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Historical Theoretical View of the QCD Ciritical Pt III||

» Expectations for a proper (first order) phase transition

» From Reinhard Stock’s talk on Monday:
Cabibbo and Parisi 1975
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Fig. 1. Schematic phase diagram of hadronic matter. pg is the
density of baryonic number. Quarks are confined in phase I
and unconfined in phase Il.
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Historical Theoretical View of the QCD Ciritical Pt III||

» Theoretical efforts on the nature of the QCD phase transition

» Early efforts » Physical point: Aoki et al (2006)
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Rev., D29:338-341, 1984.
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Figure 1: Susceptibilities for the light quarks for N;=4 (left panel) and for N;=6 (right panel) as a function
of 6/g%, where g is the gauge coupling (T' grows with 6/¢g?). The largest volume is eight times bigger than the
smallest one, so a first-order phase transition would predict a susceptibility peak that is eight times higher (for
a second-order phase transition the increase would be somewhat less, but still dramatic). Instead of such a
significant change we do not observe any volume dependence. Error bars are s.e.m.

[16] M. A. Halasz, A. D. Jackson, R. E. Shrock, Misha A. Stephanov, and J. J. M. Verbaarschot. On the phase
diagram of QCD. Phys. Rev., D58:096007 [11 pages], 1998.

[17] Jurgen Berges and Krishna Rajagopal. Color superconductivity and chiral symmetry restoration at nonzero
baryon density and temperature. Nucl. Phys., B538:215-232, 1999.

[18] Bernd-Jochen Schaefer and Jochen Wambach. The phase diagram of the quark meson model. Nucl. Phys.,
AT57:479-492, 2005.

[19] T. Herpay, A. Patkos, Zs. Szep, and P. Szepfalusy. Mapping the boundary of the first order finite temper-
ature restoration of chiral symmetry in the (m(pi) - m(k))-plane with a linear sigma model. Phys. Reuv.,
D71:125017 [15 pages]|, 2005.
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Historical Theoretical View of the QCD Ciritical Pt III||

» Change in the order of the transition — critical point: enter universality classes
» Static: 3D Ising - Rajagopal & Wilczek, Nucl.Phys.B (1993)
» Dynamic: Model H - Son & Stephanov, Phys.Rev.D (2004)

» Scaling equation of state of 3D Ising model - Guida & Zinn-Justin, Nucl.Phys.B
489 (1997) based Josephson-Schofield (1969) parametric equation of state

Exponent Definition

o C «x(T-T,)"
M «(T,-T)yF¢
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Historical Theoretical View of the QCD Ciritical Pt III||

» Fluctuations serve as critical signal (diverging &):

» M. Stephanov, K. Rajagopal and E. » From Mesut Arslandok’s talk
Shuryak, PRL (1998) on Friday:
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FIG. 2. Schematic examples of three possible trajectories adron 9as QO

for three values of x on the phase diagram of QCD (see. Fig.
1). The points I, S, H and F on different trajectories are
marked with different symbols. The dashed lines show the 20 Nuclear CEP \

I I I
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Historical Theoretical View of the QCD Ciritical Pt III||

» Fluctuations serve as critical signal (diverging &):

» M. Stephanov, K. Rajagopal and E. » Relate to experimental observables:
Shuryak, PRD (1999) C. Athanasiou, K. Rajagopal, M.
> Stephanov, PRD (2010)
> M. Stephanov, PRL (2009) & PRL o o Tip
400 ip = .| =-=- A=0.05GeV
(201 1) <NP> jﬁ‘. —— A=0.1GeV
300 2 il 02 Ge
o — (02) _ VT§2 | A=0.2 GeV
200 1
k3 = (0°) = 23 VT?E® = 24,VT2E7"> ol o
i = (o), = (0*) — 3(c?)? N — /G

= 6VT[2(A:€)* — 24]E8
= 6VT?[247 — A4)E
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Ingredients to Study Critical Point Effect Illll

» Need an equation of state with critical features: utilize the BEST EoS mapping
between the 3D Ising model and QCD

» P. Parotto et al, PRC (2020), T

n
> (ng=0), —= = 0.4: J. M. Karthein et al, EPJ+ (2021)

np

» Higher up: M. Kahangirwe et al, PRD (2024)
» First order: J.M Karthein, V. Koch, C. Ratti, PRD (2025)

» Need a method of relating to particle correlators: maximum entropy method e

» M. Pradeep & M. Stephanov, PRL (2023)
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I. Selected recent efforts on limits of
critical point location from theory



Limits on Critical Point as of QM 2023

» Lattice calculations then limited exclusions strictly to the expansion parameter

04/13/25

» From Volodymyr Vovchenko’s talk at QM 2023
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H
[.imit from Curvature of Chiral Phase Transition III||

» HotQCD collaboration: estimate from the curvature of the chiral phase transition
line and limit on the critical temperature from A. Halasz et al, PRD (1998)

» From Jishnu Goswami’s talk on Wednesday:

The parametrization of the pseudo-critical line of QCD :
Tpc(:uB) — Tpc,O [1 o K2/2%3 T K4ﬂ\4113
Tpc,() = (156.5 = 1.5) MeV, x, = 0.012(4), x, = 0.000(4)

The CEP most likely will exist below, T < 132 MeV.
[Halasz et al,arXiv:hep-ph/9804290]

T, — 156.5 MeV ; ug — 0

1y up) | 1, (up) T.— 132 MeV ; uy — 470 MeV
1/0.012 156.5 MeV I,,—>0MeV; ug—0

HpB

No sign of criticality for T > 132 MeV

and up < 470 MeV
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Deconfinement & Strangeness for Phase Boundary I i I |

» Wuppertal-Budapest collaboration: obtain transition lines from the maximum of the
static quark entropy and the strangeness susceptibilities

» From Paolo Parotto’s poster and Chik Him Wong’s talk on Wednesday:

170
il 90 T T T
L ng=0 setup
160 | [ T i} 80  mmmmm chiral width [2002.02821]
— J~T‘\ ,T\ = 70| deconfinement width (SQ)
150 | S
z 60 |
= 5
e Z 501
= 140 ¢ S
- 2 404
130 | — chiral crossover [2002.02821] E 30 |
SQSmaX u% order [2410.06216] =
%o contour [this work] = 207
120  +~—®— Freezeout STAR [1701.07065] 10
Freezeout Andronic et al [1710.09425]
_ ) . O | | | | | | |
110 DSE Gunkel&Fischer [2106.08356) | | 0 50 100 150 200 250 300 350 400
0 100 200 300 400 500 Mg [MeV]

Uy [MeV]

No sign of criticality for up < 400 MeV (S, max) or as large as 600 MeV (re)
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High Statistics for Higher Order Fluctuations III||

» Wuppertal-Budapest collaboration: brute force lattice method with extreme statistics
to obtain higher order baryon cumulants (Taylor coefhicients)

» From Alexander Adam’s talk on Thursday:

® - 163 ® O+ I I ..
Volum.e : 16° x 8 2.1 flavours with 4.HEX smearing Motivation: Stephanov, M.A. [0809.3450]
o ~ 2 million configs. perTatu=0 ® Simulated at physical quark mass
f X6 ~2 | X8 ~d( | X10 ~6
[X‘l](MT)_ X+2'“+4vﬂ(+6—ﬂ
| ’ o X4 ~ X10 7
0.05 =2 j X2 X2 + A+ At + A0 +352 18)
. . i
| . \ . it _ . _
OOO - - - - Tc-||ne ,""=2 / = TC'“ne .'."=2
>L2 -~ S‘g IIIII - I i - e o 225 Freezout H 7 225 - Freezout ; 4§
i B 001 * I mm olxa/x21>1 F /ﬁ=3 mm olxa/x21>1  F
—0.05 3 Spline fit 3 Spline fit —_ : —
. with y2, = 1.05 0s i with y2,, = 0.80 > 200 ! > 200
\ | . .
010/ | . | { Slm:data , | i | { Slm:data , E 175 E 175
100 150 200 250 300 100 150 200 250 300 — — .
T [MeV] T [MeV] 150+ 150 Sssq
I Spline fit 1221 ; Y 1o A S
2 1 { with x%4=0.93 0 100200300400500600700 0 100200300400500600700
; { Sim. data g [MeV] HUB [MeV]
|C_I> O- IIIIII II ‘IV I - I T - -
< 5. | { Ihi using up to ys using up to yig
_4-

100 20 - [zl?/(l) v 250 300 No Sigﬂ of criticality observed
e
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H I
Increased Precision Equation of State Illll

» Wuppertal-Budapest collaboration: increased precision on the EoS — extract
information via extrapolation to real, finite

» From Jana’s Guenther’s talk on Thursday:

T T T T T T T T 017 v —— At the critical point T v. T
[130945258] . Ty=140 MeV +—e—
b 2= 1 oo ST aaE aly
o/, = ., To=150 Mev ) becomes flat: — = 0
12 | e S o151 s : _ > To + apg dT.
I/T = 015 Ts(ug, To) = 2 0
10 - 1 = ™ 1+ bug
5 014 - 2 26 (95.4 %) WEM  central 1o (68 %)
8 | - = I " 3 :I o I T
6 I ) 0.13 i—TS zOM\/____-.:--
012 l l Hwo_______________-__-_-___I:IL
4 | 7 -0.1 0 0.1 0.2 0.3 I
2 GeVQ] L'.:’_.j -1 | | | | | |
2 — Hp [ s 3 | | | T T
. S | TA140 Mev - Am®
e Contours of constant entropy obtained Sl e mmm B |
120 140 160 180 200 220 240 260 280 300 , S . T Em= _'_l_l
T[MeV] from fixing entropy s(7,) and )
. e 2 . 0 1|oo 2loo 3|00 4|00 5loo 6IOO 700
determining T(ug, 1p): v

No sign of criticality for up < 450 MeV
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I[I. Selected recent efforts on estimating
critical point location from theory



H
Extrapolation from Constant Entropy Contours III||

» Estimate critical point location from spinodal features of first order transition

» From Hitansh Shah’s talk on Wednesday:

S A Curves of constant chemical potential Constant entropy density contours in T vs ug plane The power series expansion for these entropy density contours
2n
2 UB 2(N+1
! oo i T A Tt To)~To + SR @an(To) G5 s + 0 )

S3 ’

T I aZnT
S N Ay (T) = ( > ‘

T ﬁ\ .\'\ . ’ auén S T=TO,HB=O

S TS

SETEE R U B ;_\,\l We truncate the expansion up to 2" order in g which gives:

T -—----------------:-?'i'\{.\.\
0 '\.‘\'\\'.‘\, a,(To) Uz
SOSNT Ty (Toi pg) = To +——
% o . |
[ I, 2 1B o, (Ty) = <62T> ‘ _ 2Toxs (To) + Tgxs (To) ‘
0,11123 ¢ I'=To,up=0 s'(Ty) pup=0

» Estimates from lattice parametrization and spline fit with collision energy range:

Ug . = 602 £ 62 MeV Ugc = 556 = 50 MeV We find the collision energy /sy from the range
T. =114 + 7 MeV T. =119 £ 5 MeV 4 — 6 GeV to be in the closest vicinity of the CP.

Also applied to holographic model fit to lattice with critical point around (7, = 103 MeV, ug . = 599 MeV)
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Estimate from Lee Yang Edge Singularity Illll

» Lee Yang edge singularity: zeroes of the partition function appear at imaginary
values of yp due to a branch cut along the real £ axis with location from universality:

t .z
< — — '2p5
LY W16 ‘ <c ‘ €
» Critical point observed where branch cut pinches the real axis
. . 800 Re piye [MeV] | HotoCh | | | -
> From Christian Schmidt’s poster: o Epw
600 | ol -
100 -t 3 :
200
I juys [MeV] IHotQCDI [4,4]
400T [ BiPar Multi y
300} :
200
100 |
0

See also: Basar PRC (2()24) 80 00 100 110 120 130 140 150 160 170
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Estimates from Functional QCD Methods III||

» Dyson-Schwinger (DSE) approach and functional renormalization group (FRG)
methods in agreement with different truncations

» From Fabian Rennecke’s talk:

net-baryon fluctuations in QCD vs net-protons from STAR

L AL T L L R T
> fRG-LEFT (CE), freezeout: Andronic et al. apples to half-apples comparison! [Vovchenko, QM2023]
5 L it fRG-LEFT (CE), freezeout: STAR Fit | | litative feat tter h 0
fRG-LEFT (CE), freezeout: STAR Fit I quafitative teatures matter here:
E\-é -------- DSE-QCD (GCE), freezeout: Andronic et al.
4 | ik %  STAR BES-I (0-5%) -
i % @  STAR BES-II (0-5%) ® direct calculations: non-monotonicity at low
3 HE ¥  STAR fixed-target (0-5%) beam-enersies
ma O HE DSE: [Lu, Gao, Liu, Pawlowski, 2504.05099] &
Qéﬁ J i /34 | FRG:[Fu,Luo, Pawlowski, FR,Yin, 2308.15508] ® no signs of critical scaling seen along freeze-out
2 b HA VI [STAR, 2504.00817} g 8 &
I
[i Y %
L i B | S, i ~ direct signal of narrowed chiral crossover;
.," _-. l.:.- +F i ® “!“___;t..-*i-n-nuu-uu —yr — g . . . ’
ol Lok L ¢ i} F CEP location encoded in peak height
’ Sk R [Fu, Luo, Pawlowski, FR,Yin, 2308.15508]
_1 * L .I | | | | | ol |
™ Nl © AN O ww S
. S on M N Q
AN AN N A v

——p data between , /sy =4 — 8 GeV will be crucial!
Focus of next talk by Jan Pawlowski
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Conclusions

» Many groups/methods converging on expectations for critical point location!

» Lattice limits: 7" S 130 MeV and pp 2 450 MeV

YLE-2: G. Basar, PRC 110, 015203 (2024)

BHE: M. Hippert et al., PRD 110, 094006 (2024)
FRG: W-J. Fu et al., PRD 101, 054032 (2020)

DSE: P.J. Gunkel et al., PRD 104, 052202 (2021)
DSE/fRG: Gao, Pawlowski., PLB 820, 136584 (2021)

! WB Transi%ion line [2002.02821] I
WB finite wvol tr iti 1i [2410.06216] o
170 |1 " ireezeout Andronic et al [1710.09425) - > Theory estimates: 1. ~ 100 MeV and
reezeout estimate Lysenko et al [2408.06473] C
STAR freezeout [1701.07065] H——
DSE-crossover [2106.08356] — — — IMB ~ 60() Mev
160 20 exclusion range [This work] —
% 15(): YYYYYYYYYYYYYYYYYYYY
[ blue: splines
=150 8 n 140¢ d/black: : trizati
—_ 3 [ eé\ re ACK: parametrization
O LV\S\// stars: other estimates
- — 130 ™
— E T ‘¢33, Critical Point
140 s 1 3 120¢ e
0, s | 6
O :' 110+
130 i |
| 100} ™=
0 100 200 300 400 500 600 00}
HB[MeV] BQZL.A..L.‘LJJAAQ..
0 500 600 700 800
Us [MeV]
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