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What is exactly the sign problem?

o Finite density < Finite s/

RAR S

L= JDUe_SG[U] det M(U, m, i) T

- 2
Z = | DU el det M(U, m, ug)

- det M(U, m, up) is real and positive only for
pg <0

* we can’'t measure directly any observable with
Monte Carlo methods for //tl% > ()

1
<0>= ), Ol
Nconf U, with prob~eeff




Why do we actually wish to reach high ;/,?

- Active area of research: search for Critical End Point in (7, pz) plane

» GEP excluded for low pg/high T corner of the phase diagram (arXiv:2507.13254) ®/

y

Plot from Christian Fischer’s talk at XQCD 2025

Plot from arXiv:1906.00936
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https://arxiv.org/abs/2507.13254

Circumventing the sign problem: multiple fronts

T

* Analytical continuation arXiv:2002.02821 §§%°2/,

—Hp r K

Some “classical” methods
» Rewelighting In /i arxiv:2108.09213

e Taylor / T' methods  arxiv:2410.06216 \S @ 2 /

e Canonical lattice QCD . something unusual (not completely new)

A

We won'’t discuss all these methods in detall.

Multipte fronts — “a couple of” fronts


https://arxiv.org/pdf/2002.02821
https://arxiv.org/abs/2108.09213
https://arxiv.org/abs/2410.06216

Plan of the talk

>

* Analytical continuation o
* Description

e Drawbacks

» Reweighting In up

\>=

Then, an “apples” § versus “oranges” [ * comparison

o R s ey

We will show two sets of results. They are not the same results in both cases.
We are more interested in the possible advantages/problems that we have in producing them

“*We just want to see how well the apples/oranges grow in the 2 cases”

e Taylor methods e Canonical lattice QCD

T
\2 ;\i/ Z? / arXiv:2410.06216 . ,‘ ArXIv 29XX.XXXX

— 4z Hi %



https://arxiv.org/abs/2410.06216

Analytical continuation

0,
« simulate at ,ué < 0 and extrapolate to

,ul%>0

e conceptually very simple

* Problem: lots of systematics




Reweighting In xp

- make the simulations at yi; = () and correct the weights in the observable measure

) M
[DU =SV (1) — WolU) <0 —B>ﬂB=o
1y LT W
| DU =15 wo(U) <70>’“‘B=O T

Z(1p) _ <Wﬂ3> B <detM(//tB) >MB=0

' Z(0) wo 770\ det M(0)

 No extrapolations systematics, but...




e ...there is a technical problem associated with staggered fermions

+ Let’s look at the 2+1 flavours theory with p, = pu; = p, pt; = 0

Lo (T py) = J'DUe_SG[U] det M(U, m,, //‘q)% det M(U, ms,())%

7 6N
det M(Ua mqa /’tq)z _ —3N3,Mq/T H lk[m, U] — e”q/T T
det M(U, mq,())% \ Alm, U] — 1
INn a reduced matrix formalism

W//iB_ T \

wo
Do y)
but have we ruled all the non-analicities out? —Hp ﬂé




arXiv:2308.06105, results for the light quark density 7,

ng /(g T)
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* — no rootin
» rise at m_/22 for the reweighted °

case * reweighting and Taylor (up to

12th order) agree

we have a problem with rooting for staggered fermions


https://arxiv.org/abs/2308.06105

Taylor expansion

- compute the derivatives at pp = 0

2 4
0<ﬂB>—0<0>+i 2200 + —uf 2 0) +. N\
2178 g2 4178 gy \ /

2
» Truncation in g is uncontrolled: the error is determined by the next
term in the expansion

» Sign problem is not really away

* |t still manifests itself in the cancellations of the
terms inside the Taylor coefficients
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» We look at the derivatives of log Z , that are related to quark number susceptibilities
T 0 logZ
V (au)l(ad)](as)k

l;t]iZS(T /’tua /’tda /’ts)

e then for any O
0, <0 >= <00 log(detM)i > — < O > (d;logZ) + < 9,0 >
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e ¥,,: cancellation is O(Vn_l) 1000 fcontributions normalised to sum

100 |
 we need small volumes!!
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Chiral observables

 Chiral symmetry restoration in limit », - o .

 order parameter: chiral condensate

renormalized chiral condensate

arXiv 2405.12320
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» disconnected chiral susceptibility
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Other observables? a ‘_
arXiv 1603.06637 (TUMQCD Collaboration): p 1

1 = N
d
look at Polyakov loop f
for infinite quark masses it is a probe of deconfinement P ~ ¢~ o'" I =aN
\)
. OF (T) . .
static quark entropy SQ =-— It has a peak near chiral crossover temperature
6 0 T T N2, M =161 MoV mmmm
| local fit too277 ] 9 f [ Ng=3, m =440 MeV — = -
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If SQ IS not very sensible to volume, that’s exactly what we need!
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Is T£SQ) anyway similar to 7.°"")?
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e small volume effects!

arXiv:2405.12320
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Sketch of the method in 2410.06216

» Goal: QCD transition line from the peak position of S,
* We use laylor methods to circumvent the sign problem

» What we compute: the derivatives Q(”) = 0"0/opy, with Q=| <P > \2,
withn = 2....8

(previous ref. D’Elia, arXiv 1907.09461: up to n=2)

* The steps in a nutshell:

1. QW > Fgl)

2. Fg’) — Fo(ug, T)

15



Results in 2410.06216

5.5 | |
: j 8, o ' 3 Ug=0 MeV m—
T=160 MeV O(u;,’) mmmmm  T=130 MeV O(u;%)
150 M g - 6 Up=200 MeV mumm—
=150 MeV O(uy;") mmmmm  T=130 MeV O(ug") —— 5 |
3 R 3 B 4 Ug=300 MeV mmmmm
& 15 T=140MeVO(uy®) mmmmm  T=130 MeV O(uz") ——
> | | | Wp=400 MeV  mmmm
é 4.5 Tm pp=200 MeV  mmm
o ?
A 1
5 //
= %
-
2 05
=
O | | | | 3 | | | | |
0 100 200 300 400 500 120 130 140 150 160 170 180
Ug [MeV] T [MeV]
until 400 MeV:

- we can extract a peak of 5, (after: it is too broad!)

» [aylor orders converge .



Phase diagrams to different orders in Taylor expansion

Until when do we trust our Taylor

expansion?
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17



170

165

160

155

150

T [MeV]

145

140

135

130

 deconfinement width increases in jp

 no sign of CEP up to these pz values

Some conclusions from 2410.06216
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What next?

* Go on with Taylor up to order...? Which order?

» The truncation error in u is uncontrolled. We can’t really know if at up = 400 MeV we
should stop at 8th order, or at 10th, or 12th: it depends only on the avalilable statistics

 |In a canonical formulation that would be controlled MB

- Baryon number B is fixed, yp is computed (sketch)

e Several attempts in the past by various
collaborations: arXiv:0507020, 0602024,

0906.1088,...
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Canonical approach

» In a canonical approach we get rid of the “critical” variable of the sign problem, pp
» We change (T, V, ugp) — (1, V,N)
» We do not need to extrapolate in ;i anymore. We have results at fixed N

e For V — 0o we obtain the same results in the Grand Canonical and in the Canonical
ensemble

* [The steps in a nutshell:
1. Zo (T, Vo, ug) = ZAT,V,N) v ¢
2. 0ZAT,V,N)/ON — iy %
3. 0Z1T,V,N)/oV — p

20



Canonical and Grand Canonical ensemble

..........
......
* "
* .
‘o

* Grand Canonical .7
» Canonical c . .:
" . - (T,V, Up )
« (TI,V,N) "
1 QT V. ) = —log Z AT, V
. F(I,V,N) = — LT) logZ~A(T,V,N) o AULLV, pp) = 70 0g Zg (T, Vi, 1p)
CE potential GCE potential

Fourier transform

1 271'
ZC(T V,N) = ZﬂJ 2o AT, V,, @ ) COS(N¢pp) dp =

1T 1 2r V
= T J CAP l—l()g Zo (T, Vo, /43)] cos(Npp) dpyg
27 Vo
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Results In QCE and CE

GCE: LO
GCE: NLO
GCE: N°LO

Canonical T=140 MeV =&

Canonical T=170 MeV —®—
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0T, V, u)

ug [MeV]

GCE

ou

)T,V

It comes from a Taylor expansion in ;1 =

nuclear saturation density at T=0:

0.15 + 0.01 nucleons/fm?

(Horowitz et al.) [2007.07117]

. T = 140 MeV: corresponds to V ~ 22 fm’

. T = 170 MeV: corresponds to V ~ 13 fm’

CE
It comes from a Fourier transformation

of the simulated partition function
22



0.7 T |
GCE: LO

2r
0.6 | GCE.: NLO Y, ZAT,V,N) = Lﬂj exp [Vllog 2o (T, Vy, ug) | cOs(Nehg) dopy
e S o
N | pT,V.N)  pcu=0) 1 1 0ZAT,V,N)
LT T T T3Z«(T,V,N) oV
Ty _ | /4 . ZGC( ip)
- L LI Zaci) tog (g ) cosiNdg
0.1 ' ' ' ' ' ' ' -  .....B.. -/ .o ,o 6 N6NRo
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g [MeV] V1> % ng ZGC(i¢)COS(N ¢)d¢
» T = 140 MeV-: corresponds to V ~ 22 fm° ¢ = iulT

. T = 170 MeV: corresponds to V ~ 13 fm’

e stressing again the differences in the approaches, looking at the above plot:

GCE CE

at up ~ 350 MeV, T=140 MeV the Taylor expansion need at . i .
least NNLO (O(u9) ) looking at same T, jp : it is a data point

23



Different volume scaling in GCE and CE
Pe= Pgc
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Some comparisons with HRG

 HRG: hadron resonance gas (hon-interacting particles)
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Conclusions

We explore some technigues to overcome the sign problem in lattice QCD
We focus mainly on Taylor expansions and a canonical approach

Taylor methods

» have an uncontrolled truncation in jip

» need small lattice volumes to reach high g
In canonical lattice QCD

e it is not numerically easy to compute high /V coefficients

o at large densities the error explodes (but they are already
stat+syst!l)
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Backup slides
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 HRG: hadron resonance gas (hon-interacting particles)
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A small trip In

« e
Q. '~
®

Q
Reweighting with staggered fermions arXiv:2308.06105

o Staggered fermions: rooting

» We look at 2+1 flavours theory with 1, = u; = p, pg = 0

- ZyuaTop) = [ DU Gt MW, et MU OF

* Z41(0)

formalism

2o 1) <

det M(U, m,, ,uq)%

1

det M(U, m,,0)>

> =0 Can be computed with reduced matrix
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the eigenvalues {4, } of the reduced matrix do not depend on

solve the rooting ambiguity: take the square root for each eigenvalue

1 —
détM(Ua mqa /’tq)z N —3N3//t IT 6HA]3 /Ik[m’ U] — eﬂq/T
det M(U, mq,())% \ A lm, U] — 1

it could have an overlap problem (long tails in the weights) but we crosscheck with
other 2 reweighting methods

ZZ+1

. Phase reweighting —~ = < /P
Z2+1 ‘ det M( Ua mqa ll/tq)7 ‘

1
det M(U, mq, //tq)7 >
&

| o 7 Redet M(U, m_,, i )%
sign reweighting ?Ql = < — > 0
7% |Re det M(U, m, )2 |
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 Now, let’s look at the light quark density (e.g. for equation of state studies)

. Plot: ﬁL/ﬂq, 16° x 8 lattice, m_= 135 MeV

m
A steep rise at i, ~ — ! Why?

2 1.2 | | | | | I

e |s it an overlap problem?

/(g T°)

* No, the 3 reweighting techniques do

the same
i - : 0.2 | |
* |t also a discretisation effect oweighing o Ih e
l l l el iovedhing o
o 20 40 60 80 100
Hg=Hy=Nq [MeV]

T=130 MeV. 2 stout smearing,

120
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ng /(g T)
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200

* reweighting and Taylor (up to 12th order) agree

&

@ he culprit is actually the rooting!
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* |t seems that at the moment our favourite technique is Taylor method then

e But also there we need to be careful

Cancellations problem in Taylor method

» Goal: derivatives of an observable O w.r.t. u; (i: flavour) 0,0

| 0log(detM )% | N
Given A, = — — ZTr(Mi M) - <A, >= 0;logZ
Hi

» for O we have the generic chain rule formula
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e the bigger is the order n of derivative, the more terms we have...

* and the bigger is the cancellation between them!

e Below: 0"log Z/ou" (ignoring the flavour)

n=1 <A>

<A?Z>H4< A > — < A>?

n=3 <A3> 42 <A>P3<A><A*>
+<A”">43<AA'> —I<A><A>

n =4 CcAYS HA <AA' > < A" > _4<A><AP>—4<A><A">

16 <A?A'> 43 <AA'>_6 <A?><A'> 3 <A ><A >
+12 <A><A><A'> —12 <A><AA >
+12<A><A><Ar> —3<AT><AT>-6<A>"
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* This cancellation actually scales with the volume — how?

» Derivatives of log Z are related to quark number susceptibilities

uds

X

c ¥y ~<u>~n,
|

T 0" logZ
V (au)i(ad)j(as)k

(T9 //tua //td, //ts) —

Klog Z

. )(5‘ ~— < uz > —<U >2 - a variance / V, we except O(1)

-

. J, contains terms like

1

—(<A?>—-<A>)> <A*’>~V

-
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|
Inside y, we have couples of terms like —( < A*> —3<A?>%) ~00)

the cancellation is O(V)

V' —
O(V?) « OV?

|
Inside y: 7( <A®> —15<A%?>%)~ 0(1)

the cancellation is O(V?)

* )»,: cancellation is O(V”_l)

e we need small volumes!!
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36



Technical difficulty of canonical approach

ZB, T=140
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