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An overview, and where can ‘soft’ photons come from?

1. The context

2. Low’s theorem and its decendents

3. Beyond-Low soft photons?

4. A surprise at three loops (using QCD calculations)

5. Soft photons and correlations. What this might mean for real QCD.
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1. The context

• What our machines reveal:

• From inside nuclei, the quarks speak to the outside world through the rest of the Standard
Model. Nucleons and nuclei give electrons a reason to stick around and form the world
we can see. We’ll explore such “signals” in soft photon radiation.

• But the QCD degrees of freedom are still available, ready to lend a hand and work
alongside the other degrees of freedom of the Standard Model, whenever enough energy
arrives in the neighborhood.
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• Among our standard tools for interpreting such phenomena . . .

3. Looking Closely and from Afar

Picturing a typical “deep inelastic” ep event, in the usual variables

Proton
momentum p

time

PAST

FUTURE

The “universal” form of hard-scattering observables 
“Factorization” for cross sections and amplitudes.      

S  =  C  x  F 

partonic process 
(perturbative) 

hadronic 
matrix element 

(nonperturbative)

• But unitarity comes to the rescue, leaving us with parton distributions . . .
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There are many more measurements
for EIC to make on the nucleon state:

polarized PDFs & factorizing
TMDs with spin 

TIME
C. Riedl (UIUC) - Spin-polarized experiments - DIS2021

(longitudinal direction  
= movement of nucleon)

bP
~kT

~ST

quark  
transverse  
momentum

x

quark spin  

nucleon spin  

~sT

Transverse momentum dependent (TMD) PDFs

6

nucleon (N)

unpolarized 
parton (Q)

chiral odd TMDs  
Exist because of chiral 
symmetry breaking of 
the QCD nucleon wave 

function

Naive time-reversal 
odd TMDs describing 
strength of spin-orbit 

correlations.

TMDs surviving 
integration over kT. 
“Collinear analysis”

- 8 TMD (PDFs) needed at leading-twist description.  
- Analog table for fragmentation functions (capital letters except for UU=D1) 
- Flavor indices and kinematic dependences skipped for simplicity

Yet appropriate sums over  
final states provide 
measurements of 

nucleon (spin) structure

F  = < P | Q (X) G Q(0) | P >

Nucleon (N) 
with U,L,T 

spin (U,L,T)

[Riedl]

• More and more these distributions are amenable to independent lattice calculations.
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• Off-forward matrix elements and form factors.
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• Factorization depends in general on the choice of events

– Very inclusive (DIS exemplary) washes out (in a well-defined way) potentially IR-
sensitive corrections in the final state.

– Very exclusive (Elastic form factors and DVCS exemplary) can have factorization
“built in” for its external states

• In factorized cross sections or amplitudes, the dynamics of hadronization either cancels
(inclusive) or itself factorizes (exclusive).

• Is there any experimental access to the hadronization stage of evolution?

• Could QCD processes “signal” us through electromagnetic radiation?

• The soft photon anomaly comes to mind. Compared to . . .
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2. Low’s theorem and its descendents (the classic results)

Ma+1({pi}, k, ε(k)) =
a∑

i=1

δi ei
pµi
pi · k

[
εµ(k) − (kµε

ν(k)− εµ(k)kν)
∂

∂pνi

]
Ma({pi})

q

p

p

k

1

2

vs

p
1

p
2

M
3

M
2

• First term ∼ 1/ωk, “soft photon theorem” (Identified in full generality by Weinberg
1965) [ Follows from kµM

µ
3 = 0; 4 independent constraints. ]

• Second term: Low (1954), Burnett & Kroll (1968). “Lorentz force”.
This analysis required ωk � m2/ωpi.

Here, we’ll mainly concern ourselves with the what the leading term predicts.
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• Low’s theorem says that the soft radiative amplitude can be predicted directly from the
non-radiative amplitude and its derivatives.

• Both the “leading power” (pi · ε/pi · k) and the first correction (ω0
k) are determined

by correspondence to classical radiation. [Liénard-Weichert potential and Lorentz force
recoil, respectively.]

• A beautiful result, but it says soft photons tell us “nothing new”. Really, that’s not
surprising – arbitrarily soft photons can’t resolve short times or distances.

• Still, if charges propagate independently of each other over time scale τ , they can
radiate photons of energies ωk > 1/τ . At energies ωk < 1/τ , this propagation becomes
invisible.

• There may be several time scales τi, corresponding to charged particles of different
masses (quarks!).

• The soft photon theorem really literally applies only for energies ωk < 1/τmin.
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3, Beyond-Low soft photons? What the data say, and what it suggests

• Low’s analysis can be extended to multiparticle processes, and these predictions have
been tested (for the leading power) in several high energy experiments involving hadrons
at fixed-target energies, and by DELPHI at LEP1 [ex/0604038, 0901.4488, 1004.1587].
Many have found an excess compared to the soft photon theorem.

• Cross section in the notation of DELPHI [ex/0604038] (for e+e− → Z0 → hadrons+γ):
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i) the formula, derivable from the Low paper [2] (see also [16,62]), explicitly displayed
for the first time in [4] and then used by others [5–8,11]:

dNγ

d3!k
=

α

(2π)2

1

Eγ

∫
d3!p1...d

3!pN

∑

i,j

ηiηj
−(PiPj)

(PiK)(PjK)

dNhadrons

d3!p1...d3!pN
(2)

where K and !k denote photon four- and three-momenta, P are four-momenta of
beam e+, e− and of the N charged outgoing hadrons, and !p are three-momenta of
the latter; η = 1 for the beam electron and for positive outgoing hadrons, η = −1 for
the beam positron and negative outgoing hadrons, and the sum is extended over all
the N +2 charged particles involved; the last factor in the integrand is a differential
hadron production rate;

ii) the Haissinski formula [63,64], which was tested to be more stable with respect to
lost (undetected) particles and was used in [7,8,11]. It has the same form as (2)
with the scalar products of four-vectors −(PiPj) being replaced by (!pi⊥ · !pj⊥), where
!pi⊥ = !pi − (!n · !pi) · !n and !n is the photon unit vector.

It is known (see [8,11]), that the two formulae give results in complete agreement when
used with MC generated particles unaffected by detector response, i.e. when all charged
particles of an event enter into the formulae, with their precise momenta. We have tested
the validity of this feature for our case in the following way. For every reconstructed
jet the parameters of the generated charged particles lying in the forward hemisphere of
the jet (including the corresponding beam particle) were collected and bremsstrahlung
distributions for them were calculated, with the polar angle of the bremsstrahlung photon
to the reconstructed jet direction being an angular variable. Note that this method,
i.e. usage of generated particle momenta while projecting the produced photon onto
the reconstructed jet direction, is both a) precise and b) automatically accounts for the
angular resolution of the jet direction. Both formulae gave the same predictions, and these
results were used in our estimates for the expected bremsstrahlung rates. Integrated over
our kinematic range, the total bremsstrahlung rate was obtained to be 17.1 × 10−3γ/jet;
after convolution with the detection efficiency, it drops to the value of 0.340 × 10−3γ/jet.
Note that the contribution of the ISR to these rates is small, being at the level of about
1.5% of them. The smallness is easy to explain: although the ISR from electron/positron
beams is much more intense than the ISR from hadron beams in experiments [5–8,11],
where it contributed a significant amount to the detected photon rate, all the extra
photons in this experiment are emitted at very small polar angles with respect to the
beam direction, with the angular distribution peaking at Θγ =

√
3/Γ, where Γ is a beam

Lorentz factor (Γ = 0.89 × 105 at the Z0 peak), thus yielding few photons in the barrel
region.

The yield of the final state radiation from quarks of Z0 disintegrations is similarly
small. For its estimate the photon implementation in JETSET [54] was used. The Q0

scale introduced for the QED part of the shower was varied3 down to its natural lower
limit, the constituent quark mass, which is 300 MeV/c2. The production rate of photons
off quarks in our kinematic range was found to be at the level of 3% of the hadronic
bremsstrahlung rate4. In what follows, neither this nor the ISR yields will be discussed
further; they are reduced in the RD−MC difference and will be ignored.

It follows from [3] that the applicability of the formulae above to the soft
bremsstrahlung calculation is restricted in our case (e+e− annihilation into hadronic jets

3Together with these variations the QCD Q0 scale was varied within the range of 0.3 to 2.25 GeV/c2, showing a weak
influence of this cutoff on the production rate of soft photons off quarks.

4The situation changes little when decreasing the QED Q0 cutoff down to the extreme limit for it, which is about 4
MeV/c2, due to a weak (logarithmic) dependence of the quark bremsstrahlung rate on the Q0.

• The results, where “Brem” is the soft photon theorem expectation & “Signal” is data
after subtracting hadronic decays, for various analyses show a factor of 3-4 above the
prediction.
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Table 3. Signal amplitudes in units of 10−3γ per jet, obtained under various selection
criteria. The jets satisfy all the selection cuts described in section 2.5 and additional cuts
(if any), as indicated in this table. The jets were formed by the LUCLUS jet-finding code
unless the DURHAM or JADE codes are referred to explicitly. The errors are statistical
only. Information on the systematic errors of the experimental photon rates and the
bremsstrahlung predictions is given in tables 1 and 2, respectively.

Selection conditions Signal Brems

1 General selection 1.170±0.062 0.340±0.001
2 General selection, DURHAM 1.060±0.067 0.351±0.001
3 General selection, JADE 1.070±0.074 0.332±0.001
4 The zero experiment 0.069±0.048 0.0750±0.0002
5 No rejection of jets containing e+, e− 1.170±0.061 0.339±0.001
6 No rejection of jets containing e+, e−, DURHAM 1.050±0.066 0.348±0.001
7 Strong rejection of jets with e+, e− 1.150±0.062 0.326±0.001
8 Strong rejection of jets with e+, e−, DURHAM 1.050±0.067 0.336±0.001
9 General selection + anti-B tag 1.240±0.167 0.363±0.002
10 General selection + B tag 1.390±0.159 0.326±0.002

General selection, signal corrected for efficiency 69.1±4.5 17.10±0.01

Table 4. Differential signal and inner hadronic bremsstrahlung rates as a function of
the photon pT , in units of 10−3γ/jet integrated over the pT bin of 8 MeV/c width. The
first errors are statistical, the second ones are systematic.

pT , MeV/c RD−MC corrected for efficiency Inner hadronic bremsstrahlung

0 - 8 0.64 ± 0.38 ± 0.14 0.685 ± 0.001 ± 0.048
8 - 16 2.66 ± 0.84 ± 0.63 1.584 ± 0.002 ± 0.112

16 - 24 6.48 ± 1.18 ± 1.46 1.928 ± 0.002 ± 0.136
24 - 32 8.31 ± 1.40 ± 1.83 2.007 ± 0.002 ± 0.142
32 - 40 11.01 ± 1.55 ± 2.46 1.984 ± 0.002 ± 0.140
40 - 48 8.88 ± 1.69 ± 2.03 1.926 ± 0.001 ± 0.136
48 - 56 9.70 ± 1.66 ± 2.25 1.850 ± 0.001 ± 0.131
56 - 64 6.61 ± 1.62 ± 1.52 1.776 ± 0.001 ± 0.126
64 - 72 7.30 ± 1.60 ± 1.67 1.704 ± 0.001 ± 0.121
72 - 80 7.58 ± 1.61 ± 1.76 1.635 ± 0.001 ± 0.116
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Figure 5: Dependence of the direct soft photon production on the jet charged multi-
plicity. Left panel: signal and predicted inner bremsstrahlung rates as a function of the
jet charged multiplicity. Right panel: ratios of the signal rates to those of the inner
bremsstrahlung. The curves in the left panel are 2nd order polynomial fits produced to
guide the eye; the bremsstrahlung points were fitted first, and then the bremsstrahlung
curve was scaled by a factor of 4, which satisfactorily approximates the signal points. The
inner vertical bars represent the statistical errors, while the whole vertical bars give the
statistical and systematic errors combined in quadrature. The horizontal line in the right
panel represents the statistical average over the signal-to-bremsstrahlung ratios. The cut
pjet ≥ 20 GeV/c is applied.
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• What’s going on?

• DELPHI tested for soft photons for e+e− → Z0 → µ+µ− + γ and the theorem works
fine [0901.4488]. So it “must” be due to the presence of hadrons.

• Returning to the question of “how soft is soft”? Low’s original analysis applied for
pi · k � m2 → ωk � m2/

√
s, with m ∼ mπ. For Low, scattering was relativistic, but

not yet “ultra”. For analyses at really high energy, we had to wait for:

– Gribov (1967), who showed that the theorem applies at leading power in a much
larger region, where kT � m (with ωk in the large range:

√
s � ωk � m2/

√
s).

He emphasized that at high energy
p · ε/p · k ∼ 1/kT .

– Then Del Duca (1990) generalized the next-to-leading part to the same region. For
more recent analyses at high energy, see , e.g. van Beekveld et al. (2019), Balsach,
Bonocore, Kulesza (2022 - 24).

• All of this is still for kT � m. In this regime, virtual fermion loops vanish like (kT/m)2,
and contribute neither to leading nor to next-leading power in k. Then only the external
lines (charges ei) contribute.

• But isn’t kT � mcurrent
u,d when kT ∼ MeV? How can we get a better idea?

• How about looking at massless QCD”?
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4. A surprise at three loops (Yao Ma, GS, Aniruddha Venkata [2311.06912], PRL.)

• Pair production for quark f with charge ef in QCD with n0 massless fermions.

• Schematic steps in the analysis (separate radiation from external lines (in J) and internal
loops (in S)):

q

p

p

k

1

2

=       + 
p

p

1

2

x

k

S

H

J
2

J
1

=       + 

p

p

1

2

x
k

J

J

1

2

S
H

=

p

p

1

2

k

p

p

1

2

k

x

=
k

S x
k

WS

• The result at leading power (Ma, GS, Venkata):

M
(f)
3 ({pi}, k, ε(k)) =

[
ef + Γ

(f)
EM(αs)

(
n0∑

n=1

en

)] [
p1 · ε(k)

p1 · k
−

p2 · ε(k)

p2 · k

]
M

(f)
2 ({pi}) .

• Where the new quantity, ΓEM is finite and real to all orders, even though individual
diagrams are IR divergent. It’s multiplied by the charges in the loops.

• It’s gauge invariant, as it must be, and behaves like 1/kT .
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• The very lowest order for ΓEM is at α3
s, and is given by the sum of diagrams with three

gluons and one photon connected to a quark loop, like:

k

p

p

1

2

k − k

k − l

b

c

d

l

• Each diagram behaves like 1/(4 − D)5 in dimensional regularization, but all the poles
cancel in the sum. A strong confirmation of the all-orders claim.

• The result in massless QCD can be abstracted from the calculations for gluon emission
(“soft gluon current”) in Chen et al. [23309.03832] & Herzog et al. [2309.07884].

Γ
(F )
EM = −

(
αs

π

)3

C
(3)
F

(
−
ζ2

2
+
ζ3

6
+

5ζ5

6

)
∼
(
αs

π

)3

C
(3)
F × 0.2

• C(3)
F = 10/9 is the “cubic Casimir”, replaced by 4 in massless QED.
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5. Soft Photons and Correlations: What this might mean for real QCD

• For kT “low enough” (ωk < m2/
√
s), we should still expect the “pure soft photon

theorem”. But experiments to date may not have been “low enough” in photon energy
(∼ 0.2− 1GeV ), given the masses of light quarks.

• For kT � mf we do expect radiation from virtual quark EM currents involving flavor
f .

• We haven’t yet generalized the very simple example above to real QCD experiments, but
the example is strong evidence that soft photons from virtual currents can be important
in addition to those from external particles in the original soft photon theorem.

• If this is the case, the soft photons seen in DELPHI and previous experiments could
have been messengers from the era of hadronization (Kharzeev & Loshaj (2013), Wong
(2014)), or products of the influence of vaccum fluctuations (Botz, Haberal, Nachtman
(1994)). The massless QCD analysis above provides a perturbative analog, perhaps a
step toward a unified picture.

• The experimental future: ALICE 3. Perhaps JLab and EIC.
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• To quantify the correlations of soft photons with hadrons of any (including no) charge,
we might perhaps use a variant of QCD energy flow operators:

E (n̂) |X〉 =
∑

pi∈X

p0
i δ

2
(
Ω~ki
− n̂

)
|X〉

Correlations based on this energy-weighted operator have has the nice property of infrared
safety; insensitivity to the nonperturbative hadronization.

• For a photon, we don’t have IR problems at lowest order if the energy is nonzero, and
we can define a “number” operator at fixed momentum without energy weighting:

Gγ (n̂′) |X, kγ〉 =
∑

γ∈X

δ2
(
Ω~kγ
− n̂′

)
|X, kγ〉

• Putting these together in a cross section, we get a set of QCD-energy flow/electromagnetic
radiation correlations:

σa(p, p
′, n̂, n̂′) ≡

∑

X

∫
d4kγ

(2π)3
δ+(k2

γ) δ
2
(
Ω~kγ
− n̂′

)
ωak

×
∑

i∈X

p0
i δ

2 (Ω~pi − n̂) |〈X, γ|p, p′〉|2 (2π)4δ4(p+ p′ − pX − kγ)
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• The usual summing over final states with translation invariance and unitarity gives

σa(p, p
′, n̂, n̂′) =

∫
d4kγ

(2π)3
δ+(k2

γ) δ
2
(
Ω~kγ
− n̂′

)
ωak

×
∫
d4y e−ikγ·y 〈p, p′| jem(y) · εγ E(n̂) jem(0) · ε∗γ |p, p

′〉

• This could apply to any initial state |a, b > .

• For photon energies of the order of
√
s, σa(p, p′, n̂.n̂′) is IR safe (if factorized). The

observation of a soft photon, however, could lead to sensitivity to long-distance effects,
which may (or may not) be predicted by the soft photon theorem using only the charged
particles in the initial and final states.

• This is just an example. Perhaps data on such correlations can provide benchmarks
against which models of hadronization and vacuum scattering can be tested.
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