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Figures

Figure 1: Susceptibilities for the light quarks for Nt=4 (left panel) and for Nt=6 (right panel) as a function
of 6/g2, where g is the gauge coupling (T grows with 6/g2). The largest volume is eight times bigger than the
smallest one, so a first-order phase transition would predict a susceptibility peak that is eight times higher (for
a second-order phase transition the increase would be somewhat less, but still dramatic). Instead of such a
significant change we do not observe any volume dependence. Error bars are s.e.m.

Figure 2: Normalised susceptibilities T 4/(m2∆χ) for the light quarks for aspect ratios r=3 (left panel) r=4
(middle panel) and r=5 (right panel) as functions of the lattice spacing. Continuum extrapolations are carried
out for all three physical volumes and the results are given by the leftmost blue diamonds. Error bars are s.e.m
with systematic estimates.
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➤ Early efforts

What about finite density?

Figures

Figure 1: Susceptibilities for the light quarks for Nt=4 (left panel) and for Nt=6 (right panel) as a function
of 6/g2, where g is the gauge coupling (T grows with 6/g2). The largest volume is eight times bigger than the
smallest one, so a first-order phase transition would predict a susceptibility peak that is eight times higher (for
a second-order phase transition the increase would be somewhat less, but still dramatic). Instead of such a
significant change we do not observe any volume dependence. Error bars are s.e.m.

Figure 2: Normalised susceptibilities T 4/(m2∆χ) for the light quarks for aspect ratios r=3 (left panel) r=4
(middle panel) and r=5 (right panel) as functions of the lattice spacing. Continuum extrapolations are carried
out for all three physical volumes and the results are given by the leftmost blue diamonds. Error bars are s.e.m
with systematic estimates.
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➤ Change in the order of the transition  critical point: enter universality classes 

➤ Static: 3D Ising - Rajagopal & Wilczek, Nucl.Phys.B (1993) 

➤ Dynamic: Model H - Son & Stephanov, Phys.Rev.D (2004) 

➤ Scaling equation of state of 3D Ising model - Guida & Zinn-Justin, Nucl.Phys.B 
489 (1997) based Josephson-Schofield (1969) parametric equation of state
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➤ Fluctuations serve as critical signal  

➤ M. Stephanov, K. Rajagopal and E. 
Shuryak, PRL (1998)
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two tricritical points are continuously connected. We as-
sume that ms > ms3 which is consistent with the lattice
studies of ref. [13]. What is important for us is that the
qualitative effect of the strange quark is to reduce the
value of µP , and thus of µE , compared to that in two-
flavor QCD, since µP = 0 at ms = ms3. This shift may
be significant, since lattice studies show that the physical
value of ms is of the order of ms3.

Analysis of particle abundance ratios in central heavy
ion collisions [14] indicates that chemical freeze-out hap-
pens near the phase boundary, at a chemical potential
µ ∼ 500 − 600 MeV at the AGS (11 GeV·A), while at
the SPS (160 − 200 GeV·A) it occurs at a significantly
lower µ <∼ 200 MeV. In view of the effect of the strange
quark just discussed, the estimated position of P and E
[6,7] should be shifted from µE ∼ 600−700 MeV to lower
µ. Thus, it may well be between the SPS and the AGS
values of µ, and therefore the point E may be accessible
at lower energy or non-central collisions at the SPS.

The strategy for finding the point E which we propose
is based on the fact that this is a genuine critical point.
Such a point is characterized by enhanced long wave-
length fluctuations which lead to singularities in all ther-
modynamic observables. In the liquid-gas phase transi-
tion in water, critical opalescence signals the universal
physics unique to the vicinity of the critical point. The
signatures we propose can play an analogous role in QCD.

It is important to have control parameters which can
be adjusted to vary the µ at which the system crosses
the transition region, as shown in Fig. 2. For exam-
ple, increasing the energy of the collision decreases this
µ. A somewhat similar effect may be achieved by in-
creasing centrality. A third possibility would be to slice
each event in rapidity, since µ will be greater at higher
rapidity. This strategy could be useful at RHIC, if E
were to lie at lower µ than is accessible at the SPS. We
will call the control parameter which is varied “x”, and
take increasing x to mean increasing collision energy or
centrality or decreasing rapidity. Scanning in centrality
will almost certainly be the easiest, since in any given
run events with all impact parameters are present. How-
ever, scanning in energy yields a large variation in the µ
at which the transition is crossed, whereas scanning in
centrality may only provide fine tuning.

In this work we do not discuss initial equilibration and
we choose to define the initial point, I(x), as the point at
which compression has ended, most of the entropy is al-
ready produced, and approximately adiabatic expansion
begins. The system will then follow some trajectory in
the Tµ plane characterized by the ratio of the baryon
charge density to the entropy density, n/s, which is (ap-
proximately) conserved. Three trajectories are shown
schematically in Fig. 2. (For realistic hydrodynamical
calculations and discussion see, e.g., refs. [15,16]).

Recall that the first order line in the Tµ plane is actu-
ally a whole region of mixed phase, with the hidden pa-
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FIG. 2. Schematic examples of three possible trajectories
for three values of x on the phase diagram of QCD (see. Fig.
1). The points I, S, H and F on different trajectories are
marked with different symbols. The dashed lines show the
locations of the initial, I, and final, F, points as x is increased
in the direction shown by the arrows.

rameter being the volume fraction of the two coexisting
phases. The zig-zag shape occurs because the trajectory
exits the mixed phase region at a point with the same
value of the conserved n/s that it had upon entering.
Because n/s is discontinuous at the first order line, this
requires increasing T and decreasing µ as latent heat is
released [15,16]. In Fig. 2, we use the following notation:
S(x) for the “softest” point, H(x) for the “hottest” point
and F(x) for the final thermal freeze-out after which no
scattering occurs. (Note that at small values of x, at
which the transition is first order, the trajectories are,
in fact, likely to begin within the mixed phase region.
The special case when I(x) coincides with S(x) leads to a
local maximum of the QGP lifetime [17,18], which may
be important for J/ω suppression [19].) Increasing x will
yield trajectories shifted to the left in Fig. 2, traversing
the transition region at lower µ and higher T .

The existence of the end-point singularity, E, leads to
the phenomenon which we refer to as the “focusing” of
trajectories towards E. The initial point I(x) and the be-
ginning of the zig-zag S(x) depend on the control parame-
ter x more strongly than the zig-zag end-point H(x). The
reason for this is that the point H(x) is always closer to
E than S(x) (see Fig. 2). This focusing effect implies
that exploring physics in the vicinity of the end-point
singularity may not require a fine-tuned x. This situa-
tion resembles that in low energy nuclear collisions, in
which the first order liquid-gas phase transition also has
a critical end-point at a temperature of order 10 MeV
[20,21] (point M on Figs. 1 and 2). In such experiments,
one varies control parameters to maximize the probabil-
ity of multi-fragmentation. It was noticed long ago [20]
how surprisingly easy it is to hit the critical region from
a wide range of initial parameters.

Another aspect of the “focusing” arises via the diver-
gence of susceptibilities, such as the specific heat capac-
ity cV = T∂s/∂T , at the endpoint E. As a result, the
trajectories which pass near the critical point will linger
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FIG. 1. Sketch of the QCD phase diagram in the space of
temperature (T ), baryon chemical potential (µB) and degen-
erate light quark masses (mu = md). See text for a more
detailed discussion.

quark masses and chemical potentials is of great im-
portance for our understanding of the QCD phase dia-
gram and its phenomenological implications. It has been
pointed out [21] that the chiral phase transition temper-
ature, Tc, as well as the tri-critical temperature Ttri, are
expected to give upper bounds for the temperature Tcep

at the possibly existing critical endpoint in QCD with
physical values of the quark masses and non-vanishing
baryon chemical potential. As such it is evident that it
is of interest to also get control over the dependence of
the chiral phase transition on chemical potentials [22]. It
will allow to strengthen the bound on Tcep.

In this work we will analyze the influence of non-
vanishing chemical potentials µX , that couple to the con-
served charge operators for net baryon number (X = B)
and strangeness (X = S). We do not include an explicit
dependence on an electric charge chemical potential as
this would explicitly violate the SU(2)R →SU(2)L chiral
flavor symmetry in the light quark sector of QCD.

For non-zero µB , the pseudo-critical as well as the chi-
ral phase transition temperatures shift to smaller val-
ues. When considering the case of either a single non-
vanishing chemical potential, µB , or the case where the
strangeness chemical potential is constrained, e.g. by
demanding an overall vanishing of the net strangeness
density, nS = 0, the shift of pseudo-critical and critical
temperatures is, to leading-order, quadratic in µB and
is controlled by the so-called curvature coe!cient ωB

2 ,
which has been determined in calculations with physical
(degenerate) light quark masses and a physical strange
quark mass [1, 3, 23–27]. In the case of non-zero µB with
µS , µQ constrained by demanding vanishing strangeness
density (nS = 0) and a ratio of net electric charge to
baryon-number density that is appropriate for the de-
scription of dense media created in heavy ion collisions
(nQ/nB = 0.4), the curvature coe!cient ωB

2 is found to
be ↑ 0.014 [1, 3, 28]. Moreover, the next order correc-
tion ωB

4 has been found to be consistent with zero [1, 3],
which also is in line with recent model calculations [29].

When mapping out the critical surface as func-
tion of several non-vanishing chemical potentials, e.g.
Tc(µB , µS), also o”-diagonal curvature coe!cients, e.g.
ωBS

11 , need to be taken into account. We will discuss
here the dependence of various curvature coe!cients on
the value of two degenerate light quark masses with the
strange quark mass tuned to its physical value, aiming
at an extrapolation to the chiral limit. In this study we
do not yet try to extrapolate to the continuum limit.
All calculations are performed at finite values of the lat-
tice cut-o”. We will determine diagonal and o”-diagonal
curvature coe!cients, ωB

2 , ω
S

2 and ωBS

11 , in the conserved
charge basis, (µB , µS), as well as the related curvature co-
e!cients ωω

2, ω
s

2 and ωωs

11, in the quark flavor basis (µω, µs).
Close to the chiral limit, universal scaling relations al-

low the determination of the chiral phase transition tem-
perature and its dependence on, e.g., the chemical po-
tentials, which are a particular set of energy-like scal-
ing fields coupled to energy-like observables [30]. We
will use a scaling ansatz for chiral observables to extract
the curvature coe!cients ωX

2 and ωXY

11 , ignoring regular
or sub-leading universal, correction-to-scaling contribu-
tions. This ansatz becomes exact when approaching the
chiral limit.
This paper is organized as follows. In Section II we

present some details on the calculational set up used for
this work. In Section III we introduce several chiral ob-
servables and discuss universal properties of (2+1)-flavor
QCD near the chiral limit. Section IV gives an update on
the determination of the chiral phase transition tempera-
ture at vanishing chemical potentials, using three sets of
susceptibilities that define three di”erent sets of pseudo-
critical temperatures. In this section we also present a
determination of the non-universal scale parameter z0,
which is needed to define the leading universal part of chi-
ral observables entering the magnetic equation of state.
In Section V we present our results on curvature coe!-
cients calculated in conserved charge and conserved fla-
vor basis. Section VI is devoted to a discussion of the
dependence of the chiral phase transition temperature
on the value of the strange quark mass. We finally give
our conclusions in Section VII. In three appendices we
give some details on finite volume e”ects in the vicin-
ity of the chiral phase transition temperature (App. A),
a discussion about the sub-leading correction-to-scaling
terms that contribute to all thermodynamic observables
close to the chiral limit (App. B) and present the de-
termination of the leading order coe!cient s1(T,H) that
relates the strangeness and baryon chemical potentials in
strangeness neutral systems (App. C).

II. CALCULATIONAL SETUP

We consider (2+1)-flavor QCD with a strange quark
mass ms tuned to its physical value and degenerate
up and down quark masses, (mω ↓ mu = md), that
shall be changed to smaller-than-physical values, start-
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fo = 156.5 ± 1.5 ± 3 MeV(sys)
μB ≈ 0 V ≈ 5280 fm3

TLQCD
C = 156.5 ± 1.5 MeV

VPb ≈ 1200 fm3

for a thermal system of fixed volume  and temperature  V T

κn(NB − NB̄)
VT3 ≡ 1

VT3
∂nlnZ(V, T, μB)

∂ (μB/T)n = ∂nP/T4

∂ (μB/T)n ≡ ̂χB
n
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the parametric equation of state such as given in Eq. (47). The parameters which need to be fitted are the location Tc
and µc of the critical point, the slope �hµ/hT of the coexistence line (h = 0), and the slope �rµ/rT of the r = 0 line at
the critical point. To set the scale, one needs to supply also rT and hµ. The overall scale of the singular part is not an
additional independent parameter because of the scaling property of the leading singularity of the equation of state:

G(�r, ���h) = ��(�+1)G(r, h) (48)

for an arbitrary �.
The background part of the pressure, pbg(T, µ), can be chosen to smoothly match the equation of state at µ = 0

known from the lattice [86]. In this form the equation of state can incorporate the information reliably known from
lattice QCD calculations as well as the correct leading singular behavior at the critical point, while being flexible
enough to accommodate a critical point in the range of T and µ accessible by heavy-ion collisions.

(a) �1 = n (b) �2 = @n/@µ (c) �3 = @�2/@µ (d) �4 = @�3/@µ

Figure 12: First three derivatives (susceptibilities) of the baryon density n with respect to µ as a function of µ along three constant T lines (horizontal
dotted lines in the first row of plots – the density plots of the susceptibilities vs T and µ). Two temperatures are above (second row) and another
temperature is below (third row) the critical point. Red denotes region of negative and blue – of positive value of the susceptibilities. Only the
critical contribution to n and its derivatives dictated by the universality near the critical point is shown. The vertical range for two graphs of the
same quantity �n (i.e., in the same column) are the same, but is di↵erent across the columns.

4.8. Baryon number cumulants near the critical point
In order to understand better the equation of state near the QCD critical point described by Eq. (47) it is helpful

to study the behavior of baryon number cumulants. Due to the relationship between the pressure and the partition
function of QCD

eV p(T,µ)/T = Z =
X

states i

⌧
i
����e�

1
T (Ĥ+µN̂)

���� i
�
, (49)
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the cumulants of the fluctuations of the baryon charge N are related to the derivatives of the pressure:16

�k =

 
@k p
@µk

!

T
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@k�1n
@µk�1

!

T
=

1
VT k�1 h(�N)k

ic, (50)

where
n ⌘
hNi
V
=

 
@p
@µ

!

T
. (51)

Fig. 12 shows a close-up of the QCD phase diagram in Fig. 6 near the critical point. Using the universal equation
of state given by the mapping in Eqs. (47) and (46) (where we choose rT = 0 for simplicity), we illustrate the behavior
of susceptibilities �k. It is instructive to follow �k along lines of fixed T . Three such lines are shown in Fig. 12 (top
row): two isothermal lines traverse the crossover region above the critical point and the behavior of �k along these lines
is shown in the second row and one isothermal line traverses the first-order coexistence line with the corresponding
�k shown in the third row.

As we traverse the crossover region (panel (a) in Fig. 12) the density increases continuously with a steeper slope
for the case where the isothermal line is closer to the critical point. When we cross the first order line, the baryon
density, n, jumps, as expected. The baryon number cumulants, or susceptibilities, �k, being derivatives of the density
(see Eq. (50)), will be sensitive to the proximity of the critical point in the crossover region as the change of the
density n becomes steeper. This is illustrated in the panels (b) through (d) in Fig. 12, where we show the second
to fourth order susceptibilities. We see that, not surprisingly, the steeper increase in the density when traversing the
pseudo-critical region closer to the critical point is reflected in larger values of the cumulants. This di↵erence gets
more pronounced the higher the order of the susceptibility or cumulant. Furthermore, the sign changes of the various
cumulants shown in the contour plots can be easily understood as simply changes in the slope (for �2), curvature (for
�3) and higher derivatives of the density n in the first column. Finally, when crossing the first-order line (third row)
we find that away from the critical line the cumulants are only modestly changed. On the critical line, of course, they
are undefined due to a discontinuity. 17

This simple example qualitatively explains what happens near the critical point as discussed in section 4.5: The
higher the order of the cumulant the stronger is its dependence on the correlation length. As we get closer to the critical
point, where correlation length diverges, the transition gets sharper and the cumulants also diverge at the critical point.

As we have seen, the high-order cumulants show nontrivial dependence on T and µ in the crossover region.
This observation suggests that the measurement of net-baryon cumulants may also provide an avenue to establish
the existence of a cross-over transition at µB = 0, as predicted by lattice QCD [28]. As discussed in [89–92] in the
context of model as well as lattice QCD calculations, a cross-over transition results in negative sixth and eighth order
cumulants at the freezeout temperature, 6/2 < 0 and 8/2 < 0. Therefore, the measurement of these cumulant ratios
could provide experimental evidence that the systems created in high energy heavy ion collisions freeze out close to
the cross-over transition.

4.9. Fluctuation cumulants in heavy-ion collisions
The baryon number cumulants, or susceptibilities, are not directly measurable in heavy-ion collision experiments

which detect charge particles, leaving neutrons out of the acceptance. However, the fluctuations near the critical
point a↵ect fluctuations of charged particles as well as the neutral ones because the coupling of the critical mode is
isospin blind. Thus cumulants of the fluctuations of proton number (or net proton number) show a similar pattern near
the critical point. In Section 4.12 we shall describe how to relate the critical mode fluctuations with the observable
fluctuations of the particle multiplicities.

The experiments also do not scan the phase diagram along fixed T lines as in Fig. 12. The scanning parameter,
such as

p
sNN , a↵ects both T and µ of the freezeout. A typical freezeout trajectory along which T and µ are varied is

shown in Fig. 13 superimposed on the density plot of the quartic cumulant of a critical order parameter, such as, e.g.,
baryon density. The position of the freezeout point on the curve depends on the collision energy

p
sNN and can be

16In the context of lattice calculations the susceptibilities are often defined as dimensionless quantities, i.e., �lattice
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Fig. 12 shows a close-up of the QCD phase diagram in Fig. 6 near the critical point. Using the universal equation
of state given by the mapping in Eqs. (47) and (46) (where we choose rT = 0 for simplicity), we illustrate the behavior
of susceptibilities �k. It is instructive to follow �k along lines of fixed T . Three such lines are shown in Fig. 12 (top
row): two isothermal lines traverse the crossover region above the critical point and the behavior of �k along these lines
is shown in the second row and one isothermal line traverses the first-order coexistence line with the corresponding
�k shown in the third row.

As we traverse the crossover region (panel (a) in Fig. 12) the density increases continuously with a steeper slope
for the case where the isothermal line is closer to the critical point. When we cross the first order line, the baryon
density, n, jumps, as expected. The baryon number cumulants, or susceptibilities, �k, being derivatives of the density
(see Eq. (50)), will be sensitive to the proximity of the critical point in the crossover region as the change of the
density n becomes steeper. This is illustrated in the panels (b) through (d) in Fig. 12, where we show the second
to fourth order susceptibilities. We see that, not surprisingly, the steeper increase in the density when traversing the
pseudo-critical region closer to the critical point is reflected in larger values of the cumulants. This di↵erence gets
more pronounced the higher the order of the susceptibility or cumulant. Furthermore, the sign changes of the various
cumulants shown in the contour plots can be easily understood as simply changes in the slope (for �2), curvature (for
�3) and higher derivatives of the density n in the first column. Finally, when crossing the first-order line (third row)
we find that away from the critical line the cumulants are only modestly changed. On the critical line, of course, they
are undefined due to a discontinuity. 17

This simple example qualitatively explains what happens near the critical point as discussed in section 4.5: The
higher the order of the cumulant the stronger is its dependence on the correlation length. As we get closer to the critical
point, where correlation length diverges, the transition gets sharper and the cumulants also diverge at the critical point.

As we have seen, the high-order cumulants show nontrivial dependence on T and µ in the crossover region.
This observation suggests that the measurement of net-baryon cumulants may also provide an avenue to establish
the existence of a cross-over transition at µB = 0, as predicted by lattice QCD [28]. As discussed in [89–92] in the
context of model as well as lattice QCD calculations, a cross-over transition results in negative sixth and eighth order
cumulants at the freezeout temperature, 6/2 < 0 and 8/2 < 0. Therefore, the measurement of these cumulant ratios
could provide experimental evidence that the systems created in high energy heavy ion collisions freeze out close to
the cross-over transition.

4.9. Fluctuation cumulants in heavy-ion collisions
The baryon number cumulants, or susceptibilities, are not directly measurable in heavy-ion collision experiments

which detect charge particles, leaving neutrons out of the acceptance. However, the fluctuations near the critical
point a↵ect fluctuations of charged particles as well as the neutral ones because the coupling of the critical mode is
isospin blind. Thus cumulants of the fluctuations of proton number (or net proton number) show a similar pattern near
the critical point. In Section 4.12 we shall describe how to relate the critical mode fluctuations with the observable
fluctuations of the particle multiplicities.

The experiments also do not scan the phase diagram along fixed T lines as in Fig. 12. The scanning parameter,
such as

p
sNN , a↵ects both T and µ of the freezeout. A typical freezeout trajectory along which T and µ are varied is

shown in Fig. 13 superimposed on the density plot of the quartic cumulant of a critical order parameter, such as, e.g.,
baryon density. The position of the freezeout point on the curve depends on the collision energy
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the parametric equation of state such as given in Eq. (47). The parameters which need to be fitted are the location Tc
and µc of the critical point, the slope �hµ/hT of the coexistence line (h = 0), and the slope �rµ/rT of the r = 0 line at
the critical point. To set the scale, one needs to supply also rT and hµ. The overall scale of the singular part is not an
additional independent parameter because of the scaling property of the leading singularity of the equation of state:

G(�r, ���h) = ��(�+1)G(r, h) (48)

for an arbitrary �.
The background part of the pressure, pbg(T, µ), can be chosen to smoothly match the equation of state at µ = 0

known from the lattice [86]. In this form the equation of state can incorporate the information reliably known from
lattice QCD calculations as well as the correct leading singular behavior at the critical point, while being flexible
enough to accommodate a critical point in the range of T and µ accessible by heavy-ion collisions.

(a) �1 = n (b) �2 = @n/@µ (c) �3 = @�2/@µ (d) �4 = @�3/@µ

Figure 12: First three derivatives (susceptibilities) of the baryon density n with respect to µ as a function of µ along three constant T lines (horizontal
dotted lines in the first row of plots – the density plots of the susceptibilities vs T and µ). Two temperatures are above (second row) and another
temperature is below (third row) the critical point. Red denotes region of negative and blue – of positive value of the susceptibilities. Only the
critical contribution to n and its derivatives dictated by the universality near the critical point is shown. The vertical range for two graphs of the
same quantity �n (i.e., in the same column) are the same, but is di↵erent across the columns.

4.8. Baryon number cumulants near the critical point
In order to understand better the equation of state near the QCD critical point described by Eq. (47) it is helpful

to study the behavior of baryon number cumulants. Due to the relationship between the pressure and the partition
function of QCD
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T (Ĥ+µN̂)

���� i
�
, (49)

27

1
2

1	&	2

3

3
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Fig. 12 shows a close-up of the QCD phase diagram in Fig. 6 near the critical point. Using the universal equation
of state given by the mapping in Eqs. (47) and (46) (where we choose rT = 0 for simplicity), we illustrate the behavior
of susceptibilities �k. It is instructive to follow �k along lines of fixed T . Three such lines are shown in Fig. 12 (top
row): two isothermal lines traverse the crossover region above the critical point and the behavior of �k along these lines
is shown in the second row and one isothermal line traverses the first-order coexistence line with the corresponding
�k shown in the third row.

As we traverse the crossover region (panel (a) in Fig. 12) the density increases continuously with a steeper slope
for the case where the isothermal line is closer to the critical point. When we cross the first order line, the baryon
density, n, jumps, as expected. The baryon number cumulants, or susceptibilities, �k, being derivatives of the density
(see Eq. (50)), will be sensitive to the proximity of the critical point in the crossover region as the change of the
density n becomes steeper. This is illustrated in the panels (b) through (d) in Fig. 12, where we show the second
to fourth order susceptibilities. We see that, not surprisingly, the steeper increase in the density when traversing the
pseudo-critical region closer to the critical point is reflected in larger values of the cumulants. This di↵erence gets
more pronounced the higher the order of the susceptibility or cumulant. Furthermore, the sign changes of the various
cumulants shown in the contour plots can be easily understood as simply changes in the slope (for �2), curvature (for
�3) and higher derivatives of the density n in the first column. Finally, when crossing the first-order line (third row)
we find that away from the critical line the cumulants are only modestly changed. On the critical line, of course, they
are undefined due to a discontinuity. 17

This simple example qualitatively explains what happens near the critical point as discussed in section 4.5: The
higher the order of the cumulant the stronger is its dependence on the correlation length. As we get closer to the critical
point, where correlation length diverges, the transition gets sharper and the cumulants also diverge at the critical point.

As we have seen, the high-order cumulants show nontrivial dependence on T and µ in the crossover region.
This observation suggests that the measurement of net-baryon cumulants may also provide an avenue to establish
the existence of a cross-over transition at µB = 0, as predicted by lattice QCD [28]. As discussed in [89–92] in the
context of model as well as lattice QCD calculations, a cross-over transition results in negative sixth and eighth order
cumulants at the freezeout temperature, 6/2 < 0 and 8/2 < 0. Therefore, the measurement of these cumulant ratios
could provide experimental evidence that the systems created in high energy heavy ion collisions freeze out close to
the cross-over transition.

4.9. Fluctuation cumulants in heavy-ion collisions
The baryon number cumulants, or susceptibilities, are not directly measurable in heavy-ion collision experiments

which detect charge particles, leaving neutrons out of the acceptance. However, the fluctuations near the critical
point a↵ect fluctuations of charged particles as well as the neutral ones because the coupling of the critical mode is
isospin blind. Thus cumulants of the fluctuations of proton number (or net proton number) show a similar pattern near
the critical point. In Section 4.12 we shall describe how to relate the critical mode fluctuations with the observable
fluctuations of the particle multiplicities.

The experiments also do not scan the phase diagram along fixed T lines as in Fig. 12. The scanning parameter,
such as

p
sNN , a↵ects both T and µ of the freezeout. A typical freezeout trajectory along which T and µ are varied is

shown in Fig. 13 superimposed on the density plot of the quartic cumulant of a critical order parameter, such as, e.g.,
baryon density. The position of the freezeout point on the curve depends on the collision energy

p
sNN and can be

16In the context of lattice calculations the susceptibilities are often defined as dimensionless quantities, i.e., �lattice
k = @k(p/T 4)/@(µ/T )k .

17The absence of visible discontinuity in even cumulants in Fig. 12 is a consequence of our simplification rT = 0.
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point a↵ect fluctuations of charged particles as well as the neutral ones because the coupling of the critical mode is
isospin blind. Thus cumulants of the fluctuations of proton number (or net proton number) show a similar pattern near
the critical point. In Section 4.12 we shall describe how to relate the critical mode fluctuations with the observable
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FIG. 1. Sketch of the QCD phase diagram in the space of
temperature (T ), baryon chemical potential (µB) and degen-
erate light quark masses (mu = md). See text for a more
detailed discussion.

quark masses and chemical potentials is of great im-
portance for our understanding of the QCD phase dia-
gram and its phenomenological implications. It has been
pointed out [21] that the chiral phase transition temper-
ature, Tc, as well as the tri-critical temperature Ttri, are
expected to give upper bounds for the temperature Tcep

at the possibly existing critical endpoint in QCD with
physical values of the quark masses and non-vanishing
baryon chemical potential. As such it is evident that it
is of interest to also get control over the dependence of
the chiral phase transition on chemical potentials [22]. It
will allow to strengthen the bound on Tcep.

In this work we will analyze the influence of non-
vanishing chemical potentials µX , that couple to the con-
served charge operators for net baryon number (X = B)
and strangeness (X = S). We do not include an explicit
dependence on an electric charge chemical potential as
this would explicitly violate the SU(2)R →SU(2)L chiral
flavor symmetry in the light quark sector of QCD.

For non-zero µB , the pseudo-critical as well as the chi-
ral phase transition temperatures shift to smaller val-
ues. When considering the case of either a single non-
vanishing chemical potential, µB , or the case where the
strangeness chemical potential is constrained, e.g. by
demanding an overall vanishing of the net strangeness
density, nS = 0, the shift of pseudo-critical and critical
temperatures is, to leading-order, quadratic in µB and
is controlled by the so-called curvature coe!cient ωB

2 ,
which has been determined in calculations with physical
(degenerate) light quark masses and a physical strange
quark mass [1, 3, 23–27]. In the case of non-zero µB with
µS , µQ constrained by demanding vanishing strangeness
density (nS = 0) and a ratio of net electric charge to
baryon-number density that is appropriate for the de-
scription of dense media created in heavy ion collisions
(nQ/nB = 0.4), the curvature coe!cient ωB

2 is found to
be ↑ 0.014 [1, 3, 28]. Moreover, the next order correc-
tion ωB

4 has been found to be consistent with zero [1, 3],
which also is in line with recent model calculations [29].

When mapping out the critical surface as func-
tion of several non-vanishing chemical potentials, e.g.
Tc(µB , µS), also o”-diagonal curvature coe!cients, e.g.
ωBS

11 , need to be taken into account. We will discuss
here the dependence of various curvature coe!cients on
the value of two degenerate light quark masses with the
strange quark mass tuned to its physical value, aiming
at an extrapolation to the chiral limit. In this study we
do not yet try to extrapolate to the continuum limit.
All calculations are performed at finite values of the lat-
tice cut-o”. We will determine diagonal and o”-diagonal
curvature coe!cients, ωB

2 , ω
S

2 and ωBS

11 , in the conserved
charge basis, (µB , µS), as well as the related curvature co-
e!cients ωω

2, ω
s

2 and ωωs

11, in the quark flavor basis (µω, µs).
Close to the chiral limit, universal scaling relations al-

low the determination of the chiral phase transition tem-
perature and its dependence on, e.g., the chemical po-
tentials, which are a particular set of energy-like scal-
ing fields coupled to energy-like observables [30]. We
will use a scaling ansatz for chiral observables to extract
the curvature coe!cients ωX

2 and ωXY

11 , ignoring regular
or sub-leading universal, correction-to-scaling contribu-
tions. This ansatz becomes exact when approaching the
chiral limit.
This paper is organized as follows. In Section II we

present some details on the calculational set up used for
this work. In Section III we introduce several chiral ob-
servables and discuss universal properties of (2+1)-flavor
QCD near the chiral limit. Section IV gives an update on
the determination of the chiral phase transition tempera-
ture at vanishing chemical potentials, using three sets of
susceptibilities that define three di”erent sets of pseudo-
critical temperatures. In this section we also present a
determination of the non-universal scale parameter z0,
which is needed to define the leading universal part of chi-
ral observables entering the magnetic equation of state.
In Section V we present our results on curvature coe!-
cients calculated in conserved charge and conserved fla-
vor basis. Section VI is devoted to a discussion of the
dependence of the chiral phase transition temperature
on the value of the strange quark mass. We finally give
our conclusions in Section VII. In three appendices we
give some details on finite volume e”ects in the vicin-
ity of the chiral phase transition temperature (App. A),
a discussion about the sub-leading correction-to-scaling
terms that contribute to all thermodynamic observables
close to the chiral limit (App. B) and present the de-
termination of the leading order coe!cient s1(T,H) that
relates the strangeness and baryon chemical potentials in
strangeness neutral systems (App. C).

II. CALCULATIONAL SETUP

We consider (2+1)-flavor QCD with a strange quark
mass ms tuned to its physical value and degenerate
up and down quark masses, (mω ↓ mu = md), that
shall be changed to smaller-than-physical values, start-
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Thermodynamic	susceptibilities

the parametric equation of state such as given in Eq. (47). The parameters which need to be fitted are the location Tc
and µc of the critical point, the slope �hµ/hT of the coexistence line (h = 0), and the slope �rµ/rT of the r = 0 line at
the critical point. To set the scale, one needs to supply also rT and hµ. The overall scale of the singular part is not an
additional independent parameter because of the scaling property of the leading singularity of the equation of state:

G(�r, ���h) = ��(�+1)G(r, h) (48)

for an arbitrary �.
The background part of the pressure, pbg(T, µ), can be chosen to smoothly match the equation of state at µ = 0

known from the lattice [86]. In this form the equation of state can incorporate the information reliably known from
lattice QCD calculations as well as the correct leading singular behavior at the critical point, while being flexible
enough to accommodate a critical point in the range of T and µ accessible by heavy-ion collisions.

(a) �1 = n (b) �2 = @n/@µ (c) �3 = @�2/@µ (d) �4 = @�3/@µ

Figure 12: First three derivatives (susceptibilities) of the baryon density n with respect to µ as a function of µ along three constant T lines (horizontal
dotted lines in the first row of plots – the density plots of the susceptibilities vs T and µ). Two temperatures are above (second row) and another
temperature is below (third row) the critical point. Red denotes region of negative and blue – of positive value of the susceptibilities. Only the
critical contribution to n and its derivatives dictated by the universality near the critical point is shown. The vertical range for two graphs of the
same quantity �n (i.e., in the same column) are the same, but is di↵erent across the columns.

4.8. Baryon number cumulants near the critical point
In order to understand better the equation of state near the QCD critical point described by Eq. (47) it is helpful

to study the behavior of baryon number cumulants. Due to the relationship between the pressure and the partition
function of QCD

eV p(T,µ)/T = Z =
X
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the cumulants of the fluctuations of the baryon charge N are related to the derivatives of the pressure:16
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Fig. 12 shows a close-up of the QCD phase diagram in Fig. 6 near the critical point. Using the universal equation
of state given by the mapping in Eqs. (47) and (46) (where we choose rT = 0 for simplicity), we illustrate the behavior
of susceptibilities �k. It is instructive to follow �k along lines of fixed T . Three such lines are shown in Fig. 12 (top
row): two isothermal lines traverse the crossover region above the critical point and the behavior of �k along these lines
is shown in the second row and one isothermal line traverses the first-order coexistence line with the corresponding
�k shown in the third row.

As we traverse the crossover region (panel (a) in Fig. 12) the density increases continuously with a steeper slope
for the case where the isothermal line is closer to the critical point. When we cross the first order line, the baryon
density, n, jumps, as expected. The baryon number cumulants, or susceptibilities, �k, being derivatives of the density
(see Eq. (50)), will be sensitive to the proximity of the critical point in the crossover region as the change of the
density n becomes steeper. This is illustrated in the panels (b) through (d) in Fig. 12, where we show the second
to fourth order susceptibilities. We see that, not surprisingly, the steeper increase in the density when traversing the
pseudo-critical region closer to the critical point is reflected in larger values of the cumulants. This di↵erence gets
more pronounced the higher the order of the susceptibility or cumulant. Furthermore, the sign changes of the various
cumulants shown in the contour plots can be easily understood as simply changes in the slope (for �2), curvature (for
�3) and higher derivatives of the density n in the first column. Finally, when crossing the first-order line (third row)
we find that away from the critical line the cumulants are only modestly changed. On the critical line, of course, they
are undefined due to a discontinuity. 17

This simple example qualitatively explains what happens near the critical point as discussed in section 4.5: The
higher the order of the cumulant the stronger is its dependence on the correlation length. As we get closer to the critical
point, where correlation length diverges, the transition gets sharper and the cumulants also diverge at the critical point.

As we have seen, the high-order cumulants show nontrivial dependence on T and µ in the crossover region.
This observation suggests that the measurement of net-baryon cumulants may also provide an avenue to establish
the existence of a cross-over transition at µB = 0, as predicted by lattice QCD [28]. As discussed in [89–92] in the
context of model as well as lattice QCD calculations, a cross-over transition results in negative sixth and eighth order
cumulants at the freezeout temperature, 6/2 < 0 and 8/2 < 0. Therefore, the measurement of these cumulant ratios
could provide experimental evidence that the systems created in high energy heavy ion collisions freeze out close to
the cross-over transition.

4.9. Fluctuation cumulants in heavy-ion collisions
The baryon number cumulants, or susceptibilities, are not directly measurable in heavy-ion collision experiments

which detect charge particles, leaving neutrons out of the acceptance. However, the fluctuations near the critical
point a↵ect fluctuations of charged particles as well as the neutral ones because the coupling of the critical mode is
isospin blind. Thus cumulants of the fluctuations of proton number (or net proton number) show a similar pattern near
the critical point. In Section 4.12 we shall describe how to relate the critical mode fluctuations with the observable
fluctuations of the particle multiplicities.

The experiments also do not scan the phase diagram along fixed T lines as in Fig. 12. The scanning parameter,
such as

p
sNN , a↵ects both T and µ of the freezeout. A typical freezeout trajectory along which T and µ are varied is

shown in Fig. 13 superimposed on the density plot of the quartic cumulant of a critical order parameter, such as, e.g.,
baryon density. The position of the freezeout point on the curve depends on the collision energy

p
sNN and can be

16In the context of lattice calculations the susceptibilities are often defined as dimensionless quantities, i.e., �lattice
k = @k(p/T 4)/@(µ/T )k .

17The absence of visible discontinuity in even cumulants in Fig. 12 is a consequence of our simplification rT = 0.
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higher the order of the cumulant the stronger is its dependence on the correlation length. As we get closer to the critical
point, where correlation length diverges, the transition gets sharper and the cumulants also diverge at the critical point.

As we have seen, the high-order cumulants show nontrivial dependence on T and µ in the crossover region.
This observation suggests that the measurement of net-baryon cumulants may also provide an avenue to establish
the existence of a cross-over transition at µB = 0, as predicted by lattice QCD [28]. As discussed in [89–92] in the
context of model as well as lattice QCD calculations, a cross-over transition results in negative sixth and eighth order
cumulants at the freezeout temperature, 6/2 < 0 and 8/2 < 0. Therefore, the measurement of these cumulant ratios
could provide experimental evidence that the systems created in high energy heavy ion collisions freeze out close to
the cross-over transition.
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The baryon number cumulants, or susceptibilities, are not directly measurable in heavy-ion collision experiments

which detect charge particles, leaving neutrons out of the acceptance. However, the fluctuations near the critical
point a↵ect fluctuations of charged particles as well as the neutral ones because the coupling of the critical mode is
isospin blind. Thus cumulants of the fluctuations of proton number (or net proton number) show a similar pattern near
the critical point. In Section 4.12 we shall describe how to relate the critical mode fluctuations with the observable
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The experiments also do not scan the phase diagram along fixed T lines as in Fig. 12. The scanning parameter,
such as
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sNN , a↵ects both T and µ of the freezeout. A typical freezeout trajectory along which T and µ are varied is
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the parametric equation of state such as given in Eq. (47). The parameters which need to be fitted are the location Tc
and µc of the critical point, the slope �hµ/hT of the coexistence line (h = 0), and the slope �rµ/rT of the r = 0 line at
the critical point. To set the scale, one needs to supply also rT and hµ. The overall scale of the singular part is not an
additional independent parameter because of the scaling property of the leading singularity of the equation of state:

G(�r, ���h) = ��(�+1)G(r, h) (48)

for an arbitrary �.
The background part of the pressure, pbg(T, µ), can be chosen to smoothly match the equation of state at µ = 0

known from the lattice [86]. In this form the equation of state can incorporate the information reliably known from
lattice QCD calculations as well as the correct leading singular behavior at the critical point, while being flexible
enough to accommodate a critical point in the range of T and µ accessible by heavy-ion collisions.

(a) �1 = n (b) �2 = @n/@µ (c) �3 = @�2/@µ (d) �4 = @�3/@µ

Figure 12: First three derivatives (susceptibilities) of the baryon density n with respect to µ as a function of µ along three constant T lines (horizontal
dotted lines in the first row of plots – the density plots of the susceptibilities vs T and µ). Two temperatures are above (second row) and another
temperature is below (third row) the critical point. Red denotes region of negative and blue – of positive value of the susceptibilities. Only the
critical contribution to n and its derivatives dictated by the universality near the critical point is shown. The vertical range for two graphs of the
same quantity �n (i.e., in the same column) are the same, but is di↵erent across the columns.

4.8. Baryon number cumulants near the critical point
In order to understand better the equation of state near the QCD critical point described by Eq. (47) it is helpful

to study the behavior of baryon number cumulants. Due to the relationship between the pressure and the partition
function of QCD
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Fig. 12 shows a close-up of the QCD phase diagram in Fig. 6 near the critical point. Using the universal equation
of state given by the mapping in Eqs. (47) and (46) (where we choose rT = 0 for simplicity), we illustrate the behavior
of susceptibilities �k. It is instructive to follow �k along lines of fixed T . Three such lines are shown in Fig. 12 (top
row): two isothermal lines traverse the crossover region above the critical point and the behavior of �k along these lines
is shown in the second row and one isothermal line traverses the first-order coexistence line with the corresponding
�k shown in the third row.

As we traverse the crossover region (panel (a) in Fig. 12) the density increases continuously with a steeper slope
for the case where the isothermal line is closer to the critical point. When we cross the first order line, the baryon
density, n, jumps, as expected. The baryon number cumulants, or susceptibilities, �k, being derivatives of the density
(see Eq. (50)), will be sensitive to the proximity of the critical point in the crossover region as the change of the
density n becomes steeper. This is illustrated in the panels (b) through (d) in Fig. 12, where we show the second
to fourth order susceptibilities. We see that, not surprisingly, the steeper increase in the density when traversing the
pseudo-critical region closer to the critical point is reflected in larger values of the cumulants. This di↵erence gets
more pronounced the higher the order of the susceptibility or cumulant. Furthermore, the sign changes of the various
cumulants shown in the contour plots can be easily understood as simply changes in the slope (for �2), curvature (for
�3) and higher derivatives of the density n in the first column. Finally, when crossing the first-order line (third row)
we find that away from the critical line the cumulants are only modestly changed. On the critical line, of course, they
are undefined due to a discontinuity. 17

This simple example qualitatively explains what happens near the critical point as discussed in section 4.5: The
higher the order of the cumulant the stronger is its dependence on the correlation length. As we get closer to the critical
point, where correlation length diverges, the transition gets sharper and the cumulants also diverge at the critical point.

As we have seen, the high-order cumulants show nontrivial dependence on T and µ in the crossover region.
This observation suggests that the measurement of net-baryon cumulants may also provide an avenue to establish
the existence of a cross-over transition at µB = 0, as predicted by lattice QCD [28]. As discussed in [89–92] in the
context of model as well as lattice QCD calculations, a cross-over transition results in negative sixth and eighth order
cumulants at the freezeout temperature, 6/2 < 0 and 8/2 < 0. Therefore, the measurement of these cumulant ratios
could provide experimental evidence that the systems created in high energy heavy ion collisions freeze out close to
the cross-over transition.

4.9. Fluctuation cumulants in heavy-ion collisions
The baryon number cumulants, or susceptibilities, are not directly measurable in heavy-ion collision experiments

which detect charge particles, leaving neutrons out of the acceptance. However, the fluctuations near the critical
point a↵ect fluctuations of charged particles as well as the neutral ones because the coupling of the critical mode is
isospin blind. Thus cumulants of the fluctuations of proton number (or net proton number) show a similar pattern near
the critical point. In Section 4.12 we shall describe how to relate the critical mode fluctuations with the observable
fluctuations of the particle multiplicities.

The experiments also do not scan the phase diagram along fixed T lines as in Fig. 12. The scanning parameter,
such as

p
sNN , a↵ects both T and µ of the freezeout. A typical freezeout trajectory along which T and µ are varied is

shown in Fig. 13 superimposed on the density plot of the quartic cumulant of a critical order parameter, such as, e.g.,
baryon density. The position of the freezeout point on the curve depends on the collision energy

p
sNN and can be

16In the context of lattice calculations the susceptibilities are often defined as dimensionless quantities, i.e., �lattice
k = @k(p/T 4)/@(µ/T )k .

17The absence of visible discontinuity in even cumulants in Fig. 12 is a consequence of our simplification rT = 0.
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baryon density. The position of the freezeout point on the curve depends on the collision energy

p
sNN and can be

16In the context of lattice calculations the susceptibilities are often defined as dimensionless quantities, i.e., �lattice
k = @k(p/T 4)/@(µ/T )k .

17The absence of visible discontinuity in even cumulants in Fig. 12 is a consequence of our simplification rT = 0.
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Fluctuations, Ensemble averaging 

A. Rustamov, ISOQUANT  seminar, January 20, Heidelberg  

Ergodicity	hypothesis:	Averaging	over	time	is	equivalent	to	the	
averaging	over	ensembles.	
Ensemble	 is	 an	 idealisation	 consisting	 of	 a	 large	 number	 of	
mental	 copies	 0f	 a	 system,	 considered	 all	 at	 once,	 each	
represents	a	possible	state	that	the	real	system!	
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➤ Fluctuations serve as critical signal  

➤ M. Stephanov, K. Rajagopal and E. 
Shuryak, PRD (1999) 

➤ …  

➤ M. Stephanov, PRL (2009) & PRL 
(2011) 
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FIG. 2: The µB-dependence of !4p, the normalized 4th cu-
mulant of the proton number distribution defined in (1.13),
with a µB-dependent ⇠ given by (1.17). We only include the
Poisson and critical contributions to the cumulant. In the top
panel we choose µc

B = 400 MeV and illustrate how !4p is af-
fected if we vary the width � of the peak in ⇠ from 50 to 100
to 200 MeV, as in Fig. 1. The inset panel zooms in to show
how !4p is dominated by the Poisson contribution well below
µc
B . In the lower panel, we take � = 100 MeV and illustrate

the e↵ects of changing µc
B and of reducing the sigma-proton

coupling gp from our benchmark gp = 7 to gp = 5.

reasons, because their fluctuations are proxy to the fluc-
tuations of the conserved baryon number [30] and be-
cause their coupling to the critical mode � is relatively
large.

We have defined the normalized cumulants of the pro-
ton and pion distributions in (1.13) and (1.12) and the
normalized mixed cumulants in (1.15). Fig. 2 shows how
!4p might look like, with ⇠(µB) given by Eq. (1.17). We
illustrate how !4p changes if we vary the location of the
critical point µc

B and the width � of the peak in Fig. 1,
as well as the sigma-proton coupling gp. As we shall see
in Section IIA, there are four nonuniversal parameters
that (for a given ⇠max) govern the height of the peaks
of the normalized cumulants. These include gp and the
sigma-pion coupling G, as well as two parameters �̃3 and
�̃4 that we shall define in Section IIA. We have used as
our benchmark values G = 300 MeV, g = 7, �̃3 = 4 and
�̃4 = 12. As we shall discover in Section II and discuss
at length in Section III, the heights of the peaks of dif-
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FIG. 3: The µB-dependence of selected normalized cu-
mulants, defined in (1.12), (1.13) and (1.15), with a µB-
dependent ⇠ given by (1.17) as in Fig. 1. We only include
the Poisson and critical contributions to the cumulants. We
have set all parameters to their benchmark values, described
in the text, and we have chosen the width of the peak in
⇠ to be � = 100 MeV. Note the di↵erent vertical scales in
these figures and in Fig. 2; The magnitude of the e↵ect of
critical fluctuations on di↵erent normalized cumulants di↵ers
considerably, as we shall discuss in Sections II and III. As we
shall also discuss in those Sections, ratios of the magnitudes
of these di↵erent observables depend on (and can be used to
constrain) the correlation length ⇠, the proton number den-
sity np, and four non-universal parameters. We shall also see
in Section III that there are ratios among these observables
that are independent of all of these variables, meaning that
we can predict them reliably. For example, we shall see that
critical fluctuations must yield !2

2p2⇡ = (!4p�1)(!4⇡�1) and
!3
2p1⇡ = (!3p � 1)2(!3⇡ � 1) and !3

1p2⇡ = (!3p � 1)(!3⇡ � 1)2.
(The subtractions of 1 are intended to remove the Poisson
background; in an analysis of experimental data these sub-
tractions could be done by subtracting the !ip or !j⇡ de-
termined from a sample of mixed events, as this would also
subtract various other small background e↵ects.)

ferent normalized cumulants are a↵ected di↵erently by
variations in these four parameters. Fig. 3 shows how six
more di↵erent normalized cumulants vary with µB . In
this figure we keep all parameters set at their benchmark
values, deferring a discussion of how these peaks change
with parameters to Section III.
In the case of free particles in the classical Boltzmann

3

We now define the cumulants of the event-by-event dis-
tribution of a single observable, say x. The second and
third cumulants are given by

2x ⌘ hhx2ii ⌘ h (�x)2 i (1.2)

3x ⌘ hhx3ii ⌘ h (�x)3 i , (1.3)

where we have introduced two equivalent notations for
the cumulants. The second cumulant 2x is the variance
of the distribution, while the skewness of the distribution

is given by 3x/
3/2
2x . The fourth cumulant is di↵erent

from the corresponding fourth moment:

4x ⌘ hhx4ii ⌘ h (�x)4 i � 3 h (�x)2 i2 . (1.4)

The kurtosis of the distribution is given by 4x/2
2x.

The defining property of the cumulants is their addi-
tivity for independent variables. For example, if a and
b are two independent random variables, then i(a+b) =
ia+ib. This property is easily seen from the cumulant
generating function

g(µ) = logheµ �xi , (1.5)

which is manifestly additive. The n’th cumulant of the
x-distribution is given by

nx =
@ng(µ)

@µn

����
µ=0

. (1.6)

Using the double bracket notation introduced above,
g(µ) = hheµxii. As a result of their additivity, cumulants
of extensive variables, such as Np or N⇡, are all them-
selves extensive, meaning that they are proportional to
the volume of the system V in the thermodynamic limit.

We shall also consider mixed cumulants, which gener-
alize the more familiar Gaussian measures of correlations
to non-Gaussian measures. These are generated by

g(µ, ⌫) ⌘
X

n,m

nxmy µn⌫m

m!n!
= logheµ �x+⌫ �yi , (1.7)

and, for example, are given by

1x1y ⌘ hhxyii = h �x �y i , (1.8)

1x2y ⌘ hhxy2ii = h �x (�y)2 i , (1.9)

2x2y ⌘ hhx2y2ii
= h (�x)2 (�y)2 i � 2h �x �y i2 � h (�x)2 i h (�y)2 i ,

(1.10)

1x3y ⌘ hhxy3ii
= h �x (�y)3 i � 3 h �x �y i h (�y)2 i . (1.11)

For two extensive variables x and y such mixed cumulants
are also extensive, proportional to V .
We have described how to obtain the cumulants ix,

jy and ixjy from a data set consisting of an ensemble
of events in each of which x and y have been measured.

We can now define the intensive normalized cumulants
that we shall analyze:

!i⇡ ⌘ i⇡

hN⇡i
, (1.12)

!ip ⌘ ip

hNpi
, (1.13)

!i(p�p̄) ⌘
i(p�p̄)

hNp +Np̄i
, (1.14)

!ipj⇡ ⌘ ipj⇡

hNpii/rhN⇡ij/r
, (1.15)

!i(p�p̄)j⇡ ⌘
i(p�p̄)j⇡

hNp +Np̄ii/rhN⇡ij/r
, (1.16)

where r ⌘ i+ j.
If N⇡, Np and Np̄ are statistically independent and

Gaussian distributed, then the !2’s in (1.12), (1.13) and
(1.14) are nonzero and all the other !’s vanish.
If N⇡, Np and Np̄ are statistically independent and

Poisson distributed, then all the !i’s in (1.12), (1.13)
and (1.14) with i � 2 are equal to 1, and all the mixed
cumulants vanish and therefore so do the !’s in (1.15)
and (1.16).
In this paper we shall calculate the contributions of

critical fluctuations to the normalized cumulants (1.12),
(1.13) and (1.14) for i = 2, 3 and 4 and the normalized
mixed cumulants (1.15) and (1.16) for i’s and j’s such
that r = 2, 3 and 4.

B. Dependence of ⇠ on µB

We shall close this Introduction (in Section I.C) by
illustrating possible experimental outcomes of measure-
ments of the cumulants defined in Section I.A, assuming
that the matter produced at the freezeout point of the
fireball evolution for some collision energy

p
s is near the

critical point. In Section I.C we shall present only results,
while the calculations involved are presented in Section
II. What we shall calculate in Section II is the contribu-
tion of critical fluctuations to the observables defined in
Section I.A, in terms of the correlation length ⇠. In order
to give an example of possible experimental outcomes, we
need to make an illustrative choice of how the correlation
length ⇠ that is achieved in a heavy ion collision depends
on µB .
To start, let us assume that the critical point occurs

at µc
B = 400 MeV. Let us also assume that because the

fireball only spends a finite time in the vicinity of the
critical point the correlation length reaches a maximum
value of ⇠max = 2 fm in the collisions in which the freeze-
out point is closest to the critical point during an energy
scan. We stress that our choices of µc

B and ⇠max are
arbitrary, made for illustrative purposes only, and are in
no way predictions.
How does the correlation length achieved in a heavy

ion collision depend on the µB at which the matter pro-
duced in the collision freezes out? Close to the critical

➤ Relate to experimental observables: 
C. Athanasiou, K. Rajagopal, M. 
Stephanov, PRD (2010)
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On the sign of kurtosis near the QCD critical point

M. A. Stephanov
Department of Physics, University of Illinois, Chicago, Illinois 60607, USA

We point out that the quartic cumulant (and kurtosis) of the order parameter fluctuations is uni-
versally negative when the critical point is approached on the crossover side of the phase separation
line. As a consequence, the kurtosis of a fluctuating observable, such as, e.g., proton multiplicity,
may become smaller than the value given by independent Poisson statistics. We discuss implications
for the Beam Energy Scan program at RHIC.

INTRODUCTION

Mapping the QCD phase diagram as a function of
temperature T and baryochemical potential µB is one
of the fundamental goals of heavy-ion collision experi-
ments. QCD critical point is a distinct singular feature
of the phase diagram. It is a ubiquitous property of QCD
models based on the chiral symmetry breaking dynamics
(see, e.g., Ref.[1] for a review and further references). Lo-
cating the point using first-principle lattice calculations
is a formidable challenge (see, e.g., Ref.[2] for a recent
review and references). If the critical point is situated in
the region accessible to heavy-ion collision experiments
it can be discovered experimentally. The search for the
critical point is planned at the Relativistic Heavy Ion
Collider (RHIC) at BNL, the Super Proton Synchrotron
(SPS) at CERN, the future Facility for Antiproton and
Ion Research (FAIR) at GSI, and Nuclotron-based Ion
Collider Facility (NICA) in Dubna (see, e.g., Ref.[3]).

The characteristic feature of a critical point is the di-
vergence of the correlation length ξ and of the magnitude
of the fluctuations. The simplest measures of fluctuations
in heavy-ion collisions are the variances of the event-by-
event observables such as multiplicities or mean trans-
verse momenta of particles. The singular, critical con-
tribution to these variances diverges as (approximately)
ξ2, and would manifest in a non-monotonic dependence
of such measures as the critical point is passed by during
the beam energy scan [4, 5]. In realistic heavy ion colli-
sion the divergence of ξ is cut-off by the effects of critical
slowing down [5, 6], and the estimates of the maximum
correlation length are in the range of at most 2 − 3 fm,
compared to the natural 0.5−1 fm away from the critical
point. However, higher, non-Gaussian, moments of the
fluctuations depend much more sensitively on ξ, accord-
ing to Ref.[7]. For example, the 4-th moment grows as
ξ7 near the critical point, making it an attractive exper-
imental tool. In this paper we follow up on the results
of Ref.[7] to point out that the sign of the 4-th moment
could be negative as the critical point is approached from
the crossover side of the QCD phase transition.

The sign of various moments have been discussed in
the literature in related contexts: see, e.g., discussion of
the sign of the 3-rd moment in Ref.[8] or the 6-th and 8-th
moments in Ref.[9] and also numerical lattice calculations

in Ref.[10] where the possible sign change of kurtosis is
noted.
In this paper we shall address specifically the sign of

the 4-th moment (or kurtosis) and do it in a more uni-
versal and quantitative way than has been done previ-
ously, by using the known parametric form of the univer-
sal equation of state near the critical point. We empha-
size universality of the behavior of the kurtosis and draw
experimental consequences from these results.

KURTOSIS AND UNIVERSAL EFFECTIVE
POTENTIAL

Let us begin, as in Ref.[1], by describing fluctuations of
the order parameter field σ(x) near a critical point using
the probability distribution

P [σ] ∼ exp {−Ω[σ]/T } , (1)

where Ω is the effective action (free energy) functional for
the field σ, which can be expanded in powers of σ as well
as in the gradients (we chose σ = 0 at the minimum):

Ω =

∫

d3x

[

(∇σ)2

2
+

m2
σ

2
σ2 +

λ3

3
σ3 +

λ4

4
σ4 + . . .

]

.

(2)
Calculating 2-point correlator 〈σ(x)σ(0)〉 we find that
the correlation length ξ = m−1

σ . For the moments of the
zero momentum mode σV ≡

∫

d3xσ(x) in a system of
volume V we find at tree level

κ2 = 〈σ2
V 〉 = V T ξ2 ; κ3 = 〈σ3

V 〉 = 2λ3V T 2 ξ6 ;

κ4 = 〈σ4
V 〉c = 6V T 3 [ 2(λ3ξ)

2 − λ4 ] ξ
8 .

(3)

where 〈σ4
V 〉c ≡ 〈σ4

V 〉−3〈σ2
V 〉2 denotes the connected 4-th

central moment (the 4-th cumulant). The critical point
is characterized by ξ → ∞. The central observation in
Ref.[7] was that the higher moments (cumulants) κ3 and
κ4 diverge with ξ much faster than the quadratic moment
κ2. Here we shall point out that the sign of the 4-th
moment κ4 is negative in a certain sector near the critical
point. More precisely, the 4-th cumulant is negative when
the critical point is approached from the crossover side.
Let us demonstrate this in several complementary ways.
A simple way to see why the kurtosis is negative is by

following the evolution of the probability distribution of

= 2λ̃3VT3/2ξ9/2= ⟨σ3⟩ = 2λ3VT2ξ6
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We point out that the quartic cumulant (and kurtosis) of the order parameter fluctuations is uni-
versally negative when the critical point is approached on the crossover side of the phase separation
line. As a consequence, the kurtosis of a fluctuating observable, such as, e.g., proton multiplicity,
may become smaller than the value given by independent Poisson statistics. We discuss implications
for the Beam Energy Scan program at RHIC.

INTRODUCTION

Mapping the QCD phase diagram as a function of
temperature T and baryochemical potential µB is one
of the fundamental goals of heavy-ion collision experi-
ments. QCD critical point is a distinct singular feature
of the phase diagram. It is a ubiquitous property of QCD
models based on the chiral symmetry breaking dynamics
(see, e.g., Ref.[1] for a review and further references). Lo-
cating the point using first-principle lattice calculations
is a formidable challenge (see, e.g., Ref.[2] for a recent
review and references). If the critical point is situated in
the region accessible to heavy-ion collision experiments
it can be discovered experimentally. The search for the
critical point is planned at the Relativistic Heavy Ion
Collider (RHIC) at BNL, the Super Proton Synchrotron
(SPS) at CERN, the future Facility for Antiproton and
Ion Research (FAIR) at GSI, and Nuclotron-based Ion
Collider Facility (NICA) in Dubna (see, e.g., Ref.[3]).

The characteristic feature of a critical point is the di-
vergence of the correlation length ξ and of the magnitude
of the fluctuations. The simplest measures of fluctuations
in heavy-ion collisions are the variances of the event-by-
event observables such as multiplicities or mean trans-
verse momenta of particles. The singular, critical con-
tribution to these variances diverges as (approximately)
ξ2, and would manifest in a non-monotonic dependence
of such measures as the critical point is passed by during
the beam energy scan [4, 5]. In realistic heavy ion colli-
sion the divergence of ξ is cut-off by the effects of critical
slowing down [5, 6], and the estimates of the maximum
correlation length are in the range of at most 2 − 3 fm,
compared to the natural 0.5−1 fm away from the critical
point. However, higher, non-Gaussian, moments of the
fluctuations depend much more sensitively on ξ, accord-
ing to Ref.[7]. For example, the 4-th moment grows as
ξ7 near the critical point, making it an attractive exper-
imental tool. In this paper we follow up on the results
of Ref.[7] to point out that the sign of the 4-th moment
could be negative as the critical point is approached from
the crossover side of the QCD phase transition.

The sign of various moments have been discussed in
the literature in related contexts: see, e.g., discussion of
the sign of the 3-rd moment in Ref.[8] or the 6-th and 8-th
moments in Ref.[9] and also numerical lattice calculations

in Ref.[10] where the possible sign change of kurtosis is
noted.
In this paper we shall address specifically the sign of

the 4-th moment (or kurtosis) and do it in a more uni-
versal and quantitative way than has been done previ-
ously, by using the known parametric form of the univer-
sal equation of state near the critical point. We empha-
size universality of the behavior of the kurtosis and draw
experimental consequences from these results.

KURTOSIS AND UNIVERSAL EFFECTIVE
POTENTIAL

Let us begin, as in Ref.[1], by describing fluctuations of
the order parameter field σ(x) near a critical point using
the probability distribution

P [σ] ∼ exp {−Ω[σ]/T } , (1)

where Ω is the effective action (free energy) functional for
the field σ, which can be expanded in powers of σ as well
as in the gradients (we chose σ = 0 at the minimum):

Ω =

∫

d3x

[

(∇σ)2

2
+

m2
σ

2
σ2 +

λ3

3
σ3 +

λ4

4
σ4 + . . .

]

.

(2)
Calculating 2-point correlator 〈σ(x)σ(0)〉 we find that
the correlation length ξ = m−1

σ . For the moments of the
zero momentum mode σV ≡

∫

d3xσ(x) in a system of
volume V we find at tree level

κ2 = 〈σ2
V 〉 = V T ξ2 ; κ3 = 〈σ3

V 〉 = 2λ3V T 2 ξ6 ;

κ4 = 〈σ4
V 〉c = 6V T 3 [ 2(λ3ξ)

2 − λ4 ] ξ
8 .

(3)

where 〈σ4
V 〉c ≡ 〈σ4

V 〉−3〈σ2
V 〉2 denotes the connected 4-th

central moment (the 4-th cumulant). The critical point
is characterized by ξ → ∞. The central observation in
Ref.[7] was that the higher moments (cumulants) κ3 and
κ4 diverge with ξ much faster than the quadratic moment
κ2. Here we shall point out that the sign of the 4-th
moment κ4 is negative in a certain sector near the critical
point. More precisely, the 4-th cumulant is negative when
the critical point is approached from the crossover side.
Let us demonstrate this in several complementary ways.
A simple way to see why the kurtosis is negative is by

following the evolution of the probability distribution of

= ⟨σ2⟩ = VTξ2

= 6VT2[2λ̃ 2
3 − λ̃4]ξ7

= 6VT3[2(λ3ξ)2 − λ4]ξ8
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INTRODUCTION

Mapping the QCD phase diagram as a function of
temperature T and baryochemical potential µB is one
of the fundamental goals of heavy-ion collision experi-
ments. QCD critical point is a distinct singular feature
of the phase diagram. It is a ubiquitous property of QCD
models based on the chiral symmetry breaking dynamics
(see, e.g., Ref.[1] for a review and further references). Lo-
cating the point using first-principle lattice calculations
is a formidable challenge (see, e.g., Ref.[2] for a recent
review and references). If the critical point is situated in
the region accessible to heavy-ion collision experiments
it can be discovered experimentally. The search for the
critical point is planned at the Relativistic Heavy Ion
Collider (RHIC) at BNL, the Super Proton Synchrotron
(SPS) at CERN, the future Facility for Antiproton and
Ion Research (FAIR) at GSI, and Nuclotron-based Ion
Collider Facility (NICA) in Dubna (see, e.g., Ref.[3]).

The characteristic feature of a critical point is the di-
vergence of the correlation length ξ and of the magnitude
of the fluctuations. The simplest measures of fluctuations
in heavy-ion collisions are the variances of the event-by-
event observables such as multiplicities or mean trans-
verse momenta of particles. The singular, critical con-
tribution to these variances diverges as (approximately)
ξ2, and would manifest in a non-monotonic dependence
of such measures as the critical point is passed by during
the beam energy scan [4, 5]. In realistic heavy ion colli-
sion the divergence of ξ is cut-off by the effects of critical
slowing down [5, 6], and the estimates of the maximum
correlation length are in the range of at most 2 − 3 fm,
compared to the natural 0.5−1 fm away from the critical
point. However, higher, non-Gaussian, moments of the
fluctuations depend much more sensitively on ξ, accord-
ing to Ref.[7]. For example, the 4-th moment grows as
ξ7 near the critical point, making it an attractive exper-
imental tool. In this paper we follow up on the results
of Ref.[7] to point out that the sign of the 4-th moment
could be negative as the critical point is approached from
the crossover side of the QCD phase transition.

The sign of various moments have been discussed in
the literature in related contexts: see, e.g., discussion of
the sign of the 3-rd moment in Ref.[8] or the 6-th and 8-th
moments in Ref.[9] and also numerical lattice calculations

in Ref.[10] where the possible sign change of kurtosis is
noted.
In this paper we shall address specifically the sign of

the 4-th moment (or kurtosis) and do it in a more uni-
versal and quantitative way than has been done previ-
ously, by using the known parametric form of the univer-
sal equation of state near the critical point. We empha-
size universality of the behavior of the kurtosis and draw
experimental consequences from these results.

KURTOSIS AND UNIVERSAL EFFECTIVE
POTENTIAL

Let us begin, as in Ref.[1], by describing fluctuations of
the order parameter field σ(x) near a critical point using
the probability distribution

P [σ] ∼ exp {−Ω[σ]/T } , (1)

where Ω is the effective action (free energy) functional for
the field σ, which can be expanded in powers of σ as well
as in the gradients (we chose σ = 0 at the minimum):

Ω =

∫

d3x

[

(∇σ)2

2
+

m2
σ

2
σ2 +

λ3

3
σ3 +

λ4

4
σ4 + . . .

]

.

(2)
Calculating 2-point correlator 〈σ(x)σ(0)〉 we find that
the correlation length ξ = m−1

σ . For the moments of the
zero momentum mode σV ≡

∫

d3xσ(x) in a system of
volume V we find at tree level

κ2 = 〈σ2
V 〉 = V T ξ2 ; κ3 = 〈σ3

V 〉 = 2λ3V T 2 ξ6 ;

κ4 = 〈σ4
V 〉c = 6V T 3 [ 2(λ3ξ)

2 − λ4 ] ξ
8 .

(3)

where 〈σ4
V 〉c ≡ 〈σ4

V 〉−3〈σ2
V 〉2 denotes the connected 4-th

central moment (the 4-th cumulant). The critical point
is characterized by ξ → ∞. The central observation in
Ref.[7] was that the higher moments (cumulants) κ3 and
κ4 diverge with ξ much faster than the quadratic moment
κ2. Here we shall point out that the sign of the 4-th
moment κ4 is negative in a certain sector near the critical
point. More precisely, the 4-th cumulant is negative when
the critical point is approached from the crossover side.
Let us demonstrate this in several complementary ways.
A simple way to see why the kurtosis is negative is by

following the evolution of the probability distribution of

= ⟨σ4⟩c ≡ ⟨σ4⟩ − 3⟨σ2⟩2
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Equation of state for QCD with a critical point

4

Up to !("B4):
P. Parotto, DM, et al PRC (2020)

• Map a parameterization of the 3D Ising model critical point to QCD variables 
(BEST EoS): 

P(T, μB) = T4 ∑
n

cNon−Ising
n (T )( μB

T )
n

+ PQCD
crit (T, μB)

• Reconstruct QCD pressure via Taylor 
expansion using coefficients extracted on the 
lattice: T4cLAT

n (T ) = T4cNon−Ising
n (T ) + cIsing

n (T )

Up to !("B4) + strangeness neutrality:
J.M. Karthein, DM, et al EPJ+ (2021)

• Reduce number of free parameters by 
imposing:

➤ Need an equation of state with critical features: utilize the BEST EoS mapping 
between the 3D Ising model and QCD 

➤ P. Parotto et al, PRC (2020), 

➤ : J. M. Karthein et al, EPJ+ (2021) 

➤ Higher : M. Kahangirwe et al, PRD (2024) 

➤ First order: J.M Karthein, V. Koch, C. Ratti, PRD (2025)  

➤ Need a method of relating to particle correlators: maximum entropy method 

➤ M. Pradeep & M. Stephanov, PRL (2023)

⟨nS = 0⟩,
nQ

nB
= 0.4

μB

Ingredients to Study Critical Point Effect

8
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9

Also need dynamics! T. Schaefer, M. Singh talks at QM25; Hydro+: M. Stephanov and Y. Yin PRD 
(2018) & K. Rajagopal, G. Ridgway et al PRD (2020) & M. Pradeep, K. Rajagopal et al PRD (2022)



I.  Selected recent efforts on limits of 
critical point location from theory 
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➤ Lattice calculations then limited exclusions strictly to the expansion parameter 

➤ From Volodymyr Vovchenko’s talk at QM 2023 

Limits on Critical Point as of QM 2023

11

Summary

25

Critical point 
disfavored

• Theory estimates
• No indications of critical behavior from lattice QCD at small !!/4<2-3
• Several effective theories and lattice-Pade predictions point to T ~ 90-120 MeV and !!~500 − 650 MeV

• Heavy-ion collisions
• Proton cumulants are consistent with non-critical physics at 7(( ≥ 20 GeV
• Significant excess of two-proton correlations at 7(( ≤ 20 GeV that has no clear explanation yet

Thanks for your attention!

No sign of criticality for μB/T ≲ 2 − 3
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Limit from Curvature of Chiral Phase Transition

➤ HotQCD collaboration: estimate from the curvature of the chiral phase transition 
line and limit on the critical temperature from A. Halasz et al, PRD (1998) 

➤ From Jishnu Goswami’s talk on Wednesday:

12
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Algebraic Estimation of the Critical End Point (CEP)

3

The parametrization of the pseudo-critical line of QCD : 





The CEP most likely will exist below, . 

[Halasz et al,arXiv:hep-ph/9804290] 




If we truncate at , the pseudo critical line 'turns around' at: 

 [ A limitation !!]

Tpc(μB) = Tpc,0 [1 − κ2 ̂μ2
B + κ4 ̂μ4

B]
Tpc,0 = (156.5 ± 1.5) MeV, κ2 = 0.012(4), κ4 = 0.000(4)

T < 132 MeV

μB =
Tpc(μB)

0.012
1 −

Tpc(μB)
156.5 MeV

O(μ2
B)

(Tpc, μB) ≈ (104.3 MeV,550 MeV)

Tpc → 156.5 MeV ; μB → 0
 Tpc → 132 MeV ; μB → 470 MeV

Tpc → 0 MeV ; μB → 0

The excluded region of the QCD critical point : 
 Tpc(μB) > 132 MeV, μB < 470 MeV

No CEP in the BES II in the 
collider mode !! (Most likely)

Consistent with : S Borsanyi et al, arXiv:2502.10267 [hep-lat] ; D A. Clarke et al, 2405.10196 [hep-lat] ; 
D. Bollweg et al, Phys.Rev.D 105 (2022) 7, 074511 ;  Phys.Rev.D 108 (2023) 1, 014510 ; J .Goswami, Acta 
Phys.Polon.Supp. 16 (2023) 1, 1-A76 ; 

No sign of criticality for  MeV 
and  MeV

T > 132
μB < 470
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➤ Wuppertal-Budapest collaboration: obtain transition lines from the maximum of the 
static quark entropy and the strangeness susceptibilities 

➤ From Paolo Parotto’s poster and Chik Him Wong’s talk on Wednesday:

Deconfinement & Strangeness for Phase Boundary

13

No sign of criticality for  MeV (  max) or as large as 600 MeV ( )μB < 400 SQ χ2
S

QCD
deconfinement
transition line

up to
µB = 400 MeV

from finite volume
lattice simulations

Chik Him (Ricky)
Wong1

Introduction

Taylor
Extrapolation from
µB = 0

Chiral Vs
Deconfinement

µ
S
= 0 Vs n

S
= 0

Summary

Chiral transition Vs Deconfinement transitionChiral transition Vs Deconfinement transition
Deconfinement width is broader than Chiral width
Chiral width is constant, while Deconfinement width increases with
µB → deconfinement transition is weakening
No sign of CEP up to ↑ 400 MeV
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➤ Wuppertal-Budapest collaboration: brute force lattice method with extreme statistics 
to obtain higher order baryon cumulants (Taylor coefficients) 

➤ From Alexander Adam’s talk on Thursday:

High Statistics for Higher Order Fluctuations 

14

The data we have : ω2,ω4,ω6,ω8,ω10

• Volume : 163 → 8
• ↑ 2 million configs. per T at µ = 0

• !"# flavours with $ HEX smearing
• Simulated at physical quark mass

!/"#

The data we have : ω2,ω4,ω6,ω8,ω10

• Volume : 163 → 8
• ↑ 2 million configs. per T at µ = 0

• !"# flavours with $ HEX smearing
• Simulated at physical quark mass

!/"#

Extrapolate ω4/ω2 using Taylor
Motivation: Stephanov, M.A. [!"!#.$%&!]

[
ω4

ω2

]
(µ, T ) =

ω4 +
ω6
2! µ̂

2 + ω8
4! µ̂

4
(
+ω10

6! µ̂
6
)

ω2 +
ω4
2! µ̂

2 + ω6
4! µ̂

4 + ω8
6! µ̂

6
(
+ω10

8! µ̂
8
)

using up to ω8 using up to ω10 !/"!

No sign of criticality observed
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➤ Wuppertal-Budapest collaboration: increased precision on the EoS  extract 
information via extrapolation to real, finite  

➤ From Jana’s Guenther’s talk on Thursday:  

→
μB

Increased Precision Equation of State

15

Improved precision equation of state at µB = 0 Contours of constant entropy for µB > 0

Improved precision equation of state
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[1309.5258]

4p/T4

s/T3

ε/T4

I/T4

The deviations between the two

sets of data at high temperature

are due to the inclusion of the

charm quark in the new results.
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No sign of criticality for  MeVμB < 450

Improved precision equation of state at µB = 0 Contours of constant entropy for µB > 0

Extrapolating to µB > 0

For each chemical potential, we determine the temperature Ts(µB ,T0) at which the entropy

has the desired value s(T0).

 0.12

 0.13

 0.14

 0.15

 0.16

 0.17

-0.1  0  0.1  0.2  0.3

T
s(

µ
B
;T

0)
 [
G

eV
]

µB
2 [GeV2]

T0=135 MeV
T0=140 MeV
T0=145 MeV
T0=150 MeV
T0=155 MeV

The function Ts(µB ,T0) then yields the

contour stemming from T0:

Ts(µ
2
B ,T0) =

T0 + aµ2
B

1 + bµ2
B

Question where is
dTs
dT0

= 0?
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Improved precision equation of state at µB = 0 Contours of constant entropy for µB > 0

Question where is
dTs

dT0
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Contours of constant entropy obtained 
from fixing entropy  and 

determining :
s(T0)

TS(μ2
B, T0)

At the critical point  v.  

becomes flat: 

TS T0
dTS

dT0
= 0

Improved precision equation of state at µB = 0 Contours of constant entropy for µB > 0
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II.  Selected recent efforts on estimating 
critical point location from theory 
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➤ Estimate critical point location from spinodal features of first order transition  

➤ From Hitansh Shah’s talk on Wednesday: 

➤ Estimates from lattice parametrization and spline fit with collision energy range:

17

Extrapolation from Constant Entropy Contours

Critical point prediction @ 𝑂(𝜇𝐵
2 )

Chemical freeze-out estimate obtained from
A. Lysenko et al. arXiv:2408.06473

The green points on the freezeout curve show the 
center of mass energy 𝑠𝑁𝑁 in GeV from RHIC.

We find the collision energy 𝑠𝑁𝑁 from the range 
4 − 6 GeV to be in the closest vicinity of the CP.

The QCD critical point location obtained using 
 splines at 𝑂(𝜇𝐵

2 ) :
𝜇𝐵,𝑐 = 556 ± 50 MeV
𝑇𝑐 = 119 ± 5 MeV 

A. Lysenko et al. arXiv:2408.06473

9 / 14

HS, M. Hippert, J, Noronha, C. Ratti, V. Vovchenko - arXiv:2410.16026

Red/black : parameterization
Blue: splines

Extrapolation of the contours

Constant entropy density contours in 𝑇 vs 𝜇𝐵 plane

𝑇𝑠 𝜇𝐵; 𝑇0 ~𝑇0 + ∑𝑛
𝑁𝛼2𝑛 𝑇0

𝜇𝐵
2𝑛

2𝑛 ! + 𝑂(𝜇𝐵
2(𝑁+1))

𝛼2𝑛 𝑇0 =
𝜕2𝑛𝑇
𝜕𝜇𝐵

2𝑛
𝑠

ቚ
𝑇=𝑇0,𝜇𝐵=0

 

𝛼2 𝑇0 =
𝜕2𝑇
𝜕𝜇𝐵

2
𝑠

ቚ
𝑇=𝑇0,𝜇𝐵=0

 = −
2𝑇0𝜒2

𝐵 𝑇0 + 𝑇0
2𝜒2

𝐵′ 𝑇0  
𝑠′ 𝑇0

ቚ
𝜇𝐵=0

𝑠1

𝑠2

𝑠3

The power series expansion for these entropy density contours

𝑇𝑠 𝑇0; 𝜇𝐵 = 𝑇0 +
𝛼2 𝑇0 𝜇𝐵

2

2!

We truncate the expansion up to 2nd order in 𝜇𝐵 which gives:

HS, M. Hippert, J, Noronha, C. Ratti, V. Vovchenko - arXiv:2410.16026

Related to expansion in A. Bazavov et al. Phys. Rev. D 95, 054504
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Contours of constant entropy density

HS, M. Hippert, J, Noronha, C. Ratti, V. Vovchenko - arXiv:2410.16026

𝜇1 < 𝜇𝐵,𝑐 < 𝜇2 𝑠1 < 𝑠𝑐 < 𝑠2

𝑠1

𝑠2

𝑠𝑐
𝑠1

𝑠𝑐

𝑠2

➢ If the contours of constant entropy density do not cross, it suggests an analytic crossover

➢ If the contours of constant entropy density do cross, it suggests a first order phase transition

Curves of constant chemical potential Contours of constant entropy density
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Critical point calculation @ 𝑂(𝜇𝐵
2 )

A. Lysenko et al. arXiv:2408.06473
Chemical freeze-out bound was obtained from

CP location @ 𝑂(𝜇𝐵
2 ):

𝜇𝐵,𝑐 = 602 ± 62 MeV
𝑇𝑐 = 114 ± 7 MeV 

The temperature at 𝜇𝐵 = 0 which gives the critical
 entropy density was found to be at:

𝑇0𝑐 = 140 ± 2 MeV 

The green band shows the analytic crossover that 
 is obtained from lattice QCD fit of transition line

Borsanyi et al., Phys. Rev. Lett. 125, 052001 (2020)
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HS, M. Hippert, J, Noronha, C. Ratti, V. Vovchenko - arXiv:2410.16026
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center of mass energy 𝑠𝑁𝑁 in GeV from RHIC.

We find the collision energy 𝑠𝑁𝑁 from the range 
4 − 6 GeV to be in the closest vicinity of the CP.

The QCD critical point location obtained using 
 splines at 𝑂(𝜇𝐵
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HS, M. Hippert, J, Noronha, C. Ratti, V. Vovchenko - arXiv:2410.16026

Red/black : parameterization
Blue: splines

Also applied to holographic model fit to lattice with critical point around (Tc = 103 MeV, μB,c = 599 MeV)
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Estimate from Lee Yang Edge Singularity

18

➤ Lee Yang edge singularity: zeroes of the partition function appear at imaginary 
values of  due to a branch cut along the real  axis with location from universality: 

➤ Critical point observed where branch cut pinches the real axis 

➤ From Christian Schmidt’s poster:

μB h

Locating the QCD critical point from the 
universal scaling of the Lee-Yang edge 
Christian Schmidt,1 David A. Clarke,2  Petros Dimopoulos,3 Francesco Di Renzo,3  
Jishnu Goswami,1  Simran Singh,4  Kevin Zambello 5

1 Universität Bielefeld, Fakultät für Physik, Postfach 100131, D-33501 Bielefeld, Germany

2 Department of Physics and Astronomy, University of Utah, Salt Lake City, Utah 84112, USA

3 Dipartimento di Scienze Matematiche, Fisiche e Informatiche, Università di Parma and INFN, I-43100, Parma, Italy

4 HISKP, Rheinische Friedrich-Wilhelms-Universität Bonn, Nußallee 14-16, 53115 Bonn, Germany

5 Dipartimento di Fisica dell’Università di Pisa  and INFN Sezione di Pisa, Largo Pontecorvo 3, I-56127 Pisa, Italy

Motivation T
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d
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-critical lineO(4)

-critical lineZ(2)

-order plane1st

Tri-critical point

We want to investigate the 
analytic structure of the 
partition function ( )ln Z

We have theoretical guidance 
by the Lee-Yang theorem, 
which predicts branch-cuts in 
the scaling function of the 
order parameter, located at 
universal positions.

Locating singularities in the 
complex -plane might 
help to find the elusive QCD 
critical point 

μB/T

Lattice Setup

We use lattice QCD data of the baryon number density ( ) at imaginary baryon 
chemical potential as input to our analysis.

∂μ ln Z

T = 176.6 MeV

T = 186.3 MeV

T = 201.4 MeV

We use (2+1)-flavor of highly improved 
staggered quarks (HISQ)


Simulations at  are not possible due 
to the infamous sign problem 


Instead we perform calculations at imaginary 
chemical potential                                  
[De Frorcrand, Philipsen (2002); D’Elia, Lombardo (2003) ]


The temperature scale and line of constant 
physics is taken from previous HotQCD 
calculations                                                                     
[see e.g., Bollweg et al. PRD 104 (2021) ]
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We measure cumulants of net baryon 
number in the interval          
[Allton et al. PRD 66 (2002) ]


The cumulants  are odd and imaginary 
for  odd and even and and real for  even
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Yang singularities at complex .
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Parameter space for generated ensembles: 

Lee-Yang Edge singularities 

One finds zeros of the partition function only at 
imaginary values of the symmetry breaking field                                                              
[Lee, Yang 1952]


In the thermodynamic limit the zeros become 
dense on the line h′ = 0

 a brach cut is observed in the free 

energy density and order parameter 

→

The position of the branch cut singularity is 
universal. In terms of the scaling variable 

, we have                                                           
[Connelly et al. PRL 125 (2020) 19]
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2βδ

[Johnson et al. PRD 107 (2023) 116013]
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Roberge-Weiss transition:
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Chiral transition:
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with different scaling fields and 
non-universal parameters 

The QCD critical point:

μLY = μcep − c1(T − Tcep) + ic2 |zc |−βδ (T − Tcep)βδ

 find approach towards the real axis! Perform 
extrapolation to determine the critical point.  
→

New Method for analytic continuation Critical Point Analysis

Conclusion
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2
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mphys
s

 different temperature intervals are sensitive to  
different scaling of the Lee-Yang edge singularity  
→

The complex singularities extracted from the analytic continuation of the net baryon number density reveal information on the phase transition in QCD. 

Close to the Roberge-Weiss transition we find a temperature scaling wich is in agreement with the Z(2) gap exponent . From that scaling we 
extract a new estimate of the Roberge-Weiss transition temperature in the continuum limit  MeV (not discussed here).

Δ = βδ
TRW = 211.1 ± 3.1

In the temperature range  MeV  MeV we find an apparent approach towards the real axis. A preliminary estimate of the QCD critical 
point from this approach is  MeV and  MeV. 

165 < T < 120
TCEP ≈ 100 μCEP ≈ 600

New method for analytic continuation of data, based on Cauchy’s integral formula is explored. 
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Figure 1: Inverse Cauchy problem for the function f(z) = sin(z). Input data (n = 60) for z are on
the imaginary axis and lie in the interval [�0.5i, 0.5i]. Plots (a) and (b) refer to the real and the
imaginary parts of the function at the quadrature points on a circle centered at zero with radius
equal to R = 4. Plot (c) shows the analytical continuation estimates along the real axis.2
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Figure 2: The same study as above but injecting noise at 1% level to the data; the problem is
treated with the help of Tiknonov regularisation.
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Figure 1: See the Cauchy Integral formula, Eq. (1).

where ⇠k is the kth root of the nth Legendre polynomial Px(⇠); the weights Hk are defined by

Hk =
2
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, (4)

and the error E is given by

E =
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⇤3 g
(2n)(⇠0) , (5)

where the (2n)th derivative of the function is computed at some point ⇠0 2 (�1, 1).
For arbitrary finite integration interval [a, b] we make use of the transformation

x =
b+ a

2
+

b� a

2
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so that
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g(⇠) d⇠ . (7)

The quadrature nodes (i.e., the shifted zeros of the Legendre polynomial) become

xk =
b+ a

2
+

b� a

2
⇠k , (8)

and the quadrature formula for the integral of the (lhs) of Eq. (7) is now given by (here for simplicity
we do not write the error)

Z
b

a

g(x) dx '
nX

k=1

wk g(xk) , (9)

where wk = [(b� a)/2]Hk and the shifted zeros xk are written in Eq. (8).
We can directly apply Eq. (9) to the integral of the (rhs) of Eq. (2); by setting a = 0 and b = 2⇡,

we get
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With your favourite  QUADRATURE method … you can go numeric! 

with wk = ⇡Hk and ✓k = ⇡ (1 + ⇠k), k = 1, 2, . . . , n. Eq. (10) provides the set up for the numerical
determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
respective true values of the function are of the order, at least, of O(10�8), by using n = 40 , 50
quadrature nodes (and R = 1). Moreover, we are able to verify numerically that for the Laurent
coe�cient C�1 we get

C�1 =
1

2⇡i

I
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f(z) dz =
1

2⇡i
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C

sin(z) dz =

=
1
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d✓ ' 1

2⇡

nX

k=1

wk f(Re
i✓k)Re

i✓k ' O(10�15) , (11)

i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
on the complex z-plane. Let us assume for the moment that the (unknown) function f(z) is
analytical on and inside a circle that is centered in the origin and has radius R. Then for each of
the points zi we can apply the Legendre-Gauss quadrature formula of Eq. (10) and write:

yi =
1

2⇡

nX

k=1

wk

Re
i✓k

Rei✓k � zi
f̂k , i = 1, 2, . . . , n , (12)

where, we remind the reader that, wk = ⇡Hk are the shifted weights and ✓k = ⇡ (1 + ⇠k) are the
shifted zeros of the nth Legendre polynomial whose zeros in the interval (�1 , 1) are denoted with
⇠k, k = 1, 2, . . . , n. It is easy to see that from the form of Eq. (12) for i = 1, 2, . . . , n we end up with
a system of n equations with n unknowns; the unknowns are the values of the (unknown) function,
namely {f̂k}, (k = 1, 2, . . . , n), on the quadrature points which lie on the circle of radius R. Hence,
once the set {f̂k} is known, one can use again the quadrature formula in the (rhs) of Eq. (12) at
any point z̃ that lie inside the circle to get the respective value for the (uknown) function. What
we have just described is a novel procedure of a numerically performed analytical continuation.

3

… and when you have solved your (BRAVE) INVERSE PROBLEM(!) …

2.1 Numerical experiments of the inverse Cauchy problem

We have performed several numerical experiments of the inverse Cauchy problem using data that
are produced from known functions with the aim to compare the exact function values with those
we get from the analytical continuation procedure. From the numerical point of view the inverse
Cauchy problem consists in resolving the matrix equation

Ax = b , x = A
�1 b, (13)

with A a n⇥ n matrix with elements

Aik =
1

2⇡
wk

Re
i✓k

Rei✓k � zi
(14)

The value for the radius R is fixed, ✓k are the shifted zeros of the nth Legendre polynomial and zi

are the points on the complex plane for which the input data set is initially available, namely the
set {yi} , i = 1, 2, . . . , n. The latter is represented by the vector b. Finally, x denotes the vector
solution we are seeking which stands for the set of {f̂k}, (k = 1, 2, . . . , n) of Eq. (12).

Figure 2: Comparison between analytically continued results obtained from the study of the inverse
Cauchy problem and the exact curve for the function f(x) = sinx, x 2 R. The input data has been
assumed on the imaginary axis.

Our main conclusions follow:

1. The condition number of the matrix A tends to be high even using a modest number n of
input data.

2. As a consequence of 1. the values of the (unknown) function at the quadrature points, which
are the various components of the vector solution {f̂k}, (k = 1, 2, . . . , n), di↵er from the true
values of the function at the respective points. Therefore, it seems that this way of analytical
continuation is not quite promising.
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SOLVE for the        !

with wk = ⇡Hk and ✓k = ⇡ (1 + ⇠k), k = 1, 2, . . . , n. Eq. (10) provides the set up for the numerical
determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
respective true values of the function are of the order, at least, of O(10�8), by using n = 40 , 50
quadrature nodes (and R = 1). Moreover, we are able to verify numerically that for the Laurent
coe�cient C�1 we get
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i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
on the complex z-plane. Let us assume for the moment that the (unknown) function f(z) is
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De facto, you would like to think of Legendre quadrature 

 Once you have the values on the contour, you can compute on the REAL AXIS!  ( o o o o o o )
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Figure 1: See the Cauchy Integral formula, Eq. (1).
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i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.
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One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
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analytical continuation of the function f(z). This is accomplished by numerically resolving what
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shifted zeros of the nth Legendre polynomial whose zeros in the interval (�1 , 1) are denoted with
⇠k, k = 1, 2, . . . , n. It is easy to see that from the form of Eq. (12) for i = 1, 2, . . . , n we end up with
a system of n equations with n unknowns; the unknowns are the values of the (unknown) function,
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We have performed several numerical experiments of the inverse Cauchy problem using data that
are produced from known functions with the aim to compare the exact function values with those
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The value for the radius R is fixed, ✓k are the shifted zeros of the nth Legendre polynomial and zi

are the points on the complex plane for which the input data set is initially available, namely the
set {yi} , i = 1, 2, . . . , n. The latter is represented by the vector b. Finally, x denotes the vector
solution we are seeking which stands for the set of {f̂k}, (k = 1, 2, . . . , n) of Eq. (12).
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Cauchy problem and the exact curve for the function f(x) = sinx, x 2 R. The input data has been
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input data.

2. As a consequence of 1. the values of the (unknown) function at the quadrature points, which
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values of the function at the respective points. Therefore, it seems that this way of analytical
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with wk = ⇡Hk and ✓k = ⇡ (1 + ⇠k), k = 1, 2, . . . , n. Eq. (10) provides the set up for the numerical
determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
respective true values of the function are of the order, at least, of O(10�8), by using n = 40 , 50
quadrature nodes (and R = 1). Moreover, we are able to verify numerically that for the Laurent
coe�cient C�1 we get

C�1 =
1

2⇡i
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i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
on the complex z-plane. Let us assume for the moment that the (unknown) function f(z) is
analytical on and inside a circle that is centered in the origin and has radius R. Then for each of
the points zi we can apply the Legendre-Gauss quadrature formula of Eq. (10) and write:

yi =
1

2⇡

nX

k=1

wk

Re
i✓k

Rei✓k � zi
f̂k , i = 1, 2, . . . , n , (12)

where, we remind the reader that, wk = ⇡Hk are the shifted weights and ✓k = ⇡ (1 + ⇠k) are the
shifted zeros of the nth Legendre polynomial whose zeros in the interval (�1 , 1) are denoted with
⇠k, k = 1, 2, . . . , n. It is easy to see that from the form of Eq. (12) for i = 1, 2, . . . , n we end up with
a system of n equations with n unknowns; the unknowns are the values of the (unknown) function,
namely {f̂k}, (k = 1, 2, . . . , n), on the quadrature points which lie on the circle of radius R. Hence,
once the set {f̂k} is known, one can use again the quadrature formula in the (rhs) of Eq. (12) at
any point z̃ that lie inside the circle to get the respective value for the (uknown) function. What
we have just described is a novel procedure of a numerically performed analytical continuation.
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De facto, you would like to think of Legendre quadrature 

 Once you have the values on the contour, you can compute on the REAL AXIS!  ( o o o o o o )
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Figure 1: See the Cauchy Integral formula, Eq. (1).

where ⇠k is the kth root of the nth Legendre polynomial Px(⇠); the weights Hk are defined by
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and the quadrature formula for the integral of the (lhs) of Eq. (7) is now given by (here for simplicity
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several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
respective true values of the function are of the order, at least, of O(10�8), by using n = 40 , 50
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i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
on the complex z-plane. Let us assume for the moment that the (unknown) function f(z) is
analytical on and inside a circle that is centered in the origin and has radius R. Then for each of
the points zi we can apply the Legendre-Gauss quadrature formula of Eq. (10) and write:
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where, we remind the reader that, wk = ⇡Hk are the shifted weights and ✓k = ⇡ (1 + ⇠k) are the
shifted zeros of the nth Legendre polynomial whose zeros in the interval (�1 , 1) are denoted with
⇠k, k = 1, 2, . . . , n. It is easy to see that from the form of Eq. (12) for i = 1, 2, . . . , n we end up with
a system of n equations with n unknowns; the unknowns are the values of the (unknown) function,
namely {f̂k}, (k = 1, 2, . . . , n), on the quadrature points which lie on the circle of radius R. Hence,
once the set {f̂k} is known, one can use again the quadrature formula in the (rhs) of Eq. (12) at
any point z̃ that lie inside the circle to get the respective value for the (uknown) function. What
we have just described is a novel procedure of a numerically performed analytical continuation.
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… and when you have solved your (BRAVE) INVERSE PROBLEM(!) …

2.1 Numerical experiments of the inverse Cauchy problem

We have performed several numerical experiments of the inverse Cauchy problem using data that
are produced from known functions with the aim to compare the exact function values with those
we get from the analytical continuation procedure. From the numerical point of view the inverse
Cauchy problem consists in resolving the matrix equation

Ax = b , x = A
�1 b, (13)

with A a n⇥ n matrix with elements

Aik =
1

2⇡
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i✓k

Rei✓k � zi
(14)

The value for the radius R is fixed, ✓k are the shifted zeros of the nth Legendre polynomial and zi

are the points on the complex plane for which the input data set is initially available, namely the
set {yi} , i = 1, 2, . . . , n. The latter is represented by the vector b. Finally, x denotes the vector
solution we are seeking which stands for the set of {f̂k}, (k = 1, 2, . . . , n) of Eq. (12).

Figure 2: Comparison between analytically continued results obtained from the study of the inverse
Cauchy problem and the exact curve for the function f(x) = sinx, x 2 R. The input data has been
assumed on the imaginary axis.

Our main conclusions follow:

1. The condition number of the matrix A tends to be high even using a modest number n of
input data.

2. As a consequence of 1. the values of the (unknown) function at the quadrature points, which
are the various components of the vector solution {f̂k}, (k = 1, 2, . . . , n), di↵er from the true
values of the function at the respective points. Therefore, it seems that this way of analytical
continuation is not quite promising.
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with wk = ⇡Hk and ✓k = ⇡ (1 + ⇠k), k = 1, 2, . . . , n. Eq. (10) provides the set up for the numerical
determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
respective true values of the function are of the order, at least, of O(10�8), by using n = 40 , 50
quadrature nodes (and R = 1). Moreover, we are able to verify numerically that for the Laurent
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i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
on the complex z-plane. Let us assume for the moment that the (unknown) function f(z) is
analytical on and inside a circle that is centered in the origin and has radius R. Then for each of
the points zi we can apply the Legendre-Gauss quadrature formula of Eq. (10) and write:

yi =
1
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Rei✓k � zi
f̂k , i = 1, 2, . . . , n , (12)

where, we remind the reader that, wk = ⇡Hk are the shifted weights and ✓k = ⇡ (1 + ⇠k) are the
shifted zeros of the nth Legendre polynomial whose zeros in the interval (�1 , 1) are denoted with
⇠k, k = 1, 2, . . . , n. It is easy to see that from the form of Eq. (12) for i = 1, 2, . . . , n we end up with
a system of n equations with n unknowns; the unknowns are the values of the (unknown) function,
namely {f̂k}, (k = 1, 2, . . . , n), on the quadrature points which lie on the circle of radius R. Hence,
once the set {f̂k} is known, one can use again the quadrature formula in the (rhs) of Eq. (12) at
any point z̃ that lie inside the circle to get the respective value for the (uknown) function. What
we have just described is a novel procedure of a numerically performed analytical continuation.
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De facto, you would like to think of Legendre quadrature 

 Once you have the values on the contour, you can compute on the REAL AXIS!  ( o o o o o o )

o o o o o o

Idea: Use Cauchy’s Formular to obtain function 
values on the circle (Inverse Problem) is

Use Gauss-Legendre quadrature rule to define 
a linear system

Solve linear system for the values , use the solution to calculate values on the real 
axis (analytic continuation).

̂fk

Some numerical experiments for the Sine function: great success for exact data. 
Inverse Cauchy problem for . Input data ( ) for z on the imaginary 
axis in the interval .

f(z) = sin(z) n = 60
[−0.5i,0.5i]

Now injecting noise at the 1% level to the data (same study as above). The problem is 
treated with the help of the Tikhonov regularisation.

Some tricks to reduce uncertainties from noisy data:

➡ Introduce information from derivatives via Cauchy’s formula for derivatives 

➡ Systematically vary data within errors to obtain consistent smooth solution of the 

inverse problem. Use different quadrature orders and points.

Method is applicable also for other inverse problems: (inverse) Laplace transform to 
calculate spectral functions from Euclidian correlator. 

Can also be used to calculate higher order cumulants of conserved charge 
fluctuations. 

See also talk by F. Di Renzo on Sign 2025.
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expansion points

complex singularities

Suppose you know the values of a function (and of its derivatives) at a number of points

. . . , f(zk) , f
0(zk) , . . . , f

(s�1)(zk) , . . . k = 1 . . . N

If you want to approximate the function with a rational function

Rm
n (z) =

Pm(z)

Q̃n(z)
=

Pm(z)

1 +Qn(z)
=

mP
i=0

ai zi

1 +
nP

j=1
bj zj

the obvious requirement is that 

Rm (j)
n (zk) = f (j)(zk) k = 1 . . . N, j = 0 . . . s� 1

Until a few moths ago, if you had asked me about analytic continuation, I would have told you a few words on multi-point PADÈ

Perform multi-point Padé analysis of data in a given range. Use periodicity of data to increase 
interval length beyond . Slide interval center through the range . Use diagonal Padé 
of order .

π [−iπ, iπ]
n = m = 3,4,5

Bootstrap over intervals (length and center), order of the Padé and vary data within errors. Obtain  fits, to the Lee-Yang scaling with temperature. 
Perform a statistical analysis of the fits, weighted by Akaike information criterion. 

O(105)
Estimate closest complex pole of the approximation.

Obtain  MeV and  MeV (median and 25% quantiles) at . Naive continuum estimate increases baryon chemical 

potential towards  MeV, which is in good agreement with FRG, DSE and BHE calculations. 

TCEP = 102+10
−23 μCEP = 427+162

−74 Nτ = 6
μCEP ≈ 600

Histogram of the fit results for the CEP location, symbols 
indicate median (x) together with 25% quantiles and 
arithmetic mean (+). 

Contour plot of the probability 
density, outer contour 
indicates the 68% level. 

Systematic errors are under further investigation, including finite volume and lattice cut-off effects. Finite volume effects are estimated to be small. 

We are currently increasing the number of simulation points per temperature form 10 to 20 values in the interval  and find a reduction of the 
uncertainties in the estimates of the pole location. 

[0,iπ]
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-critical lineO(4)

-critical lineZ(2)

-order plane1st

Tri-critical point

We want to investigate the 
analytic structure of the 
partition function ( )ln Z

We have theoretical guidance 
by the Lee-Yang theorem, 
which predicts branch-cuts in 
the scaling function of the 
order parameter, located at 
universal positions.

Locating singularities in the 
complex -plane might 
help to find the elusive QCD 
critical point 

μB/T

Lattice Setup

We use lattice QCD data of the baryon number density ( ) at imaginary baryon 
chemical potential as input to our analysis.

∂μ ln Z

T = 176.6 MeV

T = 186.3 MeV

T = 201.4 MeV

We use (2+1)-flavor of highly improved 
staggered quarks (HISQ)


Simulations at  are not possible due 
to the infamous sign problem 


Instead we perform calculations at imaginary 
chemical potential                                  
[De Frorcrand, Philipsen (2002); D’Elia, Lombardo (2003) ]


The temperature scale and line of constant 
physics is taken from previous HotQCD 
calculations                                                                     
[see e.g., Bollweg et al. PRD 104 (2021) ]
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Lattice size:  363 × 6Lattice size:  243 × 4

We measure cumulants of net baryon 
number in the interval          
[Allton et al. PRD 66 (2002) ]


The cumulants  are odd and imaginary 
for  odd and even and and real for  even

iμI
B/T ∈ [0,π]
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n

n n

[Dimopoulos et al.,  PRD 105 (2022)] [Zambello et al.,  PoS LATTICE2022 (2023) 164]
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We choose , where we expect Lee-
Yang singularities at complex .

T ≥ TRW
μB/T

Parameter space for generated ensembles: 

Lee-Yang Edge singularities 

One finds zeros of the partition function only at 
imaginary values of the symmetry breaking field                                                              
[Lee, Yang 1952]


In the thermodynamic limit the zeros become 
dense on the line h′ = 0

 a brach cut is observed in the free 

energy density and order parameter 

→

The position of the branch cut singularity is 
universal. In terms of the scaling variable 

, we have                                                           
[Connelly et al. PRL 125 (2020) 19]
z = t/h1/βδ zLY = |zc |ei π

2βδ

[Johnson et al. PRD 107 (2023) 116013]

h′ 

h′ ′ 

h′ 

h′ ′ 

+hYL(T )

 finite,  V T > Tc ,  V → ∞ T > Tc

Z(V, T, h) ≡ 0, h = h′ + ih′ ′ 

−hYL(T )
h′ 

h′ ′ 

hYL(Tc) = 0

,  V → ∞ T → Tc

Roberge-Weiss transition:

    and    t = t0 ( TRW − T
TRW ) h = h0 ( ̂μB − iπ

iπ )
Chiral transition:

zLY = |zc |ei π
2βδ

    and t = αt(T − Tcep) + βt(μB − μcep)
h = αh(T − Tcep) + βh(μB − μcep)

QCD critical point:

Solve for 

0 1 2 3 4 5
Re[µB/T]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

Im
[µ

B
/T

]

RW scaling

chiral scaling

CEP scaling

 T = TRW

 T = TCEP

T ↘ TCEP

T ↘ TCEP

with different scaling fields and 
non-universal parameters 

The QCD critical point:

μLY = μcep − c1(T − Tcep) + ic2 |zc |−βδ (T − Tcep)βδ

 find approach towards the real axis! Perform 
extrapolation to determine the critical point.  
→

New Method for analytic continuation Critical Point Analysis

Conclusion

   and    t = t0 [ T − Tc

Tc
+ κB

2 ( μB

T )
2

] h = h0
ml

mphys
s

 different temperature intervals are sensitive to  
different scaling of the Lee-Yang edge singularity  
→

The complex singularities extracted from the analytic continuation of the net baryon number density reveal information on the phase transition in QCD. 
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Figure 1: Inverse Cauchy problem for the function f(z) = sin(z). Input data (n = 60) for z are on
the imaginary axis and lie in the interval [�0.5i, 0.5i]. Plots (a) and (b) refer to the real and the
imaginary parts of the function at the quadrature points on a circle centered at zero with radius
equal to R = 4. Plot (c) shows the analytical continuation estimates along the real axis.2
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Figure 2: The same study as above but injecting noise at 1% level to the data; the problem is
treated with the help of Tiknonov regularisation.
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where ⇠k is the kth root of the nth Legendre polynomial Px(⇠); the weights Hk are defined by
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where the (2n)th derivative of the function is computed at some point ⇠0 2 (�1, 1).
For arbitrary finite integration interval [a, b] we make use of the transformation
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The quadrature nodes (i.e., the shifted zeros of the Legendre polynomial) become

xk =
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and the quadrature formula for the integral of the (lhs) of Eq. (7) is now given by (here for simplicity
we do not write the error)
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where wk = [(b� a)/2]Hk and the shifted zeros xk are written in Eq. (8).
We can directly apply Eq. (9) to the integral of the (rhs) of Eq. (2); by setting a = 0 and b = 2⇡,
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With your favourite  QUADRATURE method … you can go numeric! 

with wk = ⇡Hk and ✓k = ⇡ (1 + ⇠k), k = 1, 2, . . . , n. Eq. (10) provides the set up for the numerical
determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
respective true values of the function are of the order, at least, of O(10�8), by using n = 40 , 50
quadrature nodes (and R = 1). Moreover, we are able to verify numerically that for the Laurent
coe�cient C�1 we get
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i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
on the complex z-plane. Let us assume for the moment that the (unknown) function f(z) is
analytical on and inside a circle that is centered in the origin and has radius R. Then for each of
the points zi we can apply the Legendre-Gauss quadrature formula of Eq. (10) and write:

yi =
1

2⇡

nX

k=1

wk

Re
i✓k

Rei✓k � zi
f̂k , i = 1, 2, . . . , n , (12)

where, we remind the reader that, wk = ⇡Hk are the shifted weights and ✓k = ⇡ (1 + ⇠k) are the
shifted zeros of the nth Legendre polynomial whose zeros in the interval (�1 , 1) are denoted with
⇠k, k = 1, 2, . . . , n. It is easy to see that from the form of Eq. (12) for i = 1, 2, . . . , n we end up with
a system of n equations with n unknowns; the unknowns are the values of the (unknown) function,
namely {f̂k}, (k = 1, 2, . . . , n), on the quadrature points which lie on the circle of radius R. Hence,
once the set {f̂k} is known, one can use again the quadrature formula in the (rhs) of Eq. (12) at
any point z̃ that lie inside the circle to get the respective value for the (uknown) function. What
we have just described is a novel procedure of a numerically performed analytical continuation.

3

… and when you have solved your (BRAVE) INVERSE PROBLEM(!) …

2.1 Numerical experiments of the inverse Cauchy problem

We have performed several numerical experiments of the inverse Cauchy problem using data that
are produced from known functions with the aim to compare the exact function values with those
we get from the analytical continuation procedure. From the numerical point of view the inverse
Cauchy problem consists in resolving the matrix equation

Ax = b , x = A
�1 b, (13)

with A a n⇥ n matrix with elements

Aik =
1

2⇡
wk

Re
i✓k

Rei✓k � zi
(14)

The value for the radius R is fixed, ✓k are the shifted zeros of the nth Legendre polynomial and zi

are the points on the complex plane for which the input data set is initially available, namely the
set {yi} , i = 1, 2, . . . , n. The latter is represented by the vector b. Finally, x denotes the vector
solution we are seeking which stands for the set of {f̂k}, (k = 1, 2, . . . , n) of Eq. (12).

Figure 2: Comparison between analytically continued results obtained from the study of the inverse
Cauchy problem and the exact curve for the function f(x) = sinx, x 2 R. The input data has been
assumed on the imaginary axis.

Our main conclusions follow:

1. The condition number of the matrix A tends to be high even using a modest number n of
input data.

2. As a consequence of 1. the values of the (unknown) function at the quadrature points, which
are the various components of the vector solution {f̂k}, (k = 1, 2, . . . , n), di↵er from the true
values of the function at the respective points. Therefore, it seems that this way of analytical
continuation is not quite promising.
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determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
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i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
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De facto, you would like to think of Legendre quadrature 
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Figure 1: See the Cauchy Integral formula, Eq. (1).
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i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
on the complex z-plane. Let us assume for the moment that the (unknown) function f(z) is
analytical on and inside a circle that is centered in the origin and has radius R. Then for each of
the points zi we can apply the Legendre-Gauss quadrature formula of Eq. (10) and write:
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where, we remind the reader that, wk = ⇡Hk are the shifted weights and ✓k = ⇡ (1 + ⇠k) are the
shifted zeros of the nth Legendre polynomial whose zeros in the interval (�1 , 1) are denoted with
⇠k, k = 1, 2, . . . , n. It is easy to see that from the form of Eq. (12) for i = 1, 2, . . . , n we end up with
a system of n equations with n unknowns; the unknowns are the values of the (unknown) function,
namely {f̂k}, (k = 1, 2, . . . , n), on the quadrature points which lie on the circle of radius R. Hence,
once the set {f̂k} is known, one can use again the quadrature formula in the (rhs) of Eq. (12) at
any point z̃ that lie inside the circle to get the respective value for the (uknown) function. What
we have just described is a novel procedure of a numerically performed analytical continuation.
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2.1 Numerical experiments of the inverse Cauchy problem

We have performed several numerical experiments of the inverse Cauchy problem using data that
are produced from known functions with the aim to compare the exact function values with those
we get from the analytical continuation procedure. From the numerical point of view the inverse
Cauchy problem consists in resolving the matrix equation

Ax = b , x = A
�1 b, (13)

with A a n⇥ n matrix with elements

Aik =
1

2⇡
wk
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i✓k

Rei✓k � zi
(14)

The value for the radius R is fixed, ✓k are the shifted zeros of the nth Legendre polynomial and zi

are the points on the complex plane for which the input data set is initially available, namely the
set {yi} , i = 1, 2, . . . , n. The latter is represented by the vector b. Finally, x denotes the vector
solution we are seeking which stands for the set of {f̂k}, (k = 1, 2, . . . , n) of Eq. (12).

Figure 2: Comparison between analytically continued results obtained from the study of the inverse
Cauchy problem and the exact curve for the function f(x) = sinx, x 2 R. The input data has been
assumed on the imaginary axis.

Our main conclusions follow:

1. The condition number of the matrix A tends to be high even using a modest number n of
input data.

2. As a consequence of 1. the values of the (unknown) function at the quadrature points, which
are the various components of the vector solution {f̂k}, (k = 1, 2, . . . , n), di↵er from the true
values of the function at the respective points. Therefore, it seems that this way of analytical
continuation is not quite promising.
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o o o o o o
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Figure 1: See the Cauchy Integral formula, Eq. (1).

where ⇠k is the kth root of the nth Legendre polynomial Px(⇠); the weights Hk are defined by

Hk =
2

nPn�1(⇠k)P 0
n
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, (4)

and the error E is given by
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22n+1 (n!)4
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(2n)!

⇤3 g
(2n)(⇠0) , (5)

where the (2n)th derivative of the function is computed at some point ⇠0 2 (�1, 1).
For arbitrary finite integration interval [a, b] we make use of the transformation

x =
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2
+
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2
⇠ , (6)

so that
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g(x) dx =
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Z 1
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g(⇠) d⇠ . (7)

The quadrature nodes (i.e., the shifted zeros of the Legendre polynomial) become

xk =
b+ a

2
+

b� a

2
⇠k , (8)

and the quadrature formula for the integral of the (lhs) of Eq. (7) is now given by (here for simplicity
we do not write the error)

Z
b

a

g(x) dx '
nX

k=1

wk g(xk) , (9)

where wk = [(b� a)/2]Hk and the shifted zeros xk are written in Eq. (8).
We can directly apply Eq. (9) to the integral of the (rhs) of Eq. (2); by setting a = 0 and b = 2⇡,

we get
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With your favourite  QUADRATURE method … you can go numeric! 

with wk = ⇡Hk and ✓k = ⇡ (1 + ⇠k), k = 1, 2, . . . , n. Eq. (10) provides the set up for the numerical
determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
respective true values of the function are of the order, at least, of O(10�8), by using n = 40 , 50
quadrature nodes (and R = 1). Moreover, we are able to verify numerically that for the Laurent
coe�cient C�1 we get

C�1 =
1

2⇡i
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1
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=
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i✓k)Re

i✓k ' O(10�15) , (11)

i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
on the complex z-plane. Let us assume for the moment that the (unknown) function f(z) is
analytical on and inside a circle that is centered in the origin and has radius R. Then for each of
the points zi we can apply the Legendre-Gauss quadrature formula of Eq. (10) and write:

yi =
1

2⇡

nX

k=1

wk

Re
i✓k

Rei✓k � zi
f̂k , i = 1, 2, . . . , n , (12)

where, we remind the reader that, wk = ⇡Hk are the shifted weights and ✓k = ⇡ (1 + ⇠k) are the
shifted zeros of the nth Legendre polynomial whose zeros in the interval (�1 , 1) are denoted with
⇠k, k = 1, 2, . . . , n. It is easy to see that from the form of Eq. (12) for i = 1, 2, . . . , n we end up with
a system of n equations with n unknowns; the unknowns are the values of the (unknown) function,
namely {f̂k}, (k = 1, 2, . . . , n), on the quadrature points which lie on the circle of radius R. Hence,
once the set {f̂k} is known, one can use again the quadrature formula in the (rhs) of Eq. (12) at
any point z̃ that lie inside the circle to get the respective value for the (uknown) function. What
we have just described is a novel procedure of a numerically performed analytical continuation.

3

… and when you have solved your (BRAVE) INVERSE PROBLEM(!) …

2.1 Numerical experiments of the inverse Cauchy problem

We have performed several numerical experiments of the inverse Cauchy problem using data that
are produced from known functions with the aim to compare the exact function values with those
we get from the analytical continuation procedure. From the numerical point of view the inverse
Cauchy problem consists in resolving the matrix equation

Ax = b , x = A
�1 b, (13)

with A a n⇥ n matrix with elements

Aik =
1

2⇡
wk

Re
i✓k

Rei✓k � zi
(14)

The value for the radius R is fixed, ✓k are the shifted zeros of the nth Legendre polynomial and zi

are the points on the complex plane for which the input data set is initially available, namely the
set {yi} , i = 1, 2, . . . , n. The latter is represented by the vector b. Finally, x denotes the vector
solution we are seeking which stands for the set of {f̂k}, (k = 1, 2, . . . , n) of Eq. (12).

Figure 2: Comparison between analytically continued results obtained from the study of the inverse
Cauchy problem and the exact curve for the function f(x) = sinx, x 2 R. The input data has been
assumed on the imaginary axis.

Our main conclusions follow:

1. The condition number of the matrix A tends to be high even using a modest number n of
input data.

2. As a consequence of 1. the values of the (unknown) function at the quadrature points, which
are the various components of the vector solution {f̂k}, (k = 1, 2, . . . , n), di↵er from the true
values of the function at the respective points. Therefore, it seems that this way of analytical
continuation is not quite promising.
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SOLVE for the        !

with wk = ⇡Hk and ✓k = ⇡ (1 + ⇠k), k = 1, 2, . . . , n. Eq. (10) provides the set up for the numerical
determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
respective true values of the function are of the order, at least, of O(10�8), by using n = 40 , 50
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Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.
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De facto, you would like to think of Legendre quadrature 

 Once you have the values on the contour, you can compute on the REAL AXIS!  ( o o o o o o )

o o o o o o

Idea: Use Cauchy’s Formular to obtain function 
values on the circle (Inverse Problem) is

Use Gauss-Legendre quadrature rule to define 
a linear system

Solve linear system for the values , use the solution to calculate values on the real 
axis (analytic continuation).

̂fk

Some numerical experiments for the Sine function: great success for exact data. 
Inverse Cauchy problem for . Input data ( ) for z on the imaginary 
axis in the interval .

f(z) = sin(z) n = 60
[−0.5i,0.5i]

Now injecting noise at the 1% level to the data (same study as above). The problem is 
treated with the help of the Tikhonov regularisation.

Some tricks to reduce uncertainties from noisy data:

➡ Introduce information from derivatives via Cauchy’s formula for derivatives 

➡ Systematically vary data within errors to obtain consistent smooth solution of the 

inverse problem. Use different quadrature orders and points.

Method is applicable also for other inverse problems: (inverse) Laplace transform to 
calculate spectral functions from Euclidian correlator. 

Can also be used to calculate higher order cumulants of conserved charge 
fluctuations. 

See also talk by F. Di Renzo on Sign 2025.
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expansion points

complex singularities

Suppose you know the values of a function (and of its derivatives) at a number of points

. . . , f(zk) , f
0(zk) , . . . , f

(s�1)(zk) , . . . k = 1 . . . N

If you want to approximate the function with a rational function

Rm
n (z) =

Pm(z)

Q̃n(z)
=

Pm(z)

1 +Qn(z)
=

mP
i=0

ai zi

1 +
nP

j=1
bj zj

the obvious requirement is that 

Rm (j)
n (zk) = f (j)(zk) k = 1 . . . N, j = 0 . . . s� 1

Until a few moths ago, if you had asked me about analytic continuation, I would have told you a few words on multi-point PADÈ

Perform multi-point Padé analysis of data in a given range. Use periodicity of data to increase 
interval length beyond . Slide interval center through the range . Use diagonal Padé 
of order .

π [−iπ, iπ]
n = m = 3,4,5

Bootstrap over intervals (length and center), order of the Padé and vary data within errors. Obtain  fits, to the Lee-Yang scaling with temperature. 
Perform a statistical analysis of the fits, weighted by Akaike information criterion. 

O(105)
Estimate closest complex pole of the approximation.

Obtain  MeV and  MeV (median and 25% quantiles) at . Naive continuum estimate increases baryon chemical 

potential towards  MeV, which is in good agreement with FRG, DSE and BHE calculations. 

TCEP = 102+10
−23 μCEP = 427+162

−74 Nτ = 6
μCEP ≈ 600

Histogram of the fit results for the CEP location, symbols 
indicate median (x) together with 25% quantiles and 
arithmetic mean (+). 

Contour plot of the probability 
density, outer contour 
indicates the 68% level. 

Systematic errors are under further investigation, including finite volume and lattice cut-off effects. Finite volume effects are estimated to be small. 

We are currently increasing the number of simulation points per temperature form 10 to 20 values in the interval  and find a reduction of the 
uncertainties in the estimates of the pole location. 

[0,iπ]
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-critical lineO(4)

-critical lineZ(2)

-order plane1st

Tri-critical point

We want to investigate the 
analytic structure of the 
partition function ( )ln Z

We have theoretical guidance 
by the Lee-Yang theorem, 
which predicts branch-cuts in 
the scaling function of the 
order parameter, located at 
universal positions.

Locating singularities in the 
complex -plane might 
help to find the elusive QCD 
critical point 

μB/T

Lattice Setup

We use lattice QCD data of the baryon number density ( ) at imaginary baryon 
chemical potential as input to our analysis.

∂μ ln Z

T = 176.6 MeV

T = 186.3 MeV

T = 201.4 MeV

We use (2+1)-flavor of highly improved 
staggered quarks (HISQ)


Simulations at  are not possible due 
to the infamous sign problem 


Instead we perform calculations at imaginary 
chemical potential                                  
[De Frorcrand, Philipsen (2002); D’Elia, Lombardo (2003) ]


The temperature scale and line of constant 
physics is taken from previous HotQCD 
calculations                                                                     
[see e.g., Bollweg et al. PRD 104 (2021) ]
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Lattice size:  363 × 6Lattice size:  243 × 4

We measure cumulants of net baryon 
number in the interval          
[Allton et al. PRD 66 (2002) ]


The cumulants  are odd and imaginary 
for  odd and even and and real for  even

iμI
B/T ∈ [0,π]

χB
n

n n

[Dimopoulos et al.,  PRD 105 (2022)] [Zambello et al.,  PoS LATTICE2022 (2023) 164]


χB
n (T, V, μB) = ( ∂
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We choose , where we expect Lee-
Yang singularities at complex .

T ≥ TRW
μB/T

Parameter space for generated ensembles: 

Lee-Yang Edge singularities 

One finds zeros of the partition function only at 
imaginary values of the symmetry breaking field                                                              
[Lee, Yang 1952]


In the thermodynamic limit the zeros become 
dense on the line h′ = 0

 a brach cut is observed in the free 

energy density and order parameter 

→

The position of the branch cut singularity is 
universal. In terms of the scaling variable 

, we have                                                           
[Connelly et al. PRL 125 (2020) 19]
z = t/h1/βδ zLY = |zc |ei π

2βδ

[Johnson et al. PRD 107 (2023) 116013]

h′ 

h′ ′ 

h′ 

h′ ′ 

+hYL(T )

 finite,  V T > Tc ,  V → ∞ T > Tc

Z(V, T, h) ≡ 0, h = h′ + ih′ ′ 

−hYL(T )
h′ 

h′ ′ 

hYL(Tc) = 0

,  V → ∞ T → Tc

Roberge-Weiss transition:

    and    t = t0 ( TRW − T
TRW ) h = h0 ( ̂μB − iπ

iπ )
Chiral transition:

zLY = |zc |ei π
2βδ

    and t = αt(T − Tcep) + βt(μB − μcep)
h = αh(T − Tcep) + βh(μB − μcep)

QCD critical point:

Solve for 
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RW scaling

chiral scaling

CEP scaling

 T = TRW

 T = TCEP

T ↘ TCEP

T ↘ TCEP

with different scaling fields and 
non-universal parameters 

The QCD critical point:

μLY = μcep − c1(T − Tcep) + ic2 |zc |−βδ (T − Tcep)βδ

 find approach towards the real axis! Perform 
extrapolation to determine the critical point.  
→

New Method for analytic continuation Critical Point Analysis

Conclusion

   and    t = t0 [ T − Tc

Tc
+ κB

2 ( μB

T )
2

] h = h0
ml

mphys
s

 different temperature intervals are sensitive to  
different scaling of the Lee-Yang edge singularity  
→

The complex singularities extracted from the analytic continuation of the net baryon number density reveal information on the phase transition in QCD. 

Close to the Roberge-Weiss transition we find a temperature scaling wich is in agreement with the Z(2) gap exponent . From that scaling we 
extract a new estimate of the Roberge-Weiss transition temperature in the continuum limit  MeV (not discussed here).

Δ = βδ
TRW = 211.1 ± 3.1

In the temperature range  MeV  MeV we find an apparent approach towards the real axis. A preliminary estimate of the QCD critical 
point from this approach is  MeV and  MeV. 

165 < T < 120
TCEP ≈ 100 μCEP ≈ 600

New method for analytic continuation of data, based on Cauchy’s integral formula is explored. 
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Figure 1: Inverse Cauchy problem for the function f(z) = sin(z). Input data (n = 60) for z are on
the imaginary axis and lie in the interval [�0.5i, 0.5i]. Plots (a) and (b) refer to the real and the
imaginary parts of the function at the quadrature points on a circle centered at zero with radius
equal to R = 4. Plot (c) shows the analytical continuation estimates along the real axis.2

(a)

(b)

(c)

Figure 1: Inverse Cauchy problem for the function f(z) = sin(z). Input data (n = 60) for z are on
the imaginary axis and lie in the interval [�0.5i, 0.5i]. Plots (a) and (b) refer to the real and the
imaginary parts of the function at the quadrature points on a circle centered at zero with radius
equal to R = 4. Plot (c) shows the analytical continuation estimates along the real axis.2

(a)

(b)

(c)

Figure 1: Inverse Cauchy problem for the function f(z) = sin(z). Input data (n = 60) for z are on
the imaginary axis and lie in the interval [�0.5i, 0.5i]. Plots (a) and (b) refer to the real and the
imaginary parts of the function at the quadrature points on a circle centered at zero with radius
equal to R = 4. Plot (c) shows the analytical continuation estimates along the real axis.2

(a)

(b)

(c)

Figure 2: The same study as above but injecting noise at 1% level to the data; the problem is
treated with the help of Tiknonov regularisation.
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Figure 1: See the Cauchy Integral formula, Eq. (1).

where ⇠k is the kth root of the nth Legendre polynomial Px(⇠); the weights Hk are defined by
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and the error E is given by
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where the (2n)th derivative of the function is computed at some point ⇠0 2 (�1, 1).
For arbitrary finite integration interval [a, b] we make use of the transformation
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The quadrature nodes (i.e., the shifted zeros of the Legendre polynomial) become

xk =
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and the quadrature formula for the integral of the (lhs) of Eq. (7) is now given by (here for simplicity
we do not write the error)
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where wk = [(b� a)/2]Hk and the shifted zeros xk are written in Eq. (8).
We can directly apply Eq. (9) to the integral of the (rhs) of Eq. (2); by setting a = 0 and b = 2⇡,
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With your favourite  QUADRATURE method … you can go numeric! 

with wk = ⇡Hk and ✓k = ⇡ (1 + ⇠k), k = 1, 2, . . . , n. Eq. (10) provides the set up for the numerical
determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
respective true values of the function are of the order, at least, of O(10�8), by using n = 40 , 50
quadrature nodes (and R = 1). Moreover, we are able to verify numerically that for the Laurent
coe�cient C�1 we get
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i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
on the complex z-plane. Let us assume for the moment that the (unknown) function f(z) is
analytical on and inside a circle that is centered in the origin and has radius R. Then for each of
the points zi we can apply the Legendre-Gauss quadrature formula of Eq. (10) and write:
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1
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where, we remind the reader that, wk = ⇡Hk are the shifted weights and ✓k = ⇡ (1 + ⇠k) are the
shifted zeros of the nth Legendre polynomial whose zeros in the interval (�1 , 1) are denoted with
⇠k, k = 1, 2, . . . , n. It is easy to see that from the form of Eq. (12) for i = 1, 2, . . . , n we end up with
a system of n equations with n unknowns; the unknowns are the values of the (unknown) function,
namely {f̂k}, (k = 1, 2, . . . , n), on the quadrature points which lie on the circle of radius R. Hence,
once the set {f̂k} is known, one can use again the quadrature formula in the (rhs) of Eq. (12) at
any point z̃ that lie inside the circle to get the respective value for the (uknown) function. What
we have just described is a novel procedure of a numerically performed analytical continuation.
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… and when you have solved your (BRAVE) INVERSE PROBLEM(!) …

2.1 Numerical experiments of the inverse Cauchy problem

We have performed several numerical experiments of the inverse Cauchy problem using data that
are produced from known functions with the aim to compare the exact function values with those
we get from the analytical continuation procedure. From the numerical point of view the inverse
Cauchy problem consists in resolving the matrix equation

Ax = b , x = A
�1 b, (13)

with A a n⇥ n matrix with elements

Aik =
1

2⇡
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i✓k

Rei✓k � zi
(14)

The value for the radius R is fixed, ✓k are the shifted zeros of the nth Legendre polynomial and zi

are the points on the complex plane for which the input data set is initially available, namely the
set {yi} , i = 1, 2, . . . , n. The latter is represented by the vector b. Finally, x denotes the vector
solution we are seeking which stands for the set of {f̂k}, (k = 1, 2, . . . , n) of Eq. (12).

Figure 2: Comparison between analytically continued results obtained from the study of the inverse
Cauchy problem and the exact curve for the function f(x) = sinx, x 2 R. The input data has been
assumed on the imaginary axis.

Our main conclusions follow:

1. The condition number of the matrix A tends to be high even using a modest number n of
input data.

2. As a consequence of 1. the values of the (unknown) function at the quadrature points, which
are the various components of the vector solution {f̂k}, (k = 1, 2, . . . , n), di↵er from the true
values of the function at the respective points. Therefore, it seems that this way of analytical
continuation is not quite promising.
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several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
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i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.
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some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
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Figure 1: See the Cauchy Integral formula, Eq. (1).
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with wk = ⇡Hk and ✓k = ⇡ (1 + ⇠k), k = 1, 2, . . . , n. Eq. (10) provides the set up for the numerical
determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
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i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
on the complex z-plane. Let us assume for the moment that the (unknown) function f(z) is
analytical on and inside a circle that is centered in the origin and has radius R. Then for each of
the points zi we can apply the Legendre-Gauss quadrature formula of Eq. (10) and write:
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where, we remind the reader that, wk = ⇡Hk are the shifted weights and ✓k = ⇡ (1 + ⇠k) are the
shifted zeros of the nth Legendre polynomial whose zeros in the interval (�1 , 1) are denoted with
⇠k, k = 1, 2, . . . , n. It is easy to see that from the form of Eq. (12) for i = 1, 2, . . . , n we end up with
a system of n equations with n unknowns; the unknowns are the values of the (unknown) function,
namely {f̂k}, (k = 1, 2, . . . , n), on the quadrature points which lie on the circle of radius R. Hence,
once the set {f̂k} is known, one can use again the quadrature formula in the (rhs) of Eq. (12) at
any point z̃ that lie inside the circle to get the respective value for the (uknown) function. What
we have just described is a novel procedure of a numerically performed analytical continuation.
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2.1 Numerical experiments of the inverse Cauchy problem

We have performed several numerical experiments of the inverse Cauchy problem using data that
are produced from known functions with the aim to compare the exact function values with those
we get from the analytical continuation procedure. From the numerical point of view the inverse
Cauchy problem consists in resolving the matrix equation

Ax = b , x = A
�1 b, (13)

with A a n⇥ n matrix with elements

Aik =
1
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The value for the radius R is fixed, ✓k are the shifted zeros of the nth Legendre polynomial and zi

are the points on the complex plane for which the input data set is initially available, namely the
set {yi} , i = 1, 2, . . . , n. The latter is represented by the vector b. Finally, x denotes the vector
solution we are seeking which stands for the set of {f̂k}, (k = 1, 2, . . . , n) of Eq. (12).

Figure 2: Comparison between analytically continued results obtained from the study of the inverse
Cauchy problem and the exact curve for the function f(x) = sinx, x 2 R. The input data has been
assumed on the imaginary axis.

Our main conclusions follow:

1. The condition number of the matrix A tends to be high even using a modest number n of
input data.

2. As a consequence of 1. the values of the (unknown) function at the quadrature points, which
are the various components of the vector solution {f̂k}, (k = 1, 2, . . . , n), di↵er from the true
values of the function at the respective points. Therefore, it seems that this way of analytical
continuation is not quite promising.
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with wk = ⇡Hk and ✓k = ⇡ (1 + ⇠k), k = 1, 2, . . . , n. Eq. (10) provides the set up for the numerical
determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
respective true values of the function are of the order, at least, of O(10�8), by using n = 40 , 50
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i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
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analytical on and inside a circle that is centered in the origin and has radius R. Then for each of
the points zi we can apply the Legendre-Gauss quadrature formula of Eq. (10) and write:

yi =
1

2⇡

nX

k=1

wk

Re
i✓k

Rei✓k � zi
f̂k , i = 1, 2, . . . , n , (12)

where, we remind the reader that, wk = ⇡Hk are the shifted weights and ✓k = ⇡ (1 + ⇠k) are the
shifted zeros of the nth Legendre polynomial whose zeros in the interval (�1 , 1) are denoted with
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i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
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a system of n equations with n unknowns; the unknowns are the values of the (unknown) function,
namely {f̂k}, (k = 1, 2, . . . , n), on the quadrature points which lie on the circle of radius R. Hence,
once the set {f̂k} is known, one can use again the quadrature formula in the (rhs) of Eq. (12) at
any point z̃ that lie inside the circle to get the respective value for the (uknown) function. What
we have just described is a novel procedure of a numerically performed analytical continuation.
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… and when you have solved your (BRAVE) INVERSE PROBLEM(!) …

2.1 Numerical experiments of the inverse Cauchy problem

We have performed several numerical experiments of the inverse Cauchy problem using data that
are produced from known functions with the aim to compare the exact function values with those
we get from the analytical continuation procedure. From the numerical point of view the inverse
Cauchy problem consists in resolving the matrix equation

Ax = b , x = A
�1 b, (13)

with A a n⇥ n matrix with elements

Aik =
1

2⇡
wk

Re
i✓k

Rei✓k � zi
(14)

The value for the radius R is fixed, ✓k are the shifted zeros of the nth Legendre polynomial and zi

are the points on the complex plane for which the input data set is initially available, namely the
set {yi} , i = 1, 2, . . . , n. The latter is represented by the vector b. Finally, x denotes the vector
solution we are seeking which stands for the set of {f̂k}, (k = 1, 2, . . . , n) of Eq. (12).

Figure 2: Comparison between analytically continued results obtained from the study of the inverse
Cauchy problem and the exact curve for the function f(x) = sinx, x 2 R. The input data has been
assumed on the imaginary axis.

Our main conclusions follow:

1. The condition number of the matrix A tends to be high even using a modest number n of
input data.

2. As a consequence of 1. the values of the (unknown) function at the quadrature points, which
are the various components of the vector solution {f̂k}, (k = 1, 2, . . . , n), di↵er from the true
values of the function at the respective points. Therefore, it seems that this way of analytical
continuation is not quite promising.
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SOLVE for the        !

with wk = ⇡Hk and ✓k = ⇡ (1 + ⇠k), k = 1, 2, . . . , n. Eq. (10) provides the set up for the numerical
determination of the Cauchy Integral formula through the Legendre-Gauss quadrature. From
several numerical exercises that we performed provide the indication that Eq. (10) works in practice
very well. For instance, if we consider the function f(z) = sin(z) we notice that the numerical
di↵erences between the estimated values obtained from the Legendre-Gauss quadrature and the
respective true values of the function are of the order, at least, of O(10�8), by using n = 40 , 50
quadrature nodes (and R = 1). Moreover, we are able to verify numerically that for the Laurent
coe�cient C�1 we get

C�1 =
1

2⇡i

I

C

f(z) dz =
1

2⇡i

I

C

sin(z) dz =

=
1

2⇡

Z 2⇡

0
f(Re

i✓)Re
i✓
d✓ ' 1

2⇡

nX

k=1

wk f(Re
i✓k)Re

i✓k ' O(10�15) , (11)

i.e., C�1 is zero (as it should) to a very good precision by employing a number of n = 50 quadrature
nodes and R = 1.

Furthermore, we have verified that the application of the Legendre-Gauss quadrature to functions
with pole singularities –of whatever number and order– is able to reproduce the correct results i.e.,
the results that come out thanks to the application of the residue theorem) to a high precision.

2. The inverse Cauchy problem

One of the interesting features of the Cauchy Integral formula is that the function f(z) appears
both in the left and the right hand side of the formula. Actually, this feature in combination with
the implementation of the Legendre-Gauss quadrature can provide a new way of achieving an
analytical continuation of the function f(z). This is accomplished by numerically resolving what
we will call as the inverse Cauchy problem.

Imagine that we are given a finite set of values {yi} , (i = 1, 2, . . . , n) that can be the values that
some function f(z) of unknown form takes at a respective set of points, namely {zi} (i = 1, 2, . . . , n),
on the complex z-plane. Let us assume for the moment that the (unknown) function f(z) is
analytical on and inside a circle that is centered in the origin and has radius R. Then for each of
the points zi we can apply the Legendre-Gauss quadrature formula of Eq. (10) and write:
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wk

Re
i✓k
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De facto, you would like to think of Legendre quadrature 

 Once you have the values on the contour, you can compute on the REAL AXIS!  ( o o o o o o )

o o o o o o

Idea: Use Cauchy’s Formular to obtain function 
values on the circle (Inverse Problem) is

Use Gauss-Legendre quadrature rule to define 
a linear system

Solve linear system for the values , use the solution to calculate values on the real 
axis (analytic continuation).

̂fk

Some numerical experiments for the Sine function: great success for exact data. 
Inverse Cauchy problem for . Input data ( ) for z on the imaginary 
axis in the interval .

f(z) = sin(z) n = 60
[−0.5i,0.5i]

Now injecting noise at the 1% level to the data (same study as above). The problem is 
treated with the help of the Tikhonov regularisation.

Some tricks to reduce uncertainties from noisy data:

➡ Introduce information from derivatives via Cauchy’s formula for derivatives 

➡ Systematically vary data within errors to obtain consistent smooth solution of the 

inverse problem. Use different quadrature orders and points.

Method is applicable also for other inverse problems: (inverse) Laplace transform to 
calculate spectral functions from Euclidian correlator. 

Can also be used to calculate higher order cumulants of conserved charge 
fluctuations. 

See also talk by F. Di Renzo on Sign 2025.
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expansion points

complex singularities

Suppose you know the values of a function (and of its derivatives) at a number of points

. . . , f(zk) , f
0(zk) , . . . , f

(s�1)(zk) , . . . k = 1 . . . N

If you want to approximate the function with a rational function

Rm
n (z) =

Pm(z)

Q̃n(z)
=

Pm(z)

1 +Qn(z)
=

mP
i=0

ai zi

1 +
nP

j=1
bj zj

the obvious requirement is that 

Rm (j)
n (zk) = f (j)(zk) k = 1 . . . N, j = 0 . . . s� 1

Until a few moths ago, if you had asked me about analytic continuation, I would have told you a few words on multi-point PADÈ

Perform multi-point Padé analysis of data in a given range. Use periodicity of data to increase 
interval length beyond . Slide interval center through the range . Use diagonal Padé 
of order .

π [−iπ, iπ]
n = m = 3,4,5

Bootstrap over intervals (length and center), order of the Padé and vary data within errors. Obtain  fits, to the Lee-Yang scaling with temperature. 
Perform a statistical analysis of the fits, weighted by Akaike information criterion. 

O(105)
Estimate closest complex pole of the approximation.

Obtain  MeV and  MeV (median and 25% quantiles) at . Naive continuum estimate increases baryon chemical 

potential towards  MeV, which is in good agreement with FRG, DSE and BHE calculations. 

TCEP = 102+10
−23 μCEP = 427+162

−74 Nτ = 6
μCEP ≈ 600

Histogram of the fit results for the CEP location, symbols 
indicate median (x) together with 25% quantiles and 
arithmetic mean (+). 

Contour plot of the probability 
density, outer contour 
indicates the 68% level. 

Systematic errors are under further investigation, including finite volume and lattice cut-off effects. Finite volume effects are estimated to be small. 

We are currently increasing the number of simulation points per temperature form 10 to 20 values in the interval  and find a reduction of the 
uncertainties in the estimates of the pole location. 

[0,iπ]

[Bielefeld-Parma 2405.10196]

[Bielefeld-Parma 2405.10196]

See also: Basar PRC (2024)
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RIPPLES OF THE CEP
net-baryon fluctuations in QCD vs net-protons from STAR

• direct calculations: non-monotonicity at low 
beam-energies

• no signs of critical scaling seen along freeze-out

data between  will be crucial!sNN = 4 → 8 GeV

apples to half-apples comparison! [Vovchenko, QM2023]
qualitative features matter here!

[Fu, Luo, Pawlowski, FR, Yin, 2308.15508]

direct signal of narrowed chiral crossover; 
CEP location encoded in peak height

first exploratory DSE-QCD results: [Isserstedt, Buballa, Fischer, Gunkel, 1906.11644]

DSE: [Lu, Gao, Liu, Pawlowski, 2504.05099]
FRG: [Fu, Luo, Pawlowski, FR, Yin, 2308.15508]

[STAR, 2504.00817]

Estimates from Functional QCD Methods

19

➤ Dyson-Schwinger (DSE) approach and functional renormalization group (FRG) 
methods in agreement with different truncations 

➤ From Fabian Rennecke’s talk:

Focus of next talk by Jan Pawlowski
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Conclusions

➤ Many groups/methods converging on expectations for critical point location! 

➤ Lattice limits:  MeV and  MeV 

➤ Theory estimates:  MeV and
 MeV

T ≲ 130 μB ≳ 450

Tc ∼ 100
μB ∼ 600
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Recent CP development in the literature

YLE-1: D.A. Clarke et al, arXiv:2405.10196

YLE-2: G. Basar, PRC 110, 015203 (2024)

BHE: M. Hippert et al., PRD 110, 094006 (2024)

FRG: W-J. Fu et al., PRD 101, 054032 (2020)

DSE: P.J. Gunkel et al., PRD 104, 052202 (2021)

DSE/fRG: Gao, Pawlowski., PLB 820, 136584 (2021)

FSS: A. Sorensen et al., arXiv:2405.10278

HS, M. Hippert, J, Noronha, C. Ratti, V. Vovchenko - arXiv:2410.16026
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DSE/fRG

Improved precision equation of state at µB = 0 Contours of constant entropy for µB > 0

Summary
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WB finite volume transition line [2410.06216]

Freezeout Andronic et al [1710.09425]
Freezeout estimate Lysenko et al [2408.06473]

STAR freezeout [1701.07065]
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Critical endpoint excluded for µB < 450 MeV!
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