
What have we learned from the RHIC beam energy 
scan about the QCD critical point
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“A theory is something nobody believes, except the 
person who made it. 

An experiment is something everybody believes, 
except the person who made it.”

A. Einstein



The phase diagram

2

Increase chemical potential by lowering the beam energy 

In reality, we add baryons (nucleons) from target and projectile to mid-rapidity 



What we know about the Phase Diagram
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Figure from HotQCD coll., PRD ‘14

T

µ~920 MeV

Lattice QCD: 
Tc ~ 155 MeV 
pseudo-critical line up to O(µ4) 
pressure (EoS) up to O(µ8)
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What we are looking for
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T

µ~920 MeV

155MeV

Nuclear  
Liquid-Gas

Critical Point / co-existence ?

Remnants of chiral criticality

We are dealing with small system of finite lifetime 

NO real singularities!



Recent results on CP
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Cumulants and Phase structure
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What we always see.... What it really means....

“Tc” ~ 155 MeV

S. Borsanyi et al, JHEP 1011 (2010) 077 



Derivatives
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Tc Tc

1st order 5th order

3rd order0th order



How to measure derivatives
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Cumulants of Energy measure the temperature derivatives of the EOS

Z = tr e�Ê/T+µ/TN̂B
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Cumulants of Baryon number measure the chem. pot. derivatives of the EOS



Cumulants of (Baryon) Number
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Kn =
�n

�(µ/T )n
ln Z =

�n�1

�(µ/T )n�1
�N�

Kn � VCumulants scale with volume (extensive):

Volume not well controlled in heavy ion collisions 

Cumulant Ratios: K2
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What to expect?
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Stephanov, arXiv:1104.1627



Cumulants and Factorial cumulants
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Cumulants: 

generating function: g(t) = ln [∑
n

P(n)en t]
κn =

∂n

∂tn
g(t)

t=0

Factorial Cumulants (no anti-particles): 

generating function: gF(z) = ln [∑
n

P(n)zn]
FCn =

∂n

∂zn
gF(z)

z=1

Gaussian:                   κn = 0; n ≥ 2 Poisson:                     FCn = 0; n ≥ 1

Relations :  g(t) = gF(et)

FCn =
n

∑
k=1

s(n, k)κk; κn =
n

∑
k=1

S(n, k)FCk  Sterling numbers 1st and 2nd kinds(n, k); S(n, k)

Same singularity structure!

For example: FC1 = κ1 = ⟨n⟩; FC2 = κ2 − κ1; FC3 = κ3 − 3κ2 + 2κ1;



Factorial cumulants and correlation functions
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Poisson:                ;    in contrast with   FCn = 0; n ≥ 1 κn = ⟨n⟩

ρ2(p1, p2) = ρ1(p1)ρ1(p2) + C2(p1, p2)Two particle density:

ρ1(p) =
dN
dp

; ρ2(p1, p2) =
d2N

dp1dp2
; ⋯

Three particle density: ρ3(p1, p2, p3) = ρ1(p1)ρ1(p2)ρ1(p3) + ρ1(p1)C2(p2, p3) + ρ1(p2)C2(p1, p3)

+ρ1(p3)C2(p1, p2) + C3(p1, p2, p3)

 n-particle genuine correlations functionsCn(p1, ⋯, pn)

FCn = ∫acceptance
dp1⋯dpn C(p1, ⋯, pn)Factorial cumulants are integrals over correlation functions:



Measuring cumulants (derivatives) 
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K2 = �N � �N��2 =
�

N

P (N)(N � �N�)2

K3 = �N � �N��3 =
�

N

P (N)(N � �N�)3

P (N) =
Nevents(N)

Nevents(total)
<latexit sha1_base64="CAz0LhlSd5LBACQ8cPtQQBWRvV8="></latexit>

Measuring cumulants in heavy-ion collisions
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Count the number of events with given number of e.g. (net) protons

Cumulants are extensive, 𝜅𝜅𝑛𝑛~𝑉𝑉, use ratios to cancel out the volume

STAR Collaboration, Phys. Rev. Lett. 126, 092301 (2021)



Compare Data with Lattice QCD 
and other field theoretical models

• Baryon number conserved globally 
• Solution (V. Vovchenko et al,  arXiv 2003.13905, arXiv:2007.03850) 

• Experiment measures protons only 

• Volume is not fixed in experiment  
- Possible solution (Rustamov et al, 2211.14849, Holzmann et al, 

2403.03598) 

• Momentum cuts 
• expansion, time evolution 
• Detector fluctuates (efficiency etc…)
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• Baryon number (and other charges) conserved only 
on average (grand canonical ensemble)  

• “measures” ALL baryons 

• Volume is fixed 
 

• Includes all momenta 
• static system, no expansion

Experiment Lattice, FRG etc

Need a dynamical model



Grand canonical ensemble
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Vtotal

Vsystem

 

 

Vtotal → ∞
Vsystem → ∞

Vsystem

Vtotal
→ 0

In coordinate space!!!!



How to make a grand-canonical ensemble in 
experiment
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y

dN /dy

}

Δ Yaccept

Δ Ycoll

Conditions for “charge” fluctuations:  
• Δ Ycorrrelation  <<  Δ Yaccept    (catch the physics) 
• Δ Ytotal   >>  Δ Yaccept  >>  Δ Ycoll  (keep the physics and minimize  

                                                         charge conservation effect)

ΔYcorrelation



Volume fluctuations 
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(factorial) cumulants are extensive: κn ∼ V

Cumulant ratios do not depend on AVERAGE volume, BUT are affected by FLUCTUATIONS of the volume

For example: N = ρV; ρ = density

δN = V̄δρ + ρ̄δV

κ2 = ⟨(N − ⟨N⟩)2⟩ = ⟨(δN)2⟩ = ρ̄2(δV )2 + V̄2(δρ)2

 at fixed volume.  
This is what we want!
κ2

Volume fluctuations 
NOT wanted 

    Vsystem

Vtotal



Cumulant ratios in “experiment” (µB~0)  
(without volume fluctuations)
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Protons vs Baryons

• Proton are subset of all baryons 
- dilutes the signal 
- need to do binomial unfolding 

• Kitazawa, Asakawa PRC ‘12  
- Otherwise Apples vs. Oranges 
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�Yacc . 1 and for �Yacc ⌧ 1 tends to the binomial
distribution baseline, which at the LHC energies reads�
4[B � B̄]/2[B � B̄]

�binom
LHC

= 1 � 3↵�. For �Yacc & 1
the full result is described well by the SAM (61).

Finally, we look at the behavior of the hyperkurto-
sis, 6[B � B̄]/2[B � B̄]. Lattice QCD predicts a sign
change of the grand-canonical hyperkurtosis at µ = 0
in the vicinity of the pseudocritical temperature (Fig. 3).
This qualitative feature is thought to be a signature of the
QCD chiral crossover transition [16]. Therefore, a corre-
sponding measurement of 6[B� B̄]/2[B� B̄] in heavy-
ion collisions at the LHC can potentially serve as the
first experimental signature of that transition. The EV-
HRG model reproduces the available lattice QCD data
for �B

6
/�B

2
and gives the following value at T = 160 MeV:

�B
6

�B
2

' �0.23. (60)

The lower panel of Fig. 5 exhibits the rapidity accep-
tance dependence of the hyperkurtosis. In the absence
of momentum smearing, the Monte Carlo results are de-
scribed by the analytical SAM baseline, which for LHC
energies, i.e. for µ = 0, reads [5]
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The hyperkurtosis, in the absence of momentum
smearing, is sensitive to the grand-canonical value (60)
in acceptances up to �Yacc . 1.5. For larger accep-
tances baryon conservation dominates, making it di�cult
to disentangle between the EV-HRG model and the bi-

nomial baseline, given by
�
6[B � B̄]/2[B � B̄]

�binom
LHC

=
1� 15↵�(1� 3↵�). This was already pointed out in our
previous study [5]. The thermal smearing distorts the
signal at small acceptances, �Yacc . 0.5, where the hy-
perkurtosis is closer to the binomial distribution baseline
than to the SAM. At 0.5 . �Yacc . 1.5, on the other
hand, 6[B � B̄]/2[B � B̄] is overshadowed neither by
the thermal smearing nor by the baryon number conser-
vation. We, therefore, argue that a measurement of a
negative hyperkurtosis in this acceptance range may be
interpreted as a signal of the chiral crossover.

C. Net baryon vs net proton fluctuations

Our discussion has so far been restricted to cumulants
of net baryon distribution. However, experiments typi-
cally cannot measure all baryons, in particular the mea-
surement of neutrons is extremely challenging. There-
fore one usually uses net protons as a proxy for net
baryons. It is natural to expect net protons to carry at
least some information about net baryon fluctuations. In

κ
κ

κ
κ

κ
κ

Δ

Figure 6. Rapidity acceptance dependence of net
baryon (black squares) and net proton (blue circles) cumulant
ratios 2/

Skellam
2 (top), 4/2 (middle), and 6/2 (bottom)

in 0-5% central Pb-Pb collisions at the LHC in an excluded
volume HRG model matched to lattice QCD. The open red di-
amonds correspond to net proton cumulants evaluated from
net baryon cumulants using a binomial-like method of Ki-
tazawa and Asakawa [17, 18]. The black lines correspond to
the analytical predictions of the SAM framework with (solid)
and without (dashed) Gaussian rapidity smearing.

fact, as shown by Kitazawa and Asakawa [17, 18], under
the assumption of isospin randomization at late stages of
heavy-ion collisions, one can reconstruct the cumulants
net baryon distribution from the measured (factorial) cu-
mulants of net proton distribution.

However, these considerations do not imply that ra-
tios of proton cumulants can be used directly in place
of the corresponding ratios of baryon cumulants, some-
thing which has nevertheless been employed in a number
of works in the literature [19? , 20]. The proton and

V. Vovchenko et al 2012.09954

Lattice QCD

Measure all Baryons

Measure only protons
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the assumption of isospin randomization at late stages of
heavy-ion collisions, one can reconstruct the cumulants
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mulants of net proton distribution.
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thing which has nevertheless been employed in a number
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V. Vovchenko et al 2012.09954

Lattice QCD

Measure all Baryons

Measure only protons

Lattice resultLattice + 
 baryon conservation

Lattice + 
 baryon conservation 
+ thermal smearing

What is REALLY measured

, spacial rapidity η

, momentum space rapidity Y
Thermal smearing



Cumulants Lattice vs Experiment 
Obvious conclusion!

• Cumulants from Lattice and cumulants from measured (net)-protons SHOULD NOT agree 
if they study the SAME system 

• IF they agree: Experiment and Lattice study DIFFERENT systems! 

• Exception: Both Lattice and experiment find Poisson statistics, i.e. system without any 
correlation a.k.a a boring system. In this case we simply cannot tell

19



Compare Data with Lattice QCD 
and other field theoretical models

• Baryon number conserved globally 
• Solution (V. Vovchenko et al,  arXiv 2003.13905, arXiv:2007.03850) 

• Experiment measures protons only 

• Volume is not fixed in experiment  
- Possible solution (Rustamov et al, 2211.14849, Holzmann et al, 

2403.03598) 

• Momentum cuts 
• expansion, time evolution 
• Detector fluctuates (efficiency etc…)

20

• Baryon number (and other charges) conserved only 
on average (grand canonical ensemble)  

• “measures” ALL baryons 

• Volume is fixed 
 

• Includes all momenta 
• static system, no expansion

Experiment Lattice, FRG etc

Need a dynamical model



21

Calculation of non-critical contributions at RHIC-BES

• (3+1)-D viscous hydrodynamics evolution (MUSIC-3.0)
• Collision geometry-based 3D initial state
• Crossover equation of state based on lattice QCD

• Cooper-Frye particlization at 3() = 0.26 GeV/fm3

• Non-critical contributions are computed at particlization
• QCD-like baryon number distribution (6*!) via excluded volume b = 1 fm3

• Exact global baryon conservation* (and other charges)
• Subensemble acceptance method 2.0 (analytic)
• or FIST sampler (Monte Carlo)

• Absent: critical point, local conservation, initial-state/volume fluctuations, hadronic phase

22

[VV, V. Koch, Phys. Rev. C 103, 044903 (2021)]

VV, V. Koch, C. Shen, Phys. Rev. C 105, 014904 (2022)

[Monnai, Schenke, Shen, Phys. Rev. C 100, 024907 (2019)] 

[Shen, Alzhrani, PRC 102, 014909 (2020)]

[VV, Phys. Rev. C 106, 064906 (2022)] 
https://github.com/vlvovch/fist-sampler

*If baryon conservation is the only effect (no other correlations), non-critical baseline can be computed without hydro
Braun-Munzinger, Friman, Redlich, Rustamov, Stachel, NPA 1008, 122141 (2021) 

[VV, Phys. Rev. C 105, 014903 (2022)]

Courtesy: V. Vovchenko, RHIC-BES seminar,Oct 2024 



Results (Prediction) for proton cumulants
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PROTON NUMBER CUMULANTS AND CORRELATION … PHYSICAL REVIEW C 105, 014904 (2022)

! ! "

! ! "

! ! "

^^

^^

^^

FIG. 5. Collision energy dependence of scaled (anti)proton cumulants and factorial cumulants (correlation functions) in 0–5% Au-Au
collisions up to fourth order. The solid lines depict calculations that incorporate both the baryon conservation and excluded volume effects
(EV-HRG model) while the dashed lines correspond to baryon conservation only (ideal HRG model). The red squares and gray triangles
correspond to the experimental data of the STAR Collaboration [10] for protons and antiprotons, respectively. The blue circles correspond to
the canonical ensemble ideal HRG model calculation based on (anti)proton acceptance fractions from Ref. [27].

D. Acceptance dependence

The cumulants and correlation functions have been mea-
sured by the STAR Collaboration as a function of acceptance
in rapidity. Here we compare our model predictions for the
acceptance dependence of cumulants with the STAR data. As
neither the model nor the STAR data show conclusive notable

deviations from zero for the higher-order normalized correla-
tion functions Ĉ3/Ĉ1 and Ĉ4/Ĉ1, we focus the analysis of the
acceptance dependence on the second normalized correlation
function Ĉ2/Ĉ1.

The results for proton and antiproton number Ĉ2/Ĉ1 as
a function of the rapidity cut ymax (i.e., |y| < ymax) are

014904-9

Vovchenko, Shen, VK, 2107.00163

• Viscous hydro 
• EOS tuned to LQCD 
• Correct for global charge  conservation  
• Protons NOT baryons  

• Baseline! 
No critical point or phase 

   transition 

• No volume fluctuations

See also: Braun-Munzinger et al, 
NPA 1008 (2021) 122141

STAR BESI data



STAR BESII data
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critical baselines/references is shown in Fig. 4 for net-
proton C4/C2 (a), proton ω2/ω1 (b), proton ω3/ω1 (c),
and proton ω4/ω1 (d). These deviations are obtained by
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CAVEAT: 3 GeV has acceptance −0.5 ≤ Y ≤ 0
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Looks like we need some kind of attraction!
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Attraction does the trick 
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FIG. 5. The transition from attractive to repulsive correlations with increasing collision energy for the ratio F (2,0)/F (1,0). The
solid purple line, connecting the calculation at HADES energy that includes three-particle attractive interactions (open red
box) with calculations that account for two-particle repulsive interactions (open blue boxes) is drawn to guide the eye. The
filled symbols represent experimental measurements, also shown in panel (a) of Fig. 3.

formulations provide consistent results, as shown also in Fig. 3.
The energy dependence of the factorial cumulant ratios reveals a compelling indication for an interplay between

repulsive and attractive interactions. Our calculations show that at high collision energies, repulsive correlations domi-
nate, whereas at lower energies, attractive correlations become increasingly important. This behavior is schematically
illustrated in Fig. 5. Such a trend is reminiscent of the dynamics in classical systems described by the Van der
Waals equation of state, where the competition between short-range repulsion and long-range attraction governs the
liquid–gas phase transition.

VII. SUMMARY AND CONCLUSIONS

The main objective of these studies was to calculate fluctuations of the multiplicity distributions of baryons,
antibaryons, as well as their sum and di!erence in a canonical ensemble. We have focused on cumulants and factorial
cumulants, assuming that baryons are correlated by exact conservation of the net-baryon number in the full system.
To this end we have adopted a statistical model of baryons and antibaryons in the spirit of the S-matrix approach,
where to leading order in the fugacity expansion, the partition function takes the form of an ideal gas.

We have derived analytic expressions for the cumulants and factorial cumulants of the baryon and antibaryon
numbers in the canonical ensemble. Moreover, based on the generalized Faà di Bruno formula for computing the
derivatives of composite functions, we obtained closed-form results for cumulants and factorial cumulants of arbitrary
order in a subsystem constrained by exact conservation of the net-baryon number in the full system. We also presented
general relations, independent of assumptions on the partition function, between cumulants and factorial cumulants
as well as between net-baryon-number fluctuations in a subsystem and those of the baryon and antibaryon numbers
of the full system.

One of the essential novelties of this contribution is the inclusion of correlations, modelled by introducing attractive
and repulsive interactions among multiparticle systems, while preserving baryon number conservation in the full phase
space.

By comparing these developments to recent measurements from the STAR BES-II and HADES experiments, we
arrive at an important conclusion: to describe the energy dependence of proton factorial cumulants over a broad range
of collision energies, from

→
sNN = 17.3GeV down to

→
sNN = 2.5GeV, it is essential to account for correlations among

protons. The consideration of global baryon number conservation alone is insu”cient to reproduce the experimental
observations.

The inclusion of correlations, also successfully describes more di!erential measurements, such as the rapidity cov-

Friman, Redlich, Rustamov, arXiv: 2508.18879
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Time to celebrate !
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Maybe not 😕
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Energy Scan of (Factorial) Cumulants
• C4/C2 right on baseline
• !4/!1 shows no strong energy dependence within uncertainties

Zachary Sweger                        9/4/2025 Quark Matter 45

STAR

Zachary Sweger (for STAR) QM 2025

UrQMD (WITHOUT mean field) get energy dependence qualitatively right!!!

Factorial  
Cumulants

Cumulants



The (possible) culprit
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FIG. 5. Collision energy dependence of proton cumulant ra-

tios (C2/C1, C3/C2 and C4/C2) and factorial cumulant ratios

(ω2/ω1, ω3/ω1 and ω4/ω1) in 0-5% central Au+Au collisions

from the UrQMD model. Black solid circles and red open

squares represent proton results in the rapidity acceptance -

0.5 < y < 0 and |y| < 0.5, respectively. Blue solid crosses and

open crosses are calculations with a cut on b → 3 fm, for -0.5

< y < 0 and |y| < 0.5, respectively.

FIG. 6. Collision energy dependence of proton and net-proton

cumulant ratio, C4/C2, in 0%-5% central Au+Au collisions

from the UrQMD model. The blue and red band represent

proton and net-proton results in UrQMD, respectively. The

red and cyan markers represent STAR measurements, red

from BES-II, cyan form fixed-target experiment. In addition,

the green and blue arrows indicate collision energy range of

STAR fixed-target experiment at RHIC and CBM experiment

at FAIR, respectively.

matic acceptance 0.4 < pT < 2.0 GeV/c. Results of b →
3 fm are shown as solid cross (-0.5 < y < 0) and open
cross (|y| < 0.5). As the collision energy increases, While
all C3/C2, C4/C2 and ω3/ω1 ratios show a initial fast in-

crease and saturation at energy above 5 GeV, the ratios
of C2/C1 and ω2/ω1 just behave in the opposite way. In
any case, protons from wider rapidity bins show more
sensitivity to initial volume fluctuation especially at the
high baryon density region.
Figure 6 depicts the collision energy dependence of the

proton and net-proton C4/C2 ratios from 0-5% central
collisions. The experimental measurements in

↑
sNN =

7.7 - 19.6 GeV Au+Au collisions from RHIC-STAR BES-
II data are also shown as red solid circles [18] from col-
lider collisions and the 3 GeV result is shown as blue
square. Results of UrQMD model calculations are dis-
placed as colored bands: protons from ↓0.5 < y < 0 and
net-protons from |y| < 0.5 are presented as blue and red
band, respectively. In both cases, both bands decreased
as collision energy decreases due to both baryon number
conservation and volume fluctuations. Due to large ac-
ceptance in case of the net-protons from |y| < 0.5, the
decreases of the C4/C2 ratios are much faster at the low
energy region. While large deviation between data and
UrQMD calculation at the 19.6 GeV, the transport model
well reproduced the data at

↑
sNN = 3 GeV. The result

implies that if the critical point exists, it should be some-
where between 3 <

↑
sNN < 19.6 GeV Au+Au collisions.

In addition to the beam energy scan program at RHIC,
the physics program at the FAIR CBM experiment [34]
is essential in order to finally determine the location of
the QCD critical point.

IV. SUMMARY

In summary, we presented results of proton (from
↓0.5 < y < 0) and net-proton (from |y| < 0.5) high order
cumulants ratios from Au+Au collisions at

↑
sNN = 3.0

– 19.6 GeV from the hadronic transport model UrQMD
calculations. These results are valuable dynamic refer-
ences for the QCD critical point search and there are
two main observations from these analysis: (i) At low
energy

↑
sNN < 5 GeV, initial volume fluctuation is im-

portant, the larger the acceptance the stronger the e!ect
of the fluctuation and (ii) In the FXT Au+Au collisions
below

↑
sNN < 5 GeV, UrQMD model calculations well

reproduced C4/C2 ratios implying that if the QCD crit-
ical point exist, it should be in the energy

↑
sNN > 3.0

GeV.
Recently, preliminary results of proton cumulant on

RHIC-STAR fixed-target experiment at
↑
sNN = 3.2 - 3.9

GeV are reported [35]. The future Compressed Baryonic
Matter (CBM) experiment in Facility for Antiproton and
Ion Research (FAIR) [34] will cover a collision energy of↑
sNN = 2.4 - 4.9 GeV, with excellent acceptance and

higher statistics to reduce both statistical and systematic
uncertainties, will play an important role in the QCD
critical point search.

X. Zhang, Y. Zhang, X. Luo, N. Xu, arXiv: 2506.18832

Cumulants Factorial Cumulants
Fluctuating impact parameter 
STAR centrality selection

Fixed impact parameter (3=3 fm) 
minimal volume fluctuations.

N.B.: Centrality Bin Width Corrections 
applied to both

Possible culprit: 
volume fluctuations 



Test for Baseline
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Both global charge conservation and volume fluctuations are long range correlations

Factorial cumulant: Cn = ∫ΔY

dy1⋯∫ΔY

dynC(y1, ⋯, yn)

Long range correlations:

: n-particle correlations functionC(y1, ⋯, yn)

 within  C(y1, ⋯, yn) = const ΔY

⇒ Cn ∼ (ΔY)n

  as function of ⇒
Cn

C1
n = const ΔY

A. Bzdak, V. Vovchenko, VK, arXiv:2503.16405

  as function of 
C2

C1
2

protons

=
C2

C1
2

antiprotons

ΔYand



Test of Baseline
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Both GLOBAL charge conservation and volume fluctuations introduce only 

LONG Range correlations in rapidity (larger than acceptance)



Baryon number conservation
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Within acceptance:

P(n, n̄) = ∑
N,N̄

B(n, N; α)B(n̄, N̄, ᾱ)P(N, N̄)

α =
⟨N⟩ΔY

⟨N + N̄⟩4π
ᾱ =

⟨N̄⟩ΔY

⟨N + N̄⟩4π

 Binomial distribution with Bernoulli prob B(n, N, α) α

Factorial cumulants: Ck(n; ΔY) = αkCk(N,4π)

Ck(n̄; ΔY) = ᾱkCk(N̄,4π)

  as function of  for both protons and anti protons⇒
Ck

C1
k = const ΔY

analogous to “efficiency” corrections

 Distribution of protons (N) and anti-protons 
subject to global baryon number conservation
P(N, N̄)



Include volume fluctuations
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of the particle number cumulants j [N ] in the presence of wounded-nucleon fluctuations (for details see Appendix A):

1[N ] = hNwi1[n] = hNwi hni = hNi (1)

2[N ] = hNwi2[n] + hni2 2[Nw] = ̄2[N ] + hNi2 2[Nw]

hNwi2
(2)

3[N ] = hNwi3[n] + 3 hni2[n]2[Nw] + hni3 3[Nw] = ̄3[N ] + 3 hNi ̄2[N ]
2[Nw]

hNwi2
+ hNi3 3[Nw]

hNwi3
(3)

4[N ] = hNwi4[n] + 4 hni3[n]2[Nw] + 32
2[n]2[Nw] + 6 hni2 2[n]3[Nw] + hni4 4[Nw]

= ̄4[N ] + 4 hNi ̄3[N ]
2[Nw]

hNwi2
+ 3̄2

2[N ]
2[Nw]

hNwi2
+ 6 hNi2 ̄2[N ]

3[Nw]

hNwi3
+ hNi4 4[Nw]

hNwi4
(4)

Here N refers to the particles of interest, say protons, and n to the number of these particles arising from one wounded
nucleon; thus hni is the average number of particles per wounded nucleon. The cumulants of the wounded-nucleon
distribution are denoted by j [Nw] while the cumulants for the distribution of particles stemming from one wounded
nucleon are j [n]. The corresponding relations for cumulants of any order can be obtained with the provided software
package [25].

The cumulants of interest are those at a fixed number of wounded nucleons. They reflect the true density fluctuations
in a system at constant volume. We denote these cumulants for a system with fixed, i.e. non-fluctuating, number of
hNwi wounded nucleons as

̄j [N ] = hNwij [n],

Below we will also deal with factorial cumulants, which we shall denote by Cj . Factorial cumulants, which measure
the deviation from Poisson statistics, tell us about the true correlations in the system. As discussed in the Appendix B,
they are linear combinations of the regular cumulants. For the first four orders we have

C1[N ] = 1[N ] = hNi ,
C2[N ] = �1[N ] + 2[N ],

C3[N ] = 21[N ]� 32[N ] + 3[N ],

C4[N ] = �61[N ] + 112[N ]� 63[N ] + 4[N ].

The expressions for the particle number factorial cumulants are similar to Eqs. 1- 4

C1[N ] = hNwiC1[n] = hNwi hni = hNi , (5)

C2[N ] = C̄2[N ] + hNi2 2[Nw]

hNwi2
, (6)

C3[N ] = C̄3[N ] + 3 hNi C̄2[N ]
2[Nw]

hNwi2
+ hNi3 3[Nw]

hNwi3
, (7)

C4[N ] = C̄4[N ] + 4 hNi C̄3[N ]
2[Nw]

hNwi2
+ 3C̄2

2 [N ]
2[Nw]

hNwi2
+ 6 hNi2 C̄2[N ]

3[Nw]

hNwi3
+ hNi4 4[Nw]

hNwi4
. (8)

Similar to the cumulants, we denote by

C̄k[N ] = hNwiCk[n]

the factorial cumulants for a system at constant volume or number of wounded nucleons, hNwi.

III. MIXED EVENTS

In Ref. [1] a mixed event is constructed such that it has the same total multiplicity as a given real event but each
particle (track) is drawn from a different event, so that, by construction, the mixed events follow the same total
multiplicity distribution as the original events. This is done in order to preserve volume flucutations as in real events.
Since each particle (track) is chosen randomly from a random event, the distribution of particle species will follow a
multinomial distribution with the Bernoulli probabilities pi = hNii / hMi for particles of type i. Here hNii denotes
the mean number of particles of type i and hMi the mean total multiplicity. Hence, the probability to find A particles

Holzmann et al. 2403.03598

Since C̄k ∼ αk ⇒ Ck ∼ αk  : Factorial cumulant WITHOUT volume fluctuationsC̄k

 : Factorial cumulant WITH volume fluctuationsCk

If     as function of  :  Some other (short range) physics is at play as well 
(Example: excluded volume)  

Ck

C1
k ≠ const ΔY



Test of baseline 
BES-I data

•  more or less constant 

•  

• baseline OK for protons 

• No good for anti-protons ?? 

• How will it look with BES II data? 

FC2

FC2
1

FC2[p]
FC2

1[p]
≠

FC2[p̄]
FC2

1[p̄]
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ACCEPTANCE DEPENDENCE OF FACTORIAL CUMULANTS, … PHYSICAL REVIEW C 112, 024901 (2025)

FIG. 1. Rapidity acceptance dependence of the second-order normalized factorial cumulant Ĉ2/(Ĉ1)2 for protons (blue symbols) and
antiprotons (black symbols), as measured by the STAR Collaboration within RHIC-BES-I [8,23]. The dashed line shows the results (identical
for protons and antiprotons) from a single-fireball model incorporating exact global baryon conservation [3]. The solid lines depict the
predictions of the two-source model.

B. Single-fireball model

We now analyze the data within phenomenological models.
In a single-fireball model, for example, single-fluid hydrody-
namics, all baryons and antibaryons are emitted from a single
thermalized source. In the absence of any interactions among
baryons and neglecting volume fluctuations, the joint proba-
bility is given by Eq. (11), where B = Npart. The couplings are
given by Eq. (17), where N = 〈NB〉 + 〈NB̄〉. One can express
the mean numbers of (anti)baryons as

〈B〉 = Npart +
〈
NBB̄

pairs

〉
, 〈B̄〉 =

〈
NBB̄

pairs

〉
, (40)

where 〈NBB̄
pairs〉 is the mean (net) number of produced BB̄ pairs.

The couplings read

ĉp
2 = ĉ p̄

2 = −ĉpp̄
1,1 = − 1

Npart + 2
〈
NBB̄

pairs

〉 . (41)

To make model predictions, we need reliable estimates of
Npart, and especially 〈NBB̄

pairs〉. Here we utilize the results for 〈B〉
and 〈B̄〉 from hydrodynamic simulations within music [3,24].
The resulting values at different energies are listed in Table I.
Of course, since Npart is estimated experimentally, in principle
there is no need to invoke additional model calculations for
this quantity. However, we keep the values of Npart from music
for consistency, and, as shown in Table I, these values are in
good agreement with experimental estimates.

As follows from Eq. (41), the single-fireball model predicts
identical couplings for protons and antiprotons; the numerical
values are shown in Fig. 1 by the dash-dotted black lines
(for

√
sNN ! 54.4 GeV these coincide with the blue lines).

One can see that the model describes relatively well the data
for protons, with the underestimation of the data visible at√

sNN " 27 GeV. The observed antiproton anticorrelations are
significantly underestimated at all energies except

√
sNN =

200 GeV. The model predictions are essentially the same as

those of the noncritical hydrodynamics baseline of Ref. [3]
incorporating baryon conservation only.

The splitting between cp
2 and cp̄

2 is shown in Fig. 2 as a
function of collision energy. The single-fireball model, and, in
fact, any model where global baryon conservation and volume
fluctuations are the only sources of correlations, predicts cp

2 =
cp̄

2 , while the data clearly show nonzero splitting. If one in-
corporates the additional repulsion via excluded volume, one
could improve the description of protons at

√
sNN " 27 GeV;

however, antiprotons are still significantly underestimated, as
was shown in Ref. [3] for factorial cumulant ratios Ĉ p̄

2 /Ĉ p̄
1 .

Excluded volume does generate a small splitting between cp
2

and cp̄
2 (dashed blue line in Fig. 2) and suppresses cp( p̄)

2 at small
ymax, but not nearly enough to describe the sizable difference
between protons and antiprotons seen in the data.

TABLE I. Parameters of the two-component model taken from
hydrodynamics simulations within music [3,24]. The brackets in the
second column correspond to experimental data for Npart [8]. There
are no music simulations available at energies 11.5 and 54.4 GeV; the
parameters there were obtained through linear interpolation (marked
by *).

√
sNN [GeV] Npart

〈
NBB̄

pairs

〉

7.7 333 (337 ± 2) 3.93
11.5 336* (338 ± 2) 9.83*
14.5 339 (340 ± 2) 14.5
19.6 341 (338 ± 2) 24.4
27 344 (343 ± 2) 33.4
39 343 (342 ± 2) 54.6
54.4 342* (346 ± 2) 75.4*
62.4 341 (347 ± 3) 86.2
200 346 (351 ± 2) 235

024901-5

FC2

FC2
1



Two component model

• All anti-protons are produced 
• protons come from produced and 

stopped sources  
 
 
 
 

• Produced source: Thermal with zero net 
baryon number 

• Stopped source: Follows binomial 
distribution  
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−

−
Figure 2. Collision energy dependence of the di↵erence

ĉp2 � ĉp̄2 between proton and antiproton couplings for rapid-

ity cut |y| < 0.5, as measured by the STAR Collaboration

within RHIC-BES-I (symbols) [? ? ]. The dashed line cor-

responds to the vanishing splitting, which corresponds to any

model where the only source of fluctuations are global baryon

conservation and volume fluctuations. The dashed blue line

shows the result from hydrodynamic simulations with baryon

conservation and excluded volume e↵ect [? ]. The solid black

line corresponds to the two-component model.

The scaled factorial cumulants read

ĉp
2
=

Ĉp
2

hpi2
= � (1�Rp̄p)2

Npart

�
R2

p̄p

2
D
NBB̄

pairs

E , (42)

ĉp̄
2
=

Ĉ p̄
2

hp̄i2
= � 1

2
D
NBB̄

pairs

E . (43)

Here Rp̄p = hp̄i / hpi is the mean antiproton-to-proton
ratio. Given that hpi

prod
= hp̄i, this ratio indicates the

fraction of measured protons that are the produced pro-
tons. One can see that the reduced factorial cumulant
for antiprotons is independent of acceptance, while for
protons this statement holds only as long as Rp̄p is inde-
pendent of acceptance as well.

One can also calculate the covariance. Since the two
sources are assumed to be independent, and there are no
stopped antiprotons, the correlations exist only between

produced protons and antiprotons,

Ĉpp̄
1,1 =

hp̄i2

2
D
NBB̄

pairs

E , (44)

ĉpp̄
1,1 =

Rp̄p

2
D
NBB̄

pairs

E . (45)

As in the case of proton ĉp̄
2
, the normalized covariance

ĉpp̄
1,1 is independent of acceptance as long as Rp̄p is.
The results for ĉp

2
and ĉp̄

2
are shown in Fig. 1 by solid

blue and black lines, respectively. The results for pro-
tons are almost identical to the single-component model,
while those for antiprotons are shifted down consider-
ably. This can be understood as being due to the smaller
baryon conservation volume for antiprotons, while the
participant matter dominates protons.
The two-component model thus qualitatively describes

the splitting between protons and antiprotons. However,
as one can see from Fig. 1, this splitting is overestimated
at energies

p
sNN  39 GeV. This may indicate that the

two sources are not completely independent but also not
fully thermalized, as the latter scenario would correspond
to the one-component model where there is no splitting.
We note in the case of a two-component model, vol-

ume fluctuations become more tricky, as here, one has
to consider two volumes, one for the participant system
and one for the produced system. For instance, if partici-
pant fluctuations are negligible compared to fluctuations
of NBB̄

pairs
, one will expect volume fluctuations to a↵ect

antiproton ĉp̄
2
more strongly, and such mechanism could

help in describing the experimental data.

IV. DISCUSSION AND SUMMARY
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Appendix A: Extracting two-component model

parameters from data

Here we consider fixing the parameters of the two-
component data using experimental data. The two-
component model has two parameters, the number of
participants, Npart, and the number of produced BB̄

pairs,
D
NBB̄

pairs

E
. The former is measured experimentally.

To fix
D
NBB̄

pairs

E
at each collision energy we fit the mea-

surements [? ] of ĉp̄
2
in all available rapidity cuts with

Eq. (43). Table II shows the extracted values of
D
NBB̄

pairs

E

in the two-component model at di↵erent collision ener-
gies along with the uncertainty and fit quality. The fit did
not produce stable results at the lowest collision energy,p
sNN = 7.7 GeV, due to extremely large uncertainties

in the data.

2 sources: stopped and produced particles

Np = Np(stopped) + Np̄

Np(produced) = Np̄

⟨B − B̄⟩ = 0

FC2

FC2
1

[p] −
FC2

FC2
1

[p̄]



Summary
• STAR has delivered on the BESII data! Congratulations!  

- cannot hide behind error bars anymore 
• Baseline with baryon number conservation and repulsive interaction tuned to LQCD agrees with 

data down to   

• Data below  seem to require some kind of “attraction” 
• HOWEVER, UrQMD get the trend in the energy dependence right. Volume fluctuations a low 

energy? 
• Possible test of a baseline involving baryon number conservation and volume fluctuations via ratio 

of factorial cumulants  

• Anti protons from BES I are NOT understood. BESII comparison needed. Two source model?. 

s ∼ 10 GeV
s ∼ 10 GeV

FCn

FCN
1
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Energy Scan of (Factorial) Cumulants
• C4/C2 right on baseline
• !4/!1 shows no strong energy dependence within uncertainties

Zachary Sweger                        9/4/2025 Quark Matter 45

STAR

Data for symmetric  below  desperately needed! [−ΔY, ΔY] s < 7.7 GeV

Collision Energy  (GeV)s

Ripples of the critical point
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Canonical corrections via subensemble acceptance 
Vovchenko, Savchuk, Poberezhnyuk, Gorenstein, Koch, PLB 811, 135868 (2020)
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Fu, Luo, JMP, Rennecke, Yin, PRD 111, L031502CBM is perfectly positioned to do so
Meanwhile: understand what UrQMD in STAR acceptance does
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Backup



Simple model
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Grand canonical ensemble
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Vtotal

Vsystem

Lattice: 
 

grand-canonical ensemble 
Coordinate space 

Vtotal → ∞
Experiment: 

  finite! 

 (hopefully) 
effect of global charge conservation  
Momentum Space

Vtotal

Vsystem ≪ Vtotal

 

 

Vtotal → ∞
Vsystem → ∞

Vsystem

Vtotal
→ 0

In coordinate space!!!!


