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Small community.

“New” concept.

Unconventional magnets.

Beam dynamics 
or 

Magnet design?
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Same people!!
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FFAG accelerators 
Definition - History
betatron oscillations - chromaticity

Scaling beam dynamics 
Circular case
Straight case
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Outline
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FFAG accelerator

It combines 

4

FFAG
like cyclotrons:
a static guide field

a strong focusing.
like synchrotrons:

AND

FIXED FIELD ALTERNATING GRADIENT
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FFAG accelerator
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2 types of FFAGs:

“Scaling” FFAG, non-linear field, constant tune.

“Non-scaling” FFAG, linear optics, fast resonance crossing

EMMA in pictures

rf cavity D-QUAD

F-QUAD

Ion
Pump
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e-model for non-scaling
FFAG: EMMA 
(Daresbury, UK)
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FFAG history
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Ohkawa (1953), Kerst & Symon, Kolomenskii.

No practical machine for 40 years.

 MURA project (1960s): e-model, induction acceleration.

 Complicated magnetic field configuration: 3D design.
 RF cavity: Variable frequency and high gradient

2000: first proton FFAG

History of FFAG Proton Accelerator

! 1953: Basic concept by Ohkawa
Proton FFAG accelerator was not 
successful until recent
difficulty in fabricating RF cavity with 

variable frequency & high gradient field

! 1998  Development of RF cavity 
using Magnetic Alloy

    Grant-in-Aid for Scientific Res. by 
MEXT Y. Mori, KEK

! 2000 Development of Proton 
FFAG Accelerator

  Grant-in-Aid for Scientific Res. by 
MEXT: Y. Mori, KEK

! 2005 Development of 150MeV 
multipurpose FFAG accelerator

    100Hz Operation!
Grant-in-Aid for Creative Basic Res.

Proof-of-Principle (PoP)-Proton FFAG Accel.

RF Cavity

150MeV FFAG
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FFAG history (Continued)
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2003 Proton FFAG complex 
  at Kyoto University

Layout of KURRI-FFAG complex

booster

main ring

ion beta

ion source

For KUCAindexes of the BL integration of focusing and defocusing
field are almost the value (k+1).

halfgap = −0.156× (r − 4475) + 90.079
(4300 < r < 4475)(F1)

halfgap = 21
(

5400
r

)7.75

(4475 < r < 5410)(F2)
halfgap = −0.156× (r − 4475) + 90.079

(4300 < r < 4500)(D1)

halfgap = 20
(

5400
r

)9.32

(4500 < r < 4900)(D2)

halfgap = 39.9
(

4900
r

)11.555

+ 9.57

(r = 4900 < r < 5400)(D3)

Figure 6: Pole Shape of the Magnet(unit=mm)
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Figure 7: BL Integration and FD Ratio in a Radius

Figure 8 shows the tune shift, which is calculated with
the tracking simulation, during the acceleration. In gen-
eral, it is desirable that the betatron tunes should not cross
the resonance lines up to third order. This constraint is sat-
isfied.

Figure 9 is the picture of ”Return-Yoke Free” Magnet for
150MeV FFAG.

3 BEAM EXTRACTION
As mentioned in the previous section, the fast beam

extraction is to be employed in 150MeV FFAG. The
beam emittance at the beam extraction is assumed to be
50πmm·mrad in the current design. To extract the beam
with the fast extraction, one kicker magnet and one septum
magnet are to be installed in the adjacent straight sections
in the ring.
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Figure 8: Tune Shift during Acceleration

Figure 9: ”Return-Yoke Free” Magnet for 150MeV FFAG
synchrtron

Figure 10 shows a typical extraction orbit. Considering
the beam size at the extraction, to obtain a sufficient or-
bit separation at the septum magnet, more than 500 gauss
of field strength is required for the kicker magnet and the
field strength more than 2kgauss is needed for the septum
magnet. As shown in Figure 9, beam is ejected from the
F-pole of the sector magnet. Thus, the invention of the
”Return-Yoke Free” magnet makes the extraction system
very simple.

Figure 10: Beam Extraction Scheme

4 SUMMARY
The design of 150MeV FFAG synchrotron has been

completed, and the beam extraction scheme with triplet
”Return-Yoke Free” magnet is established. This machine
is expected to be the prototype for many application of the
future FFAG accelerator.

5 REFERENCES
[1] T.Adachi et al., Proc. of EPAC2000 p581-583
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Return yoke-free magnets
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FFAG history (Continued)
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Muon accelerator: PRISM

C-shape magnets
large aperture
Challenging dynamics & 

design

PRISM-FFAG Magnet

• Five magnets have 
been produced.

• one magnet will be 
constructed in 2007

• Magnet 
measurements for 
three magnets have 
been finished.



JB Lagrange - Dynamics&Magnets - Dec. 2013

Transverse motion in particle 
accelerators
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Linearized equations of motion:

∂2y

∂s2
+ Ky(s)y = 0 y = x zor

Periodic case: Hill’s equations

General solution: y =
√

�
�

β(s) cos(νφ(s) + φ0)

Betatron oscillations: pseudo-harmonic oscillation 
of frequency     (tune) and varying amplitude          .ν

�
β(s)
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Betatron resonances
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Resonance conditions:

mxνx + mzνz = q,

(mx, mz, q) ∈ N3

Working point
positioned in the tune 
diagram.

(νx, νz)

νx

νz

Non-linear components are considered as perturbations of 
the linear equations of motion.

Chromaticity: Variation of tune with respect to particle energy.
Zero-chromaticity: Invariance of both horizontal 
and vertical tune with respect to energy.
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FFAG accelerators 
Definition - History
betatron oscillations - chromaticity

Scaling beam dynamics 
Circular case
Straight case
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Outline
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Invariance of the betatron 
oscillations

➡ zero-chromatic system for any momentum range.

keep independent of momentum the transverse linearized 
equations of motion.
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Similarity of the reference trajectories.

(x, s, z): curvilinear coordinates.
New system of coordinates (x, Θ, z)
               with
n: field index
ρ: curvature radius

Linearized equations of motion for a momentum p:

Independent of momentum p:

Invariance of the focusing strength.

Circular case






d2x

dΘ2
+

R2

ρ2
(1− n)x = 0,

d2z

dΘ2
+

R2

ρ2
nz = 0.

R =
1

2π

�
dsΘ = s/R






�
∂(R/ρ)

∂p

�

Θ

= 0,

�
∂n

∂p

�

Θ

= 0.

JB Lagrange - Dynamics&Magnets - Dec. 2013
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Circular case
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B(r, θ) = B0

�
r

r0

�k
· F(θ − tan ζ ln

r

r0
)

Radial sector:Spiral sector: ζ = const. ζ = 0

and
invariance of the field index

similarity of the closed orbitsInvariance of the 
betatron oscillations

k =
R

B̄

dB̄

dR
Geometrical field index:
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Spiral case: RACCAM
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18

•  The magnet has been built by SIGMAPHIThe magnet has been built by SIGMAPHI

18

•  The magnet has been built by SIGMAPHIThe magnet has been built by SIGMAPHI

Magnet built by SIGMAPHI
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Straight case
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Similarity of the reference trajectories






d2x

ds2
+

1− n

ρ2
x = 0,

d2z

ds2
+

n

ρ2
z = 0.

(x, s, z): curvilinear coordinates
n: field index
ρ: curvature radius

Linearized equations of motion for a momentum p:






�
∂ρ

∂p

�

s

= 0,

�
∂n

∂p

�

s

= 0.

Independent of momentum p:

Invariance of the focusing strength

Change of coordinates: introduction of average abscissa χ.
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Straight case
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B(χ, s) = B0e

�
m1(χ− χ0) + m2

� χ

χ0

tan ζ(χ)dχ

�

F(s)

Introduction of normalized 
field gradient: m =

1
B

dB

dχ

m = m1 + m2 tan ζ(χ)

Invariance of the focusing 
strength gives condition on m:

χ

χ + δχ

ζ

X s = co
ns

t.
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Straight case
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ζ = const.

Tilted straight case: ζ = const.

m = const.

B(X, Y ) = B0e
m(X−X0)F (Y − (X −X0) tan ζ)

Rectangular case: ζ = 0
!

"

ζ
ζ

ζ

X

Y

! " #



JB Lagrange - Dynamics&Magnets - Dec. 201319

Use of 2 energies: 7 MeV and 11 MeV.

Straight experiment

!"#$%&'"()*+,#%-,."

/%.$0(12(3455(6,7

889:(6$%.(;%.&(

5<=(6,7

H- linac injection beam line

➡Design and manufacturing of a straight scaling 
cell prototype, and measure of the horizontal phase 
advance for 2 different energies.
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Layout of the experiment
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  C-shape Magnets to have easy access to the pole.
  Cell able to move horizontally to match the different reference 

trajectories.
  Rectangular magnets.

  Coils:
  Max 3500 A.T/coil.
  18 turns x 4 layers = 72 turns of 5 mm x 2 mm cross section wire.

                    ~5 A/mm2                 Indirect water cooling system.
  Power supply per magnet (D): 100 A, 30 V.
Whole system power consumption: ~1 kW.

21

Straight Scaling FFAG cell design

Type FDF

m-value 11 m
−1

Total length 4.68 m

Length of F magnet 15 cm

Length of D magnet 30 cm

Max. B Field (D magnet) 0.3 T

Max. B Field (F magnet) 0.2 T

Horizontal phase advance 87.7 deg.

Vertical phase advance 106.2 deg.
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Magnet design
Pole shape configured with POISSON, then TOSCA.

Magnetic field in
F magnet (15 cm long).

TOSCA model.

Magnetic field in
D magnet (30 cm long).

TOSCA model.
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FIELD 
MEASUREMENT

Measured field 
map created

F1
F3D2
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TOSCA
Measure

Comparison TOSCA-Measure

Good agreement (difference < 1%)

Field model
TOSCA map
Measured map

Local m-value vs horizontal abscissa with field model (plain 
red), in TOSCA field map (black dashed) and in measured field 

map (mixed blue). 
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Particle tracking

Horizontal phase advances vs kinetic energy
with field model (plain red), in TOSCA field map (black 

dashed) and in measured field map (mixed blue). 

Field model
TOSCA map
Measured map
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Experimental results

Straight scaling law clarified.

tanψ = −α1 −
β1x�

1

x1

x̄1 (mm) x̄�
1 (mrad) β̄1 (m) ᾱ1 ψexp. (deg) ψTOSCA (deg)

11 MeV 2.0 -2.4 17.7 -1.5 87.5 ± 3.3 87.5
7 MeV 1.8 -2.1 11.7 -1.0 86.1 ± 9.6 87.6

ψexp(11 MeV)=87.5 deg

ψexp(7 MeV)=86.1 deg

J.-B. Lagrange et al, “Straight scaling FFAG beam line”, 
Nucl. Instr. Meth. A, vol. 691, pp. 55–63, 2012.
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Conventional racetrack storage ring has small longitudinal 
acceptance.

nuSTORM
Neutrinos from STORed Muons 
(nuSTORM) with a muon storage ring is 
investigated for neutrino experiments 
(neutrino mixing matrix, sterile 
neutrinos).

27

Racetrack FFAG design 
Dramatically reduces the brightness at the detector.

Muons decay in neutrinos in the storage ring

Detector

Muon 

storage ring

Neutrin
o flux

Racetrack to collect the maximum decayed neutrinos.
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Large transverse acceptance (1000π mm.mrad)
Large momentum acceptance (±16%, up to ±25%)

FFAG decay ring for 
nuSTORM
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FFAGs have complicated magnetic field configuration, 
that require a strong collaboration between beam 
dynamics and magnet designs.

Usually beam dynamics and magnet design are 
studied by the same people.

You are welcome to join us for exciting challenges!

Summary

29



Thank you for your attention





back-up slides
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Experimental measurement

For each energy, the beam is launched 3 times:
on the reference trajectory,
-10 mm off the reference trajectory,
+10 mm off the reference trajectory.

�
x1

x�1

�
=

� �
β1
β0

cos ψ a12

−α1 cos ψ−sin ψ√
β1β0

a22

�
·
�

x0

0

�

Exit parameters to measure: x1, x’1, β1 and α1.

tanψ = −α1 −
β1x�

1

x1

x1 =
x+10 − x−10

2
x�1 =

x�+10 − x�−10

2
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Experimental measurement

!
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angle measurement scheme.

position and beta measurement 
from pictures without slit.

-10 mm +10 mmref. traj
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Experimental measurement

α1 measurement from 

the slope of the line x’ vs. xslit: 

the beta value

Drift transfer matrix tracking to obtain α1.

slope = −
�

α

β

�

slit


