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Nuclear cluster and hypernuclei
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Nuclear cluster : bound state of a few nucleons

beta stability line
Taken from the NNDC

d(pn), t(pnn), 3He(2p + n), 4He(2p + 2n), . . .

An ideal system for investigating nuclear forces, nuclear structure, and 
few-body physics, as well as for revealing nucleon correlations.
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Open a third dimension in the study of nuclear 
matter; Probe the hyperon–nucleon (Y–N) and 
hyperon–hyperon (Y–Y) interactions; 
Testing Fundamental Symmetries.

Taken from: IX International Conference on 
Hypernuclear and Strange Particle Physics

Hypernuclei: nuclei in which one or more nucleons are replaced or 
accompanied by hyperons ( )Λ, Σ, Ξ, Ω
3
ΛH(p + n + Λ), 4

ΛH(p + 2n + Λ), 4
ΛHe(2p + n + Λ), . . .

Nuclear cluster and hypernuclei



The production of nuclear cluster and hypernuclei are largely enhanced in 
heavy ion collisions at RHIC BESII, CBM, HAIF, NICA etc. energies. 
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A. Andronic, et al. Phys.Lett.B 697 (2011) 203-207
J. Steinheimer, et al. Phys.Lett.B 714 (2012) 85-91

Nuclear cluster and hypernuclei in heavy ion collisions

Yingjie’s slides, QM2025

Sensitive to the Equation-of-State (EoS); study the clusterization 
mechanism; hyperon–nucleon (Y–N) and hyperon–hyperon (Y–Y) 
interaction; to solve the "Hyperon Puzzle" in Neutron Stars, and so on.
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Statistical model

Coalescence model

“Potential” model

Kinetic model

Clusterization mechanism

Elena’s talk, Mon 

A. Andronic, et al. Phys.Lett.B 697 (2011) 203-207
J. Steinheimer, et al. Phys.Lett.B 714 (2012) 85-91

Clusters are in thermal equilibrium on the chemical freeze-out surface.

D. Oliinychenko, et al. Phys.Lett.B 714 (2012) 85-91 (SMASH)  
G. Coci et al. Phys. Rev. C 108, 014902 (2023) (PHQMD)  
R. Wang et al. Phys.Rev.C 108 (2023) 3, L031601.

J. Aichelin, Phys. Rept. 202, 233 (1991).  
J. Aichelin et al, Phys. Rev. C 101, 044905 (2020) (PHQMD)

Clusters are identified during the dynamical evolution of the system by the 
Minimum Spanning Tree (MST and aMST). 

Clusters are formed dynamically via reactions like: ,…NNN → d + N; NNπ → d + π

Clusters are formed from nucleons (hyperons) that are close together in phase space. 

Crucial to probe the EoS to reveal the correlations and interactions.

& negative binding energy

No dynamical infromations.

Hard to include all channels especially for heavy 
clusters. Finite-size effect —> wave functions. 
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Coalescence model

1962

1999

Coalescence is also a popular model used to describe the parton hadronization 
in QGP (~2002 to now)!

NA = gA ∫
A

∏
i=1

d3ri d3pi fi(ri, pi) WA({ri, pi})

PA(t) = Tr[ρA ̂ρtot]
density matrix of the cluster A density matrix of the system
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The Wigner function can self-consistently be determined by the wavefunction.

Coalescence model

WN(r1, . . . , rN; p1, . . . , pN) = ∫ d3s1 . . . d3sNe−i∑N
k=1 pk⋅sk Ψ* (r1 +

s1

2
, …, rN +

sN

2 ) Ψ (r1 −
s1

2
, …, rN −

sN

2 )
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within a certain relative spatial and relative momentum (UrQMD)

The Wigner function can self-consistently be determined by the wavefunction.

Three main ways to approximate the Wigner function for cluster formation:

T. Reichert, et al. arXiv: 2504.17389 

|r1 − r2 | < Δrmax

|p1 − p2 | < Δpmax

Gaussian-form of the Wigner density

WN(r1, . . . , rN; p1, . . . , pN) = ∫ d3s1 . . . d3sNe−i∑N
k=1 pk⋅sk Ψ* (r1 +

s1

2
, …, rN +

sN

2 ) Ψ (r1 −
s1

2
, …, rN −

sN

2 )

W1S
2 (r, q) = 8e− r2

σ2 −q2σ2
.

width parameter is either related to the root-mean-square (rms) radius of 
the cluster or a free parameter tuned to experimental data

R. Scheibl and U. Heinz, Phys. Rev. C 59, 1585 (1999) 
L. Zhu, C. Ko, and X. Yin, Phys. Rev. C 92, 064911 (2015)  
K. Sun and C. Ko, Phys. Rev. C 103, 064909 (2021) 
D. Liu, et al. Phys. Lett. B 855, 138855. 
Q. Lin, et al. arXiv:2503.01128. 
R. Wang, et al. Phys.Rev.C 112 (2025) 3, 034908 (2024)

A realistic wavefunction or Wigner function for deuteron
F. Bellini, et al. Phys. Rev. C 103, 014907 (2021) 
M. Mahlein, et al. Eur. Phys. J. C 83, 804 (2023)

Coalescence model
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m2

m4
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Jacobi coordinates :

N

∑
i=1

̂p2
i

2mi
+ ∑

i<j

Vij Ψ(r1, . . . , rN) = EΨ(r1, . . . , rN)
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N-body Schrödinger equation

Center of mass coordinate and N-1 Relative coordinates



Then, factorize the N-body motion into a center-of-mass motion 
and a relative motion: 

m3
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r4
r3

r2 …

Jacobi coordinates : Center of mass coordinate and N-1 Relative coordinates

N

∑
i=1

̂p2
i

2mi
+ ∑

i<j

Vij Ψ(r1, . . . , rN) = EΨ(r1, . . . , rN)
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N-body Schrödinger equation



(χ1, χ2, . . . , χN−1) → (ρ, αN−1, . . . , α2, θ1, ϕ1, . . . , θN−1, ϕN−1)

ρ = χ12 + . . . + χ2
N−1 sin αi = | χi | /ρi ̂χi = (θi, ϕi)
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N-body Schrödinger equation

N. Barnea, et al. Phys. Rev. C 61.054001(2000)
FBS Colloquium. Few-Body System 25, 199-238(1998)

   Further, 3N-3 relative coordinates can be transformed to a single 
hyperradial coordinate  and 3N-4 hyperangular coordinates .ρ Ω



(χ1, χ2, . . . , χN−1) → (ρ, αN−1, . . . , α2, θ1, ϕ1, . . . , θN−1, ϕN−1)

ρ = χ12 + . . . + χ2
N−1 sin αi = | χi | /ρi ̂χi = (θi, ϕi)

hyper-angular momentum operator
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   Further, 3N-3 relative coordinates can be transformed to a single 
hyperradial coordinate  and 3N-4 hyperangular coordinates .ρ Ω

N-body Schrödinger equation

N. Barnea, et al. Phys. Rev. C 61.054001(2000)
FBS Colloquium. Few-Body System 25, 199-238(1998)

   The relative motion is controlled by : 

Orthogonal normalization basis！



hyperspherical harmonic function expansion

Now, we apply this tool to deal with nuclear cluster and hypernuclei!
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N-body Schrödinger equation

❖ For different states with total orbital angular momentum , we can choose all possible 
hyperspherical harmonic functions in prinpicle. The truncation are needed which depends 
on the symmetry of the system. 

L

❖ Numerically solve the coupled differential equations with inverse power method 

potential matrix element in angular momentum space 



Now, we apply this tool to deal with nuclear cluster and hypernuclei!

11

N-body Schrödinger equation

potential matrix element in angular momentum space 

❖ For different states with total orbital angular momentum , we can choose all possible 
hyperspherical harmonic functions in prinpicle. The truncation are needed which depends 
on the symmetry of the system. 

L

❖ Numerically solve the coupled differential equations with inverse power method 

hyperspherical harmonic function expansion



Assume that the interaction potential is the summation of the two-body 
interactions, and genuine three-body potentials are neglected (three-body 
Femtoscopy?).
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Interaction potential
V = ∑

i<j

Vij

N-N interaction: Paris potential, Argonne-18 potential, Reid Soft-Core potential, 
Nijmegen potential (ESC08),…by fitting the N-N elastic scattering data.
Y-N interaction: Usmani potential (ML+Femtoscopy), (NLO) χEFT, HALQCD,.. 

L. Wang and J. Zhao, arXiv: 2411.16343.
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Results:  Mass Spectra and rms

The root-mean-squared radius (rms) of the N-body cluster is defined as:

The definition of the cluster mass and binding energy are:

If the particles have the same mass, the rms 
represents the geometric radiu

P - wave excited states are not founded.
The theoretical masses are close to the experimental data.
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Results:  Wavefunctions

The radial probability of each component: 

For the ground state, the truncation is good enough and we don’t 
need too many basis due to the symmetry. 
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Wigner function

Rnl(r) = [ 2(n!)
σ3Γ(n + l + 3/2) ]

1
2

( r
σ )

l

e− r2
2σ2 Ll+1/2

n ( r2

σ2 )ψnlm(r, θ, ϕ) = Rnl(r)Yl,m(θ, ϕ)

For two-body case, if assume a 3-D isotropic harmonic oscillator potential:

For N-body case, an analytical wavefunction if the interaction potential has 
the form

W1S
2 (r, q) = 8e− r2

σ2 −q2σ2
.

separate the relative wavefunction 
as aproduct of N − 1 wavefunctions 
of a 3-D isotropic harmonic oscillator

A product of two-body Wigner 
functions—>
interaction potential differs for 
pairs with different masses !!!
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Wigner function
The Wigner function can self-consistently be determined by the wavefunction.

WN(χ1, . . . , χN−1; q1, . . . , qN−1) = ∫ d3s1 . . . d3sN−1e
−i∑N−1

k=1 qk⋅skΦ* (χ1 +
s1

2
, …, χN−1 +

sN−1

2 ) Φ (χ1 −
s1

2
, …, χN−1 −

sN−1

2 ) .

From the wavefunction, we can see the ground state is dominate.

If integrated over all angles, we get an angle-independent Wigner function

The probability to find the cluster in a hyperspherical shell in coordinate and momentum:
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Results:  Wigner functions

Clearly beyond the Gaussian form!



We solve the Schrödinger equation for few-body systems to obtain the 
wave function for light nuclear clusters and hypernuclei: 
( ).  

The Wigner densities obtained will allow to improve the present 
coalescence approaches to identify clusters, created in heavy-ion collisions.

d, t, 3He, 3
ΛH, 4He, 4

ΛH, 4
ΛHe, 5

ΛHe, 5
ΛΛHe

Outlook

❖ Consider the spin-spin interaction and search for the excited states.

❖ Employ these Wigner functions for transport model to investigate the 
production of nuclear clusters and hypernuclei (on-going).

Summary
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Thanks for your attention!


