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Kohn-Sham Equations

Idea: construct effective non-int. system with same n as int. system
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0 else
— minimization of total energy E|[n] leads to (Kohn, Sham, 1965)
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Kohn-Sham Equations

Idea: construct effective non-int. system with same n as int. system

n(r) = Y Oklow(r) Q) = { 1 if ex <ep
k

0 else
— minimization of total energy E|[n] leads to (Kohn, Sham, 1965)
V2 —Za 3./ n(r’) 5Exc[n]
{—M+ZM+/drr_r,+ on(r) ok(r) = ek dulr)
- —_— =

= Vee(F) = vu(r) = Vxe(F)

Vo = Vext + VH + Vixc

» yields exact n and E of int. system (for exact E,c[n]), but not |Wp)
> extensions to spin-polarized, current-dependent, relativistic,
time-dependent systems

> presentation of formalism in simplest version
> results based on Spin-DFT or relativistic DFT wherever necessary
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Exchange-Correlation Energy

E,c absorbs all non-trivial many-body effects

Ei[n] := E[n]— Ts[n] —/d3r Vext (r) n(r) — En[n]
w2
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k

single particle orbitals are universal functionals of n (since |[W§°"™) is)
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Exchange-Correlation Energy

E,c absorbs all non-trivial many-body effects

Ex[n] = E[n] — T4[n] — / d3r Vexe(r) n(r) — Eq[n]
3 ) —V2
Ts[n] = Z@k/ d>r ¢} [n](r) oy ¢k[n](r) <— KS kinetic energy
k T
single particle orbitals are universal functionals of n (since |W§°"™) is)
1 /
Eu[n] = 2/d3r/d3r’rm <— Hartree energy

Basic idea behind decomposition of E|[n]: Separate
» managable and (hopefully) dominating contributions to E[n]

» more involved, but (hopefully) less important components,
which can be dealt with by approximations



Local Density Approximation (LDA): 1st Generation E,,

Idea: use available information on homogeneous electron gas (HEG)
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Local Density Approximation (LDA): 1st Generation E,,

Idea: use available information on homogeneous electron gas (HEG)

3712n 4/3
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exchange e"EG correlation g
850
e"ES(ny) known from Quantum S
Monte-Carlo studies, result used
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— define density functional via

&Pm—/ﬁ@ﬁwm

-25

g & 8 & & & 8

/

4
i

1
/

\\.

- // -

+

//‘;‘Lf’

-

Vosko, Wilk, Nusair, 1980 |
- Perdew, Wang, 1991
-~ Ortiz, Ballone, 1994

Monte Carlo OB
1 1

2

3 4
re= [3am)] ¥ a,

5



Local Density Approximation (LDA): 1st Generation E,,

Idea: use available information on homogeneous electron gas (HEG)

-25 T T T L——
2 4/3 P
eHEG (o) =  (3n%mp)*/ + eHES (o) 0 T
€& M) = 473 € o 7 /_/jL
us B 35| ’4/ i
correlation &
exchange eHEG EAf e ]
csl F |
g | /f/ —--- Vosko, Wilk, Nusair, 1980 |
e"ES(ny) known from Quantum T ™0 +7 - Perdew, Wang, 1901
. %/ == Ortiz, Ballone, 1994
Monte-Carlo studies, result used 553/ + Monte Carlo OB
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via analytical parameterization T 2 3 4 5 &
] ) ] ] rs= [3/(4m)]) P,
— define density functional via
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ELDA[n] deHEG extremel
LDA _ XC ~ nl/3 y
= Ve (F) sn(r) dn (n(r)) AR { short-ranged
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Gradient Corrections

Vn 2
Idea: use Vn as local measure of inhomogenit = ————
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Gradient Corrections

Vn 2
Idea: use Vn as local measure of inhomogenit = ————
genity ¢ <2(37r2n)1/3n)

10
e (r) ~ eE¢(n) {1 +—=£+.. }
‘ n(ro) 8Tl
i Vn(ro (systematic derivation via weakly inhom. electron gas)

— also possible for correlation

Convergence of gradient expansion?
Au (bulk)
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Problems with gradient expansion:
> VXGE diverges in asymptotic region of finite systems
» gradient expansion predicts incorrect ground state for metallic iron
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Generalized Gradient Approximation: 2nd Generation E,,

Problems with gradient expansion:

» vCF diverges in asymptotic region of finite systems

» gradient expansion predicts incorrect ground state for metallic iron
Solution: Partial resummation of gradient expansion

GGA _ 3 HEG . —
ESNn] = [reSmre) i O = 1@t
x-only (dominating source of error) to be determined

Examples: (correlation even more complicated)
» Becke, PRA 38, 3098 (1988)

aé a, b, c fitted

fl) =1+ 1+ by/€arsinh(c/€) to atomic E,

» Perdew, Burke, Ernzerhof, PRL 77, 3865 (1996)

a& compatible with sum rules, etc:

&) =1+ 175 [ &3 h(r,v') = -1



Full Potential LAPW Calculations for Metals
GGA = PW91 for exchange and correlation

System a [Bohr] B [GPa]

LDA GGA Expt. | LDA GGA Expt.
Lie (bcc) | 636 6.49 657 | 15 12 13
Al?  (fcc) | 7.54 T7.65 7.65 84 74 72
Fe? (bcc) 536 541 215 172
Cu® (fcc) | 665 6.84 6.81 | 192 151 138
Pt (fcc) | 7.37 753 7.40| 308 247 283
Au¢ (fcc) | 7.65 7.89 7.67 | 217 154 171

2 Dufek, Blaha, Schwarz, PRB 50, 7279 (1994)
b Khein, Singh, Umrigar, PRB 51, 4105 (1995)
¢ Schmid et al., Adv. Quant. Chem. 33, 209 (1999)



Comparison of Various Ab-Initio Methods for Molecules

Johnson, Gill, Pople, JCP 98, 5612 (1993)

> on basis of 32 experimentally well-studied molecules

(Ha, NH3, Lip, OH, CO,, H3CCHa, ...)

» technical treatment of DF and QC methods identical

(basis sets etc)

Mean absolute error in spectroscopic constants:

GGA = B88/VWN

DF methods QC methods

LDA  GGA | HF  MP2 QCISD
bond lengths [A] 0.021 0.018 | 0.020 0.014 0.013
bond angles [Grad] | 1.93 224 | 199 1.78 1.79
vibr. frequencies [em~1] | 75 61 168 99 42
bond energies [eV] 155 0.19 | 3.73 0.97 1.25

for comparison: bond energy of OH,=9.51eV



Problems with LDA and GGA: Rydberg states
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Consider Helium atom as an example

1
0 T : exact Vs(!l’| — oo) - _
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Problems with LDA and GGA: Rydberg states

Consider Helium atom as an example

1
0 . . exact  v(|r| = 00) = ——
02| T |r|
[l - — S LDA  v(fr| — o0) ~ e
208t -
< 1_; i individual components: n ~ e3¢l
> T4 B T
T 14 -
16 | i 2
18 | , 4 VH(|r| — OO) = m = *Vext(r)
1 1
0.01 0.1 1 10 LDA _
r [Bohr] Vi (’r| — OO) ~ —€ ar
— Rydberg states not bound since yLDA — —(37r2n)1/3/7r
X

origin of problem: self-interaction in £y cancelled only partially by £-PA
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Problems with LDA and GGA: Dispersion forces

Consider He dimer as an example
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Problems with LDA and GGA: Dispersion forces

Consider He dimer as an example

G
dispersion:  Eiqt(R) ~ —R—Z
LDA: Eint(R) ~ e R

real:

7
R [Bohr]

LDA:
exact: Aziz, Slaman, JCP 94, 8047 (1991)

origin of problem: locality of LDA/GGA correlation functionals
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Consider Silicon as an example
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Problems with LDA and GGA: Semiconductors

Consider Silicon as an example

5

qualitatively correct, but

expt. E; =1.17eV
LDA  E; =0.47eV
PBE  E; =0.57eV

origin of problem:
Eﬁ' cancelled only
incompletely by E-PA

L r XU, K r

" / . 21 4 ()2
EH — 1/d3rd3r/ n(rr)n(r) N ES| _ ;Z@i/d3rd3r/ |¢’(r)‘ ’¢l(r )|

r—v]



Problems with LDA and GGA: Highly correlated systems

Consider FeO in AF-Il phase as an example
4

~ LDA = black
s PBE GGA = red
32 7é >e
g o= tag)
2
; -2 /_\; / /_:_ > egT
P togt
— _6 = —
7 ~ L 2p
o S
“s [N/

Y r z K U K DOS (LDA)

FeO is insulating: E;=2.4eV
Bowen, Adler, Auker, J. Solid State Chem. 12, 355 (1975)
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Basic properties of prototype TMO: NiO

» rock-salt structure (a = 7.88 Bohr)
» antiferromagnetic
(Néel temperature Ty = 523°K)
— two magnetic sublattices (AFll-type)
— local moments persist beyond Ty
» insulating (up to 1400° K)
— large band gap (~4eV — indep. of T)

— same structure and similar properties for MnO, FeO, CoO
Complications:

» rhombohedral distortion

» no pure samples in case of FeO

> spin-orbit coupling
— irrelevant for existence of gap: ignored in the following
— focus on ground state for T =0
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Starting point: transfer of TM 4s electrons to O 2p states
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— TM 3d experience octahedral crystal field

example: NiO es |
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TMOs in AF-Il phase: qualitative picture of band structure
within single-particle picture

Starting point: transfer of TM 4s electrons to O 2p states

— TM 3d experience octahedral crystal field .
1

example: NiO es |
insulating gap
3d | .
atomic .
- . e
3d level .- ' Al
/ . 3dp o Y
exchange splitting / tag 1
crystal field splitting T %
tg = |xv), lyz), |2x) intersublattice coupling / E

eg = [x°—y?), [322~r?) intrasublattice coupling
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Hints from successful methods:
» SIC-LDA  Svane, Gunnarsson, PRL 65, 1148 (1990)
» LDA+U Anisimov, Zaanen, Andersen, PRB 44, 943 (1991)
» hybrid functionals (HF)  Tran et al., PRB 74, 155108 (2006)



Origin of failure?

Hints from successful methods:
» SIC-LDA  Svane, Gunnarsson, PRL 65, 1148 (1990)
» LDA+U Anisimov, Zaanen, Andersen, PRB 44, 943 (1991)
» hybrid functionals (HF)  Tran et al,, PRB 74, 155108 (2006)

— suggests that elimination of self-interaction is crucial

— use exact Ey



Exact exchange

Definition of exact exchange (EXX): in terms of KS states
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Definition of exact exchange (EXX): in terms of KS states
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Definition of exact exchange (EXX): in terms of KS states
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0 Ex ?
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How to evaluate multiplicative exchange potential v (r) =

—— use chain rule for functional differentiation twice
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Definition of exact exchange (EXX): in terms of KS states
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Exact exchange

Definition of exact exchange (EXX): in terms of KS states

_ 1 5, OHD9(N) o] (F)oi(r)
= Zee/ rdr "

0Ex ?
on(r)

How to evaluate multiplicative exchange potential v (r) =

—— use chain rule for functional differentiation twice
SE, 5\/ 5¢T SE,

X d3r S d3r" X
0 = i [ SN o

— multiply by dn(r")/vs(r)

3 /5'7( 3 /5¢T 5EX
/drévs() Z/d Svelr ¢T(r/)+c.c.




— basic derivative may be evaluated by variation of KS equations
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— basic derivative may be evaluated by variation of KS equations
06} (r')
ovs(r)

T
Gk(l’,r,) _ Z Qb/( )¢ ( )

€ — €
Zr 6Tk

= —oL(r) Gu(r,V)

Optimized potential method (OPM) Talman, Shadwick, PRA 14, 36 (1976)

d3/ < . d3/T G O,
/ rxs(r, r') v (r Z/ r' o, ( krr)5¢1()+cc
on(r)

xs(r,v') = Z@kgbk YGr(r, ¥ )i (r) + c.c.
dvs(r ) <.

stationary response function of KS-system
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D~ il 6der)
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(eigenvalue-dependence of E,. leads to additional term)



— basic derivative may be evaluated by variation of KS equations

D~ il 6der)
Guler) — ;qs,g)_de(kr')
Optimized potential method (OPM) Talman, Shadwick, PRA 14, 36 (1976)
SE,
/d3r/xs(rr (r Z/cﬁr’qﬁT Gkrr)éqﬁk()wc
xs(r,v') = Z@kgbk YGr(r, ¥ )i (r) + c.c.

(5vS N

stationary response function of KS-system

—— applicable to variety of other orbital-dependent functionals
(eigenvalue-dependence of E,. leads to additional term)

—— several schemes for solution



OPM equation on reciprocal lattice

Zx‘l (G,G)A(G)
d3k Oka — Oka
s N — uoaalc Oa’a—G/
X (G,G) /182 (271')3 aalza:/;éa o — €xer ko, k ( ) ka! k ( )
d3k Oka — Ok
MG) = —————— Skaa’ Okaka' (G
(€) /132(277)3 aa,_za;#a o — ke kayka’ (G)
d3k// 4-7Te2 @k” . ;
;] = — o O// m G O//a,, a G
e /152(277)3%(k—k”+c;) W o kot (G) Oxarr ka(G)

Oka,k/a’(G) = cha Ck/a' +G) = Ok’a koc( G)

Ikl’

Pkalr) = Vo) Z e/Cr cka(G) = Bloch states

Oka = occupatlon factor
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Krieger-Li-lafrate approximation (KLI)

OPM computationally involved: approximate analytical solution of interest
— simplest approach: closure approximation KLI, Phys. Lett. 146A, 256 (1990)
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Krieger-Li-lafrate approximation (KLI)

OPM computationally involved: approximate analytical solution of interest
— simplest approach: closure approximation KLI, Phys. Lett. 146A, 256 (1990)

Gulrnr) = 3 ) 5~ 0Ioi() 5 ) — 9o} ()

IZh €] — €k IZh JANG A€

— insertion into OPM integral equation: A€ drops out

KLy = 1 e 0 Ex
X ( ) 2n(r);{[¢k( )5¢>L(r) + c.c.

+ rask(r)?Avk}

OE,
3k (r)

> either solved iteratively or via linear equations for | d3r|ox

+c.c

Ay, = /d3r [@k¢k(")|2VxKLI(")—¢L(")
2yKU

> preserves exact cancellation of self-interaction

» high accuracy observed for many systems



Exchange-only ground state energies: Atoms

Selfconsistent results for atoms with closed subshells (in mHartree).

Atom Etot Eior — EQPM

OPM? KLI  LDA  GGAS | HFP
He —2861.7 | 0.0 138.0 6.5 0.0
Be —14572.4 | 0.1  349.1 182 | —0.6
Ne | —128545.4 | 0.6 1054.7 —235| —1.7
Mg | —1996116 | 0.9 13628  —05| -3.1
Ar —526812.2 | 1.7 2294.8 41.2 | -53
Ca —676751.9 | 2.2 2591.8 25.7 | —6.3
Zn | —1777834.4 | 3.7 39245 2526 | —13.8

@ Engel, Vosko, PRA 47, 2800 (1993)
b Froese Fischer, The Hartree-Fock Method for Atoms (Wiley, New York, 1977)
€ PW91 — Perdew et al., PRB 46, 6671 (1992)

» OPM and HF energies very close to each other
» KLI approximation very accurate
» GGA improves substantially over LDA



Exchange-only spectroscopic constants

Selfconsistent results for diatomic molecules

method | R De We » only few full
[Bohr]  [eV]  [em~}] OPM data
H, KLI 1.386 3.638 4603 available

HF 1.386 3.631 4583
Y KLI 2.011 4972 2736
HF 2.04 4952 2738
O] KLI 2.184 1.441 1981
HF 2.21 1.455 2002
CcO KLI 2.080 7.530 2444
HF 2.105 7.534 2439
Cly KLI 3.727  (1.083) 613
HF 3.732 (1.23) 614

» agreement of KLI
and HF results
implies high
accuracy of KLI

KLI data from Engel, Hock, Dreizler, PRA 62, 042502 (2000)
HF data from various sources



Low-Lying Levels of Chromium Atom:
Relative stability of different spin-states
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Exchange potentials: 1) Atoms — Ne

0 T L | T L ]
-1
-2

[Hartree]
A

Vx

0.01 0.1 1 10
r [Bohr]

» OPM and KLI potentials self-interaction free

» shell structure more pronounced in OPM potential

» KLI much more accurate than LDA or GGA



Exchange potentials: I1) Molecules — H,

exact
0-

LDA

-0.2 -0.2
04 -04
-0.6 -0.6
-0.8 -0.8
-2 -2
Z [Bohr] W(/’{ [Boht]
8 2 a4 0 2
X [Bohr]

in case of Hy:
exchange reduces to pure SIC

/’;/ [;ih r]




Exchange potentials: I1) Molecules — N,

exact
o
-0.24
0.4
-0.61
-0.84
—14
-1.24
-1.44
-1.64
-1.84

3 2 71

0 1
X [Bohr]

exact = exact E, plus KLI
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LDA
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041
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Role of Exact Exchange: Semiconductors

Si ; : method A
odr ‘,l \ ) ,,' “ 1 E. E. [eV]
N a U LDA LDA? | 0.47
AN e T, exact LDAP® | 1.25
> o 4;; \\\/ — \\:j/ \{} 1 expt. 1.17
oot LA 2 Tran et al., JP: CM 19, 196208 (2007)
e 1 o b Kotani, Akai, PRB 54, 16502 (1996)

Si (along [111]) Si



Role of Exact Exchange: Semiconductors

Si ; : method A
04t :‘, ,“‘ 1 E, E. [eV]
L L =S LDA LDA? | 0.47
5020 i ! 3\ .
z NG TN A exact LDAP | 1.25
S N \j/ ‘:'; 1 expt. 1.17
i v T EXX K\
0ok’ ToLpA @ Tran et al., JP: CM 19, 196208 (2007)
Ve 1 . b Kotani, Akai, PRB 54, 16502 (1996)
Si (along [111]) Si
trans-polyacetylene (monoclinic) method A
H H H H B E |[V]
| | | | LDA LDA? | 0.43
C C C C exact LDA? | 1.21
4 \C/ \C/ \C/ \c expt.b 1.5

| | | | 2 Rohra et al., PRB 73, 045119 (2006)
H H H  H 5
Leising, PRB 38, 10313 (1988)



FeO in AF-Il phase: exact exchange in KLI approximation

exact E; plus

LDA correlation

total DOS = black
Fe 3d; = green

Fe 3d) = blue

O 2p = red

KS single particle energies [eV]

Y r z K U K DOS

Schmid, PhD thesis, Frankfurt (1999), Schmid, Engel, Dreizler, in: NIC Symposium 2001,
NIC-Series Vol. 9, ed. by Rollnik, Wolf (John von Neumann Institut, Jiilich, 2002), p.213



FeO in AF-Il phase: exact exchange plus full OPM

KS single particle energies [eV]

DOS

exact E, plus
LDA correlation

total DOS = black
Fe 3dy = green

Fe 3d, = blue

O 2p = red

Engel, Schmid,
PRL 103, 036404 (2009)
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- exact E, plus

LDA correlation

S
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>0 1  total DOS = black
c 1 | S

o 2F ¥ {4 Fe3d; = green
% Fe 3d, = blue
; O 2p = red

2

7]

Q Engel, Schmid,

PRL 103, 036404 (2009)

Y K U K DOS
magnetic moment

expt.: 3.32,4.2 up
EXX+VWN: 3.8 ug (spin only)

orbital magnetic moment: ~0.7 ug  Tran et al, PRB 74, 155108 (2006)



FeO in AF-Il phase: exact exchange plus full OPM

exact E, plus

LDA correlation

total DOS = black
Fe 3dy = green

Fe 3d, = blue

O 2p = red

KS single particle energies [eV]

Engel, Schmid,
PRL 103, 036404 (2009)

Y K U K DOS
magnetic moment fund. band gap
expt.: 3.3242 upg 2.4eV
EXX+VWN: 3.8 ug (spin only) 1.66 eV

orbital magnetic moment: ~0.7 ug  Tran et al, PRB 74, 155108 (2006)



FeO (AF-I1): minority spin exchange potential

density of highest minority
spin valence band
(isosurface for 0.2 A=3)

KLI

v, in plane |
to AF-Il planes ]

-1.57

— KLI averages over directions



NiO in AF-Il phase: exact exchange plus full OPM

I PN S i exact E, plus
\7€ LDA correlation
2 - .

total DOS = black
. Ni 3d; = green

Ni 3d| = blue

O 2p = red

KS single particle energies [eV]

Y r z K U K DOS

magnetic moment  fund. band gap
expt.: 1.64,1.90 ug 4.0,43eV
EXX+VWN: 19up 4.10eV



TiOCl in high temperature phase (T > T.,)

Ti = grey dots
O = red dots
Cl = green dots

AC

ralin )

e for T > T, ~91K: orthorhombic
e band gap: ~2eV
e antiferromagnetic along b direction



TiOCl in high temperature phase (T > T.,)

Ti = grey dots 4

O = red dots , ég§§zﬁg
~— =

Cl=greendots 3 PN TR L

o o AT S

g0 RS e S AR e S [
AC E

[} 2 _

Q

g

5-4 § N

b 2 = e a §
i} SR D~
r x...sy rz u R T Zz

e for T > T, ~91K: orthorhombic LDA

e band gap: ~2eV
e antiferromagnetic along b direction



TiOCl in AF phase (T > T.)

4

P —T——F exact E plus
32 ;:\\/_7 LDA correlation
g Ll Ll |
S S ——— total DOS = black
; 2 F T 1 Ti3d;, = green
o .
'g ) Ti 3dT7227X2_y27yZ7ZX
;— = blue
g- O 2p = red
9 _ Cl 3p = cyan

rxX sy rzZumRwrRT Z DOS

magn. mom. opt. gap

expt.: 1.0 ug ~2eVP  2Scidel et al., PRB 67, 020405(R) (2003)
EXX+VWN: 1.0 ug 2.1eV bRiickamp et al., PRL 95, 097203 (2005)



Zn0O: exact exchange plus full OPM

exact E, plus
6 / / 'f 7 LDA correlation

>
Q,

4 - = -
2
()
é o112 N Zn 3d = green
é_z _\<<7><¥> O 2p = red
()
ESN N\
= _4 - é
0 |

6 F 1

A L M r A H K r DOS
band gap

Expt.: 3.44eV

EXX+VWN:  3.17eV  (LDA: 0.75eV)
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Green's Function Approach to Exact E,[n]
Starting point: assume KS potential vs to be known

» defines noninteracting Hamiltonian Ho=T+ /d3r a(r)vs(r)
Solution of Schrodinger equation for H,

» provides complete KS spectrum: field operator, Green's function

Concept: use conventional many-body theory with A, as noninteracting
reference system together with perturbation

o= W [ d3rae)[w(r) - vex(r)]
)

Coulomb interaction

» leads to exact representation of E,. in terms of the ¢y, ¢,

» all standard many-body techniques available for approximate evaluation

Exc[n]
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— expansion of in powers of H; and thus e?
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Perturbation Theory: Lowest Order Correlation Term

—> expansion of in powers of Hy and thus €2
Exc:Ex+Ec(2)+-u - VXCZVX—I—Vc(z)—I—,,,

— orbital- and eigenvalue-dependent functional for correlation

ED — EMP2 | pAHF

mp2 _ 1 O (i [kD[(KI i) — (KT]Lji)]
EMP2 — 2%@,@(1 0x)(1-9)) PR
Z@_(1791)!<ilvx|/>+ZJ-@J~(UHJ/)I

€ — €

Tr D ol(r ;
(iflll) = /d3r1/d3 01 (1) (r1) ¢} (r2) 0 (r2)

[r1 —ra|

AHF
EC




Perturbation Theory: Lowest Order Correlation Term

—> expansion of in powers of Hy and thus €2
Ee = E+EP 1., — e = w+v?y .
— orbital- and eigenvalue-dependent functional for correlation

ED — EMP2 | pAHF

£ — 15 .0,(1 - 01 — o) WL - (KL}
C 2 I

€ € — € — €
ikl I+_j k /

[{ilwl ) + 52, 05 (il i) 1?

AHF __ (1

EAWF § '0,(1-0)) P

y 1 (r1)dx( r1)¢T(r2)¢/(r2)
_ 3 3

ww0— /dn/d N

» EMP2 — Mgller-Plesset-type term (EMP2 > EAHF)



Perturbation Theory: Lowest Order Correlation Term

— expansion of in powers of H; and thus €2
Exc:EX+EC(2)+... — vxc:vx+vc(2)+...

— orbital- and eigenvalue-dependent functional for correlation

Ec(2) _ ECI\/IP2 + ECAHF

€t € —€x—¢€

ijkl
(i wl 1)y + 32, 0,2
AHF . o ]
ESHF = Z@,(l o) p—
) B (r1)dw(r1) ¢ (r2)i(r2)
_ 3 3
illKl) = /d rl/d )

» EMP2 — Mgller-Plesset-type term (EMP? > EAHF)

» agrees with 2nd order Gorling-Levy E. on basis of adiabatic connection



Correlation Energies of Atoms

MP2? exact? EPc LDAY GGA®

[mHartree]
H™ 27 40 55
He 37 42 48 113 46
Be 76 94 124 225 94
F~ 400 530

Ne 388 391 477 746 382
Mg 428 438 522 892 450
Ar 709 722 866 1431 771
Ca 798 996 1581 847
Zn | 1678 2016 2668 1526

@ Flores, JCP 98, 5642 (1993); Termath et al., JCP 94, 2002 (1991)
b Chakravorty et al., PRA 47, 3649 (1993)

€ Engel, Dreizler, JCC 20, 31 (1999)

4 LDA = VWN; € GGA = PWo1
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positive continuum taken into account [Facco Bonetti et al., PRL 86,
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Solution: Discretize spectrum by boundary conditions (atom in large cavity)

0.1
— exact \ He

005 — LDA |
8 _
8
L o0
>

-0.05]

L L
0.01 0.1 1 10

r [Bohr]

exact: Umrigar, Gonze, PRA 50, 3827 (1994)
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Correlation Potential on Basis of Ec(2)

Problem: OPM-equation does not have solution with v§2)(r — o0) =0, if
positive continuum taken into account [Facco Bonetti et al., PRL 86,
2241 (2001); PRL 90, 219302 (2003); Engel et al., PRA 72, 052503 (2005)]

Solution: Discretize spectrum by boundary conditions (atom in large cavity)

0.1 T
\ — exact
— exact \ He 02l — LDA Ne ]
005 — LDA | i - — E\évzgl
B | _ £
B g 0.1 1
L o L
= = O
= o
> >
-0.05
-0.1+ 4
L L L L
0.01 0.1 1 10 0.01 0.1 1 10
r [Bohr] r [Bohr]

exact: Umrigar, Gonze, PRA 50, 3827 (1994)
vi?: Jiang, Engel, JCP 123, 224102 (2005)
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Description of Dispersion Forces by Ec(z)?

Consider 2 neutral atoms A,B at large separation R ° e

— interaction between A and B reduces to (spherical case)
4

C < d
Ec(zn)1t = 6 = 3;6/ ?u aa(iv)ag(iu)

/d3r1/d ro z1 zo XR(r1,¢2,w) KS polarizibility

S o - 0, Arookr)o(rs)

R
ri,ro,w
Xs (r1,r2,w) = o — et et

i,k

Engel et al., PRA 58, 964 (1998)



Energy Surface of He,

2
0F
2 F ,;
Ey | 3
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@ Aziz, Slaman, JCP 94, 8047 (1991)
b Silver, PRA 21, 1106 (1980)
€ Engel, Hock, Dreizler, PRA 61, 032502 (2000)
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Energy Surface of He,
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o > EXX+E? realistic
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@ Aziz, Slaman, JCP 94, 8047 (1991)
b Silver, PRA 21, 1106 (1980)
€ Engel, Hock, Dreizler, PRA 61, 032502 (2000)



Energy Surface of He,

2
0
2+ ,;
E, | 2
-4 I | — exact® -
[meV] | ; ---- EXX¢
. S e EXX+EC2°
6n ; ---- LDAC 7
| ¢ HF?
1
-8 —‘ /'/ —
—
10 =1 1 1 1 1

4 5 6 7 8 9 10
R [Bohr]

@ Aziz, Slaman, JCP 94, 8047 (1991)
b Silver, PRA 21, 1106 (1980)
€ Engel, Hock, Dreizler, PRA 61, 032502 (2000)



Energy Surface of He,




Energy Surface of He,

2
or > EXX+E£2) realistic
2 - g . Ce: exact Ec(z)
Ey 1 /! ) 146 1.8
-4 K —— exact -
[meV] | ; ---- EXX¢
. S e EXX+EC2°
6n ; ---- LDAC 7
' & HF?
1
Sl S 4
I
10 -1 ] ] ] ]

R [Bohr]

@ Aziz, Slaman, JCP 94, 8047 (1991)
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s-d-Transfer Energies of 3d-Elements: RPA

Epr:@ + + +"‘

transfer energy = E[4s 3d"| — E[4s?3d" 1]

,g, @ Expt.
o EXX
g 01 |A ExX-RPA+ | RPA+
T ¢ PBEGGA | @ = RPA + 2nd order exchange
Z 005 8 * ]
4] ¢ z
o
5 O : 3 s ¢ X
B
8 @
= 005" ¢ a 'S
s * ¢
0.1 '

Sc 11 V Cr Mn Fe Co Ni Cu
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Summary and Outlook

DFT with LDA/GGA: workhorse for electronic structure calculations

» reasonably accurate results for variety of properties

» problems with (atomic) negative ions, highly correlated systems, ...

Exact exchange well-established: various implementations available
» solves problem with (atomic) negative ions, improves band gaps

» solves problem with transition metal oxides (at least for T = 0)

Orbital-dependent correlation functionals promising
» for the first time realistic correlation potentials

» description of dispersion force

Relativistic extension of orbital-dependent functionals available

PRA 52, 2750 (1995); PRA 58, 964 (1998); PRB 63, 125121 (2001);
PRB 64, 235126 (2001); PRB 77, 045101 (2008); PRB 78, 235123 (2008)



many more details may be found in

Eberhard Engel
Reiner M. Dreizler

Theoretical and Mathematical Physics

Density
Functional

Theory

An Advanced Course
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Relativistic Density Functional Theory: E = E[j]

Existence theorem based on QED (Rajagopal, Callaway, 1973)

» 1-to-1 correspondence between class of all ground states |Wg) which
just differ by gauge transformations and ground state four current

j“ = (n,j/c)

— |Wp) uniquely determined by j#*, once gauge is fixed universally

» total energy = functional of four current j*
E[*] = Elnj] = (Wo[n.j]|H|Wo[n.j])

H = QED Hamiltonian

» minimum principle for renormalized total energy

Elnj] < E[n.j1 V¥ (n.j) # (n.j)

(n,j/c) = true ground state four current
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Relativistic Kohn-Sham Equations

Idea: construct effective non-int. system with same j* as int. system

— rely on no-pair approximation (¢, = four spinors)
n(r) = Z@kﬁbl(r)%(r) 0 for e < —mc?
k Ok = 1 for —mc? < e <ef
0 for e < e

ir) = c;emz(r)am(r)
— decompose total (no-pair) energy £ as (definition of Ey)
E = Tt [ {n0) ) + S50)- Acrlr) | + B +
T, = Zek/dwﬁ (N[~ ica- ¥ + (8 — 1)mc?] i ()
S {n(r) n(r')_j(r)-j(r’)}

2 r —r| c2r —v'|




— minimize E to determine effective four potential v = (vs, —eAs)
{—ica~V + (B — l)mc2 + v(r) + ea-AS(r)} ok(r) = exdi(r)
with

Vs(r) = Vext(r) + vi(r) + we(r)
— g2 3,/ n(r')
VH(I’) = /d ’r_r/‘
N - dExc[n, ]
el = 5w
As(r) = Aext(r) + AH(r) + Axc(r)
_ _E 3r/ j(r/)
An(r) = c/d lr —r|
_ ¢ dExc[n, j]
e 0j(r)




— minimize E to determine effective four potential v = (vs, —eAs)
{—ica~V + (B — l)mc2 + v(r) + ea~AS(r)} ok(r) = exdi(r)
with

Vs(r) = Vext(r) + vi(r) + we(r)
o [y )
wi) = & [ 1
dExc[n, ]
an(r)
As(r) = Aext(r) + AH(r) + Axc(r)
_ _S 3r/ j(r/)
An(r) = c/d lr —r|
_ ¢ 0Exc[n,]]
e dj(r)

— to be solved selfconsistently for given E.[n, ]]




Relativistic Optimized Potential Method (ROPM)
Exact (no-pair) exchange of RDFT (including transverse interaction)

Brd3y cos(|ex — €] [r —r'|/c)

e2
Ec = —— ) 6,0

% oh (1 audi(r) o (Vo ou(r)

ot = ’YO’Yu = (1704) (Feynman gauge)
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iy <osllek — el I = rl/)

o2
Ec = —&=)>» 6,0
2; . I/ lr —r/|

X DL (N audi(r) ¢ (o ox(r')

O’y“ = (l,a) (Feynman gauge)

ot ~ =
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How to determine v/, =



Relativistic Optimized Potential Method (ROPM)

Exact (no-pair) exchange of RDFT (including transverse interaction)

Brd3y cos(|ex — €] [r —r'|/c)

e2
Ec = —— ) 6,0

X L (Naudi(r) of (r o di(r')
ot = ’yO’y“ = (1,04) (Feynman gauge)

0Eyc

How to determine v/, = 57 ?
n

— transform 0E,c/dj, into §Exc/d¢k, using uniqueness j* <— v’

0Ee / iy 9M(F) OB
ovy(r) j




— requires linear response of ¢, to variation of v

) e Coer Y o1(r) 91(r')
5Vs’/(l’) = Qbk() Z/Gk(’ ) Gk(v ) - ; € — ex



— requires linear response of ¢, to variation of v

T
6¢k(r ) _ _gb'/f((r) a, Gk(r, r/) Gk(l’, r/) — Z ¢/( )¢/( )
dvy(r) AR

— leads to ROPM integral equation
/d3r/XéW(r7 ) Ve (r') = Nic(r)

a5+ (r)

) = 5y = T 2Ok Gl ) k() + e
p =
Ne(r) = —Z/d3 [qﬁT r)at Gi(r, r)&ﬁ(r) +c.c

+3 ol ou(r) o
k




— requires linear response of ¢, to variation of v

T
6¢k(r ) _ _gb'/f((r) a, Gk(r, r/) Gk(l’, r/) — Z ¢/( )¢/( )
dvy(r) AR

— leads to ROPM integral equation
/d3r/XéW(r7 ) Ve (r') = Nic(r)

a5+ (r)

) = 5y = T 2Ok Gl ) k() + e
p =
Ne(r) = —Z/d3 [qﬁT r)at Gi(r, r)&ﬁ(r) +c.c

+3 ol ou(r) o
k

— VOo(r) ==

—1/|r| for finite systems
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Relativistic Spin-Density Functional Theory: E = E[n, m]
Dirac-type KS equations with magnetic field (Macdonald, Vosko, 1979)
{—ica-V + (B — 1)mc® + vs(r) + usBE-Bs(r)} ¢u(r) = exou(r)
with (¢« = four spinors)

Vs(r) = Vext(r) + vu(r) + wve(r)

wu(r) = /d3r/ ‘rng’zl‘ vee(r) = ;f();,c)

1 if eg>ex>—mc
0 else

2
(no-pair)

n0) = 3 Ol ekz{
k



Relativistic Spin-Density Functional Theory: E = E[n, m]
Dirac-type KS equations with magnetic field (Macdonald, Vosko, 1979)

{—ica-V + (B — 1)mc® + vs(r) + usBE-Bs(r)} ¢u(r) = exou(r)

with (¢« = four spinors)
Vs(r) = Vext(r) + vu(r) + wve(r) Bs(r) = Bext(r) + By(r)
) — 3, n(r") ) — 0 Exc N o dExc
H(r) /d r—r| () sn(r) Bxe(r) sm(r)

0 else (no-pair)

n(r) = > Oklow(r) Ok =
P

{1 if 6F26k>—mc2

m) = me Y Occlmat)  m - (7 2)
k



Relativistic Spin-Density Functional Theory: E = E[n, m]
Dirac-type KS equations with magnetic field (Macdonald, Vosko, 1979)

{—ica-V + (8 —1)mc® + vs(r) + upBE-Bs(r)} ox(r) = exd(r)

with (¢« = four spinors)
Vs(r) = Vext(r) + vi(r) + we(r) Bs(r) = Bext(r) + By(r)

) — 3, n(r") ) — 0 Exc N o dExc

H(r) /d r—r| () sn(r) Bxe(r) sm(r)

0 else

n(r) = > Oklow(r) Ok = { L e > e > —me? (no-pair)
k

o 0

m(r) = g} Ok By (r)Iex(r) 2o (o a>
k

— approximation for E..[n, m| required



OPM Equations of RSDFT: Non-collinear version |

Evaluate required functional derivatives via chain rule

Ve (r) = M
XC )
B s [ s [ o) 00L(r") | B(r) doL(r") | OEx
Z/d /d {5n (r) dvs(r) + an(r) (5Bs(r/)}5¢£(ru)
N — M
Bxc(r) Sm(r)

30 [ s [ Ow(F) SOL(F) | OBy(F) 30L(r) | 0B
/d /d { () ow(r)  om(r) 5Bs(r’)}

(suppress possible dependence of E,. on )



OPM Equations of RSDFT: Non-collinear version Il

Determine variation of ¢, and ¢, with vs and Bs from KS equations

Su(r) = — / A1 Gelr, ) {6%(¥) + BT - By(¥) fou(r')
with the Green's function
T
Gk(r, r‘/) _ Z ¢/£I)¢Ef{ )

I£k



OPM Equations of RSDFT: Non-collinear version Ill

Consider inverse of dvs/dn etc: Stationary response functions of KS-system

on(r’) = xnn(¥,¥) Z@kng YGr(r',r)pi(r) + c.c.

= Xmn(r',7) —uBZekdﬁ )BEG(r', r)ox(r) + c.c.

= Xnm(r I’ = _ﬂBZ@kqsk Gk(l’ r)ﬂngk( )+ c.c.

= Xmm(r',r) —,LLBZ@kcb (F)BEGK(F,r)BEpk(r) + c.c.



OPM Equations of RSDFT: Non-collinear version 1V
resulting OPM equations
[ 7 {anlt.Yscle) + xom(r ) B}

_ d3 1ot G / 0 Exc
zk:/ r ¢k(r) k(rvr )5@5}:("/) T

C.C.

/d3r/ {an(ra r/)ch(r/) + Xmm(r, r/) : Bxc(l’/)}
0E,

= —p &' $L(NBEGK(r,¥)— +c.c.
. Zk:/ k S sel )

— four coupled integral equations
— to be solved together with the RKS equations
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EXX Potential at Surfaces: Slabs

Consider slab geometry: v forms potential well in z-direction

KS states
el‘k-l’H
¢ka(r) = 7 SOa(Z)
k = 2D momentum

KS equations

Tt u@}enld) = cural)

" 2maz?
density (spin-saturated)

2
n(r) = n(z) = Z%@(GF—5a)@a(Z)2 ko = v2m(er —eq)



asymptotic behavior of density: &« = h = highest band; L = width of well

k2
n(z>L) = ﬁ on(z)? since @o(z > L) ~ eV 2meaz



asymptotic behavior of density: &« = h = highest band; L = width of well
kp 2 : —JDmeaz
n(z>1L) = o ©on(2) since o(z>L) ~ e o

exchange energy per unit area

d2k d2
Ex = —/ 2 Z @ Eka ( €EF — ek/o/)

Te —|k—K'||z—Z'|
/ dZ/ /2 ’k k/’ Soa(z)@a’(z)wo/(zl)@a(zl)




asymptotic behavior of density: &« = h = highest band; L = width of well

k2
n(z>L) = ﬁ on(z)? since @o(z > L) ~ eV 2meaz

exchange energy per unit area

d2k d2
Ex = —/ 2 Z @ Eka ( €EF — ek/o/)

Te —|k—K'||z—Z'|
/ dZ/ /2 ’k k/’ Soa(z)@a’(z)wo/(zl)@a(zl)

asymptotic exchange potential

SE, 47 d?k d?K
L / O(er — en) O(cr — cin)

onz) R erren?

00 o e—|k—k'|\z—z’\
X / d7z/ —|k K cph(z/)2
—0oQ

— Z'-integral restricted to —L < z/ < L with [ = [ + AL (surface width)



— only neighborhood of k relevant in k’-integration for large z — z/
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— only neighborhood of k relevant in k’-integration for large z — z/
g g

— restriction of k'-integration by ©(er — €,/,,) can be neglected

v(2) i>>_z_> / d/(vph( z')?

|z — 7|

— 1/|z — 7| can be expanded about suitable point zg, if z > L

I 1 o0 I
% (2) 22t / dz’ pp(2')? [1 B —i—}

Z— 2 Z— 2
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g g

— restriction of k'-integration by ©(er — €,/,,) can be neglected

v (2) ZA>>_g / d/(vph( z')?

|z — 7|
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— only neighborhood of k relevant in k’-integration for large z — z/
g g

— restriction of k'-integration by ©(er — €,/,,) can be neglected

v (2) ZA>>_g / d/(vph( z')?

|z — 7|

— 1/|z — 7| can be expanded about suitable point zg, if z > L

- 1 oo _ S/
% (2) 22t / dz’ pp(2')? [1_20 z —i—}
Z—20 J_ Z—2
- ! [1—Z°<Z>+..}
z— 29 z— 29

optimum expansion point?

—— natural choice: zp =1L
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— only neighborhood of k relevant in k’-integration for large z — z/
g g

— restriction of k'-integration by ©(er — €,/,,) can be neglected

VX(Z) ZA>>_Z_> / d/(vph( )

|z — 7|

— 1/|z — 7| can be expanded about suitable point zg, if z > L

- 1 o0 I
% (2) 22t / dz’ pp(2')? [1_20 z —i—}
Z—20 J_ Z— 2
- ! [1—Z°<Z>+..}
z— 29 z— 29

optimum expansion point?

— natural choice: zy=1L
[o.@]
— for inversion symmetric slabs:  (z) = / dz' 2/ pp(2')? = 0

— rapid convergence only for zg = (z)



EXX Potential at Surfaces: Graphene
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EXX Potential at Surfaces: Graphene

z (Bohr)

EXX-only PW-PP calculations; supercell of 7a vacuum (a=4.65 Bohr)

0 T

1 2 T T T
Veav(z) = A/d n v (1) 02
A 3
g 0.4
A = 2D unit cell of slab S e
z0=0 " s
1 / 1 1 1 1




EXX Potential at Surfaces: Si (111) slab

5
20, thohrf

EXX-only PW-PP calculations; supercell of 6a vacuum (a=10.26 Bohr)



EXX Potential
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EXX Potential at Surfaces: Si (111) slab

AN
wininlntnaas

15 20, [bonf>
EXX-only PW-PP calculations; supercell of 6a vacuum (a=10.26 Bohr)
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Interacting v-representability: Lieb Functional

Functional differentiability of (W[n]|H|W[n])?
— counterexamples: set of ground state densities n not sufficiently dense

Extension of E[n] to proper set of n Lieb, 1JQC 24, 243 (1983)
E[n] = inf tr{[)(?'—l— W+ \A/ext)}
D—n

with ensemble density matrix D

D = > deW)Wul, di=dc>0, > de=1
k k

generated from arbitrary orthonormal set of N-particle states
(W) = 6y v, e H! HY = {f | feL? VfeL?}
and restricted to give desired density

n(r) = Y di(WilA(r)| V)
k

— functional differentiability of E| [n] guaranteed



Noninteracting v-representability: Lieb Kinetic Energy

Question: is there a KS system with same n for any interacting system?
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Question: is there a KS system with same n for any interacting system?
— question equivalent to existence of functional derivative of T[]
S Ts[n]

i(r) = on(r) n(r)zno(")+u
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Answer: unclear for original T.[n] based on [W"o"int[p])



Noninteracting v-representability: Lieb Kinetic Energy

Question: is there a KS system with same n for any interacting system?
— question equivalent to existence of functional derivative of T[]
S Ts[n]

i(r) = on(r) n(r):no(r)+ﬂ

Answer: unclear for original T.[n] based on [W"o"int[p])

Solution: apply Lieb definition also to T¢[n] Lieb, 1JQC 24, 243 (1983)
Touln) = inf tr{DT} n(r) = ) dic (Wil A(r)|Wy)
D—n P
D = D dVi)(Wyl, di=d>0, > de=1
k k
(Wev)) = by Ve H! H' = {f | fer?Vfel?}

— functional differentiability of T [n] guaranteed



TiOCI (T > T,,): density of highest spin-up valence bands

Ti = grey dots

O = red dots

Cl = green dots
arrows = majority spin

(density isosurface
at 0.1A3)

— rather pure d,, character in coordinate system with x- and y-axes
along diagonals of b-c-plane

— consistent with experiment and LDA+U



Reliability of older EXX Results for solids?

— has been questioned by first FP-LAPW all-electron calculations
Sharma, Dewhurst, Ambrosch-Drax|, PRL 95, 136402 (2005)



Reliability of older EXX Results for solids?

— has been questioned by first FP-LAPW all-electron calculations
Sharma, Dewhurst, Ambrosch-Drax|, PRL 95, 136402 (2005)

Example: band gap of diamond (values with * include LDA correlation)

Method A [T—=T
KKR-ASA* | 458 5.87  Kotani, Akai, PRB, 54, 16502 (1996)
LMTO-ASA* | 4.65 5.92  Kotani, Akai, PRB, 54, 16502 (1996)
PW-PP* 479 6.28  Stidele et al., PRL 79, 2089 (1997)
PW-PP 4.67 6.24  Engel, PRB 80, 161205(R) (2009)
FP-LAPW 5.1 6.67  Sharma, et al., PRL 95, 136402 (2005)



Reliability of older EXX Results for solids?

— has been questioned by first FP-LAPW all-electron calculations
Sharma, Dewhurst, Ambrosch-Drax|, PRL 95, 136402 (2005)

Example: band gap of diamond (values with * include LDA correlation)

Method A [T—=T

KKR-ASA* | 458 5.87  Kotani, Akai, PRB, 54, 16502 (1996)
LMTO-ASA* | 4.65 5.92  Kotani, Akai, PRB, 54, 16502 (1996)
PW-PP* 479 6.28  Stidele et al., PRL 79, 2089 (1997)
PW-PP 4.67 6.24  Engel, PRB 80, 161205(R) (2009)
FP-LAPW 5.1 6.67  Sharma, et al., PRL 95, 136402 (2005)
PW-AE 460 6.19  Engel, PRB 80, 161205(R) (2009)
FP-LAPW 6.21  Betzinger et al., PRB 83, 045105 (2011)




Fundamental KS Band Gap of Diamond: Exact Exchange

0.5

5.2 r , : :
- ® X EXX
> 5 + LpA -
~ sl ®  EXX: FP-LAPW i
g ¢ LDA: FP-LAPW
o (ORI —==7
> 4.6 oo X-- X=X ]
<
2 a4f A
e A
¥ 42 T .

L TR +

4 1 1 1 1
0 0.1 0.2 0.3 0.4
r. (Bohr)

PW all-electron calculations:

>

use PP to smoothen
nuclear potential at origin

use large PW basis sets
to ensure convergence
(1200 Ry for EXX and
re = 0.25 Bohr)

EXX: FP-LAPW — Sharma, Dewhurst, Ambrosch-Drax|, PRL 95, 136402 (2005)

LDA: FP-LAPW — Tran, Blaha, Schwarz, JP: CM 19, 196208 (2007)
EXX: PW-PP — Engel, PRB 80, 161205(R) (2009)



All-electron versus Pseudopotential Calculation: Diamond

20 ' N ]
15 1  dashed, blue = PP
10 solid, red = AE

KS single particle energies (eV)




All-electron versus Pseudopotential Calculation: Diamond

20 T T

15
10

KS single particle energies (eV)

L r X UK r

dashed, blue = PP
solid, red = AE

— differences first FP-LAPW «— PW-PP even more dramatic

if 3d electrons are involved

— discrepancies attributed to core-valence contribution to exchange



Band Gap of Semiconductors:

Exact Exchange

E, E. Method C Si Ge GaAs Ne
A(T) | Exact — FP-LAPW | 6.67 358 142 242 16.3
Exact — PW-AE 6.19
Exact — PW-PP 6.24 3.17 146 2.06 14.72
LDA LDA PW-PP 556 256 0.0 0.0 11.32
Eg(I) Expt. (T > 0) 6.0 335 0.89 163 21.69
JANS Exact LDA KKR-ASA | 458 1.12 1.03
Exact LDA LMTO-ASA | 465 1.25 1.12
Exact LDA PW-PP 481 135 122 211 14.76
Exact PBE PW-PP 432 094 0.84 1.80
Exact — PW-PP 467 121 1.08 203 14.15
Exact — PW-AE 4.60
Ay Exact — PW-PP 8.70 562 481 5.28
Eg HF (LAPW/PW-PP) 124 63 6.4 7.7
Expt. (T =0) 548 1.17 0.79 152 21.69




Energy Surface of He,: Various Perturbation Expansions
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exact: Aziz, Slaman, JCP 94, 8047 (1991)
MP2: Woon, JCP 100, 2838 (1994)
EXX+EC2,MP2: Engel, Hock, Dreizler, PRA 61, 032502 (2000)



Energy Surface of He,: Various Perturbation Expansions

05‘_ \\ ,N-‘.i_‘..‘_‘.._.l. _____
'13 \ /// /'/ ]
F N e
2F % 3
F a He, ]
— -3 K4 .
% Fl Y e KS Hamiltonian
E -4F / E .
L / ] Important
M / E
Fl : — exadt ]
-6 | ! ——- EXX+EC2/EXX 7
Foy ! -—-— EXX+EC2/LDA ]
T ‘== EXX+MP2/LDA 1
Eoy *  conventional MP2 ]
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exact: Aziz, Slaman, JCP 94, 8047 (1991)
MP2: Woon, JCP 100, 2838 (1994)
EXX+EC2,MP2: Engel, Hock, Dreizler, PRA 61, 032502 (2000)



Energy Surface of He,: Various Perturbation Expansions

05‘_ \\ ,N-‘.i_‘..‘_‘.._.l. _____
'la \ /// /'/ _:
{ e z
2F % 3
i 7 He, |
— -3F! % 3
T fl 7/ 3
E ki ! E
[ / ]
Lu‘"5:'l' / E
El : — exact ]
-6 | ! ——- EXX+EC2/EXX 7
Foy ! -—-— EXX+EC2/LDA ]
T == EXX+MP2/LDA
o/ +  conventional MP2 ]
-8:_ \/ 1 " 1 1 " 1 " 1 ]
4 7 8 9 10

R [Bohr]

exact: Aziz, Slaman, JCP 94, 8047 (1991)
MP2: Woon, JCP 100, 2838 (1994)

e KS Hamiltonian
important

e role of vc(z)?

EXX+EC2,MP2: Engel, Hock, Dreizler, PRA 61, 032502 (2000)



Van-der-Waals Coefficient G4

Atoms E§2)" empirical?€

He—He 1.66 1.46 Ec(z) results on basis of
He—Ne 3.49 3.03 x-only KS response function
Ne-Ne 7.45 6.38 —> reasonably accurate
Xe-Xe 730.7 285.9 for light atoms

H-He 3.02 282+ 0.02
H-Na 81.14 71.8+03

@ Lein, Dobson, Gross, JCC 20, 12 (1999)
b Kumar, Meath, JMP 54, 823 (1985)
€ Tang, Norbeck, Certain, JCP 64, 3063 (1976)
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Green's Function Approach to Exact E,[n]: |. Basics
Starting point: assume vs to be known
» defines noninteracting Hamiltonian H,=T+ /d3r n(r)vs(r)

» KS ground state |®g) (Slater-determinant of the ¢)
» complete KS spectrum available: KS field operator, Green's function

Jo(rt) = et a(r) et
iGs(rt,¥'t) = (Bo| Teo(rt)ibf(r't')|do)
= Zm (1)l (r') efex(t=t)
x[O(t — t')(1 — ©x) — O(t' — t)©4]



Green's Function Approach to Exact E,[n]: |. Basics

Starting point: assume vs to be known
» defines noninteracting Hamiltonian H,=T+ /d3r n(r)vs(r)
» KS ground state |®g) (Slater-determinant of the ¢)
» complete KS spectrum available: KS field operator, Green's function

Do(rt) = et fi(r) e /Ft
iGs(rt,¥'t') = (bo| Tho(rt)f(r't )|d> )
= 3 ko (r) eH)
© x[O(t - ¢)(1 - 04) — O(f — 1)Ox]

Concept: use standard many-body-theory with Hs as noninteracting reference
system together with perturbation

mzw/fmmmm@wﬂ



Green's Function Approach to Exact E.[n]: Il. Result

Coupling-constant-integration Engel et al., PRA 58, 964 (1998)

Ec — / & / @1 [ (ol O ()0 90) — (e

oo (_I)n /OO . R A
+nz_;(n+1)! ot (®o| T Hyi(0)Hy,i(t1) 1.1 (tn)|®o)s
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Coupling-constant-integration Engel et al., PRA 58, 964 (1998)

B = 3 [ [0 L [0 0)100) — nlo(e)
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= E, (lowest order in I:h)
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Green's Function Approach to Exact E,[n]: Il. Result

Coupling-constant-integration Engel et al., PRA 58, 964 (1998)

B = 3 [ [0 L [0 0)100) — nlo(e)

r—r|

= E, (lowest order in I:h)

o0 (_I)n /OO R R )
E dty ---dt, (dg| TH Hy j(t1) - Hyg(t,)|®
T (®of THy1(0)Fi(t1) - Hui(th)|Po)s

Ec



Green's Function Approach to Exact E[n]: Il. Result

Coupling-constant-integration Engel et al., PRA 58, 964 (1998)

— /d3 /d3 !
XC ‘r_r/‘

(@0l (NP (r) ()b () @) = n(r)n(r)
= E, (lowest order in Hl)

dty - - - dt, (Do Tl:ll,l(o)'ﬁll,l(tl) T I:Il,l(tn)|¢0>/

= E.

> exact representation of E,.

v

further evaluation via Wick's theorem etc possible

v

basic elements: Gs, Vyc: Vs — Vext = VH + Vic

v

highly nonlinear relation for E,.
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Spin-density Functional Theory
Extend Hamiltonian to include magnetic effects
BT+ Wt Vet / *r Bex(r) - ()
magnetizjtion density

Statements: (von Barth, Hedin, Rajagopal, Callaway, 1972)
» existence of unique map (nondegenerate ground state |Vy))
one-to-one ~
[Wo) ¢———— {no(r),mo(r)}  mo(r) = (Wo|r(r)[Wo)

= universal functional |W[n, m])
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Spin-density Functional Theory
Extend Hamiltonian to include magnetic effects
BT+ Wt Vet / *r Bex(r) - ()
magnetizjtion density

Statements: (von Barth, Hedin, Rajagopal, Callaway, 1972)
» existence of unique map (nondegenerate ground state |Vy))

Wo) S Lng(e), mo(F)} mo(r) = (Wols(r) Vo)

= universal functional |W[n, m])
» minimum principle for ground state energy functional
E[n,m] = (W[n, m]|H|W[n, m])
Standard simplification: Reduce B, m to one component
— spin-densities n,(r) can be used as basic variables

n=np+n m;=pglm—n] = [Vo)=V[n,n])



Kohn-Sham Equations of Spin-Density Functional Theory
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Kohn-Sham Equations of Spin-Density Functional Theory

1) represent spin-densities in terms of auxiliary orbitals ¢y, (o =T,])

1 for e, <ce¢
B 5 o ko =~ €F
ne(r) = ;@ka‘d)ko(r) Ok = { 0 for er < éxe

2) decompose total energy into suitable components (B, = 0)
E = T.+ / d>3r Vexen + En[n] + Exc[ny, ny]

1
RIS [ #rol, 09600

3) minimize E: coupled single-particle equations for both spins

—V2 5Exc[nT7 ni] N
{ o T Vext (r) + vi(r) + <5ng(r)}¢k”(r) = €koPko(T)
—————

= ch,a(r)
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Relativistic Spin-Density Functional Theory (collinear)
Dirac-type KS equations (¢, = four spinors) (Macdonald, Vosko, 1979)

{ —ica-V + (8 — 1)mC2 + Z Pavs,a(r)}¢k(r) = exi(r)
o=+

1485,

P
= 2

o 0 . .
Y= < 0 o ) (ct, 5 = Dirac matrices)

generalized spin-densities (no-pair)

1 if ep > ¢ > —mc?
O =
0 else

ne(r) = Z@kd)Z(")Pﬁ:W(")
p



Relativistic Spin-Density Functional Theory (collinear)
Dirac-type KS equations (¢, = four spinors) (Macdonald, Vosko, 1979)

{ —ica-V + (8 — 1)mC2 + Z Pavs,a(r)}¢k(r) = exi(r)
o=+

1+ 8%, (o 0 . .
Py = 5 Y= < 0 o ) (ct, 5 = Dirac matrices)
generalized spin-densities (no-pair)

- 1 if ep > ¢ > —mc?
Ok { 0 else

ne(r) = Z@k(ﬂ((r)Pﬁﬂbk(r)
p

total potential (no external magnetic field)

Voo (r) = Vext(r) + vu(r) + vie,o(r) Vieo (1) = W



Relativistic Spin-Density Functional Theory (collinear)

Dirac-type KS equations (¢, = four spinors) (Macdonald, Vosko, 1979)

{ —ica-V + (8 — 1)mc2 + Z ngs,a(r)}¢k(r) = exi(r)
o=+

1+ 8%, (o 0 o .
Py = B Y= ( 0 o > (v, B = Dirac matrices)

generalized spin-densities (no-pair)
1 if ep > ¢ > —mc?
O =

0 else

ne(r) = Y Oudf(r)Prou(r)
P

total potential (no external magnetic field)

Veo(r) = Vel () + weo(r)  Wheolr) = (SEa[?)]

— approximation for E..[n,,n_] required
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Collinear approximation obtained from assumption B¢(r) = (0,0, Bs(r))



OPM Equation of RSDFT: Collinear Version

Collinear approximation obtained from assumption B¢(r) = (0,0, Bs(r))

— spin-densities n. may be used as basic variables

ns(r) = ;[n(r)j: m;l(;)] = zk:@k(ﬁZ(r)Piébk(l’) P, = 112/322
Bie(r)

+ = W
Vee(r) = wel(r) £ e




OPM Equation of RSDFT: Collinear Version

Collinear approximation obtained from assumption B¢(r) = (0,0, Bs(r))

— spin-densities n. may be used as basic variables

1 my,(r 1+ 3%,
rat) = g |10+ 0| = Sewlpan) P = 1
+ — v Bxc,z(r)
ch(r) - XC(r):l: 1B

— corresponding OPM equation (ignore ¢,-dependence of E,.)

Z/d3rlxaa/(r,r’)vg(r’) = Z/d3r’¢i(r)PUGk(r,r’) 6TEXC + c.c.
o’ k 5¢k(r,)

Xoo' (£, F) = — E OkL(F)Py Gi(r, ¥ )P (¥) + c.c.
k

r) ol (r
ey = 3 AOE)

€] — €
Zr €T




