
Marcus Bleicher, EMMI, 14.2.2013 

Transport Models in  
Heavy Ion Collisions 

Marcus Bleicher 
Frankfurt Institute for Advanced Studies 
Institut für Theoretische Physik 
Goethe Universität Frankfurt 
Germany 



Marcus Bleicher, EMMI, 14.2.2013 

Thanks to 
 

•  Hannah Petersen (Hybrid model) à now at FIAS 

•  Jan Steinheimer (Hybrid / EoS) à now at LBL 

•  Bjoern Baeuchle (Photons) 

•  Elvira Santini (Di-Leptons) 

•  Jochen Gerhard (GPU code) 

•  Yurii Karpenko (development of  
 visc. hydro w/Nantes group) 

•  Hannu Holopainen, Pasi Huovinen (hydro freeze-out) 

•  Hendrik van Hees, (heavy quark Langevin) 



Trajectories  

Marcus Bleicher, EMMI, 14.2.2013 



Marcus Bleicher, EMMI, 14.2.2013 

The need for dynamic simulations 

Initial State 

Pre-äquilibrium 

QGP and hydro- 
dynamic expansion 

Hadronisation 

Hadronic phase and freeze-out 

Lattice gauge-  
theorie (lQCD): 

•  ab initio calculation of QCD quantities 
•  usually in thermodynamic limit 

Experiments: •  Observes the final state and penetrating probes 
•  Relies on theoretical predictions for the 
   interpretation of the data 

Transport models & 
phenomenology: 

•  Provides explicit time and space dependence 
•  Direct view into the hot and dense matter 
•  Connects between fundamental 
   calculations and observation 
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Present Hybrid Approaches 

•  Integrated (open source) UrQMD 3.3 
H. Petersen, J. Steinheimer, M. Bleicher, Phys. Rev. C 78:044901, 2008 

•  Hadronic dissipative effects on elliptic flow in ultrarelativistic heavy-ion 
collisions. 
T. Hirano, U. Heinz, D. Kharzeev, R. Lacey, Y. Nara, 
Phys.Lett.B636:299-304,2006 

•  3-D hydro + cascade model at RHIC. 
C. Nonaka, S.A. Bass, Nucl.Phys.A774:873-876,2006 

•  Results On Transverse Mass Spectra Obtained With Nexspherio 
F. Grassi, T. Kodama, Y. Hama, J.Phys.G31:S1041-S1044,2005 

•  EPOS+Hydro+UrQMD at LHC 
K. Werner, M. Bleicher, T. Pierog, Phys. Rev. C (2010) 

•  MUSIC@RHIC and LHC 
B. Schenke, S. Jeon, C. Gale, ... 

•  Started with S. Bass, A. Dumitru, M. Bleicher, Phys.Rev.C60:021902,1999 
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Hybrid Approach 

•  Essential to draw conclusions from final state particle 
distributions about initially created medium 

•  The idea here: Fix the initial state and freeze-out  
 à learn something about the EoS and the effect of 
    viscous dynamics 
 

 

1) Non-equilibrium    

    initial conditions 

    via UrQMD 

2) Hydrodynamic 
    evolution    or 
    Transport 
    calculation 

3) Freeze-out via 

    hadronic cascade 

    (UrQMD)  
 

(Petersen et al., PRC 78:044901, 2008, arXiv: 0806.1695)  



Marcus Bleicher, EMMI, 14.2.2013 

Initial State 

•  Contracted nuclei have passed 
through each other 

 
 

–  Energy is deposited 
–  Baryon currents have 

separated  
•  Energy-, momentum- and baryon 

number densities are mapped 
onto the hydro grid 

•  Event-by-event fluctuations are 
taken into account 

•  Spectators are propagated 
separately in the cascade  
(J.Steinheimer et al., PRC 77,034901,2008) 

(nucl-th/0607018, nucl-th/0511021)  

Elab=40 AGeV 
b=0 fm 
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• Energy-, momentum- and baryon number densities are 
mapped onto the hydro grid using for each particle

 

• Changing ! leads to different granularities, but also 
changes in the overall profile

• How does changing the starting time affect the picture?

Initial State at RHIC
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Constraining Granularity 
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Constraining Granularity

• Triangular flow is very sensitive to 
amount of initial state fluctuations

• It is important to have final state particle 
distributions to apply same analysis as in 
experiment

• Single-event initial condition provides 
best agreement with PHENIX data

• Does that imply that the initial state is 
well-described by binary nucleon 
interactions +PYTHIA? 

• Lower bound for fluctuations!
18

H.P. et al, J.Phys.G G39 (2012) 055102

From H. Petersen 
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Equations of State 

Ideal relativistic one fluid dynamics:   
     and 

–  HG: Hadron gas including the same degrees of freedom as in UrQMD 
(all hadrons with masses up to 2.2 GeV) 

–  CH: Chiral EoS from quark-meson model with first order transition 
and critical endpoint 

–  BM: Bag Model EoS with a strong first order phase transition 
between QGP and hadronic phase 

 
D. Rischke et al.,  
NPA 595, 346, 1995, 

D. Zschiesche et al.,  
PLB 547, 7, 2002 

Papazoglou et al.,  
PRC 59, 411, 1999 

J. Steinheimer, et al.,  
J. Phys. G38 (2011) 
035001 

 



Phase diagramm for the chiral EoS 

•  QGP fraction lambda 
•  Chiral PT 
•  Deconfinement PT 
•  CEP 
•  Parameters fixed to 

lQCD 
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FIG. 1. (Color online) Fraction of QGP for various values
of temperature and quark chemical potential. The dashed
line indicates where the change of the chiral condensate with
respect to T and µq has a maximum while the solid line shows
the same for the change of the Polyakov loop. See Ref. [40]
for details.

a minutely detailed microscopic description of the evo-
lution of the system, however, there is a price to pay,
namely that the cascade model solely treats collisions
and decays on the basis of vacuum cross sections and
decay rates. Thus, eventual residual in-medium modifi-
cations of the ρ meson spectral function in this last stage
will be neglected when adopting the present model. In
fact, the consistent treatment of broad spectral struc-
tures in transport approach is not trivial. Many works
have been dedicated to this topic, e.g. Refs. [63–69]; for
an overview we refer the reader to the recent critical re-
view by J. Knoll [70].
Emission from the stage preceding the hydrodynami-

cal evolution is typically small, since the geometrical cri-
terium adopted to start the hydrodynamical evolution
corresponds to a starting time tstart ≈ 1.16 fm at top
SPS energy. Emission from the stage that follows the
hydrodynamical evolution receives two main contribu-
tions: when merging the hydrodynamical stage to the
UrQMD model to perform the final cascade, the hydro-
dynamic fields are mapped to hadrons according to the
Cooper-Frye equation. At this point a certain number
of primary ρ0’s are created and enter the cascade. If
soon after the transition the system is decoupled with
respect to processes involving ρ mesons, during the cas-
cade these primary ρ0 mesons simply decay, no further
ρ0’s are generated and the corresponding dilepton yield
is determined by the abundance of ρ0 created at the tran-
sition times the dilepton branching. If the system is not
decoupled with respect to processes involving ρ mesons,
as it is presumably in reality and in the present model
(as we will show), ρ meson (re)generation and absorption
will occur through processes such as ππ annihilation and
resonance decays. These processes will delay the decou-
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FIG. 2. (Color online) Charged particle density as a function
of the impact parameter.

pling, increase the emission time and, consequently, the
dilepton yield.

III. COMPARISON TO NA60 DATA

A. Centrality selection

The NA60 Collaboration has recently presented data
fully corrected for geometrical acceptance and pair ef-
ficiencies of the NA60 detector [3]. The acceptance-
corrected data correspond to nearly minimum bias col-
lisions, selecting events with a charged particle density
dNch/dη>30. In order to select the appropriate impact
parameter range in our simulations, we first simulate
minimum bias collisions and determine the charged par-
ticle density as a function of the impact parameter. The
result is shown in Fig. 2. We find that dNch/dη>30 cor-
responds to b<9 fm. With this selection, we obtain an av-
erage charged particle density 〈dNch/dη〉=115, value that
deviates from the measured one 〈dNch/dη〉=120 only by
4%.

B. Invariant mass spectra

In Fig. 3 we show results for the invariant mass spectra
of the excess dimuons in various slices in the transverse
momentum of the dilepton pair pT . The theoretical spec-
tra are normalized to the corresponding average number
of charged particles in an interval of one unit of rapidity
around mid-rapidity [71]. In the invariant mass region
M<0.5 GeV the spectra are dominated by the thermal
radiation from the in-medium ρ meson. The pT scaling

•  Full line: Deconfinement 
•  Dashed line: Chiral PT 

Marcus Bleicher, EMMI, 14.2.2013 
J. Steinheimer, S. Schramm, H. Stoecker, J. Phys. G38 (2011) 035001 



Hadronization and Cooper-Frye 
Experiments observe finite number of hadrons in detectors 
Hadronization controlled by the equation of state 
Sampling of particles according to Cooper-Frye should: 
-Respect conservation laws, maybe even locally? 
-Introduces fluctuations on its own 

Sophisticated 3D hypersurface finder to resolve interesting structures in event-by-event simulations 

Petersen, Huovinen, arXiv:1206.3371  
 Marcus Bleicher, EMMI, 14.2.2013 



•  3+1d Simulation is working 
•  100 Timesteps in  

FORTRAN ~60 min. 
•  100 Timesteps in  

C++ Version ~15 min. 
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FIG. 2. Total execution time for the expanding ball of r = 2 fm with constant energy density. The CPU and GPU are measured
with the exact same OpenCL code and compared to the Fortran (FORT) implementation[20].
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FIG. 3. Total execution time for a Pb+Pb collision with
√
sNN = 200 GeV. The CPU and GPU are measured with the exact

same OpenCL code and compared to the Fortran (FORT) implementation[20].

the problem’s geometry. One observes the impact of the complex anti-flux function on the average execution time.
Without the complex anti-flux no increase can be observed and the acceleration due filling the grid takes fully place.
In SHASTA the anti-flux is corrected by a flux limiter. This flux limiter is calculated by a search of maxima and minima
of the surrounding cells and fluxes towards this cells. In this calculation branching is inherent. When branching occurs
within a wavefront on a GPU all branches are calculated by the device and the correct result is gained by masking the
wrong branches out. Therefore the execution time is increased, when the flux limiter is not uniform.
Finally Figure 6 shows the direct comparison between the present single precision implementation3 (full line) and

the standard FORTRAN implementation (dotted line). For the realistic initial setup of a
√
sNN = 200 GeV Pb+Pb

collision provided by UrQMD we find only minor differences between both implementations.

3 We work on a mixed precision implementation of OpenCL-SHASTA, where double precision is used for the less stable parts of the
numerics, like the calculation of the boost.
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FIG. 3. Total execution time for a Pb+Pb collision with
√
sNN = 200 GeV. The CPU and GPU are measured with the exact

same OpenCL code and compared to the Fortran (FORT) implementation[20].

the problem’s geometry. One observes the impact of the complex anti-flux function on the average execution time.
Without the complex anti-flux no increase can be observed and the acceleration due filling the grid takes fully place.
In SHASTA the anti-flux is corrected by a flux limiter. This flux limiter is calculated by a search of maxima and minima
of the surrounding cells and fluxes towards this cells. In this calculation branching is inherent. When branching occurs
within a wavefront on a GPU all branches are calculated by the device and the correct result is gained by masking the
wrong branches out. Therefore the execution time is increased, when the flux limiter is not uniform.
Finally Figure 6 shows the direct comparison between the present single precision implementation3 (full line) and

the standard FORTRAN implementation (dotted line). For the realistic initial setup of a
√
sNN = 200 GeV Pb+Pb

collision provided by UrQMD we find only minor differences between both implementations.

3 We work on a mixed precision implementation of OpenCL-SHASTA, where double precision is used for the less stable parts of the
numerics, like the calculation of the boost.

J. Gerhard, M. Bleicher, V. Lindenstruth, arXiv:1206.0919, CPC2012  Marcus Bleicher, EMMI, 
14.2.2013 

* 100 Timesteps in  
OpenCL Version ~30 sec.  
 
* Factor 160 speed-up! 

(new cards: factor 400 !) 

Speeding things up: GPGPUs 



Hybrid model at LHC 

•  PbPb, 2.76 TeV 
•  Excellent description of centrality dependence, 
•  Transverse momenta, 
•  Elliptic flow. 

Marcus Bleicher, EMMI, 14.2.2013 
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happens on a constant proper time hypersurface, where
the Cooper-Frye equation is applied on transverse slices
of thickness ∆z = 0.1−0.2 fm that have cooled down be-
low an energy density of 5ε0 ≈ 730 MeV/fm3 [36]. This
approach provides the full final phase space distributions
of the produced particles for each event and can be com-
pared to the pure transport approach by turning off the
hydrodynamic evolution which allows for a qualitative
study of viscous effects.
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FIG. 1: (Color online) Charged particle multiplicity at midra-
pidity (|η| < 0.5) as a function of the number of participants
in Pb+Pb collisions at

√
sNN = 2.76 TeV calculated in the

UrQMD transport and the hybrid approach compared to the
experimental data [1].

The first observable to look at is the charged particle
multiplicity at midrapidity. In Fig. 1 the calculation of
the centrality dependent multiplicity scaled by the num-
ber of participants (estimated in a Glauber approach) is
shown. The hadronic transport approach UrQMD pro-
vides a reasonable description of the multiplicity. For
central collisions the predictions published in [37] are
right on top of the ALICE data while with decreasing
centrality the number of charged particles is a little lower
than in the data. This fair agreement with the data hints
to the fact that the main particle production can be de-
scribed by the initial binary nucleon-nucleon interactions
treated by PYTHIA. The hydrodynamic evolution does
not affect the particle production. Since ideal hydrody-
namics implies an isentropic expansion this means that
the charged particle multiplicity is determined in the ini-
tial state and by the final resonance decays.

For the following calculations of spectra and collective
flow four different centrality classes have been chosen that
match the ones applied by the ALICE collaboration as
they are listed in the following table:
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FIG. 2: (Color online) Transverse momentum spectra of
charged particles for four different centralities calculated in
the UrQMD transport and the hybrid approach compared to
the available experimental data [2].

Centrality class Impact parameter range

0-5% b < 3 fm

5-10% b = 3− 5 fm

10-20% b = 5− 7 fm

20-40% b = 7− 10 fm

The transverse momentum spectrum for charged par-
ticles in the mentioned centrality classes are compared to
experimental data in the most central bin (see Fig. 2).
The main difference between the hybrid and the trans-
port calculation is in the slopes of the spectra. As ex-
pected the hydrodynamic evolution leads to a purely ex-
ponential pT dependence which describes the data until
pT < 3 GeV very well. At higher transverse momenta
the power law tail from hard processes becomes impor-
tant for a good agreement with the measured values. In
the range from 4 to 6 GeV the non-equilibrium descrip-
tion exemplified by the UrQMD calculation provides a
better description of the experimental data.

In Fig. 3 predictions for the transverse mass spec-
tra at midrapidity of pions, kaons and protons are pre-
sented. The pion spectra are very similar to the charged
particle spectra since they represent the major fraction
of the newly produced particles in the collision. Kaons
are strange mesons and protons are chosen because they
have a higher mass and are baryonic degrees of freedom.
The general features of the transverse mass spectra are
similar to the ones observed at RHIC and imply a col-
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FIG. 3: (Color online) Transverse mass spectra of negative
pions (top), positive kaons (middle) and protons (bottom) for
four different centralities calculated in the hybrid approach
with two different equations of state.

lective radial velocity that drives all the particle species.
The two different equations of state lead to very similar
results with the deconfinement transition having a little
steeper slope due to the more rapid expansion due to the
higher pressure in the quark gluon plasma phase.

After proving a rather successful agreement with basic
quantities like the multiplicity and transverse momen-
tum spectrum the next step is to look at anisotropic
flow observables. The elliptic flow has been calculated
with respect to the reaction plane by averaging over all
charged particles in all events to be compared to the
ALICE measurement that relies on the four-particle cu-
mulant method in two centrality bins. Fig. 4 shows a
good agreement between the hybrid calculations and the
data, especially between pT=0.8-2.5 GeV. In the very
low transverse momentum region the hybrid approach
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FIG. 4: (Color online) Elliptic flow of charged particles as a
function of transverse momentum for four different centralities
calculated in the hybrid approach with two different equations
of state compared to the experimental data[3].

underpredicts the data which has been observed in other
calculations as well [14]. At higher pT again the influence
of hard processes needs to be taken into account.
To quantify the shape of the initial conditions em-

ployed for the hydrodynamic calculation and its event-
by-event fluctuations Fig. 5 shows the probability distri-
bution of the coordinate space asymmetry characterized
by the eccentricity and the triangularity as defined in
[25]. The initial εn coefficients have been calculated in
each event and the normalized probability distribution is
plotted for two different centrality bins.
For central collisions the mean value and the shape of

the distributions are very similar for the participant ec-
centricity and the triangularity since both of them are
mainly generated by fluctuations. For more peripheral
collisions the eccentricity is influenced by a large geome-
try component due to the ellipsoidal shape of the initial
state in the transverse plane. Therefore, the mean ec-
centricity is larger and the fluctuations increase leading
to a wider distribution, whereas the triangularity stays
smaller and the distribution has a smaller width.
Since the triangularity has been introduced because of

its sensitivity to initial state fluctuations the higher mul-
tiplicity at LHC energies triggers the expectations that
the fluctuations become smaller compared to RHIC en-
ergies. In Fig. 5 the triangles and diamonds depict the
eccentricity and triangularity calculation from UrQMD
initial conditions for Au+Au collisions at Ecm = 200A
GeV. Surprisingly, the εn distributions match almost ex-
actly the ones at LHC energies for the two similar cen-

H. Petersen, Phys.Rev. C84 (2011) 034912  

chiral vs HG-EoS 



Heavy quarks at LHC 

•  Employ Rapp, van Hees-Langevin for heavy 
quarks in the dynamical background  
à good description of data 

Marcus Bleicher, EMMI, 14.2.2013 

T. Lang, H. van Hees, M. Bleicher, arxiv: 1208.1643 

at LHC is obtained from a fit to PYTHIA calculations. The fit function we use is

dN

d2pT
=

1

(1 +A1 ·
(

p2T
)A2)A3

(19)

with the coefficients A1 = 0.136, A2 = 2.055 and A3 = 2.862.
We have performed our calculations in Pb+Pb collisions at

√
sNN = 2.76 TeV in a centrality

range of 30%-50%. The analysis is done in a rapidity cut of |y| < 0.35 in line with the ALICE
data.
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A complementary view on the drag and diffusion coefficients is provided by the nuclear sup-
pression factor RAA. Figure 11 (right) shows the calculated nuclear modification factor RAA of
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of σ/σtot = 0%-20%. We find a maximum of the RAA at about pT = 2 GeV followed by a sharp
decline to an RAA of about 0.2 at high pT . As we can see we can describe the data at medium pT
well but over-predict them at low pT bins.

VI. SUMMARY

In this paper we have investigated the medium modification of heavy-quark pT spectra in the
hot medium created in heavy-ion collisions at RHIC and LHC energies on the basis of a Langevin
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elastic scattering of heavy quarks with light quarks and antiquarks. Both sets of coefficients lead
to similar results for the heavy-flavor observables.
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dN

d2pT
=

1

(1 +A1 ·
(

p2T
)A2)A3

(19)

with the coefficients A1 = 0.136, A2 = 2.055 and A3 = 2.862.
We have performed our calculations in Pb+Pb collisions at
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Heavy quarks at RHIC 

•  Employ Rapp, van Hees-Langevin for heavy 
quarks in the dynamical background  
à good description of data 

Marcus Bleicher, EMMI, 14.2.2013 

T. Lang, H. van Hees, M. Bleicher, arxiv: 1208.1643 
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FIG. 8. (Color online) Elliptic flow v2 (left) and RAA (right) of D mesons (solid lines) and B mesons (dashed
lines) in Au+Au collisions at

√
sNN = 200 GeV. We use a rapidity cut of |y| < 0.35. A comparison of a

Peterson fragmentation and a coalescence with light quarks is shown. For the drag and diffusion coefficients
we use the resonance model with a decoupling temperature of 150MeV.

to the coalescence. Also the depletion effect described before is more pronounced. Regarding the
nuclear modification factor, Fig. 8, the difference of Peterson fragmentation and the coalescence
model is even larger. The push of low-pT particles to higher pT is stronger in case of the coa-
lescence model, while the suppression of heavy mesons at high pT is stronger in case of Peterson
fragmentation.

Again we perform a decay to electrons using PYTHIA to compare to experimental measurements
from the PHENIX collaboration. Fig. 9 (left) shows our results for v2. Due to the coalescence
the elliptic flow is strongly increased compared to the previous calculation using the Peterson
fragmentation. This higher flow is due to the momentum kick of the light quarks in the recombi-
nation process, which provides additional flow from the medium. For a decoupling temperature of
130 MeV we obtain a reasonable agreement with the experimental data.

In Fig. 9 (right) the nuclear modification factor for non-photonic single electrons is depicted.
Also here we obtain a good agreement with the data. Especially at moderate pT ∼ 2GeV the
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FIG. 9. (Color online) Elliptic flow v2 (left) and nuclear modification factor RAA (right) of electrons from
heavy quark decays in Au+Au collisions at

√
sNN = 200 GeV using a coalescence mechanism. We use a

rapidity cut of |y| < 0.35. For a decoupling temperature of 130 MeV we get a reasonable agreement to data
[45].

calculation has strongly improved. The coalescence mechanism pushes the heavy quarks to higher
pT . As seen before we obtain the best agreement to data for rather low decoupling temperatures.
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Direct photon spectra at RHIC 

l  Clear separation 
hadronic vs. partonic 

l  partonic calc. fit data 
l  Reasons for missing 

contributions in 
UrQMD/Hadron gas: 
- late equilibration,  
- hadronic rates, 
- shorter life time 

Data points from: 
PHENIX, PRC 81 (2010) 034911 
fig: Bäuchle, MB, PRC 82 (2010) 064901 

49

 (GeV/c)
T

p
0 1 2 3 4 5 6 7

)2
/G

eV
3

 (c3
N/

dp
3

E 
d

-610

-510

-410

-310

-210

-110

1

10
 = 200 GeVNNsThermal Photons in Au+Au at 

DATA 0-20%
 = 0.15 fm/c0! = 590 MeV, 0D. d’Enterria & D. Peressounko: T

 = 0.17 fm/c0! = 580 MeV, 0S. Rasanen et al.: T
 = 0.2 fm/c0! = 450-600 MeV, 0D. K. Srivastava: T

 = 0.33 fm/c0! = 370 MeV, 0S. Turbide et al.: T

 = 0.6 fm/c + LO pQCD0! = 370 MeV, 0F. M. Liu et al.: T
 = 0.5 fm/c0! = 300 MeV, 0J. Alam et al.: T

 (0-20%)
AA

 T" NLO pQCD #W. Vogelsang: Prompt 

 (GeV/c)
T

p
0 1 2 3 4 5 6 7

)2
/G

eV
3

 (c3
N/

dp
3

E 
d

-610

-510

-410

-310

-210

-110

1

10

FIG. 47: (Color online) Theoretical calculations of thermal
photon emission [88, 90, 91, 92, 93, 94] are compared with the
direct photon data in central 0-20% Au + Au collisions shown
separately and added to pQCD calculations. In contrast to
the others, the curve by [94] includes pQCD contributions.
The black solid curve show the pQCD calculation, scaled by
TAA. The QCD scale µ is set to pT for this calculation. The
two black dashed curves around the black solid curve show the
scale uncertainty, with the upper curve and the lower curve
corresponds to µ = 1/2 · pT and µ = 2 · pT , respectively.

 (fm/c)0!
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

 (M
eV

)
in

it
T

0

100

200

300

400

500

600

700

800
D. d’Enterria & D. Peressounko
S. Rasanen et al.
D.K. Srivastava et al.
S. Turbide et al.
F. Liu et al.
J. Alam et al.

FIG. 48: (Color online) Tinit vs. τ0 for various theoretical
calculations shown in Fig. 47.

Natural Science Foundation of China (People’s Repub-
lic of China), Ministry of Education, Youth and Sports
(Czech Republic), Centre National de la Recherche Sci-
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APPENDIX A: BACKGROUND
NORMALIZATION

1. Pairing of Electrons and Positrons

In the following we assume that, as dictated by the
charge conservation law, e− and e+ are always produced
in pairs and that most of these pairs are produced statis-
tically independent of each other. Let us say N pairs are
produced in a particular event and N is given by a prob-
ability distribution P (N). Of the N pairs only a fraction
εp is fully reconstructed, and then the number of recon-
structed pairs np is given by a binomial distribution B
sampling out of N “events” with a probability εp.

• Probability to get np pairs from N true pairs:
ω(np) = B(np, N, εp)

• with an average: 〈np〉 = εpN

• and variance: σ2
p = εpN(1 − εp)

Of the remaining pairs one track is reconstructed with
a probability ε+ or ε−. For a given N and np the num-
ber of additional single positive tracks n+ and negative
tracks n− follow a multinomial distribution M with three
possible outcomes for each of the N−np unreconstructed
pairs: no track, one + track or one − track.

The probability to get n+ and n− single tracks from N
true pairs with np reconstructed pairs, i.e., from (N−np)
not fully reconstructed pairs is:

ω(n+, n−) = M(n+, n−; N − np, ε+, ε−)

ω(n+) =

N−np
∑

n−=1

M(n+, n−; N − np, ε+, ε−)

ω(n−) =

N−np
∑

n+=1

M(n+, n−; N − np, ε+, ε−) (A1)

• with average: 〈n±〉 = ε±(N − np)

• variance: σ2
± = ε±(N − np)(1 − ε±)



Virtual Photons (Di-Leptons) 

Emission rates

ρ∗ → ll

d8Nρ∗→ll

d4xd4q
= −

α2m4
ρ

π3g2ρ

L(M2)

M2
fB(q0;T ) ImDρ(M, q;T, µB)

with ρ spectral function in-medium modified
Spectral density for the ρ meson in a heat bath of N and π re-derived from
[Eletsky,et al.,PRC64(2001),035202] and tabulated
Authors give forward scattering amplitude as free to download (thanks!) →
close the loop→ Σρ

Dimuon radiation at the CERN SPS within a hybrid evolution model – p. 7/12

Marcus Bleicher, EMMI, 14.2.2013 

Results: Invariant mass spectra

invariant mass spectra of the excess calculated for 12 pT bins and
compared to NA60 data
Here a selection (3 out of 12); see [E.S.,et al.,arXiv:1102.4574] for full
set of results
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Hadronization and Hadronic Freeze-Out in Relativistic Nuclear Collisions
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We analyze hadrochemical freeze-out in central Pb+Pb collisions at CERN SPS energies, employ-
ing the hybrid version of the Ultrarelativistic Quantum Molecular Dynamics model, which describes
the transition from a hydrodynamic stage to hadrons by the Cooper-Frye mechanism, and matches
to a final hadron-resonance cascade. We fit the results both before and after the cascade stage
using the statistical model, to assess the effect of the cascade phase. We observe a strong effect on
antibaryon yields except anti-Ω, resulting in a shift in T and µB of the freeze-out curve. We discuss
indications of a similar effect in SPS and RHIC data, and propose a method to recover the bulk
hadron freeze-out conditions.

PACS numbers: 25.75.-q,25.75.Nq,24.85.+p,24.10.Pa,24.10.Nz

I. INTRODUCTION

Hadron production in relativistic A+A collisions is
supposed, since Bevalac times [1], to proceed via two
separate stages. The first, “hadrochemical” freeze-out
fixes the bulk hadronic yields per species which are con-
served throughout the subsequent hadron-resonance cas-
cade expansion. At its end, “kinetic freeze-out” delivers
the eventually observed bulk properties such as pT spec-
tra, HBT correlations, collective flow, etc.. Most remark-
ably, the hadronic yield distributions over species are un-
derstood to resemble grand canonical statistical Gibbs
equilibrium ensembles [2, 3], from AGS up to RHIC and
LHC energies. The two most relevant parameters, tem-
perature T and baryochemical potential µB thus capture
a snapshot of the system dynamical evolution, taken at
the instant of hadrochemical freeze-out.
In relativistic A+A collisions the thus determined T

increases monotonically with
√
s
NN

, saturating at about
170 MeV while µB approaches zero. Systematic statisti-
cal model (SM) analysis reveals the “freeze-out curve” [4]
in the T, µB plane, in which we usually also represent the
conjectured plot of the phase diagram of QCD matter.
Such a plot is given in Fig. 1. It shows two principal

lines, firstly a parton-hadron coexistence boundary line,
inferred from lattice QCD [5] at low µB, and from chiral
restoration theory [6] at high µB. And, second, the SM
freeze-out curve. Remarkably, the lines merge toward
T = 170 MeV, µB = 0. The freeze-out curve thus lo-
cates the QCD hadronization transition temperature Tc:
hadronization seems to coincide with hadronic freeze-out,
here [7]. Equally remarkable, however, the two lines dis-
entangle with increasing µB , becoming spaced by about
30 MeV temperature difference toward µB = 500 MeV

∗now at Yale University, New Haven, CT, USA.

FIG. 1: (Color online) Sketch of the QCD phase diagram,
including the hadronic freeze-out curve (see text).

which corresponds to
√
s
NN

= 5 GeV in A+A collisions.

What are we freezing out from, here? If hadronization
coincides with the parton-hadron transition line at small
µB, and if hadronization involves a statistical equilibrium
of hadron species [8, 9], one could imagine that the suc-
cess of the statistical model in reproducing hadronic mul-
tiplicities in the higher µB region indicates that the chem-
ical freeze-out line marks the transition to the hadron
world from an alternate phase. Indeed, the possible exis-
tence of an alternative QCD phase, so-called quarkyonic
matter [10] has been put forward based on similar ar-
guments [11]. Indicated in Fig. 1 is a scenario in which
the freeze-out curve is identified, tentatively, with a hy-
pothetical quarkyonic matter phase boundary.

Before embarking on this idea a different possible sit-
uation needs to be addressed. Taking for granted that
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FIG. 8: (Color online) Summary of the results obtained for
central Pb+Pb at five energies in the SPS range (

√
s
NN

= 6.3,
7.6, 8.7, 12.3 and 17.3 GeV). T and µB are shown from statis-
tical model fits, at each energy, to the three UrQMD config-
urations illustrated in Figs. 4 to 7. The dashed line indicates
the “empirical freeze-out curve” [4]. The fit to hadron mul-
tiplicities right after Cooper-Frye transition from the hydro
stage (squares) results in higher temperatures. The after-
burner stage of hadron/resonance rescattering cools the sys-
tem (black triangles). The original freeze-out conditions are
essentially recovered by the modified fit (red triangles) as de-
scribed in the text.

in part, to multiparticle decays. However, the detailed-
balance counterparts of the latter processes are not in-
cluded. It has been argued repeatedly [9, 22] that such
multi-hadron collisions could significantly decrease the
effective chemical relaxation constants governing antihy-
peron densities and their approach to chemical equilib-
rium. However, in these approaches only the direct vicin-
ity of the critical temperature, Tc = 160− 170 MeV, has
been addressed. Thus this line of argument does, in fact,
refer to the parton-hadron phase transformation itself. It
attempts to recast the hypothesis of equilibrium estab-
lishment via the quantum mechanical mechanism of the
phase transition [7, 8, 23] in terms of a quasi-classical mi-
croscopic dynamics of a mixed phase, consisting of Hage-
dorn resonances or string excitation modes and hadrons
plus hadronic resonances, in some sense a quasi-classical
microscopic mixed phase, and phase transition model.
Such models, however, work in the immediate vicinity of
Tc only, i.e. in application to RHIC and LHC energies.
In the present UrQMD study we address, specifically, the
possibility of a hadrochemical equilibrium freeze-out at
significantly lower temperature, and high baryochemical
potential, where the freeze-out curve disentangles from
the parton-hadron phase boundary. It is our observa-
tion that the UrQMD model dynamics can not trans-
port the system, from initially imprinted equilibrium by
the Cooper-Frye mechanism, while maintaining chemical
equilibrium adjusted dynamically to the rapidly falling

TABLE I: Main fit to hadron multiplicities (in full phase
space) measured by NA49 in central Pb+Pb collisions at√
s
NN

= 17.3 GeV [16, 17] (Fig 9 (a)). Errors within brack-
ets are the (realistic) parameter errors, obtained by rescaling
the original fit errors by

√

χ2/DOF according to the method
suggested by the PDG [25].

Fit Parameters

T (MeV) 150.5±1.7 (3.1)
γS 0.915±0.034 (0.063)
µB (MeV) 266±6 (11)
χ2/DOF 26.9/10

Hadron Measured Fitted

B 362±8 367
π+ 619±35 528
π− 639±35 560
K+ 103±7 105
K− 51.9±3.6 60.5
K0

S 81±4 82
Λ 48.5±8.6 51.1
φ 8.46±0.50 8.27
Ξ− 4.40±0.64 4.80
p̄ 4.23±0.35 4.69
Λ̄ 3.32±0.34 3.17
Ξ̄+ 0.710±0.098 0.592
Ω 0.59±0.11 0.49
Ω̄ 0.26±0.07 0.13

temperature during expansion. This is in line with a
former study [24] of UrQMD equilibrium features in the
same energy domain. Putting the system into a box, with
constant energy density, it was shown that chemical equi-
libration requires upward of 25 fm/c, even under constant
energy density conditions, not available during cascade
expansion. From that study we would conclude that,
conversely, an equilibrium initially established would not
be substantially distorted during the afterburner phase.
In the (T, µB) domain treated here, the transport

model employed in UrQMD may appear to be realistic.
The idea thus arises to look for effects, similar to the
findings summarized in Fig. 8, in real data. We recall
from previous statistical model analysis of the SPS to-
tal multiplicity data [2, 13] that the obtained chisquare
values tended to be rather high. We repeat here the SM
analysis of the NA49 up-to-date data set (see Table I) for
central Pb+Pb collisions at top SPS energy, 158A GeV
(
√
s
NN

= 17.3 GeV). With the updated data sample by
NA49, the above trend is confirmed: the fit quality is
worse than in previous analyses as seen in Fig. 9 (a) and
Table I. This might be an indication that the inelastic
rescattering stage must be taken into account if one aims
at matching the accuracy of the experimental measure-
ments. We have not repeated the analysis at lower SPS
energies because the coverage of the hyperon sector was
incomplete in NA49 but we note that new high precision
results at

√
s
NN

= 7.7 GeV are forthcoming from STAR,
gathered in the recent low energy runs at RHIC [26].
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FIG. 3: The ratios of hadron multiplicities after the UrQMD
cascade stage, to the multiplicities directly after hadroniza-
tion (after the hydro-stage). We illustrate central Pb+Pb
collisions at (a) 40 and (c) 158A GeV, as well as the corre-
sponding semi-central cases for 〈Npart〉 = 90 (b), (d).

lisions.

III. STATISTICAL MODEL ANALYSIS AND
THE FREEZE-OUT CURVE

Turning to statistical model analysis of the UrQMD
results we consider the total hadron multiplicities in cen-
tral Pb+Pb collisions at the SPS energies 20, 30, 40, 80
and 158AGeV (

√
s
NN

= 6.3, 7.6, 8.7, 12.3 and 17.3 GeV).
They are chosen to obtain a sufficient coverage of the
freeze-out curve illustrated in Fig. 1, and to resemble the
positions of the data points gathered by NA49 [16, 17]. In
order to obtain results under statistical conditions similar
to those prevailing in the analysis of the corresponding
data we attach to the hadron multiplicity results from
UrQMD the corresponding total error resulting from the
addition in quadrature of the statistical and systematic
errors reported by NA49 [16, 17]. We employ the grand

canonical version of the statistical model as described in
refs. [2, 13]. In this version, the statistical model is sup-
plemented with a free parameter γS suppressing the pro-
duction of hadrons containing ns valence strange quarks
according to γns

S . In the SPS energy region, as well as in
the peripheral collisions at RHIC energy [18, 19] this pa-
rameter turns out to be less than one [2, 13]. It has been
observed that this parameter can be explained, at least
in the RHIC energy region, with the superposition of two
sources (the core-corona model): single nucleon-nucleon
(NN) collisions and a fully equilibrated source [20]. For
all hydro+UrQMD calculations, this parameter is set to
1 and no core-corona effect is included.

Figure 4 illustrates the fits to the hybrid UrQMD re-
sults by the statistical model, choosing the 158A GeV
case as an example. The afterburner stage indeed shifts
(T, µB) considerably, from (160 MeV, 246 MeV) to
(151 MeV, 277 MeV). However, note the dramatic de-
crease of fit quality, from 4.7 to 28.2 in chisquare. Sim-
ilarly, the results for the energy 40A GeV are shown in
Fig 5, exhibiting the same shift conditions. The effect
of the afterburner is, thus, not an in-equilibrium cooling
but rather a distortion of the hadron yield distribution
in the antibaryon sector, away from equilibrium - as we
could guess from Figs. 2 and 3, already. The parameter
γS is very close to 1 throughout.

The idea arises to exclude p̄, Λ̄ and Ξ̄ from the SM
fit. Figsures 6 and 7 show examples, again at 158 and
40A GeV. No cooling occurs. The fit to the afterburner
output (which features a reasonable chisquare) now ig-
nores the far off-diagonal p̄, Λ̄ and Ξ̄ entries. A sum-
mary of the results, obtained for all energies, is given in
Fig. 8. The (T, µB) positions of all analyzed cases are
represented in a phase diagram that also exhibits the av-
erage freeze-out curve resulting from previous statistical
model analysis of experimental data [4]. We see that
the series of entries resulting from the full UrQMD cal-
culation, including the final hadron/resonance cascade
stage, follows rather closely the freeze-out curve. The
points obtained without the cascade stage are generally
well above, and also shifted to lower µB. Not surpris-
ingly, they approach the lattice parton-hadron boundary
shown in Fig. 1. Most significantly, however, the points
from full UrQMD but with omission of the p̄, Λ̄ and Ξ̄
multiplicities are also following the latter behavior: they
universally exhibit no significant “cooling”, with the ex-
ception, perhaps, of the high µB region.

We conclude that the hadron/resonance cascade as
modeled in the microscopic dynamics of UrQMD can not
transport an initially established hadrochemical equilib-
rium from the phase coexistence line of Fig. 1, downward
to the freeze-out line. However, it distorts the hadron
yield distribution which leads to a downward shift of
the freeze-out parameters derived from statistical model
analysis, albeit at the cost of a rather unsatisfactory fit
quality. Far better fits are obtained omitting the three
antibaryon species, which shifts the freeze-out curve up-
ward. We note, however, that it will be of key interest

•  Modification of the freeze-out parameters due to pbar annihilation 
•  ‚Correction‘ leads to increased temperatures in the thermal fits 
•  LHC: modifies p and pbar yields (solution of pbar problem) 

Becattini et al, PRC85 (2012), Steinheimer et al, PRL110 (2013) 
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FIG. 3: Phase diagram of nuclear matter in the (T, µB) plane
with predictions from Lattice QCD calculations (solid line:
based on strange quark susceptibility χS, dashed line: based
on chiral condensate 〈Ψ̄Ψ〉) [5, 6] and from statistical model
fits at SPS and RHIC energies (dotted line) [18]. The results
of the modified statistical model fits of this letter are shown
as closed circles.

reverse reaction channels and establish, in principle, ef-
fects of detailed balance, one has to employ analytic mod-
els of fireball expansion [24, 34]. These, in turn, imply
thermodynamically homogeneous collision volumes that
miss the effects of local and surface density fluctuations.
They thus overestimate both the annihilation and, in par-
ticular, the regeneration rates which scale with the fifth
power of the density. Most remarkably, the main predic-
tion [24, 34] is, again, a net loss of about 50% in the p̄
yield, similar to Fig.1.

In summary we have demonstrated that the semi-
empirical freeze-out curve from SHM analysis of the
hadronic multiplicity data at various incident energies
does not coincide with the latest point at which hadrons
are in chemical equilibrium following the parton-hadron
conversion. To obtain the latter, one has to correct
for abundance changes originating in the course of the
hadron/resonance expansion that ends the dynamical
evolution of A+A collisions. We have quantified those
changes by survival factors obtained from the UrQMD
transport model. Significant modifications are restricted
to the baryon-antibaryon sector, and their detailed pat-
tern depends on the incident energy. We have chosen
to take account of the cascade phase effects by calcu-
lating the UrQMD survival factors and employing them
to correct the SM predictions. At the four energies
considered here the resulting freeze-out points coincide
with the lattice QCD phase boundary line, thus resolv-
ing a long standing problem. We cover the interval
0 < mub < 430 MeV. It will be very interesting to
continue this analysis further upward in µB (and thus
downward in incident energy).
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T ( MeV) µB( MeV) γS χ2/NDF

Pb-Pb 20% central
√
sNN = 2.7 TeV

Std. fit 156± 5 1± 12 1.09 ± 0.07 26.5/9
Mod. fit 166± 3 2± 6 0.98 ± 0.04 11.5/9

Pb-Pb 5% central
√
sNN = 17.3 GeV

Std. fit 151± 4 266± 9 0.91 ± 0.05 26.9/11
Mod. fit 163± 4 250± 9 0.83 ± 0.04 20.4/11

Pb-Pb 5% central
√
sNN = 8.7 GeV

Std. fit 148± 4 385± 11 0.78 ± 0.06 17.9/9
Mod. fit 161± 6 376± 15 0.72 ± 0.06 25.9/9

Pb-Pb 5% central
√
sNN = 7.6 GeV

Std. fit 140± 1 437± 5 0.91 ± 0.01 22.4/7
Mod. fit 156± 5 426± 4 0.81 ± 0.00 14.7/7

TABLE I: Results of the statistical model fits to LHC and
SPS data.
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Open questions: Initial state 

•  Size of the initial state fluctuations (nucleons 
vs. ‚gluons‘)? 

•  Inclusion of interaction before hydro? 
•  Free streaming before hydro? 
•  Low energies:  

How to decouple the baryon currents? 
•  Initialization of shear tensor? 
•  Numerical stability of hydro code (shocks)? 

Marcus Bleicher, EMMI, 14.2.2013 



Open questions: Hydrodynamics 

•  Viscosities (shear, bulk)? 
•  Which hydro approach at all (2nd? order)? 
•  How good are hydros w/o conserved baryon 

current? 
•  Is 2+1 dim hydro good enough? 
•  How to model the EoS at high mu_B? 
•  Effect of numerical viscosity? 
•  Modeling the CEP dynamically? 
•  How to propagate high pT particle through 

hydro? 
Marcus Bleicher, EMMI, 14.2.2013 



Open questions: ‚cooper-frye‘ 

•  Hyper surface is difficult to find (holes?) 
•  Negative weights for particle emission 
•  E-by-E conservation laws 
•  Equilibrium after transition? 
•  Mismatches in the EoS  
•  Non-equilibrium distribution functions 
 

Marcus Bleicher, EMMI, 14.2.2013 


