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SIZE OF THE PHYSICAL SYSTEM (MOTIVATION)

What are the typical sizes?

« Typical size of the fireball in heavy ion collisions is a few fm.

 Neutron stars and compact stars built up from strongly
interacting matter (with extra structure) with a size ~ 10 km.

+ Several models with finite (different) size.
+ In field theoretical calculations (LSM, NJL, DS, etc): infinite size.

Why does it matter?

- The properties of the system can change significantly.
- Criticality in a finite system?
» The CEP and the first-order region might "disappear".

Might be studied in field theoretical models by implementing the finite size effects.



USUAL IMPLEMENTATION: MOMENTUM SPACE CONSTRAINTS

The vicinity of the CEP is accessible with models that are in the thermodynamic limit.

Finite size effects without losing the advantages of these models?

- Discretization: /dp -

Modify only the n
momentum space. » Low momentum cutoff: / dp — / dp
o A

Finity system Cubic volume Cubic volume Low momentum
with linear size L with APBC with PBC cutoff (spherical)
y Py

Fourier Ap
Px

(and simplification)




VOLUME DEPENDENCE




VOLUME DEPENDENCE OF THE PARTITION FUNCTION

Beyond momentum space: statistical factor

2= [Doe), s@)= [ dxce00.0 (1)
Keeping only one mode to integrate: degrees of freedom from co to 1
= / Depe—Se(@) Single mode / = dge—Se(®) @)
—oo

Constant, homogenous field + local Lagrangian: /d"x =V, M) BV

V dependence separates from the potential: Se=p8V-U(¢)

The expectation value:
1 oo
) =2 / dp pePV U@ 3



VOLUME DEPENDENCE OF THE PARTITION FUNCTION

Beyond momentum space: statistical factor

z= / DgelS@) §() = / d*x £((x), X)

Keeping only one mode to integrate: degrees of freedom from co to 1
Zz = /D¢E_SE(¢) single mode /Oo do e~ Se()
—oo

Constant, homogenous field + local Lagrangian: | d*x =V, ﬁ"—T> BV

V dependence separates from the potential: Se=p8V-U(¢)

The expectation value:
=3 [ dspesr U

Simple quark-meson type model (classical potential + fermionic thermal fluct.):

2
U, T = ¢ + %«p‘* - h¢>+zTNc/L

(3)

(ZZ; [Iog(1 + e_’B(E_”)) + log(1+ e_ﬁ(Eﬂ‘))] (4)



V — 0o LIMIT: USUAL MEAN-FIELD APPROXIMATION
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V DEPENDENT WEIGHTS AND THE POTENTIAL

At finite V: -
W= [ dooro.V), POV —e Uz (©)
—o0
For a fixed T and p with multiple solutions in MF (1 fm ~ 5 GeV~"):
1esvue
u(@) z
\ I 15
-0.2 0.1 0.1 0.2 ¢
-0.0002 o — L=5GeV'
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0.0004 — L=20 GeV~'
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CORRECT V DEPENDENCE OF THE CONDENSATE (FIRST-ORDER)
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(@) AT SEVERAL SIZES

MF L = 60/GeV
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PHASE DIAGRAM

Everything is smooth at finite L Shift below ~ 50/GeV ~ 10 fm
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V DEPENDENCE OF PHYSICAL QUANTITIES

V dependence of the free energy: d=-TInZ

Ecpectation value of ¢ and its fluctuations

10lnzZ 100

=g on = von
0 (12 (192YY g~ o ;
=% “gvl\zam \zan) )=V @) (6)
*(¢) 93(¢)
3T e Xa= "ap3
o¢ a6 vV [ . au
: =7y i : - _ 7 ou _sw
The pressure: P= W' The particle number: (N) = o — Z/_oodd)aue

Generally: (A) = 27" /d¢ A(¢) e=PVY(®) for a general observable A



SCALING




SCALING ANSATZ

Ising temperature (7), field (n), and irrelevant/marginal direction (u).
The singular part of the free energy scales as

fs(r,n,u) = L=OF(r LV LBV yL=). @
If u marginal w = 0, otherwise at leading order
fs(rym) = L7 OF (LY qLPo/v) (8)
The "magnetization" density and susceptibilities

af vV— 1% v a"f v— v v
= G S UEGUI P, e = R = LSRG ) (o)

Our phase diagram: CEP at finite T,uq, and h

Critical line in the T, uq, h space
The T, 114, and h direction show field-like scaling ~ Nonzero overlap with n
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SCALING ANSATZ

Ising temperature (7), field (n), and irrelevant/marginal direction (u).

The singular part of the free energy scales as
fs(r,n,u) = L=OF(rLV/Y LBV yL=). @)
If u marginal w = 0, otherwise at leading order
fs(r,m) = L=OF (LYY qLPO/7)y. (8)
The "magnetization" density and susceptibilities

_ s = 188 /v=d (Vv 183/ o = s _ | ngs/u— SELIY LYY (9)
on ’ ’ on"
Our phase diagram: CEP at finite T,uq, and h

Mean-field approximation in 3D: hyperscaling violation
Use 7 = (v +28)/d = 2/3 (c.f. v = 1/2 for MF)
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SCALING FUNCTIONS

o.(ﬂ_Bé/t'/) o LB&/D—d, X(thIJ/D) o L2/35/17—d

Expectation:
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FIRST ORDER TRANSITION

Expectation: o (tL3) oc L°, x(tL3) o L3 coexistance: x = Vxs + (a1 + x2)/2
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FLUCTUATION OVER THE PHASE DIAGRAM

In the 1st order region x keeps increasing. E.g. at L = 40/GeV:

400

% [GeV?]

200

T[GeV]

No maximum as apparent CEP
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FLUCTUATION OVER THE PHASE DIAGRAM

In the 1st order region x keeps increasing. E.g. at L = 40/GeV:
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Thy system does not stay there long in reality
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FIRST-ORDER CASE WITH DOUBLE GAUSSIAN

Using the double Gaussian approximation

A 2 d 2 d
_ —((p—01))— L T —((¢p—0 — L T
P(¢)) = W [e (( 1)%)—2x10m)L7 /(27x1) +e ((¢p—02)?)—2x20m)L° /(2 Xz)] (10)

with A is for the proper normalization /dd)P(d)) =1
Using (¢) = [ 6 6P(6), (¢%) = [ do 7P(&), and x = V/7((¢%) — (9)?) gives
(@) = b+ XUx (11)

Ld
X = xiUi+x2U2+ ?()\1 — A2)2UsU, (12)

. . Ao
width introducing U; = W;/(W; + W), W; = x;/ze”L in+29)/@0) N = o 4y
With 6,/, = & & d0, X1/, = X £ dx, and assuming dx is small:

= E ) cosh2 (1 — 2+ Y 502 cosh2 (n1960/7) (13)
Mo = T (=22 cosh ™ (nL%(on — 02)/(27)) = X+ 60 cosh2 (nL50/7) (13

Binder: Lect. Notes Phys. 409, 59 (1992)

20



CHECK AT L = 330 GEV
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Peak from coexistence 90|
is clearly visible

80
The sector projected =2
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ADDING MOMENTUM SPACE CONSTRAINTS: SCALING

Contraints:

m low momentum
cutoff

m discretization
with PBC/APBC

No change in the
scaling for large V,
as expected.
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SCALING ALONG SPECIAL LINES




ALONG THE PHASE BOUNDARY

Along the boundary 7 direction with 7 = sgn(T — T¢)\/(T — T¢)? + (1 — p1c)?
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ALONG THE PHASE BOUNDARY

Along the boundary 7 direction with 7 = sgn(T — T¢)\/(T — T¢)? + (1 — p1c)?
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ALONG THE PHASE BOUNDARY

Along the boundary 7 direction with 7 = sgn(T — T¢)\/(T — T¢)? + (1 — p1c)?

The phase boundary
almost straight
in such a small section

Binder cumulant:
X4

L3

KB

kg x L°, T L=

KB

2+

L=250/GeV ——
L=300/GeV ——
L=350/GeV ——

In 1 direction with
T=sgn(T-TeN((T-Tg)2+(u-1c)?)




ALONG THE PHASE BOUNDARY

Along the boundary 7 direction with 7 = sgn(T — T¢)\/(T — T¢)? + (1 — p1c)?

The phase boundary
almost straight
in such a small section

Binder cumulant:
X4

L3

KB

kg x L°, T L=

2+

L=250/GeV ——
L=300/GeV ——
L=350/GeV ——

In 1 direction with

T=sgn(T-TeN(T-Tg)>+(-1g)?)
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FLUCTUATIONS ALONG A “FREEZE-OUT”
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Very narrow window for x5 /x8 < o (model dependent, might be much wider)



FLUCTUATIONS ALONG A “FREEZE-OUT”
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SUMMARY

« Simple approach for finite size effects in MF.

+ Scaling properties can be reproduced

+ FSS above L = 20 fm linear size

+ No apparent CEP can be deduced as a maximum in the fluctuations.

+ Along the transition through CEP: x,,/(Vx2); Along the freeze-out line: x,/x2
« Many other details....

20/ 20



THANK YOU!
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