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Question of present interest

Handling symmetries within an energy density functionathnod
= H characterized by a symmetry grogp [e.g. Bem, (3.M), (N, 2), 1. . ]
m H and|‘I’nX€> are not manipulated explicitly
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Question of present interest

Handling symmetries within an energy density functionathnod
= H characterized by a symmetry grogp [e.g. Bem, (3.M), (N, 2), 1. . ]
= H and|‘P?f€ ) are not manipulated explicitly

Density Functional Theory

= Symmetry dilemma is an issue

= Methods have been developed to deal with it, e.g.
@ Symmetrized DFT [A. Gérling, PRA 47 (1993) 2783]
Q Symmetry-constrained DFTH. Fertig, W. Kohn, PRA 62 (2000) 052511]
© Ensemble DFT [E. K. U. Gross, L. N. Oliveira, W. Kohn, PRA 37 (1988) 2809]
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Question of present interest

Handling symmetries within an energy density functionathnod
= H characterized by a symmetry grogp [e.g. Bem, (3.M), (N, 2), 1. . ]
= H and|‘P?f€ ) are not manipulated explicitly

Nuclear Energy Density Functional method

@ Symmetries are first broken on purpose to grasp collectivelations

Q Restoration of symmetries historicallyspiredfrom projection techniques
= Can it be properly formulated without any reference-ltand|‘lfnx§>?
= Does it perform well?
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The problem that has led us to go back to the roots

Potential energy as a function of axial quadrupole defaiongs)

@ Includes the restoration of goodandz

Q@ Employs two functionals having fierent analytic structures
[M. Bender, T. Duguet, D. Lacroix, PRC79 (2009) 044319]
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How profound is the problem
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The overall method in a nutshell

Symmetry group

9 G={R(); @ € Dg} with volumevg
e.g. Lie groupJ(1) [N, Z] andSQ(3) [J,M]
Q IrrepsS (e) = (@'3R(@)|@®) of dim. d,
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The overall method in a nutshell

Symmetry group

9 G={R(); @ € Dg} with volumevg
e.g. Lie groupJ(1) [N, Z] andSQ(3) [J,M]
Q IrrepsS (e) = (@'3R(@)|@®) of dim. d,

@ Symmetry-breaking Bogoliubov stat@g?)
Q@ Labelled by order parametgke |g|€®
@ Off-diagonal norm and energy kernels
N[g'.d] @909)
Elg.dl = E[p99,x99,k99"]
is a functional of transition density matrices

, i . P
vo_ (D )|a]. 5| 0@) e (@ )Iajail(b(g))
Pit = To@eey, N T T (0@)0@)
which re-sums bulk correlations
@ Empirical param. (Gogny, Skyrme,...)
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The overall method in a nutshell

Symmetry group Two successive levels of implementation

Q G= {R(a) ‘ae Dg} with volumevg @ Single-reference (SR)ooks like DFT]
e.g. Lie groupdJ(1) [N, Z] and SQ(3) [J,M] = EgRinvokesE[g,g] only

_ ma b ) = Broken symmetriegN.Z,J.M...)
@ IrrepsS](e) = (P*R(a)|) of dim. d ) = Bulk prop. + limited spectro.

Building blocks Q@ Multi-reference (MR)

MR 7
) ; . 9 = EYR invokes fullE[g’,d]
@ Symmetry-breaking Bogoliubov §tatyaé ) = Sym. rest+ coll. fluct.
Q Labelled by order parametge |gj€* = G.S. correlations- spectro.
@ Off-diagonal norm and energy kernels = Approx: QRPA, Bohr Hamilt.
Ng.g = (@@
| | E[p.&k*;|9]]
Elg,g] = E[pgg,Kgg,KQG*]

is a functional of transition density matrices
Niat o /

o (@Daae@) o (@@)gal00)
Pim = To@eoy N T T 0@)00)
which re-sums bulk correlations
@ Empirical param. (Gogny, Skyrme,...)
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The symmetry restoration in more details

Symmetry-restored energies (diagonagih

Q@ Expand df-diagonal kernels over Irreps
NOo] = > NS

Aab
E[0,a]N[0,0] = ) &4 Na, ()
Aab
Q Extract codficients for the targeted Irrep Sllilg

4= % ) S (a 1%
Nb = o J, am@sieNo.a

A A
Sab N, ab

dﬂ *
@ jl;gdr’r(a)%b(a) E[0,a] N[O,a] .

@ Mix over components spanning the targeted Irrep

Ak« £k oA A
Zab fa 15" &5 Nab}
Sap 8 ¢ Ny

MR _ ;
Bl = Mlnfék*{
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The symmetry restoration in more details

Symmetry-restored energies (diagonaip Sum rules at eaclg| from S, (0) = 6an
Q@ Expand d#f-diagonal kernels over Irreps 1 = Zd‘ N,
— A A
N[O, ] %; Njp Sip(@) ESR = Z d &4 AL
E[0,a]N[0,0] = ) & Na, () 1
Aab
@ Extract codicients for the targeted Irrep Elo-xx:[9]]

4= % ) S (a 1%
Nb = o J, am@sieNo.a

A A
Sab N, ab

d/l *
@ jl;gdr’r(a)sgb(a) E[0, @] N[0, «] .

@ Mix over components spanning the targeted Irrep

Ak« £k oA A
Zab fa 15" &5 Nab}
Sap 8 ¢ Ny

MR _ ;
Elx = Mlnfék*{
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The symmetry restoration in more details

Symmetry-restored energies (diagonagih

Q@ Expand d#f-diagonal kernels over Irreps
NOo] = > NS

E[0,a]

N[0,a] =

Aab

Aab

Q Extract codficients for the targeted Irrep

d/l *
o fD TS N}

A —
Nab -

A A
Sab N, ab

@ Mix over components spanning the targeted Irre

Akx £k ol A
Zabfa fb Eap Nab

MR _
Elx =

d/l *
@jl;gdn(a)sgb(a) E[0, @] N[0, «] .

Minf/lk* {
a

Aks £ K A
Zapfa 15" Ny,

Z Eap Nap Sinl@)
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Conclusions

Sum rules at eaclg| from S, (0) = 6an
Z d/l N;a
A

Z da aga N;a
a4

-
Il

4%,
Pl
I

E[p.k,x*;[9]]

p

Symmetry restoration formulated without any reference and|¥;2)

[T. Duguet, J. Sadoudi, J. Phys. G: Nucl. Part. Phys. 37 (2060009]
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Example

Particle number restoration (PNR) (at fixeg

Q U(1) group(R(g) =eN¢ ; ¢ € [0,21]}

Q Fourier decomposition of kernels on Irreps

NO.el = > e
NeZ
E0.¢INO.¢] = ) &nMyel
NezZ

@ Particle-number-restored energies

1= iN
= = ~iNg
N > fo dpe ™ N[0, ¢]

N_]_ on _ E[p.k.k*;[9]]
&y = N f dpe N E[0, 4] N[O, ]
2t Jo

No reference made to a projected state

@ Sum rules at eaclg|

EgR = ZSNNN

NeZ
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Example
Particle number restoration (PNR) (at fixeg Functional form of kernek[g’,g]
Q U@ group{R(gp) =dV¢: pelo, 2,1-]} Following properties are mandatory
. " EMR real and scalar und
Q Fourier decomposition of kernels on Irreps @ & &) G
N Q uSRrecovered through Kamlah
= o
NO.¢] = éNN E @ QRPA recovered as harmonic limit
EQ.¢INO.¢] = > &nAne ChoiceE[g'.g] = E[?,«9.x5"]
Nez @ Satisfies all the above
© Particle-number-restored energies @ Consistent Witmﬂ[g/,g]:%w
2 :
Ny = i f d(,pe"N‘” N[O, ¢] [L. M. Robledo, JPG 37 (2010) 064020] )
2r Jo
N_]_ on ‘ E[p.k.k*;[9]]
&y = N f dpe N E[0, 4] N[O, ]
2t Jo

No reference made to a projected state

@ Sum rules at eaclg|

EgR = ZSNNN

NeZ
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Example

Particle number restoration (PNR) (at fixeg

Q@ U(1) group(Riy) = €N¢ ; p € [0, 2]}

Q Fourier decomposition of kernels on Irreps

N[Ol = > MyeM
NeZ . 9
EOGNDS = Y e An e I sthat sufficient” |
NezZ

@ Particle-number-restored energies

1= iN
= = ~iNg
N > fo dpe ™ N[0, ¢]

E[p.x.x*;19]]

NG 2z .
&y = N f dpe N E[0, 4] N[O, ]
2t Jo
No reference made to a projected state

@ Sum rules at eaclg|

EgR = ZSNNN

NeZ

SR-EDF

19l
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Divergences and steps in PNR calculations

Nz and&z Nz versusZ at fixeds,

En,z for E[p,«,«*] o« Ao+ Bpp + Cx*k

-130 T T T T T 1F T LT T T T
o —~ 10, F U 18,
-131 Ry 9 S Z a0, E - O )4
2 0 .
132 1) \ / 10 : : .
Al o © -cj(1) &a(1)
134 j 31 ey SO
— L H L L i = aC%0b0
2 as 2 A gl a® °a
= A B, 0a° ©a
o6 - 210 - o,
jcal S, & 10° f 0 %a
137 S 1 S \ . . s
s
138 - ] o T T T
\ / oW % °-c;<1>£§‘<1>
-139 |- B T 1 o 2 ez(1) €°(1)
140 — A Sangles ] =) W00 oy *-ci) &)
—— 199 angles 210 02° °n
141 i L 1 L 1 1 1 ?10'4 o0& g
04 <02 00 02 04 06 08 5 o w8 K © I
8, 10° Eol eesesy FRIIITLION
10 | . . . *2
-20 -10 0 10 20 30 40
[M. Bender, T. Duguet, D. Lacroix, PRC79 (2009) 044319] Proton Number Z
v v

@ Divergencies and finite steps in PNR calculatiqnsobaczewskét al, PRC76 (2007) 054315]

Q Correspondinglyy Ay # 0 for N < 0 [M. Bender, T. Duguet, D. Lacroix, PRC79 (2009) 044319]

@ Relate to non-analytic characterfp%, %, x#°*] N[0, 4] overc*-plane withe =z

@ Due to self-interactiofpairing inE[p%, k%, x#°*] [M. Bender, T. Duguet, D. Lacroix, PRC79 (2009) 044319]
@ Similar problems for other MR modes, e.g. angular momentstoration

Multi-reference nuclear energy density functional method




EDF formalism
[e]

Outline

@ Question of present interest

© Multi-reference energy density functional method

@ Regularization method and remaining problems

© Conclusions

Multi-reference nuclear energy density functional method



Rationale EDF formalism Conclusions

000000

Towards sound Multi-Reference EDF calculations

Regularization method
[D. Lacroix, T. Duguet, M. Bender, PRC79 (2009) 044318
H-based kerneh a specific basis

Eg 099,699,991 = E5MIg o] + ECIg . d]
[l EY[g,q] = 0 for H-based kernel
ad # 0 and non-analytic otherwise
Regularized energy kernel
Erecld’, gl = E[p9%,k99,x99"] -E°[g,g]
The method is originally designed
= For any MR mixing, i.e. anyyl anda

m For polynomial kernels only
[T. Duguetet al, PRC79 (2009) 044320]
v
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Towards sound Multi-Reference EDF calculations

Regularization method Regularize&y z for E « Ao+ Bpp + Ck*

[D. Lacroix, T. Duguet, M. Bender, PRC79 (2009) 04431 S L I B B B B
. e . S131 Pl e 5 ! ted
H-based kerneh a specific basis I N ) o —
b —— corrected
WTr d'g g/ — ESWT, =8
ESVT[099,499,499] = ESVTg/ . o] + EC[g'. ] -
[l EC[g,q] =0 for H-based kernel < 126 F
O # 0 and non-analytic otherwise M oar |
5 -138
Regularized energy kernel 139 \ ]
o g L o]
Erecld’,d] = E[099,«99,«99"] —-E°[¢, g] wrem WS =
) L. ) -04 -02 0.0 0.2 0.4 0.6 0.8
The method is originally designed Bs
= For any MR mixing, i.e. anw| anda [M. Bender, T. Duguet, D. Lacroix, PRC79 (2009) 044319]
= For polynomial kernels only Regularized results
[T- Duguetet al, PRC79 (2009) 044320] | | are free from steps and divergences

= are modifiecawayfrom them
| are independent of the discretization
= are modified by about 1 MeV

provide&y Ny =0 for N <0 )

Multi-reference nuclear energy density functional method
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Towards sound Multi-Reference EDF calculations

Rationale

Regularization method Unregularizedy z,; for E o« Ao + Bpp + Cok*k

[D. Lacroix, T. Duguet, M. Bender, PRC79 (2009) 04431 -115
H-based kerneh a specific basis

EgV 099,499,699 = E5 g, g] +E°[d/, 0]
[l EY[g,q] = 0 for H-based kernel
O # 0 and non-analytic otherwise

120
195

-130

E (MeV)

Regularized energy kernel -135

Erecld’,d] = E[099,k99,x99°] -E°[¢',g] a0
The method is originally designed wl
= For any MR mixing, i.e. anyy anda 129‘5"‘“1;“‘4‘“0-0 e b S aThs b

= For polynomial kernels only Ba
[T. Duguetet al, PRC79 (2009) 044320]J [M. Benderet al, unpublished]

Unregularized results
O display steps and divergences
O strongly depend on the discretizatior
O provide&nziNnzs#0forN,Z<0 )

Multi-reference nuclear energy density functional method
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Towards sound Multi-Reference EDF calculations

Rationale

Regularization method Regularizedy z ; for E o« Ap + Bop + Cox*x

[D. Lacroix, T. Duguet, M. Bender, PRC79 (2009) 04431 -115 — T
H-based kerneh a specific basis e
-120 a
GWT 99 99 991 = ESWTiy ] + EC[o \/
Eg [099,699,699 1 =B [d'.d] [g'.d] ] ) —
[l EY[g,q] = 0 for H-based kernel = =4
. . > i
O #0and non-analytic otherwise | = 2
Regularized energy kernel B .
Eredld’.d] = E[p9%,499,499"] - [, g] el
The method is originally designed " surponr
-145 R regularized 9 gauge angles
= For any MR mixing, i.e. anygl ande 1 o el e ele,
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

= For polynomial kernels only Ba
[T. Duguetet al, PRC79 (2009) 044320]J [M. Benderet al, unpublished]

Regularized results

are free from steps and divergences

O slowly depend on the discretization
O provide&nziNnzs#0forN,Z<0

Multi-reference nuclear energy density functional method
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Towards sound Multi-Reference EDF calculations

Regularization method Regularizedy z; for E o«c Ao + Bpp + Cor*x

[D. Lacroix, T. Duguet, M. Bender, PRC79 (2009) 04431 -115 - L e e
H-based kerneh a specific basis [

EgV 099,499,699 = E5 g, g] +E°[d/, 0]
[l EY[g,q] = 0 for H-based kernel
O # 0 and non-analytic otherwise

-120

-125

-130

E (MeV)

Regularized energy kernel -135

Ereald’,q] = E[099,k99,x99*] -E[¢',q] 10
The method is originally designed "
-145
m For any MR mixing, i.e. anyy and T
y i g ml @ -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
= For polynomial kernels only Bs
[T. Duguetet al, PRC79 (2009) 044320]) [M. Benderet al, unpublished]

Alternative route ahead 3. sadoudet al, unpublished] RGCLIEYPAREIIE

#" SI11DDDI
=~ regularized 9 gauge angles |
— rqmularized 99 gange apgles.

m Rely strictly on#-based kernel = are free from steps and divergences
= Challenge to obtain good phenomenology = slowly depend on the discretization
= New kernel under construction | = provide&uzoNnzo#0forNZ<0 |

Multi-reference nuclear energy density functional method
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Summary and perspectives

Multi-reference nuclear energy density functional forisral

= Mathematically well formulated without any referencd-tcandl‘f’?,(g)
= Physical constraints need to be added that are not easyntailfte
= New regularization method

@ Improves the situation dramatically
Q Is not free from all problems

4

@ Employ approximations (QRPA, Bohr Hamiltonian. ..) thagphss" the problem
Q Rely strictly on#-based kernel, i.e. work withinfiective projected HFB method
@ Design df-diagonal energy kernel from appropriate ab-initio method

= Symmetry-restored unrestricted MBP{T. buguet, G. Ripka, unpublished]
= Leads to and angle-depend@nbital-dependent energy kernel
Q@ Else? E.g. seetalk by T. Lesinski (Friday)

<
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Symmetry dilemma in DFT

What about symmetries in DFT?

= Symmetry grougg of H and lowest eigenstaf@PMN--) of given irrep

@ p. () is not a scalar of (except forN)
Q W (M) is not a scalar o
Q {p.} do not carry quantum numbelg, m...

@ Kohn-Sham statgb;) is not an eigenstate &f 32...

<

Crucial points about symmetries

= Atthe minimum ofE p,-(7) must reflect quantum numbers g JMN--)

= Symmetry breaking is outside the frame of Hohenberg-Koleorm

= Kohn-Sham statgb;) should not carry quantum numbers|¥f MN--)

= How to maintain the symmetry contentf(F) through the iterations?

<
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Solution to symmetry dilemma

Symmetrized DFT

= Keep|®PMN-) with same quantum numbers as eigenstate
m HK theorem+ KS scheme in terms of the scalar part of the density
= A. Gorling, PRA 47 (1993) 2783

4

Symmetry-constrained DFT

m Focus on symmetries @f;(F) rather than of®;)
= Use non-scalavS(F) + constrained minimization gn,(F)
= H. Fertig, W. Kohn, PRA 62 (2000) 052511

4

Ensemble DFT

= Symmetry-preserving statistical density operator budirf|®;)
m HK theorem+ KS scheme based on scalar ensemble density
m E. K. U. Gross, L. N. Oliveira, W. Kohn, PRA 37 (1988) 2809

<

Multi-reference nuclear energy density functional method



	Question of present interest
	Multi-reference energy density functional method
	Elements of formalism and difficulties
	Regularization method and remaining problems

	Conclusions

