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The role of diquarks

?
Anselmino et al., RMP 65 (1993),  Santopinto, PRC 72 (2005),  
Nikonov, Anisovich, Klempt, Sarantsev, Thoma, PLB 662 (2008)

GE, Sanchis-Alepuz, Williams, Alkofer, Fischer,  PPNP 91 (2016),  Barabanov  et al., PPNP 116 (2021)

Francis, de Forcrand, Lewis, Maltman,  JHEP 05 (2022)

Ja�e, PRD 15 (1977), Esposito, Pilloni, Polosa, Phys. Rept 668 (2017), 
Guo, Hanhart, Meißner et al., RMP 90 (2018), . . .

Diquark correlations in multiquark states: 
Tetraquarks as compact diquark-antidiquark states?

Diquark correlations in baryons:

Phases at high baryon densities,
QCD-like theories (SU(2)), ...

Diquark mass differences can be studied on lattice

“Missing resonances”: nonrelativistic quark model predicts too many states,
pointlike diquarks reduce them by freezing one excitation mode.
New states in PDG call this into question

Dominance of qq forces inside baryons:
non-pointlike diquark correlations, diquarks exchange roles
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Functional methods

Ingredients: QCD’s n-point functions,
computed from DSEs (quantum eqs. of motion)
or FRG (functional renormalization group)

→   Dynamical mass generation, 
     gluon mass gap, confinement, 
     QCD phase diagram, ...

Hadronic bound-state equations
(Bethe-Salpeter & Faddeev eqs)

Structure calculations: 
form factors, PDFs, GPDs, TMDs, 
two-photon processes, ...

“QFT analogue of Schrödinger eq.”

→ spectroscopy calculations

  

+

→  hadron masses & “wave functions”

...
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Baryons

Three-quark BSE (Faddeev equation) for baryons:

2-body kernel:
fixed in meson sector

+  ++

++= +

3-body kernel: 
Leading diagram (3-gluon vertex) 
vanishes by color trace, 
higher-order diagrams small (?)
2-quark correlations dominant?

Rainbow-ladder
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V. RESULTS

The explicit numerical implementation of the Faddeev
equation is described in App. A. The massive computa-
tional demand in solving the equation primarily comes from
the five Lorentz-invariant momentum combinations of Eq. (7)
upon which the amplitudes depend. In analogy to the sep-
arability assumption of the nucleon amplitude in the quark-
diquark model we omit the dependence on the angular vari-
able z0 = p̂T · q̂T but solve for all 64 dressing functions
fk(p2, q2, 0, z1, z2).

The resulting nucleon masses at the physical pion mass in
both setups A and B are shown in Table V. As a consequence
of Eq. (27), the two states ΨMA and ΨMS emerge as indepen-
dent solutions of the Faddeev equation. Both separate equa-
tions produce approximately the same nucleon mass, where
the deviation of ∼ 2% is presumably a truncation artifact as-
sociated with the omission of the angle z0. For either solution
typically only a small number of covariants are relevant which
are predominantly s-wave with a small p-wave admixture.
The corresponding amplitudes for the mixed-antisymmetric
solution are shown in Fig. 2. Comparing the relative strengths
of the amplitudes allows to identify the dominant contribu-
tions:

ΨMA :
∑

r

{
Sr

11, Vr
11, Sr

13, Vr
13, Xr

33,1

}
,

ΨMS :
∑

r

{
Ar

11, rVr
11, rPr

11, rVr
13, Xr

33,2

}
.

(29)

Fig. 3 displays the angular dependence in the variable z1
through the first few Chebyshev moments of the amplitudes
S±11 which contribute to ΨMA . The angular dependence in the
variable z2 is small compared to z1. This is analogous to the
quark-diquark model, where the dependence on the angle be-
tween the relative and total momentum of the two quarks in a
diquark amplitude is weak.

The evolution of MN and the ρ-meson mass from the BSE
vs. m2

π is plotted in Fig. 4 and compared to lattice results. The
findings for MN are qualitatively similar to those for mρ: setup
A, where the coupling strength is adjusted to the experimental
value of fπ, agrees with the lattice data. This behavior can
be understood in light of a recent study of corrections beyond
RL truncation which suggests a near cancellation in the ρ-
meson of pionic effects and non-resonant corrections from the
quark-gluon vertex [42]. Setup B provides a description of a
quark core which overestimates the experimental values while
it approaches the lattice results at larger quark masses.

A comparison to the consistently obtained quark-diquark
model result exhibits a discrepancy of only ∼ 5%. This sur-
prising and reassuring result indicates that a description of the
nucleon as a superposition of scalar and axial-vector diquark
correlations that interact with the remaining quark provides
a close approximation to the consistent three-quark nucleon
amplitude.

Ti j (Λ±γ5C ⊗ Λ+)
(γ5 ⊗ γ5) Ti j (Λ±γ5C ⊗ Λ+)

(30)

VI. CONCLUSIONS AND OUTLOOK

We have provided details on a fully Poincaré-covariant
three-quark solution of the nucleon’s Faddeev equation. The
nucleon amplitude which is generated by a gluon ladder-
exchange is predominantly described by s- and p-wave Dirac
structures, and the flavor independence of the kernel leads to
a mass degeneracy. The resulting nucleon mass is close to
the quark-diquark model result which stresses the reliability
of previous quark-diquark studies.

Due to the considerable computational efforts involved,
more results and an in-depth investigation with regard to the
complete set of invariant variables will be presented in the fu-
ture. Further extensions of the present work will include an
analogous investigation of the ∆-baryon, more sophisticated
interaction kernels, e.g. in view of pionic corrections, and ul-
timately a comprehensive study of baryon resonances.
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APPENDIX A: NUMERICAL IMPLEMENTATION

Similar to the analogous case of a two-body Bethe-Salpeter
equation, the Faddeev equation (2) can be viewed as an eigen-
value problem for the kernel K̃(3):

K̃(3)(P2)Ψi = λi(P2)Ψi , (A1)

where P is the total momentum of the three-quark bound state
and enters the equation as an external parameter. Upon pro-
jection onto given quantum numbers, the eigenvalues of K̃(3)
constitute the trajectories λi(P2). An intersection λi(P2) = 1
at a certain value P2 = −M2

i reproduces Eq. (2) and therefore
corresponds to a potential physical state with mass Mi. The
largest eigenvalue λ0 represents the ground state of the quan-
tum numbers under consideration and the remaining ones λi≥1
its excitations; the associated eigenvectors Ψi are the bound-
state amplitudes. (Note that in this context one has to keep
in mind the possibility of anomalous states in the excitation
spectra of bound-state equation solutions [47].) To obtain the
ground-state solution, Eq. (A1) is solved via iteration within
a ’guess range’ P2 ∈ {−M2

min, −M2
max}, where Mmax is de-

termined from the singularity structure of the quark propa-
gator (see e.g. [36, 48]). Upon convergence of the eigen-
value λ0(P2) the procedure is repeated for different P2 until
λ0(P2 = −M2) = 1, thereby defining the nucleon mass M.

From a numerical point of view, it is advantageous to split
the Faddeev equation for K̃(3) = KS S into an equation for a

GE, Alkofer, Nicmorus, Krassnigg, PRL 104 (2010)

Relativistically, nucleon also has p waves!

Analogous results for many form factors
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TABLE III: Orthonormal Dirac basis Xr
i j,k of Eq. (21) constructed from a partial-wave decomposition. The first two columns denote the

eigenvalues of total quark spin s and intrinsic orbital angular momentum l in the nucleon rest frame. The third and fourth columns define the
relation between the Xr

i j and the basis elements from Eq. (19-20). Each row involves 4 covariants; the superscripts r = ± are not displayed for
better readability. The fifth column shows the momentum-dependent covariants Ti j which appear in Eq. (21); we have abbreviated p̂T → p and
q̂t → q for clarity.

s l Ti j

1/2 0 1 ⊗ 1
1/2 0 γ

µ
T ⊗ γµT

1/2 1 1 ⊗ 1
2 [ /p, /q ]

1/2 1 1 ⊗ /p
1/2 1 1 ⊗ /q
1/2 1 γ

µ
T ⊗ γµT 1

2 [ /p, /q ]

1/2 1 γ
µ
T ⊗ γµT /p

1/2 1 γ
µ
T ⊗ γµT /q

3/2 1 3 ( /p ⊗ /q − /q ⊗ /p) − γµT ⊗ γµT [ /p, /q ]

3/2 1 3 /p ⊗ 1 − γµT ⊗ γµT /p
3/2 1 3 /q ⊗ 1 − γµT ⊗ γµT /q

3/2 2 3 /p ⊗ /p − γµT ⊗ γµT
3/2 2 /p ⊗ /p + 2 /q ⊗ /q − γµT ⊗ γµT
3/2 2 /p ⊗ /q + /q ⊗ /p
3/2 2 /q ⊗ [ /q, /p ] − 1

2 γ
µ
T ⊗ [ γµT , /p ]

3/2 2 /p ⊗ [ /p, /q ] − 1
2 γ
µ
T ⊗ [ γµT , /q ]

TABLE IV: Irreducible multiplets of the permutation group S3, constructed from the 8 covariants {Sr
11, Pr

11 ,A
r
11, Vr

11}.

ψ1
MA = S+11 ψ2

MA =
∑

r Pr
11 + S−11 ψ3

MA =
∑

r

(
Vr

11 − Pr
11

)
+ 2 S−11 ψA =

∑
r

(
Vr

11 + Pr
11

)
− 2 S−11

ψ1
MS = A+11 ψ2

MS =
∑

r rVr
11 − A−11 ψ3

MS =
∑

r r
(
Vr

11 + 3Pr
11

)
+ 2 A−11 ψS =

∑
r r
(
−Vr

11 + 3Pr
11

)
− 2 A−11

TABLE V: (adapted from Ref. [35]) Nucleon masses obtained from
the Faddeev equation in setups A and B and compared to the quark-
diquark result. The η dependence is indicated for setup B in paren-
theses.

Q-DQ [29] Faddeev (MA) Faddeev (MS)
Setup A 0.94 0.99 0.97
Setup B 1.26(2) 1.33(2) 1.31(2)

L = 0 L = 1
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The explicit numerical implementation of the Faddeev
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tional demand in solving the equation primarily comes from
the five Lorentz-invariant momentum combinations of Eq. (7)
upon which the amplitudes depend. In analogy to the sep-
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able z0 = p̂T · q̂T but solve for all 64 dressing functions
fk(p2, q2, 0, z1, z2).

The resulting nucleon masses at the physical pion mass in
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through the first few Chebyshev moments of the amplitudes
S±11 which contribute to ΨMA . The angular dependence in the
variable z2 is small compared to z1. This is analogous to the
quark-diquark model, where the dependence on the angle be-
tween the relative and total momentum of the two quarks in a
diquark amplitude is weak.

The evolution of MN and the ρ-meson mass from the BSE
vs. m2

π is plotted in Fig. 4 and compared to lattice results. The
findings for MN are qualitatively similar to those for mρ: setup
A, where the coupling strength is adjusted to the experimental
value of fπ, agrees with the lattice data. This behavior can
be understood in light of a recent study of corrections beyond
RL truncation which suggests a near cancellation in the ρ-
meson of pionic effects and non-resonant corrections from the
quark-gluon vertex [42]. Setup B provides a description of a
quark core which overestimates the experimental values while
it approaches the lattice results at larger quark masses.

A comparison to the consistently obtained quark-diquark
model result exhibits a discrepancy of only ∼ 5%. This sur-
prising and reassuring result indicates that a description of the
nucleon as a superposition of scalar and axial-vector diquark
correlations that interact with the remaining quark provides
a close approximation to the consistent three-quark nucleon
amplitude.

Ti j (Λ±γ5C ⊗ Λ+)
(γ5 ⊗ γ5) Ti j (Λ±γ5C ⊗ Λ+)

(30)

VI. CONCLUSIONS AND OUTLOOK

We have provided details on a fully Poincaré-covariant
three-quark solution of the nucleon’s Faddeev equation. The
nucleon amplitude which is generated by a gluon ladder-
exchange is predominantly described by s- and p-wave Dirac
structures, and the flavor independence of the kernel leads to
a mass degeneracy. The resulting nucleon mass is close to
the quark-diquark model result which stresses the reliability
of previous quark-diquark studies.

Due to the considerable computational efforts involved,
more results and an in-depth investigation with regard to the
complete set of invariant variables will be presented in the fu-
ture. Further extensions of the present work will include an
analogous investigation of the ∆-baryon, more sophisticated
interaction kernels, e.g. in view of pionic corrections, and ul-
timately a comprehensive study of baryon resonances.
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APPENDIX A: NUMERICAL IMPLEMENTATION

Similar to the analogous case of a two-body Bethe-Salpeter
equation, the Faddeev equation (2) can be viewed as an eigen-
value problem for the kernel K̃(3):

K̃(3)(P2)Ψi = λi(P2)Ψi , (A1)

where P is the total momentum of the three-quark bound state
and enters the equation as an external parameter. Upon pro-
jection onto given quantum numbers, the eigenvalues of K̃(3)
constitute the trajectories λi(P2). An intersection λi(P2) = 1
at a certain value P2 = −M2

i reproduces Eq. (2) and therefore
corresponds to a potential physical state with mass Mi. The
largest eigenvalue λ0 represents the ground state of the quan-
tum numbers under consideration and the remaining ones λi≥1
its excitations; the associated eigenvectors Ψi are the bound-
state amplitudes. (Note that in this context one has to keep
in mind the possibility of anomalous states in the excitation
spectra of bound-state equation solutions [47].) To obtain the
ground-state solution, Eq. (A1) is solved via iteration within
a ’guess range’ P2 ∈ {−M2

min, −M2
max}, where Mmax is de-

termined from the singularity structure of the quark propa-
gator (see e.g. [36, 48]). Upon convergence of the eigen-
value λ0(P2) the procedure is repeated for different P2 until
λ0(P2 = −M2) = 1, thereby defining the nucleon mass M.
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Diquark correlations

Quark-diquark (two-body) equation
Oettel et al., PRC 58 (1998),  GE et al., Ann. Phys. 323 (2008),  Cloet et al., FBS 46 (2009),  Segovia et al.,  PRL 115 (2015)

Three-quark and quark-diquark results very similar
GE, Fischer, Sanchis-Alepuz,  PRD 94 (2016)

Barabanov et al., Prog. Part. Nucl. Phys. 116 (2021)
Diquark clustering in baryons?
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Diquarks 101

Wave function:

Flavor:

 Dynamics

 sss  0  Ω

 Λ, Σ
 Λ, Σ
 Λ
 Σ

 Ω� 0

 0, 1
 0, 1
 0
 1

 1/2  p

Nucleon has “good”
and “bad” diquarks,
Delta only “bad” 

I = 0
I = 1
I = 1/2

Λ:  n [ns], n {ns}, s [nn]
Σ:  n [ns], n {ns}, s {nn}

 p, Δ⁺ 
 p, Δ⁺ 

 1/2, 3/2
 1/2, 3/2

 Quark content  q-dq  Isospin

 “good”  “bad”

 contributes to

 s {ss}

 c {cc}

 u [ud]

 n [ns]

 s [nn]
 s {nn}

 n {ns}

 u {ud}
 d {uu}
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 uud

 nns

 n = u, d

Color attractiveFlavor
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Diquarks 101

Wave function:

Total wave function:

scalar ⇔ “good”

⇔ “bad”

“ugly”

axialvector

pseudoscalar

vector

 Dynamics ColorFlavor

Dressing functions
calculated from BSE

Lorentz/Dirac
tensors

Flavor

, ...

, ...

, ...

...

, ...

:

:

Color
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Diquark correlations
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Diquark correlations

− −

Light baryon spectrum

Diquark content:
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Diquark correlations

− −

Light baryon spectrum
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Strange baryons
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Heavy baryons

Kim, Hosaka, Kim, Noumi, Shirotori, PTEP 2014 (2014), 10, 103D01,
Shim, Hosaka, Kim,  PTEP 2020 (2020) 5, 053D01

n n
c

n c
n

n

c

n

 Λ� , Σ�
 Λ� , Σ�
 Λ�
 Σ�

 0, 1
 0, 1
 0
 1

Λ�:      n [nc], n {nc},       c [nn]
Σ�:      n [nc], n {nc},       c {nn}

 Quark content  q-dq  Isospin  contributes to

 n [nc]

 c [nn]
 c {nn}

 n {nc}
 nnc

 n = u, d

Sometimes these are assumed as dominant components,
e.g. J-PARC charm baryon spectroscopy program (high-p)

Decay of ρ mode → Σ�π
Decay of λ mode → pD

Assumptions
on spectrum &
production rates

spin-spin
interaction

⇒

d
u
u

d
u
c

u
d

c
d

ρ

λ

ρ mode

λ mode
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Heavy baryons

>n n
c

n c
n

~60% ~40%

n n
c

n c
n

Quark-diquark BSE would not work under this assumption, e.g., Σ�:

Results: wave function contributions

n[nc], n{nc} necessary, 
otherwise no equation.
Presumably these are
also dominant: cannot
switch off n[nc], n{nc},
but c{nn}

Analogous for Λ� 
and hyperons

[nc]

n

n

n

n

c

c

c

c

n

c

{nc}

{nn}

n

50%

60%

40%

SC [nn] AV {nn} SC [nc] AV {nc} SC [nn] AV {nn} SC [nc] AV {nc}

20%

10%

30%

0

Torcato, Arriaga, GE, Peña, FBS 64 (2023)
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Heavy baryons

n n
c

n c
n

Quark-diquark BSE would not work under this assumption, e.g., Σ�:

Results: spectrum

n[nc], n{nc} necessary, 
otherwise no equation.
Presumably these are
also dominant: cannot
switch off n[nc], n{nc},
but c{nn}

Analogous for Λ� 
and hyperons

[nc]

n

n

n

n

c

c

c

c

n

c

{nc}

{nn}

n

M [MeV]
Torcato, Arriaga, GE, Peña, 
FBS 64 (2023)

see also:
Yin, Chen, Krein, 
Roberts, Segovia,
PRD 100 (2019)
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How to test this?

n n
c

n c
n

Form factors:

e.g. Σ� → Λ� transition form factors (analogous to Σ → Λ)

c

{nn} {nn}[nn]

Couple currents (photons, pions, ...) to all possible places:
quarks, diquarks, exchange diagrams, seagulls

If this were the only
configuration, we
would never probe
charm quarks

Leading (?)
contribution:
direct coupling
to light quarks

Coupling to
charm quark
inside diquark

Quark exchange diagrams 
(+ seagulls, not shown)

[nc]

nc

{nc}{nn}

n

[nc]

nc

{nc}[nn]

n

Λ�:

Σ�:

[nc]
{nc}

[nc]
{nc}

n

[nc]
{nc}

n

n n

c

[nc]
{nc}

n n

[nc]
{nc}

[nc]
{nc}

n

c c

n

n n
[nn]

[nc]
{nc}

n c
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How to test this?

Form factors:

e.g. Σ� → Λ� transition form factors (analogous to Σ → Λ)

+ exchange + seagull diagrams

Timelike form factors:
Quark-photon vertices contain 
vector-meson poles:

Analogous to hadronic vacuum polarization
(R ratio):

c

{nn} [nn]

Couple currents (photons, pions, ...) to all possible places:
quarks, diquarks, exchange diagrams, seagulls

[nc]

nc

{nc}{nn}

n

[nc]

nc

{nc}[nn]

n

Λ�:

Σ�:

[nc]
{nc}

[nc]
{nc}

n

n, s, c, ...

[nc]
{nc}

n n

n n
n n

ρ, ω→
c c

c c

J/ψ→

R

103

102

10

1 GeV

2 
(u,d,s)

10/3 
(u,d,s,c)

11/3 
(u,d,s,c,b)

10 GeV

1

100

10–1

/ (2S)
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Form factors

Nucleon electromagnetic FFs 
GE,  PRD 84 (2011)

∆-baryon em. transition FFs 
GE,  Nicmorus,  PRD 85 (2012)

Roper em. transition FFs
Segovia et al., PRL 115 (2015)

Timelike em. strangeness FFs
Ramalho, Peña,  PRD 101 (2020)

Timelike pion FF dynamically develops 𝜌 pole with 𝜋𝜋 decay channel
Miramontes, Sanchis-Alepuz, Alkofer,  PRD 103 (2021)

Crawford

Paolone

Zhan

Gayou/Puckett

Puckett

Punjabi

Ron

0.0

1.0

1.2

0.4

0.2

0.0

0.4

0.2

0.3

0.1

-0.2

0.6

0.8

0 2 4 6 8 0 2 4 6 8

/ /

 /   / ( / )   4

 [ ]  [ ]

 [%]  [%]

0.0

0

-2

-3

-4

-5

-1

0

-2

-4

-6

-8

-10

-12

-14
0.2 0.4 0.6 0.8 1.0 1.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2

MAMI (Beck ‘99)
LEGS (Planpied ‘01)
OOPS (Sparveris ‘05)
MAMI (Stave ‘08)
CLAS (Aznauryan ‘09)

OOPS (Sparveris ‘05)
MAMI (Stave ‘08)

MAMI (Pospischil ‘00)

CLAS (Aznauryan ‘09)

Many form factor calculations in qqq or q(qq) approaches available:

Thank you!

BELLE
KLOE
NA7
DESY
JLab F𝜋-1
JLab F𝜋-2

DSE

|𝐹�(𝑄�)||𝐹�(𝑄�)|

-1 0–0.4–0.5–0.6 1 2 3 4

0.1

1

0

2

4

6

8
10

Q2 [GeV2]Q2 [GeV2]

GE, Fischer, Williams,  
PRD 101 (2020), 
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Backup slides

Tetraquark notes

Gernot Eichmann

Defining the momenta as in your notes, we have the
two momentum multiplets

SM =
4∑

i=1
pi = P , T +

M = 1
2




1√
3 (p + q + k)

1√
6 (p + q − 2k)

1√
2 (q − p)


 . (1)

Apart from the trivial singlet P 2, the resulting nine
Lorentz invariants are

S0 = T +
M · T +

M = 1
4 (p2 + q2 + k2) ,

D0 = T +
M ∗ T +

M = 1
4S0

[ √
3 (q2 − p2)

p2 + q2 − 2k2

]
,

T0 = T +
M ∨ T +

M = 1
4S0




2 (ω1 + ω2 + ω3)√
2 (ω1 + ω2 − 2ω3)√

6 (ω2 − ω1)


 , (2)

T1 = T +
M · SM = 1

4S0




2 (η1 + η2 + η3)√
2 (η1 + η2 − 2η3)√

6 (η2 − η1)


 ,

with

ω1 = q · k , ω2 = p · k , ω3 = p · q (3)

and

η1 = p · P̂ , η2 = q · P̂ , η3 = k · P̂ . (4)

We can express p2, q2, k2 in terms of the doublet vari-
ables:

p2 = 2
3 S0(2 + s −

√
3 a) ,

q2 = 2
3 S0(2 + s −

√
3 a) ,

k2 = 4
3 S0(1 − s) .

(5)

Now let’s express the ‘pole variables’ in terms of these.
Let’s say Z+ = (p1 + p2)2 and Z− = (p3 + p4)2. Then

Z± =
(

k ± P

2

)2
= k2 − M2

4 ± iMη3

= k2 − M2

4 ± iM
√

k2 z3 ,

(6)

where z3 = k̂ · P̂ ∈ (−1, 1). This is the usual parabola in
the complex k2 plane with apex −M2/4. That is, a pole
at Z± = −m2

π (or along the contour of the parabola with
apex −m2

π) leads to the condition

16
3 S0(1 − s) = M2 − 4m2

π (7)

and therefore.

s = 1 + 3
16S0

(4m2
π − M2) . (8)

So it looks like above threshold M > 4mπ we have indeed
the situation that the poles cross over into the spacelike
region (s < 1). However, below threshold this cannot
happen. (The same analysis would work for the remain-
ing poles with X+ = (p2 + p3)2, etc.)

• Since you see a similar behavior at large quark
masses, but at the opposite side of the triangle:
Could it be that the Maris-Tandy scalar diquark
simply comes out very low, i.e., that the diquark
mass bends down at large quark masses and crosses
the threshold? Can you calculate scalar diquarks
too? Might be good to know as a check.

• This is all very interesting. I found a similar condi-
tion for the baryon, although the interpretation as
two-body poles at the border of the triangle doesn’t
work in that case (because it’s S3, the triangle is
bounded by the three quark momenta).
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Form factors

Like for spectrum, similar results from qqq and q(qq) approaches, 
e.g. ∆ electromagnetic form factors:

Three-quark

Quark-photon 
vertex

Form factors

Diquark-photon 
vertex

+  ++
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GE, Sanchis-Alepuz, Williams, 
Alkofer, Fischer,  PPNP 91 (2016),  

Quark-diquark
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Four-quark states

Hidden charm,
hidden bottom

diquark-
antidiquark

meson molecule hadro-
charmonium

c q
q

c

q

c

q

cqc

q c

    
cqqc   

Ho�er, GE, Fischer, 
PRD 109 (2024)

8

9

10

11

12

++ +– ++–1 0 1 1
J P

3.0

3.5

4.0

4.5

Charmonium mass spectrum Bottomonium mass spectrum

cnnc ground

Exp. (conv.)
Exp. (exotic)

cnnc excited

cssc excited
cssc ground

M [GeV] M [GeV]

bnnb ground Exp. (conv.)
Exp. (exotic)bnnb excited

bssb excited
bccb ground
bccb excited

bssb ground

–

C

++ +– ++–1 0 1 1
J P

–

C

(4230)
(4360)
(4415)

(4660)

(4160)
(4040)

(3770)

(3960)

(3900)

(4220)

(4430)

(10610)

(10650)
(4020)

(3915)
(3860)

(1P)

(1P)

(4140)

(3872)

(4274)

(1P) (1P)
(2S)

(1S)

(2S)
(3S)
(4S)
(10753)
(10860)
(11020)

(1P)
(1P)

(2P)

(3P)

(2P)

/ (1S)

Wave-function components:
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Four-quark states

Open-flavor states
Ho�er, GE, Fischer, 
in preparation

Binding energies (ground states):

−0.2 −0.1
Four-quark BSE

Alexandrou et. al. (2024)
Alexandrou et. al. (2023)
Padmanath et. al. (2023)

Aoki et. al. (2023)
Hudspith & Mohler(2023)

Francis et. al. (2019)
Leskovec et. al. (2019)

Junnarkar et. al. (2019)
Francis et. al. (2017)

Kucab & Praszalowicz (2024)
Song & Jia (2023)

Meng et. al. (2021)
Noh et. al. (2021)

Meng et. al. (2020)
Mohanta & Basak (2020)

Braaten et. al. (2020)
Maiani et. al. (2019)

Carames et. al. (2018)
Park et. al. (2018)

Sakai et. al. (2017)
Eichten & Quigg (2017)

bbn̄n̄ 0(1+)

0.0 0.1

bcn̄n̄ 0(1+)

EB [GeV]

1

0.0 0.1

Four-quark BSE
Lyu et. al. (2023)

Junnarkar et. al. (2019)
Wang et. al. (2024)

Song & Jia (2023)
Ortega et. al. (2022)

Ke et. al. (2021)
Albaladejo (2021)

Meng et. al. (2021)
Noh et. al. (2021)

Braaten et. al. (2020)
Park et. al. (2018)

Eichten & Quigg (2017)
LHCb Collab. (2022)

ccn̄n̄ 0(1+)

0.0 0.1

bbn̄n̄ 1(1+)

0.00 0.25

ccn̄n̄ 1(1+)

EB [GeV]

1

diquark-antidiquarkmeson molecule

c

c

q

qcc

q q

ground

ground
excited

excited

ground
excited

ground

ground
excited

excited

ground
excited

ground

ground
excited

excited
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T   sits on top of threshold,
pure molecule

Four-quark states

Open-flavor states
Ho�er, GE, Fischer, 
in preparation

Wave-function components:

Can quantify meson-meson
and diquark-antidiquark
contributions

bb

bc

cc

bb

diquark-antidiquarkmeson molecule

c

c

q

qcc

q q

T   is complicated mixture 
of molecule and diquark-antidiquark

cc

0(1+) 1(1+)

ccn̄n̄

ccs̄s̄

bcn̄n̄

bcs̄s̄

bcc̄c̄

bbn̄n̄

bbs̄s̄

bbc̄c̄

DD∗

B̄B̄∗ AbbSn̄n̄

DD∗ −AccA

DsD
∗
s −AccAs̄s̄

B̄B̄∗ −AbbA

B̄sB̄
∗
s −AbbAs̄s̄

B̄cB̄
∗
c −AbbAc̄c̄

B̄∗D

B̄∗
sDs

B̄∗
c ηc

f00f01f02f03f04f11f12f13f14f22f23f24f33f44 f00f01f02f03f04f11f12f13f14f22f23f24f33f44
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Relativistic effects

− −

Orbital angular momentum: clear traces of nonrelativistic quark model,
but strong relativistic effects (in some cases even dominant)

Relativistic contributions
even up to bottom baryons!

J = 3/2 ground states J = 3/2 first excitations

L = 0

Quark model:

L = 1

L = 2

GE, FBS 58 (2017)

Qin, Roberts, Schmidt,  PRD 97 (2018)
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Williams, Fischer, Heupel,
PRD 93 (2016)

GE, Sanchis-Alepuz, Williams,
Alkofer, Fischer, PPNP 91 (2016)

Fischer, Kubrak, Williams,  EPJ A 51 (2015)

GE, Fischer, Weil, Williams,  
PLB 774 (2017)

Mesons

Pion is Goldstone 
boson: 𝑚�� ~ 𝑚�

Light meson spectrum beyond rainbow-ladder

Bottomonium spectrum Pion transition form factor
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Towards ab-initio

Coupled Yang-Mills DSEs Huber, PRD 101 (2020),   
GE, Pawlowski, Silva, PRD 104 (2021)  

+ 1  1 

 1  1 + + + ++

+ + +++

truncation error:

60% 10% 4%3

3

1

1

2
2

Goal: go towards ab-initio calculations
by calculating higher n-point functions

...

𝛤 𝛤= 𝐾

. . . , 
Williams, Fischer, Heupel,  PRD 93 (2016),    
Cyrol et al.,  PRD 97 (2018), 
Oliveira, Silva, Skullerud, Sternbeck, PRD 99 (2019),  
Aguilar et al., EPJ C  80 (2020),   
Huber, PRD 101 (2020),   
Qin, Roberts,  Chin. Phys. Lett. 38 (2021),
GE, Pawlowski, Silva, PRD 104 (2021),    
. . . 

Glueball spectrum agrees with lattice QCD

BSE
lattice (Morningstar, Peardon 1999)

lattice (Athenodorou, Teper 2020)

Huber, Fischer, Sanchis-Alepuz,  EPJ C 80 (2020),  EPJ C 81 (2021)
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