3 QFT analy SUS _oﬁ TT —7T and TT —> Ty

We consider the reaction, £oth on-shell and off chell,

T lpay + T (Pe) —s W’(ﬁH—Tr"(F;,_)

(3.1)
T = s o vl ""‘IT’(FH
_____ 7).
T (%) T TR
We haye always energy - Ynoment um conservation
Pat Pr = B+ e | (3.2)
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P(S l(bnefmah‘c. vcw'fa'mes A0e }mve #Le MAssSEeg of *H'Le)ihgeneraz

o?f shell, pions, an energy and a m0men‘tum~fran;)9€r variable.

~ N ~ N ng - N ~ ~ |2
V.= PepetPep. , 2= (arp) = (P,
Z._ ~ 2 A ~N 2 2 S 2 A ~ 2
Ma =R > ™M =P, M =P, M, o=p, (3.3)

Follow[ng Low e use bore ¥ instead of Mandelstam’s variable

< = 5 .,'!. 2 e “ 2 |
== z(""a+""‘6*m4+%). (3.9)

Jhe Scaﬁ'em'ng ochplifude %or T 7T — T T2 <Can on’l)/ o(e,oend
on e above vartables

T (Pa, B2, B, B) =M (5,F, m! m? m?, M), (3.5)
Far}&& on- shell amPZZi‘uo(e we have !3;—3 Pz,
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0
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T(Pa, Pﬁ) P1, Pa>

= 2 2 2 7
on shell m v, t/ Mer M) M, Mo )

M|

M6+,

l

(3.6)



Now we come to the PL‘O’EOW” emisscon reaction (on shell)

T(Pa) + Tpe) — T(p'y + T(p) + y (k,5) (33}

where we kave 'fr‘0m energy— mementum comerva‘tion

Pot pe = p/+ .+ A, (3.8)
No{'e ‘Hw»t ¥Of /& 75 0 wemusi’ faowe a Cl«a'mae Of P4 ) Pz :
from the values i, pa 4or b=0.
The amplitude for the abeve reaction is

(7(!«’,2), TP, (Pl | T}TT—()Oa),TFO(pe)> = g% 7’)22 ¢« (39)

In He fo)_lowwuﬁ we consider m, %or neal and timelike virtuolf
phoicms

m) = mA (_Pa,Pe)P{) P;}&) ) /&2201 /QOZD' {3‘10)

'.34
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P[on r:ro,oa.gaior )
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VerteX YT :

), .‘(’ (c CL %’)/ o=
(@), (&) ’f,oari le redlucidle 0> ‘o G(P')P)
() 1 )oartfde Arreducible "?.F\ -

(3,11)



With ~l'a,e T —TTm off* shell ampZI{:'uele, oo pont pm’aagafor-,
and +he y vertex we gef‘ ’m)ﬁ mA(a>+ WIAN’)"" ,m;c

) where

()

mA = —e m(a’) »A[(Pa’k)z] rl} (Pq'l‘) Pa) ;

(r% shell

m [PQP4+(P1+L(IPZ>) (F{ Pz

i\

)) 1!') .,r,(p,-(—k),m ]
(2.13)



WQ, .sl'a.age mow mse 'Hae /@esl: ‘Eool «from &FT.:MG zr\\/arl‘ance. {5
With Hes we ge% It Ward - Takahash: idem‘i%/

(b= > T (v py = K'Cp2) = Koy (o
and e comdz,ﬁgoﬂ |

£ [m® + m® c)"} .0 e

As o conseguence o? these wse ?Cno(

(c)

A7 = —em®@ rem® (3.16)



Y Saft photon theorem 1

In Huis section we shall give Hhe expansion of Hhe amplitude
M, around He phase-space pomf (k= 9, p P4 ]/0:: ). In a swall
meaghéour&ood ot this phase-space poanf e setl

ﬁ’l = ’6: - £4L/]?41 ) /e"..L' ﬁl =O ) '&12_[_:@(‘*)).

TM_S meicak@owr hood has 6 d{meWSiOnS.Schema}g cazz)/ (4.1)
we represent it as Lollows:
ZL a2 - Below we shall s{uoly
) ('wieu_) m) on suola,a'r'a?'
_ -~ | 5’('@7’}'1%3 »f'rom the Orc'%in..

r

< >&




For (4£=0, «é:_;. =0) we have e kine matics of Hhe neackon

W{M(jut mo‘ua{‘[ow ) TC“(}O“)-& TTO(P@)"> Tl‘—(p.« )TW'O(F,_) . For (k, é:_,_)
we have e kinemak'cs o’ﬁ Pkohm radiafionn with

/

P" = Pﬂ——’e” J Pz{"" p;lz) (L[‘Z.)
ZA t+ ‘ez = [<)

as Wed «@-y gy ~ mowent um v sevation
Pat po = p/+ P+ k = Pa+ Pz

Workc'wg o Jreua c.m, syg#ew; we finel 7

W

L/ P4

2,
P2
™\ 1
P2
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3

4
ND\:\) we come '{:0 ""e‘k @(POL’\ASCOVL Gﬁ ‘L&a ampu(l.uwte. mA )Lcr w_a.o.

To be pmu‘se we sei‘) in He com, s}m‘—em with w >0

1 =~ N -~ s
e (/i > B T ) Mu-j’; U(1).
(4.5)

We, Legp ji OLYLGL ’EU. /fixeo[ avxol COVLQCO(QF‘ er QXPOLVIStOVL 0‘](3 ‘l’a.k
nadiotive awx\ohjcuole /for' W —> 0. That <5, we consider m/\ on
¢ % Jchy Q‘ILQ]L{:LV\3 qt’ +B\2_ o-n%cn_ /LVL -w&— lede §y>ace§(& ‘QU_)}

04 course, we shall get a Laurent expansion for M, .

Ne illushode thes Jor Hee term ML
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Y (k)

RMD -
- - _ -1 (pf
T(pe) 2N - Cpi)
T
Pa~k

T ) kL
m = -0 T a.—L(l / 4 2
X (P Pe, P1, P2 )/O’FFShQu A[-(Fo:k> :] r'A (Pa’k’ Pa)) (‘[‘é)

T ek pe, pi, ! )[ ofshell M [k, po) + (24, pol), (P putlly ),

(Pa"k)zl W\n?l 'W\T\'?:/ ‘M:-L). (u{'})
From the %e,wemlc sed Ward ddenhity we find for w—0

AlGpek2] [} (prk, pa) = Bfatkh
P k)2 ] Ty (pom k, pa) ke T O s

Jo 294’: m;Q) to e orders wr? andl L® we need M foHee orders w0’ and W,




Th(s &pawsfow. o'fl ME 3 48 S\LYO.L%kl"ffDW\)MO(, fwmem'@erc'nj l’ﬁa:f
A&, Ly, 1, are all O’F order w.

()

l'r‘ea{'wg in s Wie-y/ MA

-W\e ordgr wo Jﬁrom J@z gwge mVarcamce co VLOL(,‘/'LO’VL (3 46)
the case o’ﬁ e ol Pko.ﬁm 2mission, LE- D, Hre /f “"“’Mg

awwl m)\ ano( OIQJCQFMLang m (C)—}-o
we 30,{: «ﬁﬁr‘

Pa Pﬂz\ COn)
My Coupe, bl 0,k ) = e[ 0 = 2 ] m™%, 4

ret L( ewn
~Ze [Pﬂh - F{»:] 55 M m’ )(v, t)

—le 'E:—LE - /—)[(pq Pas k)= (paA)J %Wl (V%) +@//w)(”)
We con, 4or consfs}emy) skl expandl
| (1= £4) P12
Pﬁ"—z = (Vf},, k;‘ = ;4—-—— w3 (EZ)" []2.) (l k)~ 2,,\ (P4 L)]-;— O(w).
2 A )

(4.19)



This czjveg us our fimal vesult for nead PLUO}'O'VL emission

Pai P22 (on)

M Cpa, pe, 9 iy k) = @ ""”’5.7( m (vf)

G.

/I. (én)
—e g Paleck) Lo (k)] M, 1)

Pe- k
k P@'A] DV
(ow)

‘Ze[(Pa Poyk) ~ (Paf)] PM - 'EE‘JMM (v, t)

(own)

m (v, t)

—Ze [Fa3

0.

+ 0(w).

V= £=lm: , t= (PQ'P4)2= (PG’P?—)Z-

(4.14)

With (44) we have given Hhe Laurent expansion o M, do e ovlers o3’
ond 0 around He phase space point (420, Z,,20) comespondling o k=0,p p., pp,



(on) ; .
The am,:l" tude M (5,1) comesponds to Hhe fasic process
T~ (pa)+ T(pg) —> T (pg) + T°(ps).

Th‘l Pole JC(v.‘rm oK W -4 in (LI /M) AL @(ac%z)/ Wemgerq S
Saff - phai’on term. He writes

" Hence Hug effect of attaching one seft- photon £ne to an
m@z%rary alfag»ram A:s SEmPZ)/ i’o Sv.moz)/ an ex%m ﬁac’tdf‘,

2 entp put [ [pucg -ius ], (h12)

4

‘H’te Suwm n_unm‘vlg svey” aﬂ p)chanove »&'nes tn Hte origivw\) Of.fa_gmv\fl.
Here Al,n = 4+ (.4 )f‘wan ou%oing (/:ncoming ) c}largeo{ ()WL‘}‘LPCIQ.

Jn swr work we have alven e mext to /feag{mq term, O/ur®),
to W@m@erg 5 pole term,
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S

Now we want to discuss Low's version of soft-photon theorem.
Qf course, as sfcu-h‘mg point e congiders the O(fagmm.c (@), (4), (c)
for My . He also uses e generalised Ward {dentit 'y which gave
us (4.8) for A [ (pa-k)*] T3 (pa—k, pa). Considercng only
neal photoun emission we have Hm fov m;“’ (see eg- (2M) of Low )

@
m) -~ e m[({’a{k'%)* P4)'PZ/) (Fcfpzl)zz m:‘(Pa't")z; mn'L/ mﬂ{.) ’"Tﬂ P.Q} "

Pa k

Now Low expands M1 with respect to k keeping p/and p* Jrxed,
That x5, fe expands with respect to k which s axplicit 4a the efosen
ﬁgaramei'l"(:saffon. :]YL “'ZL(:S WQy/ we get :
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i@ Pa > (on)
M Cpos e, po Py k) = e 205 T [ppeeplpl, Grompl?)
9 Oh i /\2
= el e+l g (et )
3 ¢t ,/ 2 L
.-Z(Pa‘l(B (bwz Vn[PQ'VC‘FP‘;-Pz,WQ)méWW/M;]J "mz} - @(L\
et m = L '

(5.2)
Not@ an‘/_imfo"'tc‘“t Po?ntt where as the 2 pansion Of He scalar gomc’a'oyz

™ML ] wilh nespect fo k ke@pc‘mg n/ awnd P Aixed is romﬂe%e[y @eg[ﬁ'mde
ond a usual e pansion, this is nob Ha case F“Tr m;a). W2 must

nemember the 2nergy - mowmentum conservation :

Pat pe= ple pl+ L, &)
Keeping b ond p! 4ixed, also k <5 fixed. and (5,2) makes sepce only
for this ome value of k.




gy

(8) (e)

Now we <¢an i’rea{’ m/\ n G Stmclar LJCL)/ el ‘Wuen ole,ferrm ne m

appmx[ma+e,17 ffOWl 4&,@, 3mge’x,wvartance/damo{v1'mw (3Jé>~7’[1€ ‘resUf‘f [5
Low s q_Qormula (cﬁ (2.16) of Low ):

/
Pa. A Ps A (on)

M, (pe, pe, pr, p k) = e ek Pk ]Wl 1)

3 k pZ'k (ow)
[Pa} Po: + P4A T Pen- P&/\’JDVM [v,__)i;> +&(I‘)/

where (5.4)

VL: Po.-(’% + P1I,P2_/ = IS’ZM_‘f — (PQ+P&)L())

iz, = (P"' pzl )7—- =5, (Pa__. P/" )<>L. (5.‘5_)

We emphasise again that (5.4) is met an expansin of My around some
P g |
Pham—Space poin‘t. TJhe o b o c@ (3.9) gives an appmximak &Xpression

ffm’ m; at a 23\/@\ pMse-sPace poinf P1// PZ) Z(




2%
b z k = puat po-p'- p?
We Lar. use (5.‘-/) Onzx/ {7 one value oﬁ Pa P@ (Z, pz_.

'J? we use (59) at a Ji;ﬁfarenf value of k we volate A=
/rywmen£UM &&mse.r\/afc"on

turthermore, #he /feadwug Approximation i (5.4) does aot give what
As frequem’cé’)/ called Low's theorem . We ses s

the aeactiong

’H‘“(Pa

@es}: z@—y C(-»Lsml.e ij

- —
B e A Y y(k g),

() =+ T+(f&) — T (pa)+ ‘IT*'(F23.

(5.6)
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Accoro(-fng 1o Low we Se/f

/
P&.)‘ P4A o
Mo Coes e 0P ) = €] 200 = o [ m®

Pe ) d
+e | - == Pz A (o
[ Pe-le ! P k ]m h)&L,iV) + O(w®)

S 2
T Ime- (parpe k), Ayt (pepl Y, b, Cpe-pL Y2,

(5.7)
Accordc‘mg to W@Cn@erg we bove ysee (H.12),
VAN _Par Px o P Pz, ®n)
M0, Cpaspe, b pi o) "'[ra‘k Pk~ Tk T gk )m (v 1)+ Ufes)

VEAS=ZmE k= (pmp Y= (pp-pedt (5.8,
Low s for mulo. (5.4) gives anapproximaik expression for M,, ab one given phase—
Space poinmt. Wefn@ergls Lormula ( which Cs {’reﬁMemH}/ Lut a‘ucorrech’y callee Lows's
Hheorem ) geves Hee pole term of Hho Laurent wpansion of 1T, around He point Pi'z P, k= 0.
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Let us 9o hack. +6 T+ — T + ﬂ‘o-l-x. In (5,‘1} we have

Low’s formulo which gives us an approx?ma{:e expressLon ]Qoy-
m,, at a %L\/en Pkase " space pm‘nf. We can cevxs}nxc,\f, as wt did in
S@t‘. ”/, Wte CorreSponoh'ng upansiow cr]e -Wu’s a_ppmxiyna].e, @<prassfan
around Hhe phase- space Foinjc (k=9, 7,). Jnser{inj in (5Y)

Pr= prda, pl= by from (4.2) we get

(On)

m (vLJ rz) = mlon)[\” (Pa*Pﬂ)k)) 't - 7 {(Pa"?,q, k)’Pa‘€4)J + ﬁ[wz)

=M™ (5,4) = Cparpe,k) 2 M™% > e
) Patpe, ) o vit) -2 [(pa'&,k)—(a'&]ﬂ M o, +)

+ (),
(5.9)



Pax \04) on
m {FQ; v, p4/ PZ) J‘) = £ }T ‘X m( )V,‘£>

(°Vl)

~2e[m Pk Pw] = M t)

Rk o k)[(Pa Pay k) = (p,- /f)J S Wl (v t) + Olw).

(5.10)
This is identical o our resuld (4.9) and from there we can

go on to (9.41) using (4.40).

JYI. ,}a‘.s \,Jay we kave 9(:\/9_;4, ‘l’&.e TQZG.&{OVl /&@,k ween LOW /S @ﬂ‘nula
Qnal {7(}\2 L@.u(‘evnl: SUM:QQ (4.44) w)zere {3@& )0026 {:erm o ! S

%Zvew /@/\, \/\/Qwuéerg (s Soff" PM{'OV\ fﬁe orem qnol. —W\L In@d-’}’o Eeaclimg

ierm o< w® /@y dur Caecu&’f:c‘on.




