticles) T+ Sy, (X)+Y, 7 (x)
* Boundary-induced part 0\ _/.0\ [/ .0\©
(particles and antiparticles) ~ <] >Ti B <J >Tir <J >Tir

* Boundary-induced thermal part— (J O>(Tb) =(J ’ (Tb+) +(J O>(Tb_)
0\ (b 0\ (b 0\ (b
) = e

> Total expectation values — (JjH= <jv>(0) + (jv>(b)

* Boundary-induced part — {J

24



EXPECTATION VALUES: INTERIOR REGION

» Thermal part DY ) () g(v)(yﬁ)/ a)are expressed in terms of J, (7%'r/a)
(7 )g* (7)) /a]

i /! @ _ [ ®2, 2, 2
E \/7/ /a” +m

Eﬂ,
ioi=l ﬂ)-l-l

)=

» Summation formula —— Generalized Abel-Plana type formula

A.A. Saharian, The Generalized Abel-Plana Formula with Applications to Bessel
i —" | Functions and Casimir Effect (2008) (arXiv:0708.1187)
Ref: —__

A.A. Saharian, E.R. Bezerra de Mello, J. Phys. A: Math. Gen. 37, 3543 (2004)

» Total expectation values




RADIAL DEPENDENCE

» Large distances from the boundary

m#0 u,r>1
H#0 T Zm,|ul

!

<jv>(b) o o 2"

<j0>(0) ~ <j0>(M) does not depend on 7
( —2ru
(YO (YO oc ", p>T
t ke—ZruOSin(¢0/2), ¢0 <
( —2mr
<]v>(0) oc 4 € 9 ¢O > T
—2mrsin(¢,/2)
vac k , ¢() <
(b) (b)
-0 -2 —2mr 3/2
r ocC e /r —
<] >Vac ’ <‘] >Vac ‘ q = 272'/¢O

<.2>(b) (1/r2p+4, po>1/2
J vac \1/,,.4,0+3, p<1/2

p=q(l/2—|0[0 |)‘

26



RADIAL DEPENDENCE

» Near the cone apex

m #() and y 7 <1 Contribution of the irregular mode
u#0 [ d l

e b

2 | a, >1-1/g — jO ) diverges on the apex

o'\ ()

A

vanishes on the apex

v \(?) q—24|a|-1 2la, <k1-1/qg — {(j
< j > oc 7 =3 | o(|b) q J

L <] ¢> vanishes on the apex

r

jo >(O) o rq(1—2|a0|)—1

) | a, |> 1—1/ q Expectation values 1n the boundary-free o :
J ¢> cl/r

geometry are dominated by the vacuum parts
» On the boundary .

: . . 4e « y(sm/E%£l1)
Approaching 0\ _ _ _
from exterior <] >Ti <]¢>Ti 2 ) ;-“0 dy PUEFH) 4 1 j(#)2

— <

N

T

A hi
frgﬁlr(i)fllferlir(f — <J.0>m:<j¢>m

Z Z “ ﬂ(E’—/Lu)

T 2
¢OCZ jo1=1 e +1

Ae < uTy’ (7/%))‘]/23] (7/1(};)) (1 /Ismj
27



DEPENDENCE ON TEMPERATURE

» High temperature 4 o\ () 22T (ra)
. —27TL\r—a
(") e
—27Trsin(z/q)

0\(0) .
T >m |,U|1/(I”—a) =) q>2_’<]o>t xe N Total<]0>isd0minated
, ’ < 0\ (0) _ by the Minkowskian part
q<2_><]0> o o 27T
t

\<j0>$) ~eul'ln2/rx

» Zero temperature limit
) Jtem—s ()= ()
) <M M {77 ) =(7")

D) |upm .

) de ey (E+ism)gg’);j (ya,yr)+(E - /Ism)gﬂ] 5 e, (ya,yr)
<] >Vac Z.[ l dy TP (ya)+ 7" (ya)
| | | Z g ’ J J
Interior —— 1T1L13<]O> = <JO>VaC + 2¢022 ZZ Tﬂ(j) (%_i))g(o) (75/11))

Exterior — lTi£%<j 0>:

(\®)
>
-

o
oy |

Prime means that the lastterm [ = l must
751)<a\/,u —m <7/§z)+1 | (1) _ /luz_mz )8

be taken with additional factor 2incaseof y7, =a
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