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Distribution of heavy element abundances 
generated by decay from a quasi-equilibrium state 



Outline 

•  Heavy element abundances: nuclear statistical equilibrium (NSE) or 
nuclear reaction networks (NRN)? 

•  Nuclei: nuclear clusters in a medium (hot and dense matter).         
In-medium effects: quasi-particle self-energy (relativistic mean-field) 
and Pauli blocking 

•  Non-equilibrium approach:                                                         
freeze-out concept, Lagrange parameters 

•  Lagrange parameters for the solar system abundances 



H. Palme, K. Lodders, A. Jones, Solar System Abundances of the Elements (Elsevier 2014) 

Solar system abundances 

Origin of the heavy elements? 



Solar system abundances 
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coarse-grained distribution:    accumulated mass fraction  
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The state of matter in simulations of core-collapse 
supernovae – Reflections and recent developments 



Quantum statistical approach 
The total density as well as the DoS are given by the spectral function A, 

A cluster decomposition for the self-energy is possible so that a quasiparticle  
(free) contribution can be separated,  

We obtain the generalized Beth-Uhlenbeck formula (quasiparticles)  
after calculating the self-energy in ladder approximation.  
Bound states appear as solution of an in-medium Schrödinger equation.  

which is related to the Green function and the self-energy as  



Effective wave equation  
for the deuteron in matter 
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phase space occupation: 
Fermi distribution function 

Pauli-blocking self-energy 

Thouless criterion 
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Ed (T,µ) = 2µ

In-medium two-particle wave equation in mean-field approximation 

BEC-BCS crossover: 
Alm et al.,1993 



Pauli blocking – phase space occupation 

momentum space 

Fermi sphere 
px 

py 

pz cluster wave function (deuteron, alpha,…)  
in momentum space 

P P - center of mass momentum 

The Fermi sphere is forbidden, 
deformation of the cluster wave function 
in dependence on the c.o.m. momentum P 

The deformation is maximal at P = 0. 
It leads to the weakening of the interaction 
(disintegration of the bound state). 



Shift of Binding Energies of Light Clusters 

G.R., PRC 79, 014002 (2009) 
S. Typel et al.,  
PRC 81, 015803 (2010) 

Symmetric matter 



Light Cluster Abundances 

Composition of symmetric matter in dependence on the baryon density nB, T = 5 MeV.  
Quantum statistical calculation (full) compared with NSE (dotted).  

G. R., PRC 92, 054001 (2015) 



EoS at low densities from HIC 

chemical constants 
Yields of clusters from HIC: p, n, d, t, h, α  

inhomogeneous, 
non-equilibrium 



Core-collapse supernovae 

density  
 
proton fraction, and 
 
temperature profile 
 
of a 15 solar mass supernova 
at 150 ms after core bounce 
as function of the radius. 
 
Influence of cluster formation  
on neutrino emission  
in the cooling region and 
on neutrino absorption 
in the heating region ? 
K.Sumiyoshi, G. R., 
Astrophys.J. 629, 922 (2005) 

snapshot 



Composition of supernova core 

K.Sumiyoshi, 
G. R., 
PRC 77, 
055804 (2008) 

Mass fraction X  
of light clusters  
for a post-bounce  
supernova core 



Asymmetric nuclear light clusters in 
supernova matter  

A. V. Yudin, M. Hempel, S. I. Blinnikov, D. K. Nadyozhin, I. V. Panov, 
Monthly Notices of the Royal Astronomical Society 483, 5426 (2019) 

T. Fischer, S. Typel, G. R., N. Bastian, G. Martinez-Pinedo, Phys. Rev. C 102, 055807 (2020)  



Density-temperature diagram 
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curves show the evolution  
of two tracer particles  
placed in the supernova simulation 
[T. Fischer et al., 2014/2017] 
 

composition: He isotopes 



Nonequilibrium statistical operator (NSO) 

relevant distribution: maximum of information entropy (Gibbs) 

yields, partial densities (NSE)     

Expanding nuclear matter: freeze-out and reaction processes (feed-down) 

principle of weakening of initial correlations (Bogoliubov, Zubarev) 

selection of the set of relevant observables 

self-consistency relations 

maximum of information entropy 

generalized Gibbs distribution 



Freeze-out at heavy ion collisions 

D. Blaschke, S Liebing, G.R., B. Doenigus, Phys. Lett. B 860 (2025) 139206  

Mott line: bound state formation 



Cluster formation at LHC/CERN 

A. Andronic, P. Braun-Munziger, K. Redlich, J. Stachel, Nature 561, 321 (2018) 

T = 156 MeV 

ALICE@LHC 

Excellent description 
of data by the  
Statistical model 
(chemical equilibrium)  
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nucleation kinetics 

Ternary fission: light cluster yields 

saddle-to-scission relaxation time about 7000 fm/c  

G. R.,J. Natowitz, H. Pais, Phys. Rev. C 103, L061601 (2021)  

Nonequilibrium information entropy approach to ternary fission of actinides 

T = 1.24 MeV 
µn = -2.99 MeV 
µp = -16.35 MeV 
nB = 0.000067 fm-3 

Yp = 0.035 

Neck formation and scission: freeze-out, low-density neutron-rich matter 

size effect? 



 solar system Lagrange parameter 
•  Mass formula (Bethe-Weizsaecker mass formula,  
     magic numbers: Duflo & Zuker,  Koura & Chiba,  …) 
 
•  Excited states (Rauscher,…) 

•  In-medium corrections (surface term, continuum correlations,…) 

•  Expanding hot and dense matter, freeze-out of M(A>76)  
 
•  Decay processes: Evaporation of nucleons, α decay, fission 

•  Lagrange parameter: T = 5.266 MeV, µn= 940.317 MeV, µp= 845.069 MeV 
      (nB = 0.013 fm−3 and Yp = 0.13) 
 



Phase transition? 
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Cluster region (hot inner crust of PNS) 

C. Dehman et al., A&A 687,  A236 (2024) 

Xα=0.245 



Neutron star inner crust 

B.K. Sharma et al., A&A 584, A103 (2015) 

T = 0,    0.0003 fm-3 < nb < 0.08 fm-3 :   spherical nuclei (pasta phases) 



Coarse-grained distributions 
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Â

log X̂ ini
Â

freeze-out evaporation of neutrons 



Conclusions 

•  Dense matter: improve the nuclear statistical equilibrium 
     In-medium corrections, continuum correlations 

•  Improve the nuclear reaction networks, in-medium effects 

•  Nucleation theory for the heavy nuclei, thermodynamic stability? 

•  Lagrange parameters for the heavy-element freeze-out 

•  Astrophysical sites of heavy-element formation? 

 
Thanks for attention 

 



Liquid drop model: surface term 
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Yields of H and He isotopes 

Lagrange parameters 

observed yieds, 
 
primary yields, 
 
 
intrinsic partition function, 
no density corrections: 
 
6He is overestimated, 
8He is underestimated: 
 
Pauli blocking? 



Shift of the deuteron bound state energy 

G.R., Nucl. Phys. A 867, 66 (2011)  

Dependence on nucleon density, various temperatures, 
zero center of mass momentum  

thin lines: 

fit formula  



Equation of state: chemical potential  

Chemical potential for symmetric matter. T=1, 5, 10, 15, 20 MeV. 
QS calculation compared with RMF (thin) and NSE (dashed).  
Insert: QS calculation without continuum correlations (thin lines).  
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Symmetric matter: free energy per nucleon 

Dashed lines: no continuum correlations 



Nuclear statistical equilibrium 
(NSE) 

Chemical picture: 
Ideal mixture of reacting components 
Mass action law 

Physical picture: 
"elementary" constituents 
and their interaction 

Interaction between the components 
internal structure: Pauli principle Quantum statistical (QS) approach, 

quasiparticle concept, virial expansion 



JRandrup: Dubna School 2010 

Phase diagram 

Equation of state: 
           pT(ρ) 

Nuclear matter 

meta 
    stable 

stable 

unstable 
ε(T ; ρ) = εFG(T ; ρ) + w(ρ)



Liquid-vapor phase transition 

blue: no light cluster, green: with light clusters, QS, red: cluster-RMF 
S. Typel et al., PRC 81, 015803 (2010) 



Pauli blocking in symmetric matter 
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Free proton fraction as function of density and temperature in symmetric matter. 
QS calculations (solid lines) are compared with the NSE results (dotted lines). 
Mott effect in the region nsaturation/5.  



Light clusters and pasta phases 
in core-collapse supernova matter 

H. Pais, S. Chiacchiera, C. Providencia, PRC 91, 055801 (2015) 

Pressure as function of density, Yp=0.3, T=4 MeV / 8 MeV. 
With and without pasta, including or not clusters. TF - Thomas-Fermi, 
CP – coexisting-phases method, CLD – compressible liquid drop 



Nuclear matter phase diagram 

Exploding 
supernova 

T. Fischer et al., 
arXiv 1307.6190 



Density of neutron star crust 
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high-energy HIC
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fission, neck emission

Freeze-out temperatures and densities 



H. Palme, K. Lodders, A. Jones, Solar System Abundances of the Elements (Elsevier 2014) 

Solar element abundances 



       Elementsynthese aus der Verschmelzung  
  von Neutronensternen:    r-Prozess (Simulation) 

Final mass-integrated r-process abundences obtained in a neutron star merger simulation using four different 
mass models compared to solar system r-process abundances [Mendoza-Temis et al. PRC 92 (2015) 055805]. 
 

J. Cowan, C. Sneden, J.E. Lawler A. Aprahamian, M. Wiescher, K. Langanke, G. Martinez-Pinedo, F.-K. Thielemann: 
“Making the heaviest elements in the Universe: A review of the rapid neutron capture process”, arxiv:1901.01410  



Island of Stability 



Beth-Uhlenbeck formula 

yields, partial densities 

intrinsic partition function 

Inclusion of scattering states: Beth-Uhlenbeck formula: deuteron 

effective binding energy: 4H 



Nucleation and cluster formation 
in low-density nucleonic matter  

S. Wuenschel, H. Zheng, K. Hagel, B. Meyer, M. Barbui, E. J. Kim, G. Ropke, and J. B. Natowitz 
PHYSICAL REVIEW C 90, 011601(R) (2014)  



Formation of light clusters in heavy 
ion reactions, transport codes 

Wigner distribution 

cluster mean-field potential 

loss rate 

in-medium  
breakup transition operator 

breakup cross section 



Quantum statistical approach 
The total density as well as the DoS are given by the spectral function A, 

A cluster decomposition for the self-energy is possible so that a quasiparticle  
(free) contribution can be separated,  

We obtain the generalized Beth-Uhlenbeck formula (quasiparticles) 

In-medium Schrödinger equation for Ei,γ,ν(T,µ),  δi,γ(T,µ), channel (spin…) γ 



Few-particle Schrödinger equation 
in a dense medium 

4-particle Schrödinger equation with medium effects 
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Thouless criterion  
for quantum condensate: 

En,P=0(T,µ) = 4µ  



Different approximations 

Ideal Fermi gas: 
protons, neutrons,  
(electrons, neutrinos,…) 

Quasiparticle quantum liquid: 
mean-field approximation 
BHF, Skyrme, Gogny, RMF 

Nuclear statistical equilibrium: 
ideal mixture of all bound states  
(clusters:) chemical equilibrium 

Chemical equilibrium  
with quasiparticle clusters: 
self-energy and Pauli blocking 

medium effects 

bound state formation 



Physical properties 

mass number A 
charge ZA 
energy EA,ν,K 
ν: internal quantum number  
excited states, continuum correlations 

•  Medium effects: correct behavior near saturation 
  self-energy and Pauli blocking shifts of binding energies, 
  Coulomb corrections due to screening (Wigner-Seitz, Debye) 

Composition of dense nuclear matter 



Relevant statistical operator 

State of the system in the past 

Construction of the relevant statistical operator at time t 

Generalized Gibbs distribution 

But: von Neumann equation? 
Entropy? 

-> maximum 

equations of state to eliminate λn(t) 



selection of the set of relevant observables 

von Neumann equation 

principle of weakening of initial correlations (Bogoliubov, Zubarev) 

time evolution operator relevant statistical operator 

self-consistency relations 

maximum of information entropy 

Nonequilibrium statistical operator (NSO) 

generalized Gibbs distribution 

Expanding nuclear matter: freeze-out and reaction processes (feed-down) 


