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Sign problem
•Monte Carlo can not be directly applied to QCD at finite baryon density.

- Three-color QCD with isospin chemical potential

- QCD at finite baryon density with Nc=2 and Nf=(even number)
Kogut, Stephanov and Toublan (1999); Kogut, Sinclair, Hands and Morrison (2001); Muroya, Nakamura, Nonaka and Takaishi (2003); 
Hands, Kogut, Lombardo and Morrison (1999); Hands, Sitch and Skullerud (2008); Cotter, Giudice, Hands and Skullerud (2013); 
Braguta, Ilgenfritz, Kotov, Molochkov and Nikolaev (2016); Wilhelm, Holicki, Smith, Wellegehausen and von Smekal (2019); Iida, Itou 
and Lee (2020); Boz, Giudice, Hands and Skullerud (2020); Braguta (2023)………

Son and Stephanov (2001); Kogut and Sinclair (2002, 2004); Forcrand, Stephanov, Wenger (2007); Detmold, Orginos and Shi (2012); 
Endrődi (2014); Brandt, Endrődi, and Schmalzbauer (2018); Bornyakov et al. (2021); Brandt, Cuteri, Endrődi (2023)……
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•Investigation of numerical calculation without sign problem is important!

- Neutron stars and heavy ion collision experiments = Three-color QCD at μB



Hamiltonian formalism
•Hamiltonian formalism may be good for sign problem free calculation.

•Minimization of the free energy without Monte Carlo→No sign problem
- We use good variational ansatz and efficient algorithm for searching the ground state.

•There are many application of Hamiltonian formalism to gauge theories.

- SU(2) or SU(3) lattice gauge theory in (1+1) dim:

- Schwinger model:

•Numerical calculation of thermodynamic quantities in (1+1)-d QCD at μB.

Kuhn et.al., (2015); Silvi et.al., (2017); Banuls et.al., (2017); Sala et.al., 
(2018); Cataldi et.al. (2024); Calajo et.al. (2024), Ciavarella and 
Bauer (2024)……

Silvi et.al., (2017); Rigobello et.al., (2023); Buyens et al. (2016); Bañuls et al. (2017); Farrell et al. (2024); Belyansky 
et al. (2023); Chen, Yan and Shi (2024)……

Hayata, KN and Hidaka (2024); Pai, Akiyama and Todo (2025); Cataldi et.al. (2024)4

- Lattice Hamiltonian is defined on a spatial lattice, and time is continuous.



Matrix Product State and Density Matrix 
Renormalization Group

•Matrix Product State (MPS): Perez-Garcia, et.al., (2007) ; McCulloch, et.al., (2007)

- This is frequently used for quantum spin systems in 1+1 dim.

•Density Matrix Renormalization Group (DMRG)

- Efficient algorithm for searching the ground states represented by MPS.

•iTensor = A wonderful package that performs MPS and DMRG!

White, PRL (1992)

https://itensor.github.io/ITensors.jl/stable/ITensorType.html

Also see reference by Fishman, White and Stoudenmire (2022)

5



Hamiltonian formalism for lattice gauge theory 
in (1+1) dimension

•Kogut-Susskind Hamiltonian: Kogut and Susskind, PRD (1975)
<latexit sha1_base64="lTGvZbUpkGUtLsi+nLKU5WK+D2g="></latexit>
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•Quark (baryon) number:
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•Full Hamiltonian: <latexit sha1_base64="PyIzPTy+QeSI2qxD3dpikOLxZRw="></latexit>

Htot ⌘ HE +Hhop +Hm � µ0BNB
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Dimensionless Hamiltonian
•Full Hamiltonian w/ nB normalized g0:

<latexit sha1_base64="U5MpyjqFLZY2nHJKTAkSNmzFixE="></latexit>

H̃tot ⌘ Htot/g0
<latexit sha1_base64="llcpFq7Ubl0cmksBJQYqktC574o="></latexit>
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•Parameters:
<latexit sha1_base64="6vmoydhCp2CpN9EV8tSTDn5A6x0="></latexit>

J = ag0/2 , ✏ = 1/(2ag0) , m = m0/g0 , µ = µ0/g0

-Since I can solve Gauss law constraint in open boundary condition, SU(2) can be eliminated 
and represented by Staggared fermions.

-After Wigner-Jordan transformation, our Hamiltonian is represented by Pauli matrices.7



Baryon number

Hayata, KN and Hidaka, (2024)

<latexit sha1_base64="8ntHl1x0EpInnAxjf2gwtJfCbDE="></latexit>

µc =

(
1.26 > 2⇥ 0.5 (m = 0.5)

2.27 > 2⇥ 1.0 (m = 1.0)

•Threshold value:

•At high density g0/μ<<1 and m/μ<<1, 
the contribution from g0 and m can be 
negligible→Free-quark!

<latexit sha1_base64="4OVM2E8mpMTTXWAR2SiWMm4xt2Y="></latexit>

nB = Ncµ/⇡ = µB/⇡

•How does it behave at low density?8

•N=160, Nc=2, and w=2.0 •Stepwise behavior



From hadron to quark
•Energy per one quark
•At high density, ε/nq behaves like the 
free theory.

•If interaction can be negligible, baryons 
will degenerate to the lowest energy state.

<latexit sha1_base64="aX2hsPsebFQ8x+43qmLssurDWmY="></latexit>

✏/(NcnB) = const

•The behavior changes to free theory 
around nB~0.2.

•At low density, ε/nq is larger due to the 
confining energy.

Hadron like Quark like

Hayata, KN and Hidaka, (2024) 9



Inhomogeneous phase (m=0.5)
•The explicit translational symmetry leads to spatial dependence of nB and Σ.

•SSB of continuous symmetry is prohibited.
-Taking large volume and continuum limit, the above inhomogeneous state will vanish,

-This explicit breaking is induced by the open boundary condition and finite lattice spacing.

- Important direction: calculation with larger site, investigation of quasi-long range order
- In free theory, the modulations vanish proportionally to 1/L.



Distribution function
•N=240, w=2.0

•Fermi sea forms near nB~0.2, which 
is consistent with behavior of ε/nq

•As nB increases, maximum of n(p) 
increases and forms Fermi sea.
cf) Quarkyonic matter in (3+1) dim 
      BCS-BEC crossover of  ultracold atom gases
Kojo, (2012); Astrakharchik et.al., (2005); Regal et.al., (2005)

•Fermi surface is smooth, not sharp. 
→Instability of the Fermi surface11

•At low density, n(p) has a peak at p=0.



Summary
•Variational numerical calculation based on Hamiltonian formalism.

-The transition from baryonic matter to quark matter occurs near nB~0.2.

-Fermi surface forms about nB~0.2.
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Thank you for your attention!



Back up



Solving gauss law
•In (1+1) dim, the gauge field are non-dynamical and can be eliminated from 
the Hamiltonian in open boundary condition.

-We choose an appropriate unitary matrix to eliminate the link variables in hopping term.

-Solving the Gauss law, we can represent the hopping term in terms of KS fermions.

-The mass term and baryon number do not change under the unitary transformation.

<latexit sha1_base64="fkdpREtgrm5ynWey/3TnvNV6LpM="></latexit>

⇥H̃hop⇥
† = H̃

0
hop =

1

2a

N�1X

n=1

(�†(n+ 1)�(n) + �
†(n)�(n+ 1))

<latexit sha1_base64="t5TKbPIY0lcOJXXfq9NIXT6XYo0="></latexit>

⇥H̃m⇥
† = H̃

0
m = H̃m , ⇥NB⇥

† = N
0
B = NB

<latexit sha1_base64="bo9l95aDh+XCMgepUl3FUpN23yU="></latexit>

⇥H̃E⇥
† = H̃

0
E =

ag
2

2
(
N�1X

n=1

(N � n)Q2
i (n) + 2

N�2X

n=1

N�1X

m=n+1

(N �m)Qi(n)Qi(m))

<latexit sha1_base64="+HD5jmMp0h1W15c5G6fi/K05N8w="></latexit>

�†(n)Ti�(n)



Wigner Jordan transformation
•For numerical calculations, we map the Hamiltonian to the spin system.
-Using Pauli matrices, construct something that satisfies the fermionic anti-commutation 
relations.

<latexit sha1_base64="44/rRbbYgKaJGhPV0416RUrQBok="></latexit>

�f,c(n) =

2

4
Y

k<`(n,f,c)

(��z
k)

3

5��
`(n,f,c) , �

†
f,c(n) =

2

4
Y

k<`(n,f,c)

(��z
k)

3

5�+
`(n,f,c)
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H̃hop/g0 = ✏

N�1X

n=1

NfX

f=1

NcX

c=1

(�+
`(n+1,f,c)⌃f,c(n)�

�
`(n,f,c) + �

+
`(n,f,c)⌃

†
f,c(n)�

�
`(n+1,f,c))

-The Hamiltonian in terms of fermions can be expressed using Pauli matrices (below is an 
example of the hopping term).



Pressure

<latexit sha1_base64="Rrp9UYRGZjakR0ax6vAA3d42XLA="></latexit>

J = hGS|(H � µBNB)|GSi
<latexit sha1_base64="whaX8Cd5AfWbKC1h/KkZLYi9MP8="></latexit>

P = �J/V

•N=160, Nc=2, and w=2.0

<latexit sha1_base64="IZNhry4p2ENEFmYxQs7Z4d1OZt0="></latexit>
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•Grand potential and Pressure:

•First derivative = baryon number:

Hayata, KN and Hidaka, (2024) 17



Wave number (period)
•Fourier transform on nB(x) and wave number of the largest modulation.

Hayata, KN and Hidaka, (2024)



Baryons crystal and chiral density wave
•If I assume repulsive force, the baryons are periodically aligned.

•k=2π/(period)=2π/(L/NB)=2πnB

・・・ ・・・

<latexit sha1_base64="pByS+PotiyCFeuR6j5iUOSJi+wQ="></latexit>

L
<latexit sha1_base64="ceG6dlxKwIGFb5g4meQIYcMwXTM="></latexit>

0

<latexit sha1_base64="BsoRieApwNeRgirdQStrI9LNQSA="></latexit>

L/NB

cf) Bosonization with large-Nc expansion Kojo, Nucl.A (2012)

•Due to the Peierls instability, the particle and hole form the condensate.

•k=2pF=2πnB -In (1+1) dim, the fermi momentum is πnB.

•Both of the particle and hole have pF, then the total momentum is 2pF.



Back up for SU(2) results



Amplitude
•The largest amplitude of the modulation with k in the previous slide.

•It is difficult to ascertain numerically whether the modulation persist in large V.



Chiral condensate and sound velocity



Back up for SU(3) results
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Pressure and baryon number
•N=48, w=2. Threshold value is 3.58.

Hayata, KN and Hidaka, (2024)24



Energy per one quark

Hayata, KN and Hidaka, (2024)25



Spatial modulation

Hayata, KN and Hidaka, (2024)26



Wave number and amplitude



Quark distribution function

Hayata, KN and Hidaka, (2024)28


