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Exploring the phase diagram of strong-interaction matter

constraining the location of the CEP
Quark-Gluon Plasma through information on the chiral

phase transition in QCD
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Exploring the phase diagram of strong-interaction matter

critical point?
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Taylor series for finite-density QCD
Radius of Convergence and Pade approximants

. P
Taylor expansion of the QCD pressure: 71— s LBy Qs 1S)
s o ™
Z 295 (1) ( ) (MQ) (MS)
i,j,k=0 ']'k' ik I -
- - J
cumulants of net-charge fluctuations and correlations:
(BAS _ o't tEP/T? hx = BX
ik T ~i ~ - ’ =
J NI TPNGITY: I T
constrained Taylor series, demanding strangeness neutrality: ng =0
~ X . R and: no/np = 0.4
fQ(T,pp) = qi(T) pis + qs(T) iy + O(4%) Q/ns
fis(Typ) = s1(T) o + s3(T) g + O(ig)
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Up to 8" order cumulants are used "frequently"
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Up to 8" order cumulants are used frequently
- imag. chem. pot. extrapolations -
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EoS 2022: Taylor series to 8™ order

Ap(T,p) _ p(T,pB) —p(T,0) Py(T) (%)24_ P4(T) (%)44_ Ps(T) ('U?B)G—I—
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35 A et Qo T = 1 is well controlled for up/T < 2
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D. Bollweg et al (HotQCD), arXiv:2212.09043
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Comparing Taylor series and Pade resummation

Taylor series
Ap _ p(T,pp) p(T,0) _ i Py (T) (NB)Zk

4 4 4
T T T k=1 T
Pz2 2 P 0, P. 0
— —4 — —
= ? (a: + T + CG,2$6 —+ 08,2338 -+ ...) use 2 >0, fu4 >
4 —
r — \/P4/P2 ([,LB/T)
Ps P; Py P?
Ce,2 — P42 s C8,2 = Pf
Radius of convergence (Mercer-Roberts estimator):
1/4 1/4
P, 2P, 2 — P? / 12x5 | 1 —cepz2 /
Ten = > ’ Te,a = ~ B > ’
Pn+4Pn — Pn_|_2 X4 Ce,2 — C8,2

Pade approximation

(1 — cg,2)xT* 4+ (1 — 2¢cq,2 + cg,2) T*

1 — cg,2) + (cs,2 — €6,2)T2 + (c§ 2 — Ccs,2)T*

Pl,q) = (
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Taylor series and Pade approximants
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Poles of [n,n] Pade approximants in QCD
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’ X1 |Ce,2 — C8,2 (2k)! X5 X4
complex poles move to real axis as distance of complex pole closest to the
temperature decreases origin is identical to the Mercer-Roberts
estimator for the radius of convergence
e =0,mns =0 _
4t 1 T T T T T T T
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Critical behavior in the chiral limit of QCD

@ close to the chiral limit thermodynamics in the vicinity of the
QCD transition(s) is controlled by a| universal scaling function

singular / regular

p . . .
i = yaa W2V, T, ) = —hC=/P (1 /hM5) — f.(V, T, )
( T _T i, 2 )
T ()
; T
Pseudo-critical temperatures . h ~ % )
response functions @ magnetic mixed thermal
2" order cumulants
umu 0°IlnZ 0%1n Z 0°InZ
Oh? Oh 0Ot Ot2
fO(4) critical ) (ml ) 1/6—1 (ml ) (B—1)/8¢ (ml ) —ao /36
exponents ~ [ — ~ [ — ~ [ —
a = —0.21 T, ﬁ T. ﬁ T. ﬁ
8= 0.38
~ —0.79 ~ —0.34 ~ +0.11
\5 = 4.82) ‘
divergence: strong moderate none

F. Karsch, PIFI Day@CBM meeting, Lanzhou, October 2025 11


mailto:Day@CBM

Chiral observables in QCD

| _ OP/T _ _ _
- chiral condensate:  ($¥)1 = 7707 5 (Pl = ((Pv)u + (P)a) /2

2 _ _
— chiral order parameter: M = f_4 [ms (), — ml(v,bv,b)s}
K

my = (My + myg)/2

oM oM _

— chiral susceptibility: XM = Ms om + Oy maghnetic
u

oM :

— mixed chiral susceptibility: Xt = Ta—T mixed
,02P/T*
— conserved charge fluctuations: Xx = T EYE thermal
Hx pnx=0
X =8B, S,...
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The Chiral PHASE TRANSITION in (2+1)-flavor QCD
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Pseudo-critical line for physical quark mass values
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Approaching the chiral limit
Pseudo-critical temperatures from susceptibilities

Tpc,m - TCO ~ ZmHl/ﬁ(s Tpc,t — TCO ~ ZtHl/’86
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Chiral symmetry restoration
Myq — 0 ===  SU(2)r x SU(2)r unbrokenfor T' > T,

improved order parameter with clear connection to universal scaling functions:

M = My — Hxe = h'° (fa(z) — fx(2)) + £-(T, H)

renormalized order parameter W[MGY] rescaled order parameter
M H= me/ms =1/20 = | 160 % H—1/6M H = my/ms =120 4
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H.T.Ding, O. Kaczmarek, FK, P. Petreczky, Mugdha Sarkar,

C. Schmidt, Sipaz Sharma, arXiv:2403.09390
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Pseudo-critical and critical temperatures

Tpc(H) =T + 2., T-HYP? | ¢ = peak,?d, ....
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arXiv:2403.09390

physical masses

TP?Y® = (156.5 & 1.5) MeV
A. Bazavov et al (HotQCD), arXiv:1812.08235
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The Chiral PHASE TRANSITION in (2+1)-flavor QCD
at non-vanishing chemical potential

determination of T(? puts an upper limit on TCEF

Landau-Ginzburg potential:
Y. Hatta, T. Ikeda, Phys. Rev. D67 (2003) 014028

Tc(m) — qtric _ . m2/5
non — universal, but ¢ > 0

Toep < TV < T? < T,

curvature in the chiral limit;

_ weak quark mass dependence:
Random Matrix

A. Halasz, A.D. Jackson, R.E. Shrock, M.A. Stephanov, :
Model J.J.M. Verbaarschot, Phys. Rev. D58 (1998) 096007 H.-T. Ding et al. PRD 109 (2024) 114516

QCD motivated M. Stephanov, Phys. Rev. D73 (2006) 094508

NJL M. Buballa, S. Carignano, Phys. Lett. B791 (2019) 361
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Critical temperatures at non-zero chemical potential
— curvature of the critical line in the chiral limit -

< h1/135
Tpc’m(H)=T£<1+—wH1/’36—KzB(/LB/T)2+ ...... ), H="% =20
ZO mg to
B/ MHB\2 Bs B HS s/ HS\2
TC([,LB, ...) — TC(:)(]' — K’Z (—) — K’ll ?? — 1432 <?) —l— ...)
curvature coefficients
@ tri-critical point f(H) B 1 82M£/8ﬂ?ﬂ
m== ()(4)-critical line 2 o 2T. OM, /8T o
== 7(2)-critical line (Te,i=0)
15Lorder plane f=8B,8
hiral pl ~ ~
chiral plane RBS(H) _ 1 (82M£/8u38u5>

> H.T.Ding, O. Kaczmarek, FK, P. Petreczky,
UB Mugdha Sarkar, C. Schmidt, Sipaz Sharma,
arXiv:2403.09390

: a
Htri .U’cep
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The critical surface in the 1 — us plane

chiral limit —0 _ —0
Hs= ns=0 Hs=—
extrapolated ) > Ky > Ko
) 144
= ﬁg 143
o 142 T ﬁ%
~ 140 ) 140
< 13 138
~ 134 137
= 132 136
3 130 135
;6
physical mass
. results
05 L 0-8 kB = 0.015(4)
1.5 ‘ =0 _
up/T o 02 ws /T KkyST" = 0.012(2)
HotQCD:
— Q: gMs=0_ . B _ X'Q'1812 08235
ps =0 k5 = Kk, = 0.015(1) arxiv: :

S BS
ng =0: K, = Ky S1— 5 S1 B = 0. o

- 1Ky 2K7° B
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The Chiral PHASE TRANSITION in (2+1)-flavor QCD
at non-vanishing chemical potential

determination of T(? puts an upper limit on T'CEF
T,. = 156.5(1.5)MeV

TcO — 1 32+3 MeV A. Bazavov et al (HotQCD), arXiv:1812.08235
H.T. Ding et al (HotQCD), arXiv:1903.04801

Taylor series
suggests

% (NB/T)trzc 2 2

TCEP Ttrzc < TO

the temperature range below 7? is
most important for getting information | TCEP < 125 MeV
on a possible CEP

F. Karsch, PIFI Day@CBM meeting, Lanzhou, October 2025 21


mailto:Day@CBM

10

plTonand o /T,

107"

TCEP

upper limit on puts constraint on HIC searches for the CEP

— pseudo-critical temperatures at physical quark mass values

2
Tpe(pB) = 156.5(1.5)MeV (1 — 0.012(4) (%) —/+ )
=) toreach T < 132MeV T < 125MeV T < 110MeV
need [,LB/T23.6 [LB/T24 ,LLB/T25

! ! !

pup > 476MeV  up > 500MeV pp > 550MeV

my extrap.
@I - ‘o yB/ITch,‘the‘.rrr;allfitl E
E @) o ‘usjich, thermal fit E

. S T | Search for the Critical End Point
s - . B requires beam energies

- s ]

R i VSun X5 GeV
| STAR, central Au+Au P | )
= = STAR freeze-out parameter, arXiv:1906.03732
5 5o Gev) also: HADES collaboration, arXiv:1512.07070
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upper limit on TCEP puts constraint on HIC searches for the CEP

— pseudo-critical temperatures at physical quark mass values
1B 2
Type(pnp) = 156.5(1.5)MeV | 1 — 0.012(4) (?> —/+ ...

“woreach T < 132MeV T < 125MeV T < 110MeV
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o u S 140 - _
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~ B O f 1
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| = 5 | extremal point: Tey= 104 Me\t/ ’ o
80 | 475MeV <pg'< 675 MeV 4 7
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—1}— _
10 e ‘1'0 : EE—— 0 100 200 300 400 500 600 700 800
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Constraint on allowed region for location of the CEP

Ding,..Mugdha Sarkar,... et al., arXiv:2403.09390

— based on determination of T. () and apparent convergence of Taylor series for up /T < 2

— DSE: Wan et al., arXiv:2401.04957

200 N T T T I T T T I T T — — -1 FRG-DSE: Gao et al-, 2002.07500
] [ ' DSE: Gunkel et al., 2106.08356
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----1 FRG: Fu et al., 1909.02991

_____ | Lattice: HotQCD, 1812.08235

150 - | Lattice: WB, 2002.02821
Lattice: Ding_] et al., 2403.09390

100 - figure based on
. Wan et al. compilation
50 - |
. ps[MeV]
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Constraint on allowed region for location of the CEP

Ding,..Mugdha Sarkar,... et al., arXiv:2403.09390

— based on determination of T. () and apparent convergence of Taylor series for up /T < 2

— DSE: Wan et al., arXiv:2401.04957

200 N T T T I T T T I T T — — -1 FRG-DSE: Gao et al-, 2002.07500
] P ' DSE: Gunkel et al., 2106.08356

| Tpc[MeV] — .~ DSE:Luetal., 2310.18383
----1 FRG: Fu et al., 1909.02991

| Lattice: HotQCD, 1812.08235

S e o o o

| Lattice: WB, 2002.02821
Lattice: Ding_] et al., 2403.09390

figure based on
200 . . . | | | ilati
freezeout: STAR (BES-II) HeH Wan et al' Comp|lat|0n
180 STAR (fixed target) HO— |
@ lattice: T, (ug) extrapolated -.-
B extremal point of Tpc(Up)
__ 160 .ﬂi@ _@_ﬂﬁ. DSE: Wanetal. @ -
> = -:"@' ~ FRG-DSE: Gaoetal @
() [ ™ 5
S 140 e s =
e ~ R si
8 120 DT O =
~ ~

— ~ é.

100 |~ Tpe(pB)=156.5(1.5)(1-0.012(4) (pB/TpC(pB))z) ,~ W~ . T T T T

extremal point: Tgy= 104 MeV ’ o ® 600 800
80 475MeV <pgt< 675 MeV ¢ e 5
! ! | ! 4 I LD
0 100 200 300 400 500 600 700 800
Hg [MeV]

F. Karsch, PIFI Day@CBM meeting, Lanzhou, October 2025 25


mailto:Day@CBM

Lee-Yang edge singularities from imaginary chemical potential calculations
slide: C. Schmidt,ECT*, Trento, Italy, Sep 8-12, 2025

Perform one fit for N, = 8 (LT=4) and O(10°) fits for N, =6 (LT=6)

04 800 Re :“L‘II'E [MeV] I I 0 IHotQCDI [4,4]
<> BiPar Multi 4
N. =6 sool 5
2.5
400 F
— 2.0 T = 166.6 MeV
] T — 157.5 MeV 200}
5 T = 145.0 MeV | , , ‘
%‘ L5 | T =136.1 MeV Im prve [MeV] Y[? HotQCD [4.4]
= T = 120.0 MeV 4001 @ BiPar Muli
1.0 1 300
200
0.5 -
100
0.0 Ok ) — - l J . . T [1MeV] |
0 1 9 : 6 80 90 100 110 120 130 140 150 160 170
Re [P‘-LYE] / T] CEP 2
. _ , , Relurye| = ng - + AT + AT
Ellipses show 16 confidence region, using the 86
Pearson correlation coefficient Im[MLYE] = c3AT"°,
N, = 6 singularities show here are chosen on Orange box shows the AIC weighted result for
the basis of the y? of the scaling fit (“best fit") N, = 6, based on O(10°) scaling fits
D.A. Clarke (Bielefeld-Parma), cep ,.cepy __ +8 +80
arXiv:2405.10196 (TP, p5") = (105TgMeV, 4227 ;:MeV)
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Universal critical behavior of QCD
In the vicinity of the CEP

( T — Tcep Hz — :u’iep \
b L~ T + bt 2
b_t = tan(¢) cep Heep
h 2 2
T —T,.. — Mg,
h ~ p _I_ bhu H p

\ Tcep H ﬁep )

Note: symmetry restored region, z>0,

I
' > corresponds to t>0

Heep Hp
8’)’1,12 T4 " I’LB
conserved charge fluctuations: xf = — A/n , fp = —
on'% T
8n.f.sn'ng/cr%

singular contribution in Z(2) universality class: xf = —

t(T, )
. — h2— = ’
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Critical behavior of QCD in the vicinity of the CEP

@ close to the chiral limit thermodynamics in the vicinity of the
QCD transition(s) is controlled by a| universal scaling function

singular / regular

In Z(V, T, i) = —hP= /P fe(t/nY/P%) — £,(V, T, i)
t ~ (T —Te)/Te + be(p® — ui)/ui]

p

T4 vTs3

iti [hNT—TC T. + by (u? — u?)/u?
Pseudo-critical temperatures ( )/Te + bn(H” — He)/ ke

response functions @ magnetic mixed thermal
2" order cumulants
0%1In Z 0%In Z 0%In Z
Oh? Oh Ot Oot?
(" 7(2) critical ) (ml)l/é—l (ml)(ﬁ—l)/ﬁé (ml>—a/36
exponents ~ [ — ~ [ — ~ [ —
a = +0.108 T, ﬁ T. ﬁ T. ﬁ
8= 0.326
~ —0.79 ~ —0.43 ~ —0.07
(0= 4805)
divergence: strong moderate very moderate
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Critical behavior of QCD in the vicinity of the CEP

— universal critical behavior in cumulants in the vicinity of CEP is quite different from that
in the chiral limit

— already second order cumulants diverge, dominant singular behavior of cumulants is
"magnetization like” at CEP whereas it is "energy like” in the chiral limit

— HOWEVER: sub-leading corrections to the magnetization-like divergence are
energy-like. Their calculation requires knowledge of the universal free energy
scaling function (C. Nonaka, M Asakawa, Phys.Rev.C71(2005)044904), €.(.

x1 (T, p1) = Abp, h*/° <fG(Z) + Z—tf}(z) h1—1/55>
h

although parametrically suppressed,
it can give a sizable modification of
the scaling function, in particular when

¢ ~ /2 cumulants almost energy-like
.e. divergence in (T, up)
will show up only very close
to CEP

J. Goswami, FK, S. Mitra, M. Sarkar, Sipaz Sharma,
C.Schmidt, work in progress
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Critical behavior of QCD in the vicinity of the CEP

— universal critical behavior in cumulants in the vicinity of CEP is quite different from that
in the chiral limit

— already second order cumulants diverge, dominant singular behavior of cumulants is
"magnetization like” at CEP whereas it is "energy like” in the chiral limit

— HOWEVER: sub-leading corrections to the magnetization-like divergence are
energy-like. Their calculation requires knowledge of the universal free energy
scaling function (C. Nonaka, M Asakawa, Phys.Rev.C71(2005)044904), €.9. for ¢ = = /4

120
100+
80
60 ¢
401
20+
0

.

204 -02 00 02 04 06

!
M.A. Stephanov, PRL, 107, (2011) 052301

taking into account sub-leading

corrections x2 (T, u) = h*/°=3f, ,(2) + reg.
0.8 T T T T T T

fa(2)

2(T,ug)=t/h P2

J. Goswami, FK, S. Mitra, M. Sarkar, Sipaz Sharma,
C.Schmidt, work in progress
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Inverse net-baryon number fluctuation ratio

I I I [ I I I
9.2 GeV 7.7 GeV
12 ke Wy WE 17 QCD on the pseudo-critical line
1L roe 39 Gev | vs. STAR data at freeze-out
19.6 GeV . .3.5 GeV
. 3.2 GeV
0 8 | 27 GeV .3.0 GeV
QCD:NLOJ[3,2] == 0-5% Au+Au Collisions at RHIC
0.6 0 Gov NNLOI[5,4] . 0.4<pr<2GeVic
54.4 GeV STARRp ,_._{ O:: - - - r —T T T
04 | 62.4 GeV _ E)Z C _
STAR FXT:RY, il E Collider -0.5<y<0.5
.l QMHRG2020 — | S 12| (a) _L<D+75> ® BES-LI =
200 GeV Mevl PDG-HRG — O FXT -0.5<y-y <0
pg[MeV] ol : CM
0 ! ! | ! | | | - - q: [E This analysis -
0 100 200 300 400 500 600 700 800 @ =GRy
= (PRL 126, 092301) |

RE(T, p) k'~ £, (2) + reg.

147 h(Tug)= 0.0 —
0.002 —

121 0.008 — sym. rest| sym. brok .
0.05

10 01 — - | —

1 Z. Sweger (STAR Coll.),
Quark Matter 2025

1/f5(2)

o

i Note: Already at 7.7GeV the total to net
proton number ratio is close to unity,
STAR, PRL. 135 (2025) 142301
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Kurtosis ratio: QCD on the pseudo-critical line vs. STAR data at freeze-out

S oy AN N N T o o
SLINQ[GGV]i § &g & 2L ¥x o N o o o
I T T I I T I

N
1.5

°
o
[ I T

HotQCD 2020 : HB

RX
HotQD 2020 : RE
A : STAR 2024; R§1 i 7
R B o -
I !‘ =; ! F STARFXT : R, il | | 0-5/0 Alu+Al\u Qollllsl,lolns at RHIC |

N |
0.5 i L -
y ' C/C,  STAR
0 | e g
- . ____ . i _@ --_
05 L HiC-data:X=p * i @% «© %-i-"ﬁ’— ® @Q
QCD:X=B 0 N —
HpMeV] + y - == Hydro EV
| | | \ | \ J L Collider -0.5<y<0.5 |
o 1w w0 w40 s a0 7w [,oemsu T ARG CE
b g/ Féﬂ;hfo 5?’ You? [ uraMD -0.5<y<05 _|
B = |se analysis
R 2(T ,Ll,) = h fR42(Z) + reg. | . ?P%LVIZS 092301) | UrQMD ‘P'5<V'ch<|0
2 L h(Tug)= 0.0 — - 3 4 5 6 7 8910 20 30
o 8832 - Collision Energy Ysy, (GeV)
15T 0.05 — 7]
= 0.1 —
=t _ Z. Sweger (STAR Coll.),
- Quark Matter 2025
0.5
~N
s
R “ """""
o5 L sym. rest.| sym. brok. 1
-8 6 -4 -2 0 2 4
-z(T,pB)
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10

plTonand o /T,

107"

4

HB

Conclusions

—»

pup > 500MeV must be explored

STAR, central Au+Au

o Ton thermal fit
/T 4, thermal fit
S n

5 BT |
VSun (GeV)

What we learned so far about the CEP in QCD
from lattice QCD calculations:

) the critical temperature is below T, = 1321‘2 MeV

I1) the corresponding critical chemical potential
IS likely to be above 500 MeV

Taylor expansions need to be
resummed in order to reach higherpg /T
without relying on extrapolations

— radius of convergence obtained from
Taylor series agrees well with pole
closest to the origin found from
Pade approximants

—no CEPfor up /T < 2.5

— CEP not in the BES-II range
(in collider mode)

— Eo0S (pressure & number density)
well controlled for

pp/T < 2.0VT > 135 MeV
(larger range for higher T)

F. Karsch, PIFI Day@CBM meeting, Lanzhou, October 2025 33


mailto:Day@CBM

	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33

