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Conserved charge fluctuations in (2+1)-flavor QCD

2

Quark number susceptibility and conserved 
charge fluctuations in (2+1)-flavor QCD

5

In QCD with two light  and one strange flavor , pressure is 
expressed via a Taylor expansion as,

(u, d) (s)

In the context of heavy ion collision experiments there are 3 
conserved charges, B, Q and S that couples to ,γB, γQ, γS

P
T4 =

→

∑
i,j,k=0

μBQS
ijk

i!j!k! ̂γi
B ̂γj

Q ̂γk
S .

The condition satisfy :  (strangeness neutral) and nS = 0 nQ/nB = 0.4
We satisfy this two conditions order by order: 
<latexit sha1_base64="izL6N9Tk6OGG9yKIdwFNY2TF/Bg="></latexit>

µS = s1µB + s3µ
3
B + .....

µQ = q1µB + q3µ
3
B + .....

Generalized  
susceptibilities at  

zero chemical potential

Generalized 
susceptibilities at 
vanishing chemical potentials

In QCD with two light  and one strange flavor 
 , pressure is expressed via a Taylor expansion as,

(u, d)
(s)

μQ = q1μB + q3μ3
B + . . . .

The condition satisfy :  (strangeness neutral) and   
We satisfy this two conditions order by order: 

nS = 0 nQ/nB = 0.4

μS = s1μB + s3μ3
B + . . . .

ALICE:  ,  
A. Andronic et al, Nature volume 561, pages, 321–330 (2018) 

Tcf = 156.5(1.5) MeV
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Revisiting second-order cumulants

‣ Good agreement between QCD 
and HRG for . 

‣  differ notably for 

 between QCD and 
HRG.

T < 155 MeV
−dχBS

11
dT

T > 155 MeV

3

‣ HRG already disagrees with QCD, . 

‣  is very different  for QCD and 

HRG. 

‣ -derivatives of a second order cumulants are like 

4-th order cumulants  thus 

deviations are expected to show up.

T < 145 MeV
dχBQ

11
dT

T > 155 MeV

T

( ∂
∂T

≃ ∂2

∂μ2
B )

for, ⃗μ = 0, χS
2 = 2χQS

11 − χBS
11 ,

χB
2 = 2χBQ

11 − χBS
11
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Baryon-strangeness correlations

4

Baryon-strangness correlations

HotQCD 2024 : Phys.Rev.D 110 (2024); 
STAR results : CPOD2024

s1/2NN [GeV] :

QCD:NNLO[4,4]
NLO[2,2]
LO[0,0]

QMHRG2020
PDGHRG
STAR prel.

0.2

0.25

0.3

0.35

0.4

0 0.5 1 1.5 2

62.4 39.0 27.0 19.6 14.5 11.5

-[χ11BS / χ2S] (Tpc(µB),µB)

µB / T

QCD and STAR results are in good 
agreement for  GeV. 

Significant di erences between 
QCD and STAR results for 

. 

The Lattice results agree more 
closely with the QMHRG2020 
predictions.

sNN → 39

sNN ̂ 27 GeV

‣ Significant differences between QCD and Prelim. STAR results for  GeV. 

‣ QCD sum rule :  

‣ The Lattice results agree more closely with the QMHRG2020 predictions.

sNN ≤ 27

2
χQS

11 (T, ⃗μ )
χS

2(T, ⃗μ ) − χBS
11 (T, ⃗μ )
χS

2(T, ⃗μ ) = 1 + ΔBQS(T, ⃗μ )
χS

2(T, ⃗μ ) ; ⃗μ = (μB, μQ, μS)

HotQCD 2024 : Phys.Rev.D 110 (2024); STAR results : CPOD2024, QM2025

s1/2NN [GeV] :

QCD:NNLO[4,4]
NLO[2,2]
LO[0,0]

QMHRG2020
PDGHRG

arXiv:1412.8614
STAR prel.
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Lower order Baryon number fluctuations

5
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Baryon number fluctuations

HotQCD 2017, 2020 : PRD; Gosw mi, K rsch , XQCD 2024 
STAR results : CPOD2024

 In good agreement with  
the STAR data down to 

. 

 becomes larger than 

unity for . 

Consistent with QCD but not 
consistent with non 
interacting HRG.

s
NN

→ 11.5 GeV

Rp
12

s
NN

→ 17.3 GeV

RB
12 = MB/γ2

B = μB
1

μB
2

‣ In good agreement with the STAR 
data down to . 

‣  becomes larger than 

unity for . 
‣ Consistent with QCD but not 
consistent with non 
interacting HRG.

sNN ≃ 11.5 GeV
Rp

12
sNN ≤ 17.3 GeV

RB
12 = χB

1 (T, ̂μB)
χB

2 (T, ̂μB) = ̂μB(1 + s1
χBS

11
χB

2
+ q1

χQS
11
χB

2 ) + 𝒪( ̂μ3
B)

HotQCD 2024 : Phys.Rev.D 110 (2024); STAR results : CPOD2024
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Comparison of STAR data with  at the pseudo critical 
line of QCD

RB
42 = κBσ2

B

6

Higher order baryon number fluctuation
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QCD : X = B
HIC-data : X = p

s1/2NN [GeV] :

HotQCD 2020 : R31
B

R42
B

STAR 2024: Rp31
Rp42

Rmn
X

R12
X

RB
31 = SBγ3

B = μB
3

μB
1

RB
42 = χBγ2

B = μB
4

μB
2

HotQCD 2017, 2020 : PRD; Goswami, Karsch , XQCD 2024 
STAR results : CPOD2024

10

RX
31 = SX

0 + SX
2 (RX

12)2

RX
42 = KX

0 + K2(RX
12)2

QCD and STAR results are in 
good agreement for 

 GeV.sNN → 19.6
 QCD results and 

quadratic fit to STAR results for 
and  agree well on 

curvature coe icient.

̂((RB
12)2)

Rp
31 Rp

42

 

May suggest  is slightly smaller than 

Sp
0 = 0.80(1) , SB

0 = 0.70(1) , Kp
0 = 0.77(6) ; KB

0 = 0.705(1)
Tpc Tf

‣  and   ratios of net baryon-number fluctuations on the pseudo-
critical line of QCD.
RB

31 = SBσ3
B RB

42 = κBσ2
B

0

0.2

0.4

0.6

0.8

1

1.2
p
sNN/GeV =

�
B n
+
2
/�

B n
C
n
+
2
/C

n

�B
1 /�

B
2 C1/C2

µB/T

�B
3 /�

B
1

�B
4 /�

B
2

C3/C1

C4/C2

Rene Bellwied et al, arXiv:2102.06625 [hep-lat]
A. Bazavov  et al, 2001.08530 [hep-lat] ; 

Karsch, Goswami XQCD2024, STAR 
results CPOD 2024, QM2025.
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A closer look at  at vanishing chemical potential
χB

4
χB

2

7

‣ RB
42 = κBσ2

B = χB
4

χB
2
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Rene Bellwied et al, arXiv:2102.06625 [hep-lat]
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‣ RB
31 = SBσ3

B = (χB
4 + s1χBS

31 + q1χBQ
31 ) μB

(χB
2 + s1χBS

11 + q1χBQ
11 ) μB

≃ χB
4

χB
2

‣ ,  of baryon number relevant for ALICE energies and STAR beam energy,

 . 

QCD : ,  

STAR data :  ; 

RB
42 = κBσ2

B = χB
4 /χB

2
sNN = 200 GeV

RB
42 = χB

4
χB

2
(μB = 0) = 0.70(8) RB

31(μB = 0) ≃ 0.69

RB
42 = 0.90(2)() RB

31(μB = 0) ≃ 0.80
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Algebraic Estimation of the Critical End Point (CEP)

8

The natural parametrization of the pseudo-critical line of QCD : 






The CEP most likely will exist below, . 

[Halasz et al,arXiv:hep-ph/9804290] 




If we truncate at , the pseudo critical line 'turns around' at: 

 [ A limitation !!]

Tpc(μB)
Tpc,0

= 1 − κ2 ( μB

Tpc(μB) )
2

− κ4 ( μB

Tpc(μB) )
4

Tpc,0 = (156.5 ± 1.5) MeV, κ2 = 0.012(4), κ4 = 0.000(4)
T < 132 MeV

μB =
Tpc(μB)

0.012
1 −

Tpc(μB)
156.5 MeV

O(μ2
B)

(Tpc, μB) ≈ (104.3 MeV,550 MeV)

Tpc → 156.5 MeV ; μB → 0
 Tpc → 132 MeV ; μB → 470 MeV

Tpc → 0 MeV ; μB → 0

The excluded region of the QCD critical point : 
 Tpc(μB) > 132 MeV, μB < 470 MeV

No CEP in the BES II in the 
collider mode !! (Most likely)

Consistent with : S Borsanyi et al, arXiv:2502.10267 [hep-lat] ; D A. Clarke et al, 2405.10196 [hep-lat] ; 
D. Bollweg et al, Phys.Rev.D 105 (2022) 7, 074511 ;  Phys.Rev.D 108 (2023) 1, 014510 ; J .Goswami, Acta 
Phys.Polon.Supp. 16 (2023) 1, 1-A76 ; 
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Pade approximations

9

• Lee-yang theorem: Singularity in the real axis is a hint for a critical point.

0 1 2 3 4 5
Re µ̂+

B,c

°4

°2

0

2

4

Im
µ̂

+ B
,c

iº

°iº

nS = 0, nQ/nB = 0.5

T=135

T=140

T=145

T=150

T=155

T=160

T=165

Singularity of 
the pressure 
series using a 

[4,4] padè 
constructed 

from 8th order 
Taylor series 

Bound for CEP : 
TCEP < 132 MeV, ̂μB/T ≥ 2.5

Expectation : 
 

( )
TCEP < Tchiral

Tchiral ∼ 132 MeV
H.T. Ding et al, 
Phys.Rev.Lett. 123 (2019) 6, 062002

D. Bollweg et. al (HotQCD collaboration),Phys.Rev.D 105 (2022) 7, 074511, 
J. Goswami  et. al (HotQCD collaboration), Acta 
Phys.Polon.Supp. 16 (2023) 1, 76
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Lee-Yang edges and extended analyticity

Ising: Generically have branch cuts on imaginary
axis. (Pinch real axis at Tc.)

Lee-Yang edge (LYE): The singularities closest
to real axis.

Extended analyticity conjecture10: LYE is the
nearest singularity to the origin.

LYE position fixed at

zc = |zc|e
±i⇡/2��

with z ⌘ th�1/�� and critical exponents �, �.

Im h

Reh
convergence
region

10P Fonseca and A Zamolodchikov, J. Stat. Phys. 110, 527–590 (2003).
D. A. Clarke QCD critical point from LYE 4 Aug 2023 4 / 17

LeeYang Edge singularities (LYEs)

10

LeeYang Edge (LYEs) : The 
singularities closest to real 
axis away from the critical 

temperature.

Ising model 
away from , Tc

P Fonseca and A Zamolodchikov, J. Stat. Phys. 110, 527–590 (2003)

Extended analyticity conjecture: LYEs are 
the nearest singularity to the origin. 

Position of the LYEs: 
 

,  are critical 
exponents

zc = |zc |e±iπ/2βδ

z = t/h1/βδ β, δ
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Estimation of the QCD CEP using pade approximations

11
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TCEP = 105+8
−18 MeV and μBCEP ∼ 422+80

−35 MeV
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estimate of CEP:
N· = 6
N· = 8
cont.
DSE1
DSE2
fRG
BHE

crossover line Tpc(µB) :
parametrization O(µ2)
parametrization O(µ4)
parametrization O((µ/T )2)

µB MeV

T MeV

Tpc(μB)
Tpc,0

= 1 − κ2 ( μB

Tpc(μB) )
2

− κ4 ( μB

Tpc(μB) )
4

+ . . . .

The natural parametrization of the pseudo-critical line of QCD :
For larger  convergence of 

 is important i.e. higher 
order in expansion terms 

needed

μB
Tpc(μB)

David A. Clarke et al, 2405.10196 [hep-lat] Christian Schmidt, 2504.00629 [hep-lat]

https://arxiv.org/abs/2504.00629


 

 

CRC -  TR 

PHD | 13 April 2025Recent progress on lattice QCD resultsJishnu Goswami

Outlook: isothermal compressibility

12

κT = − 1
V ( ∂V

∂p )
T, ⃗N

= 1
nB ( ∂nB

∂p )
T,NB,NQ,NS

= 2
n2

B
(χBQ

11 − χBS
11 χQS

11 /χS
2 ), For, nS = 0, ; nQ/nB = 0.5

 for ALICE energies.nB → 0Stefan Floerchinger et al, Phys. Rev. C 92, 
064906 (2015)

κ̄T = − 1
V ( ∂V

∂p )
T, ⃗N

= 1
χB

2 ( ∂χB
2

∂p )
T,XB

2 ,NQ,NS

Possible lattice QCD definition which can be measure and compare at ALICE  energies :: 

(μB,0,μS)

“Isothermal compressibility should stay 
finite except for the first order transition 

region including the critical point.” 
Statistical Mechanics, Kerson Huang, 

S Mrowczynski et al, Phys.Lett. B430 (1998) 9-14 
ALICE Collaboration, Eur. Phys. J. C 81 (2021) 1012

HotQCD preliminary

XB
2 = VχB

2
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κT(T, µB/T) T4
κT(T, µB/T) T4

µB/ T



 

 

CRC -  TR 

Quark Matter | 09 April 2025Higher order baryon fluctuationsJishnu Goswami

Summary

13

Constraints on QCD Critical Endpoint (CEP) : 

•  (using  parameterization) 

• For precise CEP estimation at higher-order terms required. 
• Padé analysis (HotQCD & Bielefeld-Parma) identifies singularities approaching 

the real -axis.  

Comparison with Experimental Results (STAR & ALICE) 

• STAR results of  doesn’t agree with QCD results for . 

•  at low beam energies: consistent with lattice QCD, but incompatible with 
non-interacting HRG models. 

• , Current ALICE results do not (yet??) agree with 

Lattice QCD calculations .

Tpc(μB) < 132 MeV, μB > 470 MeV O((μB/Tpc(μB))2)
μB > 550 MeV,

μB TCEP = 105+8
−18 MeV and μBCEP ∼ 422+80

−35 MeV

χBS
11 (T, ̂μB)
χS

2(T, ̂μB) sNN ≤ 27GeV

RB
12 > 1

RB
42 = χB

4
χB

2
(μB = 0) = 0.70(8)

Tpc = 156.5(1.5) MeV
Thank you for your attention!!



Chemical potential on the lattice

(1 ± γ4)U±4(x) → (1 ± γ4)e± ̂μU±4(x)

Continuum prescription, Divergence for the free fermion 
case in second order susceptibility: χ2 ∼ 1/a2

The prescription for chemical potential on the lattice,

P. Hasenfratz, F. Karsch, Phys.Lett.B 125 (1983) 308-310 
R. V. Gavai,Phys. Rev. D 32, 519 

No additional divergences appear in the interacting theory.
Steven Gottlieb, W. Liu, D. Toussaint, R. L. Renken, and R. L. Sugar, Phys. Rev. Lett. 59, 2247. 

Rajiv V. Gavai, Sayantan Sharma, Phys.Lett.B 749 (2015) 8-13

4

Thermodynamics using Lattice QCD

‣ The Taylor series of the QCD pressure at finite temperature and density: 
 

‣ Cumulants at vanishing chemical potential, 

P(T, ⃗μ )
T4 = 1

VT3 ln×QCD =
≠

∑
i, j,k=0

1
i!j!k! χBQS

ijk 𝒵μi
B 𝒵μj

Q 𝒵μk
S , 𝒵μ = μ/T

χBQS
ijk (T,0) = ∞i+j+kP/T4

∞ 𝒵μi, j,k
X μX=0

, X = B, Q, S

×QCD = ∫ ̂U det[M(mu, μu)]det[M(md, μd)] det[M(ms, μs)] e∂SG(U)

The partition function of QCD:

Real chemical potential makes the 
determinant complex,

3

and their scaling properties are understood in terms of universal properties of the QCD partition function and its
derivatives in the vicinity of the QCD chiral phase transition [7, 20]. To make use of this knowledge in a quantitative
comparison with experimental results, lattice QCD calculations close to the continuum are needed.
In this paper we present an analysis of fluctuations in, and correlations among, conserved charges using numerical

calculations in (2+1)-flavor QCD at three values of the lattice cut-off 1. For these calculations we exploit an O(a2)
improved action consisting of a tree-level improved gauge action combined with the highly improved staggered fermion
action (HISQ/tree) [26, 27]. We discuss the cut-off dependence of our results in different temperature intervals
and consider two different zero-temperature observables for the determination of the temperature scale used for
extrapolations to the continuum limit. This allows us to quantify systematic errors in our calculation. In an appendix,
we discuss the relation between temperature scales deduced from different zero-temperature observables and the
propagation of their cut-off dependence into the cut-off dependence of thermodynamic observables.

II. FLUCTUATIONS OF CONSERVED CHARGES FROM LATTICE QCD; THE HADRON
RESONANCE GAS AND THE IDEAL GAS LIMIT

To calculate fluctuations of baryon number (B), electric charge (Q) and strangeness (S) from (lattice) QCD we
start from the QCD partition function with non-zero light (µu, µd) and strange quark (µs) chemical potentials. The
quark chemical potentials can be expressed in terms of chemical potentials for baryon number (µB), strangeness (µS)
and electric charge (µQ),

µu =
1

3
µB +

2

3
µQ ,

µd =
1

3
µB −

1

3
µQ ,

µs =
1

3
µB −

1

3
µQ − µS . (1)

The starting point of the analysis is the pressure p given by the logarithm of the QCD partition function,

p

T 4
≡

1

V T 3
lnZ(V, T, µB, µS , µQ) . (2)

Fluctuations of the conserved charges and their correlations in a thermalized medium are then obtained from its
derivatives evaluated at !µ = (µB, µQ, µS) = 0,

χ̂X
2 ≡

χX
2

T 2
=

∂2p/T 4

∂µ̂2
X

∣

∣

∣

∣

!µ=0

, (3)

χ̂XY
11 ≡

χXY
11

T 2
=

∂2p/T 4

∂µ̂X∂µ̂Y

∣

∣

∣

∣

!µ=0

, (4)

with µ̂X ≡ µX/T and X, Y = B, Q, S. Explicit expressions for the calculation of these susceptibilities in terms of
generalized light and strange quark number susceptibilities are given in [20].
As all these derivatives are evaluated at !µ = 0, the expectation values of all net charge numbers δNX ≡ NX −NX̄ ,

with NX (NX̄), denoting the number of particles (anti-particles), vanish, i.e., 〈δNX〉 = 0. The susceptibilities, i.e.,
the quadratic fluctuations of the charges, are then given by

χ̂X
2 = 〈(δNX)2〉/V T 3 . (5)

A. The hadron resonance gas

We will compare results for fluctuations and correlations defined by Eqs. (3) and (4) with hadron resonance gas
model calculations. The partition function of the HRG model can be split into mesonic and baryonic contributions,

pHRG

T 4
=

1

V T 3

∑

i∈ mesons

lnZM
Mi

(T, V, µQ, µS)

1 Preliminary results of this work had been presented at Quark Matter 2011 [24] and PANIC 2011 [25].

<latexit sha1_base64="Vsm+lJIFH3zirlYFp2/o/1I2Jb0="></latexit>

�5M
†(µq)�5 = M(�µq)

HISQ, -flavorNf = 2 + 1Partion function for (2+1)-flavor QCD,

Sign problem for, . We use Taylor expansions.μf ≠ 0, f = {u, d, s}
Rajiv V Gavai, Sourendu Gupta, Phys. Rev. D 71, 114014  
Saumen Datta, Rajiv V. Gavai, Sourendu Gupta, arXiv:1210.6784a[hep-l t] 
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Baryon number fluctuations

14
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Baryon number fluctuations

HotQCD 2017, 2020 : PRD; Gosw mi, K rsch , XQCD 2024 
STAR results : CPOD2024

 In good agreement with  
the STAR data down to 

. 

 becomes larger than 

unity for . 

Consistent with QCD but not 
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The universal  scaling  function  for   order  phase  transition,   , 2nd t = (T − Tc)/Tc
t → 0, h → 0

f ∼ h
2 − α

β fs(z) + regular, z → t/h1βδ

For CEP 
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Possible LYEs for QCD CEP
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The QCD CEP belongs to  universality class,  however the scalings are unknown.Z(2)
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Scaling Þelds are unknown, a frequently used ansatz is given by a linear mapping 
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t = " t(T ! Tcep) + #t(! B ! ! cep)

h = " h(T ! Tcep) + #h(! B ! ! cep)

For the Lee-Yang edge singularity we obtain  

! LY = ! cep ! c1(T ! Tcep) + ic2! zc!! #$(T ! Tcep)
#$,

Real part: 

linear in T

Imaginary part: 

power law

The coe! cient only 

depends on the slope 

of the crossover line

c1 = #T /#!

 T

To visualise the scaling we use some ad-hoc values 

! cep = 500! 630MeV

Tcep = Tpc(1 ! %B
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c1 = 0.024
c2 = 0.5
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! LY = ! cep ! c1(T ! Tcep) + ic2! zc!! " #(T ! Tcep)
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Some educated guess on the unknown 
parameters;

LYEs with many unknown parameters, 

Approaching sm
aller 

T

Lee Yang Edge singularities (LYEs) can be 
obtained by solving, z = zc = |zc |e±iπ/2βδ

Real part  : linear  in T Imaginary  part  : Power  law  in T

At, , imaginary  part  vanishes.μLY → μcep

Stephanov,  Phys. Rev. D, 
73.9, 094508 (2006) 
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[Stephanov, Phys. Rev. 
D, 73.9, 094508 (2006)]
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Higher order baryon number fluctuation at vanishing 
chemical potential

‣ A recap at vanishing chemical potential :

16
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‣ ,  of baryon number 
relevant for ALICE energies and STAR beam 

energy,  . 

‣  

‣ smaller than the HRG calculations at the 
pseudo-critical temperature of QCD.

RB
42 = κBσ2

B = χB
4 /χB

2

sNN = 200 GeV

RB
42 = χB

4
χB

2
(μB = 0) = 0.70(8)

30 %
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Baryon strangeness correlations in (2+1)-
flavor QCD with HISQ fermions
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Baryon strangeness correlations in (2+1)-
! avor QCD with HISQ fermions

D. Bollweg et al, Phys.Rev.D 110 (2024) 5, 054519

Tpc(! B) = Tpc,0 [1 ! "2 "! 2
B + "4 "! 4

B]

The pseudo critic ! l line from l ! ttice QCD,

Tpc,0 = (156.5± 1.5) MeV and "2 = 0.012(4)

A. Bazavov et al. (HotQCD), Phys. Lett. B 795, 15 (2019);  
B. S. Borsanyi et al, Phys. Rev. Lett. 125, 052001 (2020)

#BS
11(T, ! B/T)

#S
2(T, ! B/T)

=
#BS

11(T,0) + () "! 2
B + () "! 4

B + . . .

#S
2(T,0) + () "! 2

B + () "! 4
B + . . .
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Ratio of strangeness and baryon chemical potential
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μQ = q1μB + q3μ3
B + . . . . μS = s1μB + s3μ3

B + . . . .
μS

μB LO

= − χBS
11 (T,0)
χS

2(T,0) −
χQS

11 (T,0)
χS

2(T,0) q1 + 𝒪(μ2
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QCD ! nd STAR results ! re in good 
! greement for ! lmost ! ll the 
be! m energies. 

Signi"ic! nt di#erences between 
QCD ! nd STAR results for 

. 

The L! ttice results ! gree more 
closely with the QMHRG2020 
predictions.

sNN = 200 GeV

J. Adam et al. (STAR), Phys. Rev. C 102, 034909 (2020);  
L. Adamczyk et al. (STAR), Phys. Rev. C 96, 044904 (2017)

‣ QCD and STAR results are in good 
agreement for almost all the beam 
energies. 
‣ The Lattice results agree more 
closely with the QMHRG2020 
predictions.


