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Hydrogen-like muonic atoms

Ordinary atoms Muonic atoms

S

muon more sensitive to the nucleus

Can be used as a precision probe for the nucleus

 To extract charge radii from 2P-2S or 2P-1S data

* To extract Zemach radii from hyperfine splitting data
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Extracting the charge radius

Strong experimental program at PSI to extract the nuclear charge radius from the Lamb shift
measurement (2S-2P) in muonic atoms

M- m4 ZOZ 4
® Ess_op = 0QED - T(12 ) (r2) + d1pE

what is measured what you want to extract
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Extracting the charge radius

Strong experimental program at PSI to extract the nuclear charge radius from the Lamb shift
measurement (2S-2P) in muonic atoms

g m*(Zo)*
® Eos—ap = 0QED - (12 ) (rZ) + oTpE

well known not well known

@ uD  —> results released in 2016
@ u*He* —; results released in 2021
@ u3He*—; results released in 2023

CREMA Collaboration
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A matter of precision

The uncertainty of the extracted radius depends on the precision of the TPE

Ess_op = 6qeD + Aopr(r’) + drpE
Even though, roughly: 95% 4% 1%

The uncertainty on TPE exceeds the experimental precision, hence reducing
uncertainties is important

Uncertainties comparison (as of 2013)

u2H 0.003 meV 0.03 meV
p3Het 0.08 meV 1 meV
yiHe* 0.06 meV 0.6 meV
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A matter of precision

The uncertainty of the extracted radius depends on the precision of the TPE

Ess_op = 6qeD + Aopr(r’) + drpE
Even though, roughly: 95% 4% 1%

The uncertainty on TPE exceeds the experimental precision, hence reducing
uncertainties is important

Uncertainties comparison (as of 2026)

u2H 0.003 meV 0.02 meV
p3Het 0.08 meV 0.3 meV
utHet 0.06 meV 0.4 meV
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Extracting the charge radius

E (2P-1S) keV
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QUARTET Collaboration: curtesy of Ben Ohayon
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Extracting the charge radius

E (2P-1S) keV
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Two-photon exchange (TPE)

©
i Nucleus

OTPE = Ofer + Oem + 001 + O
———— ————

¢ t

Elastic terms Inelastic terms
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Two-photon exchange (TPE)

©
i Nucleus

OTPE = O + Oem + Oho1 + Ol

A: Few-nucleon terms

N: Single-nucleon terms
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Inelastic terms (cfr. Pachucki)

@ Leading non-relativistic term

Take non-relativistic kinetic energy in muon propagator
neglecting the Coulomb force in the intermediate state

Nucleus

3( 75
p OO0 [ R R PR R R TR R
| | /
1 expansion 5(0) 5(1) 5(2)

* |R — R'| “virtual” distance traveled by the proton between the two-photon exchange

1
2myw

[ my
* n=v2mw|R— R~ my ~ 1/3

expand the muon matrix elements in powers of n up to the second order

* Uncertainty principle |R— R'| ~
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Example of muonic 4He

N [meV] AV18/UIX  yEFT*
™
J
S
3 50 -3.743 -3.981
i
5
nd
o 5 0.741 0.809
5
m
J 5 0.077 0.101
o
%
2
C
£
o ONS 0.517 0.530
3
Z
A Spor -2.408 -2.542
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Polarizability
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Curtesy of V. Pascalutsa
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What about uncertainties?

C.Ji et al., JPG: Part. Nucl. 45, 093002 (2018)

Relative % error

w*H wH wHet uHet

6301 6éem 6%PE 6301 6éem 6%PE 6301 6éem 6%PE 6301 ééem 6%PE
Numerical 0.0 0.0 0.0 0.1 0.0 0.1 04 0.1 0.1 04 0.3 04
Nuclear-model 0.3 0.5 04 1.3 2.4 1.7 0.7 1.8 1.5 3.9 4.6 4.4
ISB 0.2 0.2 0.2 0.7 0.2 0.5 1.8 0.2 0.5 2.2 0.5 0.5
Nucleon-size 0.3 0.8 0.0 0.6 0.9 0.2 1.2 1.3 09 2.7 2.0 1.2
Relativistic 0.0 — 0.0 0.1 — 0.1 0.4 — 0.1 0.1 — 0.0
Coulomb 04 — 0.3 0.5 — 0.3 3.0 — 09 04 — 0.1
7-expansion 04 — 03 13 — 09 11 — 03 08 — 0.2
Higher Za 0.7 — 0.5 0.7 — 0.5 1.5 — 04 1.5 — 04
Total 1.0 0.9 0.8 2.3 2.2 20 4.2 2.2 2.1 5.5 5.1 4.6

Nuclear model error is dominating for 34He, but we had not performed yet an
order-by-order analysis in chiral EFT
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Recent progress

 Bayesian uncertainty quantification (published)

* |deas for heavier systems (unpublished)
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The Helium Isotope Shift puzzle

Status in 2023 using our input for TPE in muonic atoms

; Schuhmann et al. 2023 —— P
+—» 360

i van der Werf et al. 2023 - @
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r?(°He) — r%(*He) [fm2]
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The Helium Isotope Shift puzzle

Simone Li Muli’'s PhD thesis (2023)

Nuclear structure corrections to muonic atoms <&

Bayesian uncertainty quantification 9 = 0rer Z cn(Q/A)"

n=0
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The Helium Isotope Shift puzzle

Nuclear structure corrections to ordinary atoms @

2

A 2 /2 ~
5TPE,e — —gm(Za) ¢nS Qpol,e

19 N 5In(2wxn /m)

Qpol,e = Z [(N|D |O>|2
N20 _6wN WN |

In meV 3He 4He
Our at N3LO 3.514(68) 1.909(96)

Pachucki, Moro (2007) 3.560(360) 2.070(200)
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The Helium Isotope Shift puzzle

Li Muli, Richardson, SB, PRL 134 032502 (2025)

this work at N3LO .
-_ Schuhmann et al. 2023 ——
- >
this work at N3LO ¢ ’_._ 4.00
-_ van der Werf et al. 2023 Lo :
1.00  1.02 _ 1.04 1.06 1.08 1.10

r?(°He) — r%(*He) [fm2]

Problem was in QED (missing off-diagonal hyperfine interaction effects)
— Qi et al, Phys. Rev. Research 7, L022020 (2025)
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How to address heavier muonic atoms?

 Use phenomenological approaches

» Use other ab-initio methods (CC theory)
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Phenomenological approach (ANN)

Nucleus —~ Dipole strength

0.0 0.2 0.4 0.6 0.8 1.0
ensemble mean |activation| (per-layer normalized)
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Phenomenological approach (ANN)

Jiang, Egert, SB, Bonaiti, von Neumann-Cosel, Phys.Rev.C 111 (2025) 5, L051308
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Phenomenological approach (ANN)

Optimize the ANN for light nuclei

Tim Egert’'s master thesis

* Take data with error bars only for A<50
» (Cross section set to zero before threshold

* Impose quasi-deuteron model on the tail
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Phenomenological approach (ANN)

Optimize the ANN for light nuclei

Old ANN New ANN
61 : = ANN \ ~ ANN
15 LI ¢ Berman et al. (1965) 6 I—l ¢ Berman et al. (1965)

Varlamov et al. (1986) Varlamov et al. (1986)
4 Berman and Junghans (1979)

Berman and Shin (1975)

Berman and Junghans (1979)
Berman and Shin (1975)

2 Z 7
w [MeV] 10 0 30 . [|\/(|)eV] 50 60 0 80
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Phenomenological approach (ANN)

Application to muonic atoms

50 = o) 4480 + o0 + 0 + 5
w_/

Depend on electric dipole response function
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Phenomenological approach (ANN)

Application to muonic atoms

50 terms in meV

> HH - AV18/UIX = -5.344 Y 1.053 3He
50 - 1.020
C > HH - YEFT = -5.474 1,000
> ANN = -5.620
0.006
6y - 0.006
-0.109 |
510) - -0.107 i
T -0.103
| 0.241
5(0) 4 0.240
L 0.232
(0)
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Phenomenological approach (ANN)

Application to muonic atoms

50 terms in meV

> HH - AV18/UIX = -3.728 H Ceen AHe

(0) | 0.553
O¢” 1 5 HH - EFT = -3.968 0.519

2 ANN = -3.852

0.006
0) J
554) 0.008
-0.121 |

5.10) 4 -0.134
T -0.126

] 0.269
500 - 0.308
L 0.289
(0) A
6D1
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Phenomenological approach (ANN)

in meV

ElL 50 50 50 5

°H —1. 62+8 2o 0. 21+3 o3 0. 03+8 o —0. 01+8 o
SH ~0.8310-0 0.0879-05 0.0310:01 —0.011:0
SHe —6.807 048 1.051909 0.2410-02 —0.11+95¢
1He —4.57053 0.55109 0.2770:0% —0.1210-01
6Li —30.671539 6.29703 1.0315:9¢ —0.4710-08
"Li —40.561 572 7.3310-23 1.831098 —0.8310-03
‘Be —146.937 1178 36.5212:25 497553 —2.2410-40
108 —170.15+2415 41.74128° 7.36+135 —3.3510:65
12 —496.21148-15 126.10712-59 | 24907382 | _11.0672:3]
13C —608.41155 35 166.271°%2 | 24.45%2:3% | _11.2017}32
14N ~1108.67+7%%0 314.62752%. | 50.197292 | —23.0573 3¢
15N —1194.6113522 343.207%33 | 53.21F357 | 2438722
160 —1694.08T13721 | 504.6012>90 | 78.7879%. | —36.1113 9
170 —1844.90133%28 | 570.9213%-00 | 74.41753¢ —34.0373-97
180 —1879.531371%:33 | 580. 47+}3 ZZ 76.83T557 | —35.101395
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Ab-initio coupled-cluster theory

See talks by Gaute, Francesca, Joanna on coupled-cluster theory

LIT-CC can be applied also to muonic atoms (Lanczos sum rule method)

509 terms in meV

> HH - AV18/UIX = -3.728 0.568
6 1 = HH - xEFT = -3.968 | 0553
0.519
> ANN = -3.864
| scc=-4.081 0-000
50 0.008
57(_0) -
1
| .
5.0 - 0.308
0.289
4.818
4,566 [
59 - 4701 4 He
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Ab-initio coupled-cluster theory

LIT-CC can be applied also to muonic atoms (Lanczos sum rule method)

509 terms in meV

> ANN = -1146.808 -
6(0) - .
¢ | $cc=-1395.357 Bl 50459
5 o 1
Preliminary
46.835
0) J
67" -36.108 |
(0) - B 103.971
o, | 78.781
-2055.585 [
0) J
651 11694.077 1l 160
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Ab-initio coupled-cluster theory

LIT-CC can be applied also to muonic atoms (Lanczos sum rule method)

509 terms in meV

e > ANN = -1319.376 — 00
¢ | 5$cc=-1331.507 B 599.438
5 - 4
Preliminary
-44.634 l
0) 4
67" -37.359 ||
5(0) - B 97.711
L il 81.711
(0) -1957.614 . 18
6p1 1 -1963.166

Sonia Bacca



Outlook

* Ab-initio nuclear theory has allowed a strong reduction of uncertainties in the
evaluation of TPE for the Lamb shift.

* We can extend ab-initio calculations to heavier systems (work in progress)

* [tis interesting to develop simpler phenomenological approaches (work in
progress).
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Thanks to my collaborators

Tim Egert, Weiguang Jiang, Francesco Marino

Simone Li Muli, Thomas Richardson

Nir Barnea, Chen Ji
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Sonia Bacca



