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HOT AND DENSE QCD FROM FUNCTIONAL METHODS



UNDERSTAND MATTER IN EXTREME CONDITIONS

universe before the formation of the CMB 
( , ) is invisible to us; 

nucleons formed during this time
t ≲ 3 × 105 y T ≳ 1 eV

study hot QCD matter to understand 
formation of nuclear matter in the universe



UNDERSTAND MATTER IN EXTREME CONDITIONS

neutron stars can reach densities of several times the 
nuclear saturation density ( , )n ≈ 5n0 μB ≈ 1.5 GeV

[ChatGPT/DALL-E]

study dense QCD matter to understand 
neutron stars & their mergers



• innocent looking, but still not understood to a large extent

• key feature: asymptotic freedom

QCD 

[PDG 2019]

36 9. Quantum Chromodynamics

world average, we first combine six pre-averages, excluding the lattice result, using a ‰
2 averaging

method. This gives
–s(M2

Z) = 0.1176 ± 0.0011 , (without lattice) . (9.24)

This result is fully compatible with the lattice pre-average Eq. (9.23) and has a comparable error.
In order to be conservative, we combine these two numbers using an unweighted average and take
as an uncertainty the average between these two uncertainties. This gives our final world average
value

–s(M2
Z) = 0.1179 ± 0.0010 . (9.25)
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Figure 9.5: Summary of measurements of –s as a function of the energy scale Q. The respective
degree of QCD perturbation theory used in the extraction of –s is indicated in brackets (NLO:
next-to-leading order; NNLO: next-to-next-to-leading order; NNLO+res.: NNLO matched to a
resummed calculation; N3LO: next-to-NNLO).

This world average value is in very good agreement with the last version of this Review, which
was –s(M2

Z
) = 0.1181 ± 0.0011, with only a slightly lower central value and decreased overall

6th December, 2019 11:50am
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chiral symmetry: left- and 
right-handed fermions are 
independent (do not mix)



THE PHYSICS OF SCALES
different degrees of freedom at different energy scales

[manybodyphysics.com]

: atoms≈ 1 keV

: matter≲ 1 eV

: nuclei≈ 1 MeV

: nucleons/pions (hadrons)    ≈ 100 MeV

: quarks & gluons≳ 1 GeV

more general: constituents vs. bound states/condensates/collective excitations

http://manybodyphysics.com


THE QCD PHASE DIAGRAM

• temperature

• various chemical potentials/densities

• magnetic field

• angular momentum

The energy scale can be set by external parameters

phase diagram
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Example: T-P diagram of water



QCD PHASE DIAGRAM

THE PHASES OF QCD
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QCD PHASE DIAGRAM

THE PHASES OF QCD

hadrons
color superconductor
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Lifshitz point

?

theoretical challenges:

• strong coupling: non-
perturbative

• sign problem at finite density: 
lattice QCD of limited use

• different degrees of freedom 
in different phases: EFTs of 
limited use

use functional methods* 
(or wait for quantum computers)

* functional renormalization group (FRG) 
& Dyson-Schwinger equations (DSE)



QCD PHASE DIAGRAM

THE PHASES OF QCD

hadrons
color superconductor

quark-gluon plasma
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?

early universe & LHC

RHIC

FAIR & others

neutron stars

Experiments:

heavy-ion collisions

multi-messenger astronomy



QCD PHASE DIAGRAM IN THIS TALK

THE PHASES OF QCD

hadrons
color superconductor

quark-gluon plasma

� ���� ����
�

���

���

�� [���]

�
[�
��

]

αS

?
• location of phase transitions?   

 CEP & chiral transition

• what happens at large ?        
 the moat regime + implications               
 finite density EoS                       
 color-superconductivity

→
μB

→
→
→



FUNCTIONAL METHODS



FUNCTIONAL METHODS

The path integral encodes all possible 
correlation functions of a QFT

Z[J] = ∫ 𝒟φ eiS[φ] + i ∫x J(x)φ(x)

⟨φ⋯φ⟩ ∼
δ
δJ

⋯
δ
δJ

Z[J]
J=0

solving a QFT  
knowing all correlation functions

⇔



FUNCTIONAL METHODS

The path integral encodes all possible 
correlation functions of a QFT

Z[J] = ∫ 𝒟φ eiS[φ] + i ∫x J(x)φ(x)

⟨φ⋯φ⟩ ∼
δ
δJ

⋯
δ
δJ

Z[J]
J=0

functional methods provide exact relations for correlation functions

solving a QFT  
knowing all correlation functions

⇔

Dyson-Schwinger equations (DSE)

∫ 𝒟φ( δS[φ]
δφ(x)

+ J(x))eiS[φ] + i ∫x J(x)φ(x) = 0

functional renormalization group (FRG)

"quantum equations of motion"

successively integrate out quantum fluctuations

ΔSk[φ] = ∫p

1
2

φ(p) Rk(p) φ(−p)

Zk[J] = ∫ 𝒟φ ei (S[φ]+ΔSk[ϕ]) + i ∫x J(x)φ(x)

k2

k2
Rk(p)

specify theory/model by choice of microscopic action  S[φ]
 : QCD from first principles   S[φ] = SQCD[q, q̄, A]



FUNCTIONAL METHODS

[Pawlowski, 0512261]
[Gies, 0611146]
[Rosten, 1003.1366]
[Braun, 1108.4449]
[Dupuis at al., 2006.04853]
[Fu, 2205.00468]

[Alkofer, von Smekal, 0007355]
[Fischer, 0605173]
[Roberts, Schmidt, 0005064]
[Eichmann at al, 1606.09602]
[Fischer, 1810.12938 ]
[Huber, 1808.05227]

FRG DSE

• define infinite towers of coupled equations for all correlation functions: truncations necessary

• no small parameter in many cases, but apparent hierarchy from low- to high-order correlations

• no sign problem: finite density, real time and complex parameter spaces are all directly accessible

• one/two-loop exact: both intuition and techniques can be leveraged

QCD related reviews:



FUNCTIONAL QCD - A GLIMPSE

FRG DSE

What we solve - in the gauge sector
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Figure 1. Full two-point Dyson-Schwinger equations of Landau gauge Yang-Mills theory. All internal propa-

gators are dressed. Thick blobs denote dressed vertices. Wiggly lines are gluons, dashed ones ghosts.

We can thus use the available information on the vertices [19, 31] for this solution type to infer that
the neglected two-loop diagrams cannot interfere with the IR asymptotics. Actually they are even
more IR suppressed than the gluon loop which is itself subleading in the deep IR. Note that such
IR considerations can be done for the complete tower of functional equations [23, 52] with the only
possible caveat being cancellations between IR leading contributions. Furthermore, two-loop diagrams
contribute with a higher power of the coupling in the UV and are thus normally negligible there also.
However, in the mid-momentum regime they contribute quantitatively to the gluon dressing, which,
as we will demonstrate in Sec. 3.2, can have an important impact on the UV behavior of the ghost in
two dimensions. For more details we refer to that section.

In order to obtain a scalar equation from the gluon DSE we project it with the transverse projector,
yielding

1

G(p2)
= 1 +Nc g

2

Z

q
Z(q2)G((p+ q)2)KG(p, q)�

Ac̄c(q; p+ q, p), (2.7)

1

Z(p2)
= 1 +Nc g

2

Z

q
G(q2)G((p+ q)2)Kgh

Z (p, q)�Ac̄c(p; p+ q, q)

+Nc g
2

Z

q
Z(q2)Z((p+ q)2)Kgl

Z (p, q)�A3

(p, q, p+ q). (2.8)

The quantities �Ac̄c and �A3

are dressing functions of the ghost-gluon and three-gluon vertices, re-
spectively, and

R
q stands for

R
d2q/(2⇡)2. The kernels KG, Kgh

Z and Kgl
Z are given explicitly in

Appendix A.
The dressed ghost-gluon vertex is described by two dressing functions

�Ac̄c,abc
µ (k; p, q) := i g fabc

�
Pµ⌫(k)p⌫D

Ac̄c
t (k; p, q) + kµD

Ac̄c
l (k; p, q)

�
. (2.9)

The basis tensors have been chosen such that DAc̄c
t (k; p, q) and DAc̄c

l (k; p, q) are the purely transverse
and longitudinal dressing functions, respectively. After transverse projection then only DAc̄c

t (k; p, q)
contributes and �Ac̄c(k; p, q) from eqs. (2.7) and (2.8) can be identified with DAc̄c

t (k; p, q).1 The bare
vertex is given by i g fabcpµ.

1In the notation of [4] we have DAc̄c
t (k; p, q) = A(k; p, q) and DAc̄c

l (k; p, q) = B(k; p, q) +A(k; p, q) p · k/k2.

– 4 –
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Figure 17. The three-gluon vertex DSE. All internal propagators are dressed. Thick blobs denote dressed

vertices. Wiggly lines are gluons, dashed ones ghosts.
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Figure 18. Dressing of the three-gluon vertex, see Eq. (B.1). Only the beginning of the IR divergence is

shown by cutting all data below �10. Top left: Angle fixed at arccos(�0.41625). Top right: One momentum is

fixed at
p
0.00007786 g. Bottom right: Symmetric configuration. The solid/red line is with the ghost triangle

only, the dashed/green one with both triangles and the dotted/blue line with all five diagrams.
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Figure 14. The ghost-gluon vertex DSE. All internal propagators are dressed. Thick blobs denote dressed

vertices. Wiggly lines are gluons, dashed ones ghosts. The employed truncation consists of the first, the second

and the fourth diagrams.

two dimensions is thereby advantageous because we only have to calculate two-dimensional integrals,
whereas in three and four dimensions the integrals are three-dimensional. Furthermore, in contrast to
four dimensions, the UV behavior is trivial. This calculation is therefore also an exploratory study for
future calculations in four dimensions to extend the currently employed truncation schemes beyond
the propagator level.

We will again use the transversely projected gluon DSE so that only one dressing function of the
ghost-gluon vertex is relevant. Three-point functions depend on three variables for which we choose the
squares of the two ghost momenta and the angle ' between them. The vertex is calculated for a grid
in these variables. For intermediate points we use linear interpolation. If any momentum is outside
the grid we use the value of the dressing at its boundary. Considering the increased complexity of the
ghost-gluon vertex DSE it was advantageous to derive the kernels with the program DoFun [47, 51].
For solving the DSEs the framework provided by CrasyDSE [68] was used.

The ghost-gluon vertex has two distinct DSEs, which di↵er by the field that is attached to the bare
vertex. We take the DSE where this is the gluon field. Although this DSE seems more complicated
than the other one, since it has more terms, it turns out that in our truncation scheme it is simpler.
The full DSE is shown in Fig. 14. Our truncation of the DSE is motivated again by keeping the
leading IR and UV contributions. The former can be identified by power counting [31] and the latter
by counting the powers of the coupling. Because of the UV argument we can discard all diagrams
containing a bare four-gluon vertex, i. e., all two-loop diagrams, and also the third and fifth diagrams
on the right-hand side. Note that the last one formally occurs at leading order in the IR, but it does
not represent one of the main contributions there, because when we insert the DSE of the irreducible
quartic ghost vertex, we see that the IR leading contribution is a two-loop diagram which should give
only a minor correction to the IR behavior of the ghost-gluon vertex. As verified by our calculations
below already the fourth diagram only yields small corrections to the bare vertex.

The resulting dressings of the propagators and the ghost-gluon vertex are shown in Figs. 15 and
16, respectively. For comparison the plots also contain results presented in the previous sections. The
di↵erences originating in the mid-momentum regime can clearly be seen. Most notably the maximum
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[Huber, Maas, von Smekal, 1207.0222][Cyrol et al, 1605.01856]

 quark contributions+…+



FUNCTIONAL QCD - EMERGENT ORDER
• -scattering though gluon exchange qq̄

⇠ ↵2
s,k �T,k(q̄ T q)2

(closely above the phase transition temp.)

chiral condensate :
hadronic phase

∼ ⟨q̄q⟩ quark Cooper-pair :
color-superconductor

∼ ⟨qq⟩

FRG-QCD ( ): [Braun, Leonhardt, Pospiech, 1909.06298]Nf = 2

emergent bound states and condensates from elementary correlations

• resonant scattering: bound state/
condensate formation

• study complete sets of interactions channels 

FRG: "dynamical hadronization" [Gies, Wetterich, 0209183; Pawlowski, 0512261; Fu, Pawlowski, FR, 1909.02991; Fukushima, Pawlowski, Strodthoff, 2103.01129]
DSE/Bethe-Salpeter/Faddeev equations [Roberts, Schmidt, 0005064; Eichmann et al., 1606.09602; Fischer, 1810.12938]

 (non-resonant contrib.)+



PHASE TRANSITIONS



potentially large 
systematic error

QCD PHASE DIAGRAM & THE CEP 

• shows only QCD results that agree with 
lattice data at 

• need to improve/check systematics for 
 (work in progress), but good 

agreement between different methods 
and approximations 

μB = 0

μB/T ≳ 4

CEP at (T, μB) ≈ (110, 630) MeV

• indications for a new feature: the moat 
regime (more on that later)

Results for the chiral transition from direct computations in QCD

[Fu, Pawlowski, FR, 1909.02991]
[Gao, Pawlowski, 2010.13705]
[Gunkel, Fischer, 2106.08356]
[Fu, Pawlowski, Pisarski, FR, Wen, Yin, 2412.15949]

not computed



CEP SYSTEMATICS
Examples for tests of systematic errors in CEP location

• effect of nonzero temporal gluon 
background in DSE-QCD

Phase diagram with Fierz-complete 
four-quark interaction Fierz-complete four-quark interaction

0 200 400 600 800
0

50

100

150

200

T 
[M

eV
]

µB [MeV]

 Chiral crossover
 Confinement, 
 Confinement, 

 DSE: Gao et al.
 fRG: Fu et al.
 DSE: Gunkel et al.
 Lattice: WB
 Lattice: HotQCD
 freezeout: Alba et al.
 freezeout: Andronic et al.
 freezeout: Becattini et al.
 freezeout: STAR

µB/T = 3

µB/T = 4

• Effect of 10 (instead of just 1) four-quark 
interaction channels in FRG-QCD

[Lu, Gao, Liu, Pawlowski, 
2504.05099] [Fu, Wang et al., 

in preparation]

strong indication for systematic errors  on CEP location from functional QCD≲ 10 %
Note: not all scenarios where chiral transition/CEP are superseded by other phase (e.g. inhom. phase/Lifshitz point) can 
be excluded yet, but something is cooking at   μB ≳ 600 MeV



not computed

FRG & DSE results corroborated by subsequent "extrapolations" of lattice data

conformal Padé [Basar, 2312.06952]

multi-point Padé [Clarke et al., 2405.10196]

using Yang-Lee edge singularities:

 results + continuum estimate
[Schmidt, 2504.00629]

Nτ = 6, 8

using thermodynamics:
constant entropy density [Shah et al. 2410.16206]

holography [Hippert et al., 2309.00579]
(agrees with [Cai et al., 2201.02004])

QCD PHASE DIAGRAM & THE CEP 

CEP (/exotic physics) location well 
constrained.  And it's in FAIR range!

sNN ≈ 3.6 − 4.1 GeV

model-based extrapolation (tiny selection):



SECOND ORDER TRANSITIONS
THE CHIRAL PHASE TRANSITION

1st order transition

CEP

crossover

T

μB

in the  plane(T, μB)

?

Where can we have actual phase transitions in QCD?

• chiral crossover at small μB
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μ
μ

Where can we have actual phase transitions in QCD?



THE CHIRAL PHASE TRANSITION

T
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mu,d

TCP

2nd order transitions

1st order surface
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SECOND ORDER TRANSITIONS

CEP

• chiral crossover at small 

• CEP at finite  (most likely)

• extends into light quark mass direction

μ
μ

Where can we have actual phase transitions in QCD?
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THE CHIRAL PHASE TRANSITION

T

μB

mu,d

TCP

2nd order transitions

1st order surface

in the  plane(T, μB, mu,d)

SECOND ORDER TRANSITIONS

CEP

• chiral crossover at small 

• CEP at finite  (most likely)

• extends into light quark mass direction

• second order transition at  (most likely)

μ
μ

mu,d = 0

exploit special features of 2nd order 
transitions: critical phenomena

Where can we have actual phase transitions in QCD?



CRITICAL PHENOMENA & UNIVERSALITY
Second order phase transition: correlation length diverges

μ

CRITICAL PHENOMENA & UNIVERSALITY

Near the critical point the system is scale invariant and microscopic details are irrelevant 

2nd order transition: 
ξ → ∞

fluctuations on all length scales

critical opalescence of ethane [Wikipedia]

correlation length

T < Tc T = Tc T > Tc



CRITICAL PHENOMENA & UNIVERSALITY
Second order phase transition: correlation length diverges

μ

CRITICAL PHENOMENA & UNIVERSALITY

Near the critical point the system is scale invariant and microscopic details are irrelevant 

2nd order transition: 
ξ → ∞

fluctuations on all length scales

critical opalescence of ethane [Wikipedia]

correlation length

T < Tc T = Tc T > Tc

example: 
liquid-gas transition

= 
3d Ising

 = 
QCD CEP

QCD PHASE DIAGRAM

THE PHASES OF QCD

hadrons
color superconductor

quark-gluon plasma
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We can re-express the van der Waals equation of state (2.1) in a form independent of the

model dependent parameters using rescaled variables P̄ = P
Pc

, V̄ = V
Vc

, and T̄ = T
Tc

:

Å
P̄ +

3

V̄

ãÅ
V̄ �

1
3

ã
=

8
3

T̄ (2.2)

Regardless of the physical differences which produce different critical temperatures, pres-

sures, and volumes, every system can be described via the above equation of state. Here, all

critical values are unity, P̄c = T̄c = V̄c = 1. Pushing this observation further, it was predicted

that the expression in Eq. (2.2) was a universal equation of state for all fluids - the law of corre-

sponding states. Though the van der Waals equation does capture qualitative features of this
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Figure 2.3: The Guggenheim plot

phase transition, it does not do so well quan-

titatively. In defense of this idea though -

that there is an underlying universality for

all fluids - there is a famous plot dating back

to 1945, the Guggenheim plot [48], see Fig.

2.3. This plot compares various gases near

the critical point by plotting the rescaled

temperature vs the rescaled density (de-

noted n in the plot). Amazingly, one does

indeed see that all the data falls on the same,

seemingly universal, curve. However, there

is a clear discrepancy between the data and

the van der Waals (vdW in the plot) predic-

tion although it does a surprisingly good job.

Lastly, this idea of universality is central to

this thesis and can be set on a rigorous foot-

ing using the concept of the renormalization group, but more on this later.

2.2.1 Basic universal data

Common to the discussion of universality is a set of universal critical exponents, some of

which are loosely defined below, which detail how properties of the system near criticality

11

[Guggenheim plot (1945)]

Universality: main features of the system are described by universal critical exponents,  e.g.,   ξ ∼ (T − Tc)−ν



CAN WE EXPLOIT UNIVERSALITY TO FIND THE CEP?

theory

• net-baryon susceptibilities from the pressure 

χB
n = Tn−4 ∂np

∂μn
B

•  show universal scaling near CEP,  e.g.,  

• scaling near the CEP: non-monotonic beam-
energy dependence of kurtosis 

χn χ4 ∼ ξ7

∼ RB
42 = χ4/χ2

What should we see in the BES?

M. Stephanov (UIC) QCD Phase Diagram and BES BNL 2015 11 / 17

What should we see in the BES?

M. Stephanov (UIC) QCD Phase Diagram and BES BNL 2015 11 / 17

[Stephanov, 0809.3450]

measurements can be sensitive to critical fluctuations, but there are many caveats and subtleties!

experiment: heavy-ion collisions

• measure net-proton distributions P(NP)

[STAR, 2001.02852]

• net-proton susceptibilities from the distribution

χP
n ∼ ∑

NP

[(NP − ⟨NP⟩)n + ⋯] P(NP)
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FIG. 1. Event-by-event net-proton number distributions for head-on
(0-5% central) Au+Au collisions for nine

p
sNN values measured by

STAR. The distributions are normalized to the total number of events
at each

p
sNN. The statistical uncertainties are smaller than the sym-

bol sizes and the lines are shown to guide the eye. The distributions
in this figure are not corrected for proton and anti-proton detection
efficiency. The deviation of the distribution for

p
sNN = 54.4 GeV

from the general energy dependence trend is understood to be due to
the reconstruction efficiency of protons and anti-protons being dif-
ferent compared to other energies.

inverse hyperbolic tangent of the component of speed parallel
to the beam direction in units of the speed of light. The pre-
cise measurement of dE/dx with a resolution of 7% in Au+Au
collisions allows for a clear identification of protons up to 800
MeV/c in transverse momentum (pT). The identification for
larger pT (up to 2 GeV/c, with purity above 97%) is made by
a Time Of Flight detector (TOF) [34] having a timing resolu-
tion of better than 100 ps. A minimum pT threshold of 400
MeV/c and a maximum distance of closest approach to the
collision vertex of 1 cm for each p( p̄) candidate track is used
to suppress contamination from secondaries and other back-
grounds [15, 35]. This pT acceptance accounts for approx-
imately 80% of the total p + p̄ multiplicity at mid-rapidity.
This is a significant improvement from the results previously
reported [35] which only had the p + p̄ measured using the
TPC. The observation of non-monotonic variation of the kur-
tosis times variance (ks2) with energy is much more signif-
icant with the increased acceptance. For the rapidity depen-
dence of the observable see Supplemental Material [34].

Figure 1 shows the event-by-event net-proton (Np �Np̄ =
DNp) distributions obtained by measuring the number of pro-
tons (Np) and anti-protons (Np̄) at mid-rapidity (|y| < 0.5) in
the transverse momentum range 0.4 < pT (GeV/c)< 2.0 for
Au+Au collisions at various

p
sNN. To study the shape of

the event-by-event net-proton distribution in detail, cumulants
(Cn) of various orders are calculated, where C1 = M, C2 = s2,
C3 = Ss3 and C4 = ks4.

Figure 2 shows the net-proton cumulants (Cn) as a func-
tion of

p
sNN for central and peripheral (see Supplemental

Material [34] for a magnified version). Au+Au collisions.
The cumulants are corrected for the multiplicity variations
arising due to finite impact parameter range for the measure-
ments [7]. These corrections suppress the volume fluctuations
considerably [7, 36]. A different volume fluctuation correc-
tion method [37] has been applied to the 0-5% central Au+Au
collision data and the results were found to be consistent with
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FIG. 2. Cumulants (Cn) of the net-proton distributions for central
(0-5%) and peripheral (70-80%) Au+Au collisions as a function of
collision energy. The transverse momentum (pT) range for the mea-
surements is from 0.4 to 2 GeV/c and the rapidity (y) range is -0.5 <
y < 0.5.

those shown in Fig 2 . The cumulants are also corrected for
finite track reconstruction efficiencies of the TPC and TOF
detectors. This is done by assuming a binomial response of
the two detectors [35, 38]. A cross-check using a different
method based on unfolding [34] of the distributions for central
Au+Au collisions at

p
sNN = 200 GeV has been found to give

values consistent with the cumulants shown in Fig. 2. Further,
the efficiency correction method used has been verified in a
Monte Carlo calculation. Typical values for the efficiencies
in the TPC (TOF-matching) for the momentum range stud-
ied in 0-5% central Au+Au collisions at

p
sNN = 7.7 GeV are

83%(72%) and 81%(70%) for the protons and anti-protons,
respectively. The corresponding efficiencies for

p
sNN = 200

GeV collisions are 62%(69%) and 60%(68%) for the protons
and anti-protons, respectively. The statistical uncertainties
are obtained using both a bootstrap approach [28, 38] and
the Delta theorem [28, 38, 39] method. The systematic un-
certainties are estimated by varying the experimental require-
ments to reconstruct p ( p̄) in the TPC and TOF. These require-
ments include the distance of the proton and anti-proton tracks
from the primary vertex position, track quality reflected by the
number of TPC space points used in the track reconstruction,
the particle identification criteria passing certain selection cri-
teria, and the uncertainties in estimating the reconstruction ef-
ficiencies. The systematic uncertainties at different collision
energies are uncorrelated.

The large values of C3 and C4 for central Au+Au collisions
show that the distributions have non-Gaussian shapes, a possi-
ble indication of enhanced fluctuations arising from a possible
critical point [11, 22]. The corresponding values for periph-



RIPPLES OF THE CEP
net-baryon fluctuations in QCD vs net-protons from STAR

• direct calculations: non-monotonicity at low 
beam-energies

• no signs of critical scaling seen along freeze-out

data between  will be crucial!sNN = 4 − 8 GeV

apples to half-apples comparison! [Vovchenko, QM2023]
qualitative features matter here!

[Fu, Luo, Pawlowski, FR, Yin, 2308.15508]

direct signal of narrowed chiral crossover; 
CEP location encoded in peak height

first exploratory DSE-QCD results: [Isserstedt, Buballa, Fischer, Gunkel, 1906.11644]

DSE: [Lu, Gao, Liu, Pawlowski, 2504.05099]
FRG: [Fu, Luo, Pawlowski, FR, Yin, 2308.15508]

[STAR, 2504.00817]



CHIRAL CROSSOVER VS CHIRAL TRANSITION
Is universality in the chiral limit relevant for the chiral crossover at small ?μBTHE CHIRAL PHASE TRANSITION

T

μB

mu,d

TCP

2nd order transitions

1st order surface

in the  plane(T, μB, mu,d)- signature in high-order susceptibilities? [Friman et al., 1103.3511; Fu et al., 2101.06035]

- relevant for low-pT pions? [Grossi et al., 2101.10847, 2504.03516, 2504.03514]



mπ,max [MeV]

δfit

CHIRAL CROSSOVER VS CHIRAL TRANSITION

Study the size of the scaling region using the chiral condensate,  ⟨q̄q⟩(T, mπ) ∼ m2/δ
π fG(z) + freg(T, mπ)

• chiral condensate for different  at mu,d Tc • infer breakdown of scaling from critical fit to data:

no universality for : critical physics irrelevant* for physical quark masses at small  mπ ≳ 5 MeV μB

fit range: mπ ∈ [0.005, mπ,max] MeV

[fQCD Collaboration, 2310.19853]

fits of the form   break down for Δ̄l(mπ) = Bc m2/δ
π (1 + amm2θH

π ) + c1 m2
π + c2 m4

π mπ ≳ 25 MeV

Is universality in the chiral limit relevant for the chiral crossover at small ?μB
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CHIRAL CROSSOVER VS CHIRAL TRANSITION

Study the size of the scaling region using the chiral condensate,  ⟨q̄q⟩(T, mπ) ∼ m2/δ
π fG(z) + freg(T, mπ)

• chiral condensate for different  at mu,d Tc • infer breakdown of scaling from critical fit to data:

no universality for : critical physics irrelevant* for physical quark masses at small  mπ ≳ 5 MeV μB

Is critical scaling in the chiral limit relevant for the chiral crossover at small ?μB

fit range: mπ ∈ [0.005, mπ,max] MeV

[fQCD Collaboration, 2310.19853]

fits of the form   break down for Δ̄l(mπ) = Bc m2/δ
π (1 + amm2θH

π ) + c1 m2
π + c2 m4

π mπ ≳ 25 MeV

*size of scaling regime not yet known along Tpc

?

•  at  

•  at 

•

mπ ≲ 5 MeV T = Tc

Tc − T ≲ 7 MeV mπ = 0

Tpc(mπ) ≲ ???

FRG: [Braun et al., 2003.13112]
DSE: [Gao, Pawlowski, 2112.01395]
DSE: [Bernhardt, Fischer, 2309.06737]
FRG: [fQCD Collaboration, 2310.19853]



THE MOAT REGIME



EXCITATIONS AT ZERO DENSITY

E(p) = ± p2 + m2

pF = μ2 − m2

E

p

μ

pF−pF

m

• energy of a relativistic particle
ψ̄+(0) ψ−(0)

zero net-momentum
homogeneous excitation

(  chiral condensate)→

• Fermi momentum E(pF) = μ

What kind of excitation do we expect? Look at Dirac cone at μ = 0

small-  excitations 
particle-antiparticle

μ



E(p) = ± p2 + m2

pF = μ2 − m2

E

p

μ

pF−pF

m

• energy of a relativistic particle
ψ̄+(pF) ψ−(pF)

zero net-momentum, but 
energy penalty :
homogeneous excitation

disfavored at large 

ΔE ≈ 2μ

μ

• Fermi momentum E(pF) = μ

large-  excitations 
particle-antiparticle

μ

EXCITATIONS AT NONZERO DENSITY
What kind of excitation do we expect? Look at Dirac cone at μ > 0



EXCITATIONS AT NONZERO DENSITY
What kind of excitation do we expect? Look at Dirac cone at μ > 0

particle-hole excitation  
with net-momentum

ψ̄+(pF) ψ+(pF)
= 0

diquark excitation  
with net-momentum

ψ+(−pF) ψ+(pF)
= 0

particle-hole excitation  
with net-momentum

ψ̄+(−pF) ψ+(pF)
= 2pF

E

p

μ

pF−pF

m

E

p

μ

pF−pF

m

E

p

μ

pF−pF

m

 chiral condensate⊃ color-superconductor spatial modulations/
inhomogeneous phase



EXCITATIONS AT NONZERO DENSITY
What kind of excitation do we expect? Look at Dirac cone at μ > 0

particle-hole excitation  
with net-momentum

ψ̄+(pF) ψ+(pF)
= 0

diquark excitation  
with net-momentum

ψ+(−pF) ψ+(pF)
= 0

particle-hole excitation  
with net-momentum

ψ̄+(−pF) ψ+(pF)
= 2pF

E
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pF−pF

m

E
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μ

pF−pF
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E
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pF−pF
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 chiral condensate⊃ color-superconductor spatial modulations/
inhomogeneous phase



THE MOAT REGIME

moat: (static) boson dispersion is minimal at nonzero momentum

E(p2) = Z(p2) p2 + m2 ≈ z p2 + wp4 + 𝒪(p6) + m̄2

z = 1
z = 0.5
z = -0.6
z = -2.1
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"gain energy by going faster"

[Pisarski, FR, 2103.06890]

spatial modulationsfavored momentum

G( | p | ) G( |x | )

1/G(p0 = 0, p2) =

[source: Simon Ledingham]



MOAT REGIME & PATTERNS

[Harhoff, FR, Riedel, Schlichting (in preparation)]
see also: [Schindler et al., 1906.07288; Valgushev, 

Winstel, 2403.18640]

moat regime pattern formation
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E(p2) = Z(p2) p2 + m2 ≈ z p2 + wp4 + 𝒪(p6) + m̄2
2d Ising model with different bare z



THE MOAT REGIMES IN QCD

• moat regime appears to depend on the species

• the lighter the meson, the stronger the signal  pions are good probes→

[Fu, Pawlowski, Pisarski, FR, Wen, Yin, 2412.15949]

[Töpfel, Pawlowski, Braun, 2412.16059; 
Cao, 2504.18874; FR, Yin (in preparation)]

evidence for spatial modulations & pattern formation in the phase diagram



IMPLICATIONS OF THE MOAT
The energy gap might close:

E

p20

 for all E > 0 p2  at :E = 0 p2 > 0

E

p20
k2

0

?



IMPLICATIONS OF THE MOAT
The energy gap might close:

instability towards formation of an 
inhomogeneous condensate

E

p20

 for all E > 0 p2  at :E = 0 p2 > 0

E

p20
k2

0

?

DSE: [Motta, Buballa, Fischer; PRD (2023-25)]
FRG: [Fu, Pawlowski, Pisarski, FR, Wen, Yin; PRD (2024)]
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homogeneous inhomogeneous



IMPLICATIONS OF THE MOAT
The energy gap might close:

instability towards formation of an 
inhomogeneous condensate

E

p20

 for all E > 0 p2  at :E = 0 p2 > 0

E

p20
k2

0

common feature of low-
energy models,

?

DSE: [Motta, Buballa, Fischer; PRD (2023-25)]
FRG: [Fu, Pawlowski, Pisarski, FR, Wen, Yin; PRD (2024)]

Inhomogeneous phase

Moat
regime

Broken phase

Restored phase

Lifshitz
point

Disorder line

[Nussinov, Ogilvie, Pannullo, Pisarski, 
FR, Schindler, Winstel, 2410.22418]

• many types of inhomogeneous phases possible (crystals, 
liquid crystals, ... depends on which spatial symmetries are broken)

• in any case, they are always accompanied by a moat regime

adapted from [Koenigstein et al., JPA 55 (2022)]
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IMPLICATIONS OF THE MOAT
First hints for inhomogeneous phases from exploratory/preliminary QCD studies:

4

DSEs self-consistently to get the stable CDW solution.
On the contrary, it is much simpler and numerically

cheaper to determine the inhomogeneous chiral suscepti-
bility ω(εp, ϑp |q). Proceeding analogously to the NJL case
yields the following expression (in the symmetric phase)

ω(εp, ϑp |q) = ϖB

ϖm
= 1+4

3Z2
2

∑∫

k

ω(εk,ϑk |q)
(

A(εk,ϑk)2ϑk2 + C(εk,ϑk)2ε̃2
k → q2

)

(
A(εk,ϑk)2ϑk2 + C(εk,ϑk)2ε̃2

k + q2
)2

→ 4
(

A(εk,ϑk)ϑk · ϑq
)2 ↑

4ϱ
(
ςL

(
(k → p)2)

+ 2ςT

(
(k → p)2))

(k → p)2 .

(14)

where ςT,L are the transverse and longitudinal compo-
nents of the e!ective running coupling of the Qin-Chang
model (see Ref. [36] for details). Again, a non-trivial
modulated chiral condensate is indicated if ω goes nega-
tive at finite q. Comparing Eq. (14) with the correspond-
ing one for the NJL-model, Eq. (9), we find the slight
complication that the susceptibility now depends on the
quark momentum pω = (εp, ϑp) and appears on both sides
such that the equation has to be solved self-consistently.
Note, however, that the quark dressing functions A(ε,ϑk)
and C(ε,ϑk) on the right hand side do not change un-
der the chiral rotation in the symmetric phase and are
therefore the same as those calculated without the ex-
tra φ5↼a/q term present in the theory. This is a subtle
and important point. In this analysis, we do not need to
solve the DSE with the extra term present. Instead, we
study whether the addition of φ5↼a/q induces the forma-
tion of a Dirac scalar term to the quark propagator. If so,
then the susceptibility diverges at the second-order phase
boundary and an inhomogeneous phase will be formed.

In Fig. 3 we show the lines where the susceptibility di-
verges for di!erent values of q. We confirm our finding
from Ref. [36] that near T = 85 MeV there is a “proto-
Lifschitz point” (pLP), i.e., a point where the stability
boundary of the symmetric phase w.r.t. inhomogeneous
fluctuations meets the left spinodal of the homogeneous
first-order transition. Below this point there is a region
where the symmetric phase is unstable against develop-
ing inhomogeneous structures. However, this instability
is without consequences as long as it occurs to the left of
the first-order homogeneous phase boundary (blue solid
line), since in this region the symmetric phase is also dis-
favored against the chiral broken phase. In Ref. [36] the
technical complexity of the applied test-function method
prevented us from moving away very far from the left
spinodal, and therefore we could only speculate about the
existence of an inhomogeneous phase at higher chemical
potential. Our new method, on the other hand, can be
applied at arbitrarily high chemical potential. Varying
the value of q we find a triple-point (3P) at T ↓ 60 MeV
where the instability line of the symmetric phase crosses
the homogeneous first-order phase boundary. In par-
ticular we establish that, while for temperatures above
60 MeV, the instability region does not extend beyond
the homogeneous first-order transition, at lower temper-
atures it does. Hence, in this regime the symmetric phase

FIG. 3. Equivalent of Fig. 2 for our rainbow-ladder QCD
model. Rather than showing a full heatmap of ω, we show the
lines in which ω diverges (dashed lines). The first-order chiral
homogeneous phase boundary is shown by the solid line. The
gray dashed line is the homogeneous chiral solution stability
boundary, i.e., the combination of the second-order transition
line with the left spinodal, which, as in Fig. 1, agrees with
the q = 0 result of Eq. (14). The highest point where the
instabilities cross the first-order transition is our triple-point
(3P) and the light shaded region shows where inhomogeneous
phases appear. The proto-Lifschitz Point (pLP) agrees per-
fectly with Ref. [36] All curves are shown with a width repre-
senting a systematic error (see Ref. [35]).

is unstable against inhomogeneous fluctuations in a re-
gion where it is favoured over the homogeneous chiral
broken solution. This is an unambiguous proof that, in
this truncation, a crystalline phase would surface.

Although this is very exciting, the main point of this
study is to demonstrate that we now have a methodology
where this analysis can be performed. Our ultimate goal
is to prioritize more realistic truncations as a direction for
future work, where our methodology can provide more
rigorous insights.

IV. CONCLUSIONS

In this work, we proposed a new method to analyse the
stability of a chirally symmetric phase against the forma-
tion of an inhomogeneous condensate via chiral symme-

DSE-QCD model:
[Motta et al., 2411.02285]

FRG-QCD:
[Sattler, PhD Thesis (2025)]

FRG: instability at finite length scale?
 liquid crystal?→

PRELIMINARY

[Lee et al., 1504.03185]
[Hidaka et al., 1505.00848]



intuitive idea

• description of particle production requires knowledge of real-time correlation functions

• directly accessible with the FRG [Floerchinger; JHEP (2012), Kamikado, Strodthoff, von Smekal, Wambach; EPJ C (2014), ...MANY more...]

[Fu, Pawlowski, Pisarski, FR, Wen, Yin; PRD (2025)]

pion spectral function in the moat regime 
quasi-particle like peak in the spacelike region:

the "moaton"

inspired by the roton 
in superfluid Helium II

[Matchev et al.; JHEP (2022)]

SEARCH FOR MOATS IN HICS [Pisarski, FR, 2103.06890]

Characteristic feature of moats: particles with minimal energy at nonzero momentum 

 modified particle production at nonzero momentum⟹
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SEARCH FOR MOATS IN HICS
intuitive idea

Characteristic feature of moats: particles with minimal energy at nonzero momentum 

 modified particle production at nonzero momentum⟹

[Pisarski, FR, 2103.06890]

• HBT correlations • dilepton production
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characteristic peak at nonzero 
average pair momentum

enhanced dilepton rate from 
"moaton threshold"

[FR, Pisarski, Rischke, 2301.11484] [Nussinov, Ogilvie, Pannullo, Pisarski, FR, Schindler, Winstel, 2410.22418]

signals of inhomogeneous phases: [Fukushima et al., 2306.17619; Hayashi, Tsue, 2407.08523]

no moat

shallow moat

deep moat

so far, predictions are based on very simplistic models, not QCD!



EOS OF DENSE QCD MATTER



HOT AND SOMEWHAT DENSE EOS
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more on QCD-EoS: [Isserstedt et al. 1906.11644; Bernhardt, Fischer, Isserstedt, 2208.01981; Lu et al., 2310.18383]

• 2020 [Isserstedt, Fischer, Steinert, 2012.04991] • 2025 [Lu et al., 2504.05099]

THE PHASES OF QCD

hadrons
color superconductor

quark-gluon plasma
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Rapid progress in the past years. Example: entropy density



EXCITATIONS AT NONZERO DENSITY
What kind of excitation do we expect? Look at Dirac cone at μ > 0

particle-hole excitation  
with net-momentum

ψ̄+(pF) ψ+(pF)
= 0

diquark excitation  
with net-momentum

ψ+(−pF) ψ+(pF)
= 0

particle-hole excitation  
with net-momentum

ψ̄+(−pF) ψ+(pF)
= 2pF

E

p

μ

pF−pF

m

E

p

μ

pF−pF

m

E

p

μ

pF−pF

m

 chiral condensate⊃ color-superconductor spatial modulations/
inhomogeneous phase



COLD AND VERY DENSE EOS
EoS and color-superconducting gap in the non-perturbative high-density regime

DSE: [Müller, Buballa, Wambach, 1303.2693; Müller, Buballa, Wambach, 1603.02865]
more FRG: [Braun, Schallmo, 2204.00358; Braun, Geissel, Gorda, 2403.18010]

Diquark Gap
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fRG: 1 chan., dyn. hadr. [J. Braun and B. Schallmo ’21]

fRG: Fierz-complete [M. Leonhardt et al. ’19]

low-energy model [Alford et al. ’98]

1

23 / 37

[Braun, Schallmo, 2106.04198]
[28]=[Leonhardt et al., 1907.05814]

• speed of sound2 • diquark condensate (2SC)

THE PHASES OF QCD

hadrons
color superconductor

quark-gluon plasma
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•  tied to formation of diquark condensate

•  from below for very large density [Braun, Geissel, Schallmo, 2206.06328]

c2
s > 1/3

c2
s → 1/3



CONCLUSION

QCD at small μB QCD at large μB

functional methods can be used to study the QCD from first principles 
 solid predictions, rapid progress & new features at finite density  →



BACKUP



FUNCTIONAL QCD - SOME BENCHMARKS

glueball masses in 
quenched QCD

(renormalized) chiral 
condensate in QCD 

Comparison with lattice results:

[Huber, Fischer, Sanchis-Alepuz, 2110.09180] [Fu, Pawlowski, FR, 1909.02991]

kurtosis of net-baryon 
distribution (EoS)

DSE-QCD:[Lu, Gao, Liu, Pawlowski, 2504.05099]
FRG-LEFT: [Fu, Luo, Pawlowski, FR, Wen, 2101.06035]
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free quark

HRG

Funct. methods [Huber, Fischer, Sanchis-Alepuz, 2021]

Lattice [Morningstar, Peardon (1999)]

Lattice [Athenodorou, Teper (2020)]
∼

∂4p
∂μ4

B / ∂2p
∂μ2

B

∼ ⟨q̄q⟩T=0 − ⟨q̄q⟩T



[FR, 1504.03585]
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EMERGENT LOW-ENERGY PHYSICS

Fu, JMP, Rennecke, PRD 101, (2020) 054032

Sequential decoupling of gluon, quark, sigma, pion fluctuations

Braun, Fister, Haas, JMP, Rennecke, PRD 94 (2016) 034016

Rennecke, PRD 92 (2015) 076012
Based on:
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g2s̄As

fQCD

On the unreasonable effectiveness of low energy effective theories 

Different dominant degrees of freedom at different energy scales

soft modes at low energies: emergent EFTs (e.g. PT)χ
cf. [Divotgey, Eser, Mitter, 1901.02472]

• vacuum • finite ; physical point & chiral limitT
[fQCD Collaboration, 2310.19853]



TOWARDS NUCLEAR MATTER FROM FIRST PRINCIPLES
Important benchmark: nuclear liquid-gas transition from quark-gluon correlations. 
First exploratory studies available (involving some modeling)

FRG: density-channel interactions

2

FIG. 1. Static density-density potential Vb(r) (12) as a func-
tion of distance r in the nuclear liquid, computed from QCD
correlation functions in [13]. We identify the position of the
minimum of the potential, db, with a typical length scale for
the distance between nucleons in the nuclear liquid, and the
depth of the minimum with the binding energy ✏b. These are
found to be db ⇡ 8.5(3)GeV�1 and ✏b ⇡ 21(5)MeV.

is not fully taken into account in simple mean-field cal-
culations. We note that this momentum dependence is
reminiscent of the e↵ective nuclear potential, such as the
Skyrme interaction and the Gogny interaction, that is
density-dependent, for a recent review, see [18]. This
can be understood from the correspondence between the
density and the Fermi momentum, or that between the
characteristic inter-particle distance at a certain density
and the momentum scale. In this sense first principles
data on �!(~p) sheds light on the density-dependent phe-
nomenological potential in nuclear physics.

II. THE NUCLEAR LIQUID FROM
DENSITY-DENSITY CORRELATIONS

In this section we put forward an approach for com-
puting the binding energy ✏b in a nuclear liquid at the

saturation density n(sat)
b from quark and baryon correla-

tion functions in first principles QCD. These observables
are encoded in the static potential between nucleons or
the density-density potential Vb(r) in the liquid at a dis-
tance r, and its estimate from QCD correlation functions
is presented in Figure 1. In particular, the density is ob-
tained from the location db of the minimum of the po-
tential, as db is related to the distance between nucleons
in the nuclear liquid. The depth of the potential at db
o↵ers an estimate for the binding energy ✏b.

A. Density-density potential in the nuclear liquid

We proceed with extracting the density-density poten-
tial Vb(r) in the nuclear liquid from density-density corre-
lations in first principles QCD: the static baryon density

nb(~x) with @tnb(x) = 0 describes a number of nucleons
in Nx,

Z

~x2Nx

nb(x) , (1)

where Nx is some infinitesimal neighbourhood of ~x. In
the present spatially homogeneous situation, (1) is di-
rectly related to the average density, the first density mo-
ment, computed by a µb-derivative of the grand potential
⌦ in QCD,

nb =
1

V4

Z

x
hn̂b(x)i = � 1

V4

@⌦

@µb
, (2)

where we have divided out the space-time volume V4.
The grand potential ⌦ is nothing but the e↵ective ac-
tion �QCD of QCD, evaluated on the equations of motion
(EoM), i.e.,

⌦ = �QCD|EoM . (3)

For µb < µos
b , the density is vanishing. Here, µos

b is the
onset chemical potential. For larger baryon chemical po-
tentials, µb > µos

b , the density is non-vanishing. At the
onset chemical potential for symmetric nuclear matter,
the density jumps to the saturation density

n(sat)
b = nb(µ

(os)
b ) 6= 0 , (4)

at the first order nuclear liquid-gas transition. In the

present work we estimate the size of n(sat)
b from Vb(r), but

in Section III we also discuss its derivation from e↵ective
field theory considerations.

The two-body potential Vb(r) is the second static mo-
ment of local density fluctuations in position space and
is given by

Z

x,y
hn̂b(x)n̂b(y)ic =

@2⌦

@µ2
b

, (5)

where the subscript c indicates that the second derivative
of the grand potential w.r.t. the baryon chemical poten-
tial provides the connected part of the density-density
correlation,

hn̂b(x)n̂b(y)ic = hn̂b(~x)n̂b(~y)i � nb(~x)nb(~y) . (6)

The integrand (6) of (5) comprises both observables un-

der investigation: n(sat)
b and ✏b.

It is left to compute the density correlation (5) from
correlation functions in first principles QCD. While (5) is
the integrated correlation, we are interested in the local
one, (6),

hn̂b(x)n̂b(y)ic =
�2�QCD

�µb(x)�µb(y)
, (7)

evaluated for a static situation. Note that in contrast
to (5), the derivatives in (7) are functional derivatives,

• short-distance repulsion from 1st principles

• first estimates for nuclear matter properties 
encouraging ( , )n0 ≈ 0.21(16) fm−3 ϵb ≲ 21(5) MeV

[Fukushima et al., 2308.16594]

∼ λV (q̄γ0q)2

DSE: nucleon contribution

2

Figure 1. The quark gap equation that explicitly includes the
nucleon channel with the triple line representing the nucleon
propagator as in Ref. [29]. We denote the self energy with
nucleon propagator as !N and the rest of the self energy which
excludes the nucleon channel !N is denoted as !G.

Figure 2. Three body Faddeev equation of nucleon in Eq. (2).
The summation is to sum up the three diagrams for exchang-
ing the interaction kernel K between each two quarks.

where S0 (p) is the bare quark propagator and !G,N are
self energies shown in Fig. 1. In !G, Dab

µω is the gluon
propagator and ”b

ω is the quark-gluon vertex. !N in-
volves two quark propagators, one nucleon propagator
SMN (P ) = 1/

(
i!P +MN

)
, and the Faddeev amplitude

”(3) with its charge conjugation ”̄(3). Chemical poten-
tial enters through the dressing functions and via the
4-component of momentum as p̃ = (p4 + iµq, ωp), where
µq is the quark chemical potential.

For studying the liquid-gas transition, we split the orig-
inal quark gap equation self-energy into a non-nucleon
channel !G and a nucleon channel !N, essentially ex-
tracted from the full dressed quark-gluon vertex [29]. !G

resembles the original self-energy kernel but with a dif-
ferent quark-gluon vertex since the nucleon channel is
now separated. The nucleon channel is crucial for the
liquid-gas transition, as will be discussed later. The Fad-
deev amplitude in this channel is obtained from the Fad-
deev equation (Fig. 2), which is an eigen-equation with
ε(P 2) = 1 when P corresponds to the nucleon pole mass.
This equation reads [28]:

ε
(
P̃ 2

)
”(3) (p1, p2, P ;µq) =

ˆ
d4p→1d

4p→2”
(3) (p→1, p

→
2, P ;µq)

→ [S (p→1;µq)K (p1, p2, p
→
1, p

→
2)S (p→2;µq) + cycl.] ,

(2)

with ”(3) the Faddeev amplitude of nucleon and K the
general interaction kernel as in Fig. 2.

We first describe the “Silver Blaze property” at zero
temperature - the phenomenon where QCD matter ob-
servables remain unchanged within a certain chemical po-
tential range. This is readily understood from Eqs. (1)
and (2). For small chemical potential, the integrand con-
tains no singularities, allowing the integral variables to
be shifted from q̃, p̃→ to q, p→ respectively as analytic con-
tinuation. By replacing the external momentum p̃ with

Figure 3. The path of the integral and the singularities in
the kernel. The red line is the normal integration path in
the gap equation for the vacuum solution, and the green line
contour C is the pole contribution from the nucleon channel
in liquid solution, which together with the red line builds the
complete integration path for the liquid solution.

p, the DSEs at finite chemical potential take the same
form as in vacuum. This yields:

S(p;µq) = Svac(p̃), ”
(3) (p1, p2, P ;µq) = ”(3)

vac

(
p̃1, p̃2, P̃

)
.

(3)

Here, ‘vac’ denotes the corresponding vacuum solution.
Consequently, the condensate, quark number density,
and nucleon properties remain unchanged due to the an-
alytic continuation property of Eqs. (1) and (2). Thus,
within the range

[
0, µ̄q

)
, where µ̄q corresponds to the first

singularity in the gap equation, the system maintains its
vacuum properties.

At lowest order, the first singularity emerges from the
quark propagator itself, with the corresponding chemical
potential marking the chiral phase transition. However,
after incorporating the nucleon channel in higher orders
(Fig. 1), the nucleon propagator introduces an earlier sin-
gularity before the chiral transition, corresponding to the
liquid-gas transition point. Without considering nucleon
medium e!ects, one might naively expect this singularity
at µq = MN/3.

When nucleon chemical potential exceeds the nucleon
mass pole, the gap equation’s analytical property breaks,
triggering the liquid-gas transition. Simultaneously, the
Faddeev equation changes through the quark propagator
in its kernel. This change shifts the nucleon mass pole,
causing the liquid-gas transition point to deviate from
the vacuum nucleon mass. The di!erence between vac-
uum nucleon mass mN and the mass in the new solution
is therefore essential for the first-order phase transition.
This new “liquid solution” contains a new singularity M↑

N ,
representing the in-medium nucleon pole mass and corre-
sponding to the nuclear liquid-gas phase transition chem-
ical potential at zero temperature. Note that M↑

N di!ers
from e!ective masses in phenomenological models, which
incorporate average nucleon-nucleon interactions [30, 31].

It is important to note that the actual phase transition
occurs at µq = M↑

N/3 < MN/3 without reaching the

2

Figure 1. The quark gap equation that explicitly includes the
nucleon channel with the triple line representing the nucleon
propagator as in Ref. [29]. We denote the self energy with
nucleon propagator as !N and the rest of the self energy which
excludes the nucleon channel !N is denoted as !G.

Figure 2. Three body Faddeev equation of nucleon in Eq. (2).
The summation is to sum up the three diagrams for exchang-
ing the interaction kernel K between each two quarks.

where S0 (p) is the bare quark propagator and !G,N are
self energies shown in Fig. 1. In !G, Dab

µω is the gluon
propagator and ”b

ω is the quark-gluon vertex. !N in-
volves two quark propagators, one nucleon propagator
SMN (P ) = 1/

(
i!P +MN

)
, and the Faddeev amplitude

”(3) with its charge conjugation ”̄(3). Chemical poten-
tial enters through the dressing functions and via the
4-component of momentum as p̃ = (p4 + iµq, ωp), where
µq is the quark chemical potential.

For studying the liquid-gas transition, we split the orig-
inal quark gap equation self-energy into a non-nucleon
channel !G and a nucleon channel !N, essentially ex-
tracted from the full dressed quark-gluon vertex [29]. !G

resembles the original self-energy kernel but with a dif-
ferent quark-gluon vertex since the nucleon channel is
now separated. The nucleon channel is crucial for the
liquid-gas transition, as will be discussed later. The Fad-
deev amplitude in this channel is obtained from the Fad-
deev equation (Fig. 2), which is an eigen-equation with
ε(P 2) = 1 when P corresponds to the nucleon pole mass.
This equation reads [28]:

ε
(
P̃ 2

)
”(3) (p1, p2, P ;µq) =

ˆ
d4p→1d

4p→2”
(3) (p→1, p

→
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→ [S (p→1;µq)K (p1, p2, p
→
1, p

→
2)S (p→2;µq) + cycl.] ,

(2)

with ”(3) the Faddeev amplitude of nucleon and K the
general interaction kernel as in Fig. 2.

We first describe the “Silver Blaze property” at zero
temperature - the phenomenon where QCD matter ob-
servables remain unchanged within a certain chemical po-
tential range. This is readily understood from Eqs. (1)
and (2). For small chemical potential, the integrand con-
tains no singularities, allowing the integral variables to
be shifted from q̃, p̃→ to q, p→ respectively as analytic con-
tinuation. By replacing the external momentum p̃ with

Figure 3. The path of the integral and the singularities in
the kernel. The red line is the normal integration path in
the gap equation for the vacuum solution, and the green line
contour C is the pole contribution from the nucleon channel
in liquid solution, which together with the red line builds the
complete integration path for the liquid solution.

p, the DSEs at finite chemical potential take the same
form as in vacuum. This yields:

S(p;µq) = Svac(p̃), ”
(3) (p1, p2, P ;µq) = ”(3)

vac

(
p̃1, p̃2, P̃

)
.

(3)

Here, ‘vac’ denotes the corresponding vacuum solution.
Consequently, the condensate, quark number density,
and nucleon properties remain unchanged due to the an-
alytic continuation property of Eqs. (1) and (2). Thus,
within the range

[
0, µ̄q

)
, where µ̄q corresponds to the first

singularity in the gap equation, the system maintains its
vacuum properties.

At lowest order, the first singularity emerges from the
quark propagator itself, with the corresponding chemical
potential marking the chiral phase transition. However,
after incorporating the nucleon channel in higher orders
(Fig. 1), the nucleon propagator introduces an earlier sin-
gularity before the chiral transition, corresponding to the
liquid-gas transition point. Without considering nucleon
medium e!ects, one might naively expect this singularity
at µq = MN/3.

When nucleon chemical potential exceeds the nucleon
mass pole, the gap equation’s analytical property breaks,
triggering the liquid-gas transition. Simultaneously, the
Faddeev equation changes through the quark propagator
in its kernel. This change shifts the nucleon mass pole,
causing the liquid-gas transition point to deviate from
the vacuum nucleon mass. The di!erence between vac-
uum nucleon mass mN and the mass in the new solution
is therefore essential for the first-order phase transition.
This new “liquid solution” contains a new singularity M↑

N ,
representing the in-medium nucleon pole mass and corre-
sponding to the nuclear liquid-gas phase transition chem-
ical potential at zero temperature. Note that M↑

N di!ers
from e!ective masses in phenomenological models, which
incorporate average nucleon-nucleon interactions [30, 31].

It is important to note that the actual phase transition
occurs at µq = M↑

N/3 < MN/3 without reaching the

• saturation density:  

• binding energy:  

n0 ≈ 0.15 fm−3

ϵb ≈ 15.9 MeV

[Gao et al., 2504.00539]



WHAT'S GOING ON AT 19.6 GEV?
2-5  deviation at  from STAR BES-IIσ s = 19.6 GeV
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FIG. 3. Net-proton cumulant ratios: (a) C2/→p + p̄↑, (b) C3/C1, and (c) C4/C2 and proton factorial cumulant ratios: (d)
ω2/ω1, (e) ω3/ω1 and (f) ω4/ω1 in Au+Au collisions. Results from BES-II (

↓
sNN = 7.7 – 27 GeV with RefMult3X) and

BES-I [12, 15] (
↓
sNN = 39 – 200 GeV with RefMult3) program at RHIC are shown. (Anti-)protons are measured at mid-

rapidity (|y| < 0.5) within 0.4 < pT < 2.0 GeV/c. The bars and bands on the data points reflect statistical and systematic
uncertainties, respectively. Theoretical calculations from a hydrodynamical model [26] (Hydro, blue dashed line), thermal
model with canonical treatment for baryon charge [38] (HRG CE, black dashed line), transport model [39, 40] (UrQMD, brown
band), and lattice QCD [41, 42] (LQCD, light blue band) are also presented.

critical baselines/references is shown in Fig. 4 for net-
proton C4/C2 (a), proton ω2/ω1 (b), proton ω3/ω1 (c),
and proton ω4/ω1 (d). These deviations are obtained by
taking the di!erence between the 0-5% data and base-
lines and dividing with the total uncertainties (εtotal,
obtained adding uncertainties in data and baselines in
quadrature). Three typical calculations including the
UrQMD, the HRG CE, and the hydro EV are used in
the analysis. In addition, the 70-80% peripheral collision
data are used for comparison.

For the net-proton cumulant ratio C4/C2, maximum
deviations of 2 – 5ε are seen at

→
sNN = 19.6 GeV from

all references. A minimum at same collision energy is
also seen for data after subtracting the references (see
Fig. 5 of the supplemental material [31]). On the other
hand, in the case of collisions at 3 GeV [18] or above 27
GeV [15], the central data is consistent with all of the
references within ↑ 2ε. For the factorial cumulants ra-
tios, the amplitude of the deviation seems to decrease as
a function of the order of the correlation: the maximum
deviation is seen in ω2/ω1 while the minimum is in ω4/ω1,
shown in Fig. 4 (b) and (d), respectively. Clearly, precise
experimental data between

→
sNN = 3.0 and 7.7 GeV is

needed to extend the search for the signal of the QCD
critical point and the 1st-order phase boundary at the
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FIG. 4. Significance of deviation (data↔reference)/εtotal for
(a) net-proton cumulant ratios C4/C2; proton factorial cu-
mulant ratios (b) ω4/ω1; (c) ω3/ω1 and (d) ω2/ω1 in 0-5%
Au+Au collisions [12, 15, 18, 19]. References include the
non-critical model calculations, such as the UrQMD transport
model [39, 40] (blue square), HRG with canonical ensemble
for baryon charge [38] (HRG CE, black cross), hydrodynamic
model with excluded volume [26] (Hydro EV, black triangle),
and data from 70-80% peripheral collisions (red dots).

[STAR, 2504.00817]

nothing remarkable in the phase diagram there
isentrope through  freeze-out point 

[Shi Yin, based on 2308.15508] 
19.6 GeV

• phase diagram well understood in this region from lattice, FRG & DSE

• too far away from CEP for dynamical critical phenomena to be relevant

Precision Measurement of (Net-)proton Number Fluctuations in Au+Au Collisions at

RHIC

(The STAR Collaboration)
(Dated: April 2, 2025)

We report precision measurements on cumulants (Cn) and factorial cumulants (ωn) of (net-)proton
number distributions up to fourth-order in Au+Au collisions from phase II of the Beam Energy
Scan program at RHIC. (Anti-)protons are selected at midrapidity (|y| < 0.5) within a transverse
momentum range of 0.4 < pT < 2.0 GeV/c. The collision energy and centrality dependence of
these cumulants are studied over center-of-mass energies

→
sNN = 7.7 – 27 GeV. Relative to various

non-critical-point model calculations and peripheral collision 70-80% data, the net-proton C4/C2

measurement in 0-5% collisions shows a minimum around 19.6 GeV for significance of deviation
at ↑ 2 – 5ε. In addition, deviations from non-critical baselines around the same collision energy
region are also seen in proton factorial cumulant ratios, especially in ω2/ω1 and ω3/ω1. Dynamical
model calculations including a critical point are called for in order to understand these precision
measurements.

A key focus of experiments involving the collision of
heavy ions at high energy has long been the search for
a possible critical point associated with the phase tran-
sitions of matter interacting via the strong force. In
the phase diagram of such matter, known as the quan-
tum chromodynamics (QCD) phase diagram, the critical
point marks the boundary between a crossover quark-
hadron transition at low baryochemical potential (µB)
and a possible first-order transition at higher µB [1–3].
While first-principle calculations based on lattice QCD
have established the crossover at small µB [4], the exten-
sion of theoretical methods to enable calculations at large
µB remains a challenge. Extensive e!orts are underway
to search for a possible critical point in the QCD phase
diagram.

Fluctuations of event-by-event net-proton number in
nuclear collision experiments have been suggested as sen-
sitive probes to search for the QCD critical point (CP) [5–
7]. The fluctuations of a variable are often quantified
via cumulants. Cumulants of net-proton number (N)
up to fourth order can be expressed as: C1 = →N↑,
C2 = →ωN2↑, C3 = →ωN3↑, and C4 = →ωN4↑ ↓ 3→ωN2↑,
where ωN = N ↓ →N↑. These cumulants are related to
the correlation length (ε) of the system formed in heavy-
ion collisions [7], which diverges at a critical point. Ra-
tios of cumulants can be directly compared with ratios of
thermodynamic number susceptibilities obtained in vari-
ous theory calculations [8–11]. A non-monotonic depen-
dence on collision energy in the ratio of the fourth- to the
second-order net-proton cumulant (C4/C2, also often re-
ferred to as the moment product ϑϖ2, where ϑ is the
kurtosis and ϖ2 is the variance [12]) relative to baseline
fluctuations has been proposed by a model-based study
as the signature of the CP [7]. In the first phase of
the Beam Energy Scan (BES-I) program at RHIC, the
Solenoidal Tracker at RHIC (STAR) experiment exten-
sively analyzed net-proton fluctuations [12–17]. However,
precision measurements were needed to reduce the large
uncertainties on the first set of results [15] to draw con-

crete conclusions. Recent C4/C2 results from STAR’s
fixed target (FXT) Au+Au collisions at

↔
sNN = 3 GeV

show suppressed values relative to higher collision ener-
gies and are consistent with a hadronic transport model
without a CP [18, 19]. A second phase of the Beam En-
ergy Scan (BES-II) with large event statistics at

↔
sNN =

7.7 – 27 GeV and important detector upgrades, including
the replacement of the inner sectors of the Time Projec-
tion Chamber (iTPC) [20], has recently been concluded.

This letter presents the latest results on net-proton
cumulants up to fourth order from Au+Au collisions at↔
sNN = 7.7, 9.2, 11.5, 14.6, 17.3, 19.6 and 27 GeV from

the BES-II program. All datasets were taken in collider
mode. The two energies

↔
sNN = 9.2 and 17.3 GeV were

not present in BES-I. Furthermore, proton factorial cu-
mulants (ϑn), also suggested as promising probes for CP
search [21], are reported up to the fourth order. They are
defined as ϑ1 = C1, ϑ2 = ↓C1+C2, ϑ3 = 2C1↓3C2+C3

and ϑ4 = ↓6C1 + 11C2 ↓ 6C3 + C4. The factorial cu-
mulant of a certain order reflects genuine multiparticle
correlation of that order whereas the regular cumulant of
that order also contains contributions from lower orders.

Au+Au collisions resulting in signals in the trigger de-
tectors above the noise threshold level (minimum bias)
are analyzed [22, 23]. The z-coordinate of the interac-
tion point (also called the primary vertex), is denoted Vz,
and is constrained to be within ±50 cm from the center of
the STAR detector at all energies except 27 GeV where
it is ±27 cm to ensure uniform acceptance and e”ciency
of the TPC. This choice of Vz cut at

↔
sNN = 27 GeV

is due to reduced TPC acceptance as the iTPC upgrade
had not taken place by the time of data taking. The total
numbers of analyzed events are listed in Table I, and are
about 7 ↓ 18 times larger than available in BES-I [12].
(Anti-)protons are identified within a rapidity acceptance
of |y| < 0.5 and transverse momentum range of pT = 0.4
to 2.0 GeV/c based on their ionization energy loss using
the TPC. Along with the TPC, the Time-of-Flight detec-
tor (TOF) is used from pT = 0.8 to 2.0 GeV/c [24]. This
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latest lattice estimate:  [Borsanyi et al., 2502.10267]:μB,CEP ≳ 450 MeV


