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DSE in Minkowski space
[—;&»—]_1 = |

Usually defined and solved in Euclidean space:
Lattice gauge theory simulations and its numerical solutions;
QCD perturbation theory are strictly valid only at spacelike-momenta, the only possibility

for Euclidean formulation.

Why Minkowski? Difficulties to deal with singular behavior of physical quantities...
Dynamical observables defined in the light-front;
Electromagnetic form-factors (singularities!);

3d imaging that may clarify the hadron content (EIC facility in the future);

QCD at finite density?

Finite magnetic field?
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de Paula,Ydrefors,Nogueira,Frederico,Salme, PRD 105, LO71505 (2022).
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DSE in Minkowski space

Main Tool: Nakanishi

Integral Representation

Information about the loops
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Fermion Dyson Schwinger Equation (Rainbow-Ladder)

k—p=q
ST
@] = - Mf”
I i | [ ; | + T
DSE for the above schematic representation:
_ , dq 5
SC] 1(k) — % —mp + 7’92/ (27T>4F/L(Q7 k)Sq<k - Q)fYI/D'LL (g)
Rainbow ladder approximation: ', (g, k) = v, / Gauge fixing
1 (1-9g"q"
Gluon propagator: DH¥ = pvo_
propag () P —— [g PR

Quark propagator: S, (k) = {%A (kQ) — B (k2) + ie}

¥+ o > pu(s) / ps(s)
Sqe(k) =R d d
o(P) k2—m§+z’e+% o R —svie o TR —svie
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Fermion Dyson Schwinger Equation

2

e Parameters: o = j— , Ny mg, g .
A8

o Spectral densities are obtained from the IR of the self-energy:
1

— _ 2\ < pa(s)
pa(y) = ——TIm [A() A(k:)—1+/0 S
]. oC B\S
p5(3) = —Im [B()] 50 o+ [ 520

 Solutions of DSE obtained writing the trivial relation S]jl Sy =1:

R / T e Po(8) A(y)
v—mmai+1e  Jy v—s+4ie yA%(vy) — B?(y) +ie

Rmy _I_/OO ds ,03(5) _ B(W)
v—=Tp +ie  Jo v —s+ie  yAX(y) — B%(y) +ie
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Fermion Dyson Schwinger Equation

9 Bare mass mp:

: 9 —
e Parameters: o = e A, mg, myg. A*(m3) — B*(mg) =0

o Spectral densities are obtained from the IR of the self-energy:
1

— _ 2\ < pa(s)
pa(y) = ——TIm [A() A(k:)—1+/0 S
]. oC B\S
p5(3) = —Im [B()] 50 o+ [ 520

 Solutions of DSE obtained writing the trivial relation Sle Sy =1:

R / T e Po(8) A(y)
v—mmai+1e  Jy v—s+4ie yA%(vy) — B?(y) +ie

Rmy _I_/OO ds ,03(3) _ B(W)
v—=Tp +ie  Jo v —s+ie  yAX(y) — B%(y) +ie



TO. Oliveira et al., EPJC 80,484 (2020).

DSE+Lattice QCD propagators: Enhancement of the quark-gluon vertex at’
the infrared region!’
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Pauli-Villars regulator can also be
effectively associated with the form
factor of the y" component of the
quark-gluon vertex:

mg — A

A(q°) =
I(Q) q2—A+’L€
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"Rojas et al., JHEP 10 (2013) 193;
O. Oliveira et al., EPJC 79, 116 (2019)



Comparison with Un-Wick rotated results

Wick rotation is the exact analytical continuation of the Minkowski space Nakanishi

po =— exp(—1id)po
]{?0 =— exp(—ié)ko

representation: Explorations in the complex plane.

e Minkowski space: & = /2,
or © =1/2-3.
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In collaboration with T. Frederico, S. Jia, P. Maris, W. de Paula and E. Ydrefors
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Large coupling regime: Phenomenological model

Calibration of the model: Possibility to explore the chiral symmetry breaking

region!
Set mgy (GeV) m, (GeV) A (GeV) a
1 0.42 0.84 1.20 19.70 ,
2 0.38 0.78 1.10 20.30 400 Lattice fit
3 0.35 0.60 1.00 13.25 Set 1
— D€
Set (Outputs) mp (MeV) R
1 9.06 222
2 8.53 2.09
3 12.25 2.64

Appropriate behavior in the
infrared require a large enough
Kernel

JL

A cannot be large compared to
m , and as a consequence, a k [GeV]

must increase!
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DD, Frederico, de Paula, Ydrefors PRD 105, 114055 (2022). Fit of lattice data from O. Oliveira, et al., PRD 99, 094506 (2019).
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Large coupling regime: Phenomenological model
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DD, T. Frederico, W. de Paula, E. Ydrefors Phys. Rev. D 105, 114055 (2022).
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Large coupling regime: Phenomenological model

4 [T ' ST
0.6
3| 0l /\/ - Not enough to get a good fit for Z(k?)
. o.z/
21 | ' 1.1
! 0.l
: -3 -2 -1 0 1
1t ,: k? [GeV?]
M |
0 T e
”  Re[M(kY)]
-1 - Im[M(K)] ]
~10 0 10 20 30
2 2 0.7t - Lattice fit |
k= 1GeV] . —— Set 1
m2 Set 2
mg 0.6 N Sgt 3
2 | .
(0 +my) 0 2 4 6 8 10
(o + A)? k [GeV]

DD, T. Frederico, W. de Paula, E. Ydrefors Phys. Rev. D 105, 114055 (2022).



PRD 105, 114055 (2022)
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The pion

Spectral densities evaluated by solving the DSE the method described previously
as inputs for the pion Bethe-Salpeter equation.
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U (k;p) = Sr(ky)lx(k;p)Sr(kq)

1
1) = Joeg— Bo?)
= Sy (K*i + Sy (k?)
R ” pu($)
(k%) = d
Su(k7) k2—mg+ie+/0 B2 st ie
Rmy > ps(s)
(K2 = d
Ss(k7) k2—m(2)—|—ie+/0 Sk2—8+ie

F?T(k7p): V5 [ZEﬁ(kap) + Fﬁ(kap)
+ktpy Gr(k,p) + o k' p” He (K, p)]
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The pion

» Bethe Salpeter equation: U_(p, P) = S(q)I'»(p, P)S(q)

L7(p, P) =5 |iEx(p, P) + P Fr(p, P) + p"' PupGr (p, P) + 01 p" P" Hr (p, P)
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The pion
» Bethe Salpeter equation: U_(p, P) = S(q)I'»(p, P)S(q)

Lx(p, P) = s |iEx(p, P) + P Fr(p, P ; 00" P Hy(p, P)

 First approximation: Chiral limit! In this case, the pion quark-antiquark vertex is
given by**
B, (k) = —— B(k?) B(k?) = /OO ds— P2 )
" fO ’ 0 k2 — s+ ie
e Calculation of observables, more rigorous study of chiral symmetry breaking,
ingredients from LQCD...

d*k
(2m)*

Pion decay constant: ip* f, = N, / Tr [y*7° U (k,p)]

*®C. S. Mello, et al., Phys. Lett. B, 766 86-93 (2017), L. Chang et al., PRL 110, 132001 (2013).
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The pion
Pion decay constant
Set (in MeV)
1 182.52
2 163.66
3 190.46

DD, T. Frederico, W. de Paula, E. Ydrefors Phys. Rev. D 105, 114055 (2022).

4Nc o oo oo o
fr = E / ds / ds' / ds" pp(s")pu(s")ps(s)
0

/ /1 v l—u+w
dv M?2
v—u) +5"(1—-v—u) — 7=+ u) +vs+us + e
po(s) = pu(s) + Rd(s — )
Only the fit of running mass is not enough to ps(s) = ( ) + Rmod(s —mg)

generate good results for the observables!



In collaboration with T. Frederico, W. de Paula, S. Bortagaray and M. Pelaez: 13/13
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 Inspired in a phenomenological model for the quark mass*...

03F
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(k2 — A)?(f + mo) — (K* — \)m”
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*Mello et al., PLB, 766 86 (2017). Lattice data from Parappilly et al., PRD 73 054504 (2006). **Pelaez et al., PRD 96, 114011 (2017).
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 Inspired in a phenomenological model for the quark mass*... 03
S 02s
(k2 — N2 (# +mo) — (K — \)m? S ..
SF(k) =1 2 2 : ch
Hz:l,?)(k - m’L _|_ ZE) S ois
e ...we wrote the gluon propagator as a sum of three poles: -
; ] —l IN) two—loolp results ; 25 3 35 4 45
. —— IS one-loop results 1 p [GeV]
R alid '
DY (g)= 3 e [0 - | e -_
i—13 4 T My + 1€ q°t+we] 3 Gracey et al., PRD 100,
, S n_ 1) S 4 034023 (2019)
i=1,3 1% = ]
2_
0L I
0 2 4 6
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*Mello et al., PLB, 766 86 (2017). Lattice data from Parappilly et al., PRD 73 054504 (2006). **Pelaez et al., PRD 96, 114011 (2017).
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 Inspired in a phenomenological model for the quark mass*... 03
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» R; w41 '
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90
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*Mello et al., PLB, 766 86 (2017). Lattice data from Parappilly et al., PRD 73 054504 (2006). **Pelaez et al., PRD 96, 114011 (2017).
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In collaboration with Recent developments  New mode
T. Frederico, 300
W. de Paula, : Pion decay constant | % |\
S. Bortagaray, Set (in MeV) Z 00| |
M. Pelaez 2
1 182.52 =
100
PRD 105, 114055 2 163.66
3 190.46 % 2 i 6 8 10
NEW! 108.56 . e
1.0 -
=0.9
g \/
:\L‘ 0.8
N
0.7
— Lattice fit
0.6 — New model
0 2 4 6 8 10




In collaboration with
T. Frederico,

Recent developments

W. de Paula, , Pion decay constant
S. Bortagaray, Set (in MeV)
M. Pelaez
1 182.52
PRD 105, 114055 2 163.66
3 190.46
NEW! 108.56
Next steps:

» Valence wave function, probability amplitudes,

= ——/—Tr vt (p, P)]

iy (ot ) = Y / DTy [5Fiysib(p, P)]

400
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Lattice fit
— New model

0 2 4

k [GeV]

6

=

Lattice fit
— New model

0 2 4

k [GeV]

6

8 10

» Calculation of more observables, more rigorous study of chiral symmetry breaking, ingredients from

LQCD...



Medium effects: Challenges
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— [s there a way to write down the propagators in such a way that overall the analytic

structure is carried out in the denominator? {(yv¢) = —Tr /
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NB /T=3

= == DSE: Chiral crossover
@® DSE: Critical end point

——— DSE: Chiral first order

Lattice: Chiral crossover [Bellwied et al.]

¢  Freeze-out points [Alba et al.]
Freeze-out points [Andronic et al.]
Freeze-out points [Becattini et al.]

A Freeze-out points [STAR collaboration]

#  Freeze-out points [Vovchenko et al.]

o

0

300 450
i, [MeV]

150 600

750

Isserstedt et al., PRD 100,
074011 (2019)

* How to construct the EoS at finite density and/or temperature in Minkowski space? Mallik, Sarkar:
EPJC 61:489-494(2009).

 [s it possible to retain the integral representation while including magnetic field effects?
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Summary

Formulation in Minkowski space: possibility of calculation of dynamical observables;
Based on the NIR, which is as a very important tool to solve DSE and BSE;

More sophisticated ingredients, as quark-gluon vertex, Lattice QCD (self energy,
vertex, ...) = more realistic theories!

Wide range of applications: Form factors, parton distribution functions, analytic
structure of pion, kaon, nucleon, Nakanishi weight functions ...

Moditying the quark propagator to include 7, p, eB: Phase diagram and EoS and in
Minkowski space?

. YA
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Fermion Dyson Schwinger Equation (Rainbow-Ladder)

* In terms of vector and scalar components (Killén-Lehman SR):

Sq(k) = KkS,(k*) + Ss(k?)

K+ mo / /°° ps (s)
— R d
k2—mg—|—ie+% —s+ze+ 0 k2 _ s+ ic
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Fermion Dyson Schwinger Equation (Rainbow-Ladder)

* In terms of vector and scalar components (Killén-Lehman SR):

Sq(k) = KkS,(k*) + Ss(k?)

K+ mo / /OO ps (s)
= d
RkQ—mg—l—iE—i_% —s+ze+ 0 k2 _ s+ ic
, dq R 1 d* Rm
k‘2A (k2) :Za/ B k2 :_ZOK/ q 0
4m? | (k —q)" —mg + e () A3 | (k — q)° — ™3 + 1e
> v —2k? + 2 (k- > < (5
+/ s pQ(S) : +2( q) +/ g p2()
0 (k—q)" —s+1e| q°—mg+tie 0 (k—q)" —s+1e
(1-9¢) (2(k-q)2—k2q2—q2(k-q)) x ! 4 — (- ¢
— q* —m2 + 1€ q* —Em2 + 1€
(¢2 — m2 +1€) (¢> — Em2 + 1¢)
—[mg — A
—[mg — Al

Pauli-Villars regularization



Fermion DSE solution

pa(7) = RICG (v, 5, my)

—|—/ ds lCi(’y, s,mg) pu(s) — [mg — Al
0

pB(W) — Rmo ICSB(’Yamgafrné)

T / ds K&, (v, 5,m2) pa(s) — [my — A

18 /19

e Driving term:

§ _ —2 7€
Koaop) = Kamp) +my " K g

o Kernel:

K& (v, s,m2) = Ka(y,s,m2) O(s — (g +my)?)

+mg 2K (v, 8,m) O(s — (Mo + v/Emy)?)

Connection Formulas

Faly)= 1+][OO dSPA(S)

0 v —S fa(y)
fal)=mp + 4 as22 P )=y brat fatn) = pe ) 2 ()
o AT + 220 [y 73 (0) = sk () = 3 ) + 2 ()]
d(v) = lva(v) — 2y pa(y) — f2(9) +72r pB(’y)] oy (7) Zf;((v’;) oA () Fa () = pi (4) 15 (7))
47 0400 £40) =50 010) w7 <(J>) [y £3(3) = 7904 () — 3 () + 720 (7))




Feynman gauge kernel (& = 1):

o 'y—m2+s

Ka (%Svm?/):_ﬂ 729 \/('V —mg+s)?—4ys O [y = (mg +/5)]
4
KB (7787777’527):_%5\/(7 - m?y + 5)2 o 4,78 © [’Y o (mg + \/5)2}

Remaining arbitrary &-gauge contribution:

2 2
; o (v —5)" —m2(y+s)
R (y,5.m2) = =1 o V(= m2 + )2 = dys

x O [y = (mg + vs)*] — [mg — &my]

amg \/(’y—m3+s)2 — 4ys
A7 vy

K5 (v, s,m?) =

O [y = (my + V/5)"] — [m,; — &my]

Bare mass: Residue:

mp = My —i—mo][ dS_pgl(S) —][ ds pf( °) R = 1+][ ds pA( ) 2_2][ ds—pA( °)
0 0

My — 8 my — 8 ma — s (M3 — 5)2

+2m][ ds————"—
mo—s
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