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Cluster virial expansion & generalized Beth-Uhlenbeck

Aspects of the quantum statistical description of many-particle systems
with bound and scattering states

low density limit high density modification (medium effects)
(1) elementary particles
Ideal Fermi gas: Quasiparticle quantum liquid:
neutrons, protons mean-field approximation
(electrons, neutrinos,. . .) Skyrme, Gogny, RMF
(2) bound state formation
Nuclear statistical equilibrium: Chemical equilibrium of quasiparticle clusters:
ideal mixture of all bound states medium modified bound state energies
chemical equilibrium, mass action law self-energy and Pauli blocking
(3) continuum contributions
Second virial coefficient: Generalized Beth-Uhlenbeck formula:

account of continuum correlations (A = 2) medium modified binding energies,
scattering phase shifts, Beth-Uhlenbeck Eq. medium modified scattering phase shifts
(4) chemical & physical picture

Cluster virial approach: Correlated medium:
all bound states (clusters) phase space occupation by all bound states
scattering phase shifts of all pairs in-medium correlations, quantum condensates

From N. Bastian et al. arXiv:1804.10178 [nucl-th
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Cluster virial expansion & generalized Beth-Uhlenbeck

Cluster virial expansion of the density
We have in the non-degenerate case [ Y., — V/(27)® [ d*P]
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with ga . = 2sac + 1 the degeneration factor in the channel c. The partial density of
the channel ¢ at P contains the intrinsic partition function
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Derivation for A = 2 (deuterons) within thermodynamic Green's function approach, see
M. Schmidt, G. Rdpke, H. Schulz, Ann. Phys. (1990)
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Cluster virial expansion & generalized Beth-Uhlenbeck

Example: deuteron channel in nuclear matter
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Clustering in a model field theory for quark matter

Partition functionfor the basic NJL model
Z= /DCIDC_IGXP [/ d*xe E] , L=3(d— mo+ )+ Gs [(§9)* + (31579)%] |
After bosonization (Hubbard-Stratonovich trick),
7 _ /Danr’e_fdAxE {LiZSZ}Jﬁ%Indet(ﬁS’l) .
Thermodynamic potential in mean field approximation
T
QMF = —V InZ
= (ﬁﬂ —2NgN, /d3p [E + Tln (1 + e_(E"_“)/T) + anti article}
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From D. Blaschke et al. arXiv:1305.3907 [hep-ph]
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Clustering in a model field theory for quark matter

Fluctuations in Gaussian approximation

-
QGaus = v In Zaus = Qur + Q® = Qeona + Qg + Z Qx ,
X
dx T _ 3 1
Qx(T,pn) = %V In [ﬁ25X1(zn,q)] ., SxM(zma) = reuhe Nx(zn,q) -

Polar representation — Phase shift

SX = ‘SX|5X ’ 5)((0-),(]) =—In [625)21(0‘) — px + ,’77q)}

d3q * dw _ N
(T = —dx [ 58 [ 52 e m(e) + nf@lox(ena)
Beth-Uhlenbeck formula —» where is the factor sin® dx 77?

d3q * dw o . ) dox(w,q)
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From D. Blaschke et al. arXiv:1305.3907 [hep-ph
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®-derivable approach (conserving approximation scheme)

For QED, make ansatz [Vanderheyden & Baym, J. Stat. Phys. (1998)]
1 1
BQL=>[G,D] —TrXG + Trin(—yG) + ETrI'ID - ETrIn (—D)

Stationarity of the thermodynamic potential,

02 0Q

56 oD O

is equivalent to fulfillment of Dyson equations for propagators of electrons G and
photons D,

G!' = G'-x¥, Dt'=Dpy'-1,
where Gy and Dy are the bare electron and photon propagators, and ¥ and I1 are
calculated as functional derivatives,

) o
Y=—, N=2—.
G’ oD
From Blaschke, Répke, Baym, arXiv:2512.03876 [nucl-th]



®-derivable approach (conserving approximation scheme)

Using spectral representations, the frequency sums can be evaluated

> dw -1
Q = To [G7 D] + zp: /_oo gf(w)TrDlracIm [ZG + In (_FYOG )]
dw —1
+Z gy n(w) Z gilm [I_I/D/ +1In (—D, )] ,
q I=L,T
Let us consider the entropy as the derivative with respect to the temperature,
Q
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Sy = —;g/. o T [Iml‘I/ReD, +Imln (—D, )] ,

The remaining term vanishes in the two-loop approximation for ¢
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From Blaschke, Ropke, Baym, arXiv:2512.03876 [nucl-th
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Generalized Beth-Uhlenbeck formula from ®-derivable ...

With the polar representation of the propagator D = |D|exp (id) follow the relations
DImMN = sinde® |, D*ImMN = —i§ sinde " |
which allow to rewrite
— [ReDImM + Imln(fol)}/ =2§'sin?§

and obtain the entropy in the form of a generalized Beth-Uhlenbeck formula,

- Bg  [Fdw 93w, a)
Sy = 2V/(27r)3 7€ 7ab(w) sin 5(w,q)T.

Lorentz-profile — "squared Lorentzian”

9(w) _ r o (O0(w) s
dw  (w—wgr)2+T2 > sino(w) ow  [(w—wr)2+T2P2"

From Blaschke, Répke, Baym, arXiv:2512.03876 [nucl-th]
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Application: quark-meson plasma with backreaction

Generalized Beth-Uhlenbeck formula for 2+1D GN model, with correction sin(24)/2
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Figures from B. Mahato & D. Blaschke, arXiv:2604.02246
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Application: quark-meson plasma with backreaction

Further applications are found in the PhD Thesis of Biplab Mahato (Uni Wroclaw)
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