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Hydrogen-like muonic atoms
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e-

Ordinary atoms

µ-

Muonic atoms

muon more sensitive to the nucleus

Can be used as a precision probe for the nucleus

• To extract charge radii from 2P-2S  or 2P-1S data

• To extract Zemach radii from hyperfine splitting data
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µ-

Extracting the charge radius

what is measured what you want to extract

�E2S�2P = �QED +
m4

r(Z↵)4

12
hr2c i+ �TPE

Strong experimental program at PSI to extract the nuclear charge radius from the Lamb shift 
measurement (2S-2P) in muonic atoms
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µ-

well known

�E2S�2P = �QED +
m4

r(Z↵)4

12
hr2c i+ �TPE

not well known

Strong experimental program at PSI to extract the nuclear charge radius from the Lamb shift 
measurement (2S-2P) in muonic atoms

 𝜇D            results released in 2016

 𝜇4He+           results released in 2021 

  𝜇3He+           results released in 2023
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Extracting the charge radius
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�E2S�2P = �QED +AOPEhr2c i+ �TPE

The uncertainty of the extracted radius depends on the precision of the TPE

Even though, roughly:       95%            4%              1%

 The uncertainty on TPE exceeds the experimental precision, hence reducing  
 uncertainties is important

A matter of precision

Uncertainties comparison (as of 2013)

System  ΔE2S-2P  Δ𝛿TPE

 µ2H 0.003 meV 0.03 meV

 µ3He+ 0.08 meV 1 meV

µ4He+ 0.06 meV 0.6 meV
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�E2S�2P = �QED +AOPEhr2c i+ �TPE

The uncertainty of the extracted radius depends on the precision of the TPE

Even though, roughly:       95%            4%              1%

 The uncertainty on TPE exceeds the experimental precision, hence reducing  
 uncertainties is important

A matter of precision

Uncertainties comparison (as of 2026)

System  ΔE2S-2P  Δ𝛿TPE

 µ2H 0.003 meV 0.02 meV

 µ3He+ 0.08 meV 0.3 meV

µ4He+ 0.06 meV 0.4 meV
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QUARTET Collaboration: curtesy of Ben Ohayon

Extracting the charge radius

TPE
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�TPE = �AZem + �NZem + �Apol + �Npol

Two-photon exchange (TPE) 

N N

Elastic terms

<latexit sha1_base64="5a3jtcUqnyUp6j2FJhbbgZl2/AM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1Uvctq7b5Wqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6F6jXA=</latexit>

}
Inelastic terms

<latexit sha1_base64="5a3jtcUqnyUp6j2FJhbbgZl2/AM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1Uvctq7b5Wqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6F6jXA=</latexit>

}
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�TPE = �AZem + �NZem + �Apol + �Npol

Two-photon exchange (TPE) 

N: Single-nucleon terms

N N

A: Few-nucleon terms
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 Take non-relativistic kinetic energy in muon propagator

 neglecting the Coulomb force in the intermediate state 


Inelastic terms (cfr. Pachucki)

 expansion<latexit sha1_base64="UQ5sMq0JbR0JvBt+BkRm3+N9Cqk=">AAAB63icdVDLSgMxFM34rPVVdekmWARXQ2Zoa7srunFZwT6gHUomzbShSWZIMkIZ+gtuXCji1h9y59+YaSuo6IGQwzn3cu89YcKZNgh9OGvrG5tb24Wd4u7e/sFh6ei4o+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vc797j1VmsXyzswSGgg8lixiBJtcGlCDh6UycpFfr6IGRK5vP79qSRV5jVoDei5aoAxWaA1L74NRTFJBpSEca933UGKCDCvDCKfz4iDVNMFkise0b6nEguogW+w6h+dWGcEoVvZJAxfq944MC61nIrSVApuJ/u3l4l9ePzVRPciYTFJDJVkOilIOTQzzw+GIKUoMn1mCiWJ2V0gmWGFibDxFG8LXpfB/0vFdr+ZWbivl5tUqjgI4BWfgAnjgEjTBDWiBNiBgAh7AE3h2hPPovDivy9I1Z9VzAn7AefsEetqOjg==</latexit>⌘

  Leading non-relativistic term

★                “virtual” distance traveled by the proton between the two-photon exchange  

★  Uncertainty principle 

★                                                       ⌘ =

 expand the muon matrix elements in powers of η up to the second order

<latexit sha1_base64="2g6wG1Xyd8XgAkLpRFiqiwq9z7s=">AAAB73icbVBNSwMxEJ2tX7V+rXr0EiyCp7qrRT0WvXisYD+gXUo2zbahSXZNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu6eu3/Q1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSsc3U791hNVmsXywYwTGgg8kCxiBBsrtbuaCeSfXfTcslfxZkDLxM9JGXLUe+5Xtx+TVFBpCMdad3wvMUGGlWGE00mpm2qaYDLCA9qxVGJBdZDN7p2gE6v0URQrW9Kgmfp7IsNC67EIbafAZqgXvan4n9dJTXQdZEwmqaGSzBdFKUcmRtPnUZ8pSgwfW4KJYvZWRIZYYWJsRCUbgr/48jJpnlf8y0r1vlqu3eRxFOEIjuEUfLiCGtxBHRpAgMMzvMKb8+i8OO/Ox7y14OQzh/AHzucPzTGPKw==</latexit>

⇠ 1/3



Sonia Bacca 1223

Example of muonic 4He 
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~P = e~d ⌘ ↵E1
~Eext

γE1E1 γM1M1 γE1M2 γM1E2

Curtesy of V. Pascalutsa

Polarizability
<latexit sha1_base64="nSBjypW9gqsMSngD4YR+paXJD8U=">AAACMXicbVDLSsNAFJ34rPVVdelmsAiVQklE1I3gY+NKFK0W2hgmk0k7OJmEmRuhhPySG/9E3HShiFt/wmkbxNeFgXPOvYc79/iJ4Bpse2BNTE5Nz8yW5srzC4tLy5WV1Wsdp4qyJo1FrFo+0UxwyZrAQbBWohiJfMFu/LuTYf/mninNY3kF/YS5EelKHnJKwEhe5bQTMAHEy5JY5LdHB2N6m9Xsrbz+RZzvZPuLeNnZZV7HnSAG7VWqdsMeFf4LnAJUUVHnXuXJ+GgaMQlUEK3bjp2AmxEFnAqWlzupZgmhd6TL2gZKEjHtZqOLc7xplACHsTJPAh6p3x0ZibTuR76ZjAj09O/eUPyv104h3HczLpMUmKTjRWEqMMR4GB8OuGIURN8AQhU3f8W0RxShYEIumxCc3yf/BdfbDWe3sXOxUz08LuIooXW0gWrIQXvoEJ2ic9REFD2gZ/SCXq1Ha2C9We/j0Qmr8KyhH2V9fALeKali</latexit>

�Apol = �(0) + �(1) + �(2) + �NS + . . .
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C.Ji et al., JPG: Part. Nucl. 45, 093002 (2018) 

Relative % error 

Nuclear model error is dominating for 3,4He, but we had not performed yet an 
order-by-order analysis in chiral EFT

What about uncertainties?
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Recent progress

• Bayesian uncertainty quantification (published)


• Ideas for heavier systems (unpublished)
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The Helium Isotope Shift puzzle

16

<latexit sha1_base64="5fNgEIEAjsVrG2uvQXa9hDI3Kxo=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahLiwztajLopsuK9gHtNOSSTNtaJIZkoxQhi7d+CtuXCji1k9w59+YToto9UDg3HPu5eYeP2JUacf5tDJLyyura9n13Mbm1vaOvbvXUGEsManjkIWy5SNFGBWkrqlmpBVJgrjPSNMfXU/95h2RiobiVo8j4nE0EDSgGGkj9exD2S0VumdJR3JYJZOT07Quf9c9O+8UnRTwL3HnJA/mqPXsj04/xDEnQmOGlGq7TqS9BElNMSOTXCdWJEJ4hAakbahAnCgvSQ+ZwGOj9GEQSvOEhqn6cyJBXKkx900nR3qoFr2p+J/XjnVw6SVURLEmAs8WBTGDOoTTVGCfSoI1GxuCsKTmrxAPkURYm+xyJgR38eS/pFEquufF8k05X7max5EFB+AIFIALLkAFVEEN1AEG9+ARPIMX68F6sl6tt1lrxprP7INfsN6/ALKcl+A=</latexit>

r2(3He)� r2(4He)

3.6 σ
µ

e e

[fm2]

Status in 2023 using our input for TPE in muonic atoms
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Bayesian uncertainty quantification

The Helium Isotope Shift puzzle

<latexit sha1_base64="TUQQHG88xEmSDRC35v5XxEDXKt4="></latexit>

� = �ref

1X

n=0

cn(Q/⇤)n

µNuclear structure corrections to muonic atoms

Simone Li Muli’s PhD thesis (2023)
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The Helium Isotope Shift puzzle

Nuclear structure corrections to ordinary atoms

 In meV 3He 4He
Our at N3LO 3.514(68) 1.909(96)
Pachucki, Moro (2007) 3.560(360) 2.070(200)

e e
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<latexit sha1_base64="5fNgEIEAjsVrG2uvQXa9hDI3Kxo=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahLiwztajLopsuK9gHtNOSSTNtaJIZkoxQhi7d+CtuXCji1k9w59+YToto9UDg3HPu5eYeP2JUacf5tDJLyyura9n13Mbm1vaOvbvXUGEsManjkIWy5SNFGBWkrqlmpBVJgrjPSNMfXU/95h2RiobiVo8j4nE0EDSgGGkj9exD2S0VumdJR3JYJZOT07Quf9c9O+8UnRTwL3HnJA/mqPXsj04/xDEnQmOGlGq7TqS9BElNMSOTXCdWJEJ4hAakbahAnCgvSQ+ZwGOj9GEQSvOEhqn6cyJBXKkx900nR3qoFr2p+J/XjnVw6SVURLEmAs8WBTGDOoTTVGCfSoI1GxuCsKTmrxAPkURYm+xyJgR38eS/pFEquufF8k05X7max5EFB+AIFIALLkAFVEEN1AEG9+ARPIMX68F6sl6tt1lrxprP7INfsN6/ALKcl+A=</latexit>

r2(3He)� r2(4He)

µ

<latexit sha1_base64="5fNgEIEAjsVrG2uvQXa9hDI3Kxo=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahLiwztajLopsuK9gHtNOSSTNtaJIZkoxQhi7d+CtuXCji1k9w59+YToto9UDg3HPu5eYeP2JUacf5tDJLyyura9n13Mbm1vaOvbvXUGEsManjkIWy5SNFGBWkrqlmpBVJgrjPSNMfXU/95h2RiobiVo8j4nE0EDSgGGkj9exD2S0VumdJR3JYJZOT07Quf9c9O+8UnRTwL3HnJA/mqPXsj04/xDEnQmOGlGq7TqS9BElNMSOTXCdWJEJ4hAakbahAnCgvSQ+ZwGOj9GEQSvOEhqn6cyJBXKkx900nR3qoFr2p+J/XjnVw6SVURLEmAs8WBTGDOoTTVGCfSoI1GxuCsKTmrxAPkURYm+xyJgR38eS/pFEquufF8k05X7max5EFB+AIFIALLkAFVEEN1AEG9+ARPIMX68F6sl6tt1lrxprP7INfsN6/ALKcl+A=</latexit>

r2(3He)� r2(4He)

4.0 σ

e e

µ

The Helium Isotope Shift puzzle

Problem was in QED (missing off-diagonal hyperfine interaction effects)  
→ Qi et al, Phys. Rev. Research 7, L022020 (2025)

Li Muli, Richardson, SB, PRL 134 032502 (2025)

[fm2]
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How to address heavier muonic atoms?

20

• Use phenomenological approaches 


• Use other ab-initio methods (CC theory)
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Phenomenological approach (ANN)

21

Nucleus Dipole strength



Sonia Bacca 

Phenomenological approach (ANN)

22

Jiang, Egert, SB, Bonaiti, von Neumann-Cosel, Phys.Rev.C 111 (2025) 5, L051308 
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Phenomenological approach (ANN)

Optimize the ANN for light nuclei

• Take data with error bars only for A<50


• Cross section set to zero before threshold


• Impose quasi-deuteron model on the tail

Tim Egert’s master thesis
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Phenomenological approach (ANN)

Optimize the ANN for light nuclei

Old ANN New ANN
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Phenomenological approach (ANN)

Application to muonic atoms

<latexit sha1_base64="ynx36BBb6rUbWAwPD1ywT4mnGDk=">AAACS3icbZDNS8MwGMbT6XTOr6pHL8EhTITRylAvwnAePChM2BdstaRptoWlHySpMEr/Py9evPlPePGgiAezrQfX+UDgye99X97kcUJGhTSMNy23sppfWy9sFDe3tnd29b39tggijkkLByzgXQcJwqhPWpJKRrohJ8hzGOk44/q03nkiXNDAb8pJSCwPDX06oBhJhWzd6buESfQYl42T5OrvxY5vzASewgVWz4K7LGhmwb2tl4yKMRNcNmZqSiBVw9Zf+26AI4/4EjMkRM80QmnFiEuKGUmK/UiQEOExGpKesj7yiLDiWRYJPFbEhYOAq+NLOKN/J2LkCTHxHNXpITkS2doU/lfrRXJwacXUDyNJfDxfNIgYlAGcBgtdygmWbKIMwpyqt0I8QhxhqeIvqhDM7JeXTfusYp5Xqg/VUu06jaMADsERKAMTXIAauAUN0AIYPIN38Am+tBftQ/vWfuatOS2dOQALyuV/ATDLr1g=</latexit>

�(0) = �(0)D1 + �(0)C + �(0)L + �(0)T + �(0)M

<latexit sha1_base64="ynx36BBb6rUbWAwPD1ywT4mnGDk=">AAACS3icbZDNS8MwGMbT6XTOr6pHL8EhTITRylAvwnAePChM2BdstaRptoWlHySpMEr/Py9evPlPePGgiAezrQfX+UDgye99X97kcUJGhTSMNy23sppfWy9sFDe3tnd29b39tggijkkLByzgXQcJwqhPWpJKRrohJ8hzGOk44/q03nkiXNDAb8pJSCwPDX06oBhJhWzd6buESfQYl42T5OrvxY5vzASewgVWz4K7LGhmwb2tl4yKMRNcNmZqSiBVw9Zf+26AI4/4EjMkRM80QmnFiEuKGUmK/UiQEOExGpKesj7yiLDiWRYJPFbEhYOAq+NLOKN/J2LkCTHxHNXpITkS2doU/lfrRXJwacXUDyNJfDxfNIgYlAGcBgtdygmWbKIMwpyqt0I8QhxhqeIvqhDM7JeXTfusYp5Xqg/VUu06jaMADsERKAMTXIAauAUN0AIYPIN38Am+tBftQ/vWfuatOS2dOQALyuV/ATDLr1g=</latexit>

�(0) = �(0)D1 + �(0)C + �(0)L + �(0)T + �(0)M
<latexit sha1_base64="5a3jtcUqnyUp6j2FJhbbgZl2/AM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1Uvctq7b5Wqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6F6jXA=</latexit>

}
Depend on electric dipole response function
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Phenomenological approach (ANN)

Application to muonic atoms

in meV
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Phenomenological approach (ANN)

in meV

Application to muonic atoms
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Phenomenological approach (ANN)
in meV
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Ab-initio coupled-cluster theory

LIT-CC can be applied also to muonic atoms (Lanczos sum rule method)

<latexit sha1_base64="wia6l3VdpgptGp3xehAu7jaXcqY=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELxwxkUeElcwODUyYnd3MzJqQDX/hxYPGePVvvPk3DrAHBSvppFLVne6uIBZcG9f9dnJr6xubW/ntws7u3v5B8fCoqaNEMWywSESqHVCNgktsGG4EtmOFNAwEtoLx7cxvPaHSPJL3ZhKjH9Kh5APOqLHSw2Ml7aqQ1HDaK5bcsjsHWSVeRkqQod4rfnX7EUtClIYJqnXHc2Pjp1QZzgROC91EY0zZmA6xY6mkIWo/nV88JWdW6ZNBpGxJQ+bq74mUhlpPwsB2htSM9LI3E//zOokZXPspl3FiULLFokEiiInI7H3S5wqZERNLKFPc3krYiCrKjA2pYEPwll9eJc2LsndZrtxVStWbLI48nMApnIMHV1CFGtShAQwkPMMrvDnaeXHenY9Fa87JZo7hD5zPH/jrkHk=</latexit>

4
He

in meV

See talks by Gaute, Francesca, Joanna on coupled-cluster theory
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Ab-initio coupled-cluster theory

LIT-CC can be applied also to muonic atoms (Lanczos sum rule method)

<latexit sha1_base64="wtW2OIjQCruzkLHsGaiP3vmz2mM=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvXizgv2A7lqyadqGJtklyQpl2b/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikuiHWlDNJW4YZTruxoliEnHbCyc3M7zxRpVkkH8w0poHAI8mGjGBjJf8x9epZ6iuB7rJ+ueJW3TnQKvFyUoEczX75yx9EJBFUGsKx1j3PjU2QYmUY4TQr+YmmMSYTPKI9SyUWVAfp/OYMnVllgIaRsiUNmqu/J1IstJ6K0HYKbMZ62ZuJ/3m9xAyvgpTJODFUksWiYcKRidAsADRgihLDp5Zgopi9FZExVpgYG1PJhuAtv7xK2hdVr16t3dcqjes8jiKcwCmcgweX0IBbaEILCMTwDK/w5iTOi/PufCxaC04+cwx/4Hz+AIHtkVo=</latexit>

16
O

in meV

Preliminary
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Ab-initio coupled-cluster theory

LIT-CC can be applied also to muonic atoms (Lanczos sum rule method)

<latexit sha1_base64="4G1PsFqfpZ1d4cziOgUY9dpYn0U=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mVoj0WvXizgv2A7lqyadqGJtklyQpl2b/hxYMiXv0z3vw3pu0etPXBwOO9GWbmhTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikuiHWlDNJW4YZTruxoliEnHbCyc3M7zxRpVkkH8w0poHAI8mGjGBjJf8x9epZ6iuB7rJ+ueJW3TnQKvFyUoEczX75yx9EJBFUGsKx1j3PjU2QYmUY4TQr+YmmMSYTPKI9SyUWVAfp/OYMnVllgIaRsiUNmqu/J1IstJ6K0HYKbMZ62ZuJ/3m9xAzrQcpknBgqyWLRMOHIRGgWABowRYnhU0swUczeisgYK0yMjalkQ/CWX14l7Yuqd1mt3dcqjes8jiKcwCmcgwdX0IBbaEILCMTwDK/w5iTOi/PufCxaC04+cwx/4Hz+AIUFkVw=</latexit>

18
O

in meV

Preliminary
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Outlook

32

• Ab-initio nuclear theory has allowed a strong reduction of uncertainties in the 
evaluation of TPE for the Lamb shift.


• We can extend ab-initio calculations to heavier systems (work in progress)


• It is interesting to develop simpler phenomenological approaches (work in 
progress).
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Thank you

Thanks to my collaborators

Tim Egert, Weiguang Jiang, Francesco Marino

Nir Barnea, Chen Ji

Simone Li Muli, Thomas Richardson


