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0. Motivation of keywords

e Chiral perturbation theory (ChPT) is the effective field theory
(EFT) of the Standard Model/strong interactions at low ener-
gies.

e EFTs are low-energy approximations to (more) fundamental
theories.

e Instead of solving the underlying theory, low-energy physics is
described with a set of variables (effective degrees of freedom)
that is suited for the particular energy region you are interested
in.

e In our case: Pions and nucleons instead of the more fundamental
quarks and gluons of QCD.



Calculate physical quantities in terms of an expansion in q/A,
where g stands for momenta or masses that are smaller than a
certain momentum scale A.

There exists a regime where both fundamental and effective
theories yield the same results.

EFTs are based on the most general Lagrangian, which inclu-
des all terms that are compatible with the symmetries of the
underlying theory. = Infinite number of terms. Each term is
accompanied by a low-energy coupling constant (LEC).

One needs a method that allows one to decide which terms
contribute in a calculation up to a certain accuracy: Weinberg’s
power counting.



e In actual calculations only a finite number of terms in the ex-
pansion in g/A has to be considered. = Predictive power.

e Effective field theories are non-renormalizable in the traditional
sense. However, as long as one considers all terms that are al-
lowed by the symmetries, divergences that occur in calculations
up to any given order of g/A can be renormalized by redefining
fields and parameters of the Lagrangian of the effective field
theory. The so-called non-renormalizable theories are actually
just as renormalizable as renormalizable theories.



Fundamental theory

Effective field theory

QCD ChPT
dof quarks & gluons Goldstone bosons
(4 other hadrons)
parameters | g3 + quark masses (oo # of ) LECs

+ quark masses



Simplified analogies between multipole expansion and EFT

Multipole expansion EFT
€| > R g << Ay
d(T) = Zlm 2111”?1(-51’@ Leff = Zlm
multipole moment gq;,,, LEC ¢,
2111}7%(&@ Structures L;,,

e In principle, infinite number of terms.
Actual calculation: Truncation at finite order.

e Systematic improvement possible.



e Aim of these lectures:

Most general description of the strong interactions at low ener-
gies: wmw, wIN.

e Challenge:

We need the
1. the most general Lagrangian;

2. a consistent power counting scheme to perform perturbative
calculations.



1. QCD and chiral symmetry
Apply the gauge principle with respect to (color) SU(3)

Matter fields: Quarks

flavor u d S
charge [€] 2/3 —1/3 —1/3
mass [MeV] | 1.5 —3.0 3—17 95 4 25
flavor C b t
charge [€] 2/3 —1/3 2/3
mass [GeV] | 1.25 + 0.09 | 4.20 + 0.07 | 174.2 + 3.3

(Masses from PDG: Review of Particle Physics, 2006)



Quark field components gf4 q

f=1,2,3,4,5,6: flavor index (u, d, s, c, b, t)
A =1,2,3: color index (red, green, blue)
a=1,2,3,4: Dirac spinor index

Gauge potentials (gluons) A,
a=1,..--,8: color index
pw=0,---,3: Lorentz index

and field strengths Gg 0

ga/,u/ = 8p,v4au — 81/Aau — gSfabcAbp,Acu-

Recall Gell-Mann matrices

b . A
9 _] — z.fabc?c'
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Locp = Y. Y. > draal(YE idu —mpbaa)baa
f.f'=1A,A'=1 a,a’'=1

8 P 8

JAA’ 1
=93 ) Aap— Vo [0t arar = D Gauwds”.
a=1 a=1

from gauj@: principle
Short version

) 1
EQCD — Z (jf(’l/lD— mf)Qf — Zgauuggy-

f_uadasa
~ c,bit

Extremely short version (Guv = GauvAa/2)

1
Lqocp = q(ip— M)q — §Trc(g,uvg“y)-



In principle (quark masses originate from electroweak symmetry
breaking)
930

930 v o
Lg = €Euvpo E g[u/gpa = — € Ir (g“’ GgP ) €123 = 1.
o Cpvpo C ’
6471' a1 327

So-called 0 term implies explicit P and CP violation in the strong
interactions:

. MY (1. 7 7
P : G4 (6, &) = Gapw(t, —&), } = Lo(t,7) — —Lo(t, —3).

€Cuvpo = — etV Pa,

1. Electric dipole moment of the neutron; empirical information:
very small.

2. n— 27, n — 470 (= 84) (not observed).

3. Strong CP problem: Why is 8 so small?



Accidental, global symmetries of Lqcp

The pion is special! I

quark content mesons

ud wT,pT
(dd —ua)/vV2 =Y, p°
du 7w ,p

M_; =140MeV K M, = 776 MeV,
M; < my =938 MeV.

M.+ < Mg+ =494MeV < M4 = 1869 MeV.
<~

cd



my = (1.5 — 3.0) MeV me = (1.25 £ 0.09) GeV
mg= (3—7)MeV | €« A, = 1GeV < [ my = (4.20 £ 0.07) GeV
ms = (95 + 25) MeV m¢ = (174.2 £+ 3.3) GeV

Motivation

mp 2> 2my + My

Consider light-flavor quarks in so-called chiral limit mq, mg4, mgs — 0
as starting point in discussion of low-energy QCD:

8
) 1

l=u,d,s a=1

1 1
Projection operators: ¢ [5(1 — v5) + 5(1 + 75)] q =41, + 9R

8
: _ 1
— Z (QL,I"JD qr, + QR,lZlD qR,l) 2 Z gau,,gg'/ 4+ ..

l=u,d,s a=1



What are the global symmetries of L%CD?

£%CD Is invariant under (covariant derivative flavor independent!)

ur, ury, 8 A [ UL

dp, | »UL| dp | =exp|—i) O |e™®7| dp
2

ST, Sy, a=1 SL

plus analogous expression for right-handed fields

classical global U(3); x U(3)gr symmetry

After quantization: SU(3); XxSU(3)pxU(1)y symmetry = 2x8+1 =
17 conserved currents

But: Spectrum does not follow (approximate) SU(3); x SU(3)pr
symmetry

Solution: Spontaneous symmetry breaking (Goldstone theorem)



Explicit chiral symmetry breaking due to quark masses

M = diag(my, mg, mg)

Quark-mass term mixes left- and right-handed fields

Ly = —qMq = —(@qrMaqr + qrMqg)

N A
o, VF; = zq[M,f]q
A
(%A’gf = zq{?aaM}'%q

3
A" = 2igM~ysq +

uv _
397 2€,uupag ga 9 €0123 = 1



Summary

e Massless quarks: 16 conserved currents L#% and R*% (V#% and
AP 4 1 conserved singlet vector current V#, Singlet axial-
vector current A* has an anomaly.

e For any value of quark masses: flavor currents uw~vy*u, dv*d, and
sv"s are always conserved.

e Equal quark masses m, = mg = mg:

8 conserved vector currents V42 ([Ag, 1] = 0).
SU(3) flavor symmetry.

8 axial-vector currents A*% are not conserved.
Microscopic origin of the PCAC relation (partially conserved
axial-vector current).

® My, = mg: ISsospin symmetry.



2. Spontaneous symmetry breaking

Example: O(3) sigma model

‘C((i;a au(i;) = L(P1, P2, P3, 8LL(I)17 BM(I)% 8LL(I)S)
1 m? A
SO0t — —-2;®; — Z((I)iq)i)2

m? < 0 |, A > 0, Hermitian fields ®,

L invariant under a global “isospin’” rotation
—2auT
g c 50(3) : (I)i — (I)’,i = Dw(g)(I)‘7 = (e 1k k)zg(I)J

(15, Tj] = i€ T

00 O 0 0 2 0 —
T1= 0 0 —2 . T2= 0 0O . T3— (/
0 z O —1 0 0 0

o O .
O QOO



Two-dimensional rotationally invariant
.- _ 2 .2y (@®+y?)?
potential: V(z,y) = —(z° + y°) +

Exercise: Determine the minimum of the potential

m? A 2
V(P1, o, B3) = 7‘1%"1’2' + Z((I’i(I’i)

We find

2

= v, |ci>’|=\/c1>§+<1>§+<1>§



—

®.,in Can point in any direction in isospin space
= non-countably infinite number of degenerate vacua

Spontaneous symmetry breaking (hidden symmetry)

Any infinitesimal external perturbation which is not invariant under
SO(3) will select a particular direction.
Appropriate orientation of the internal coordinate frame =

~ 0
P in = Vé3 = 0
v

®,,:, Not invariant under full group G = SO(3)

Rotations about the 1 and 2 axis change &,

0 )

T®min=v| —¢ |, T2Ppipn=v| 0
0 0



—

®,,ip INnvariant under subgroup H of G: rotations about the 3 axis

heH: & =D0h)® =D&, DMh)Priy,=Puin, T3Pmiy =20

Exercise: Expand ®3 with respect to v: ®3(x) = v + (=)

New expression for the potential

- 1 A A
V = 5(—2’”"/2)772 + Aon(®7 4+ 83 +n°) + Z(‘I’% + @5+ n?)? — 1’04

2 2 2
mq)l — m(b = O,

= —2m
2

2
my



Model-independent feature of the above example:

1. For each of the two generators T7 and 715 which do not annihilate
the ground state one obtains a massless Goldstone boson

2. Number of Goldstone bosons is determined by the structure of
the symmetry groups:
e G symmetry group of the Lagrangian, ng generators

e H subgroup with ngyg generators which leaves the ground
state after spontaneous symmetry breaking invariant

e 7 of Goldstone bosons: ng — ngy

3. Criterion for ssb: Non-vanishing vacuum expectation value of
some Hermitian operator, here (0|®3(0)|0) = v.



Explicit symmetry breaking: A first look

Modify potential by adding a®s,

m? A
2
v((I)la P, (1)3) ~ 9 ®;P; + Z((I)iq)i) + aPs,

m? <0, A >0, a > 0 and real fields ®,.

New potential has lower symmetry: O(2) symmetry (rotations about
the 3 axis)

Conditions for the new minimum (from VgV = 0) read
P, = P =0, )\<I>§—|—m2<1>3—|—a,20
Exercise: Solve using a perturbative ansatz
(®3) = &) + ad() + O(a?).
Result

2
_m <I>(1) _ 1
A 3 '

(0) _
Py =% - 2m?2



<I>:(30): Result without explicit breaking.

Expand potential with &3 = (®3) + x =

A
2 _ .2 2 .2
mg, = mg, = a -1 my = 2m~ 4+ 3a
Remarks:

e T he Goldstone bosons have acquired a mass.

e Squared masses proportional to a.

e Quantum corrections lead to observables which are nonanalytic
in the symmetry breaking parameter a, €.9g. aln(a) (so-called
chiral logarithms).

e Analogue of a in QCD: Quark masses.



Spontaneous Symmetry Breaking in QCD
Indications from the Hadron Spectrum

Example: Hg, is isospin invariant

[Hgtr, T3] = 0,  [T5, T;] = i€; ;T

Hadrons can be classified as irreducible multiplets of isospin SU(2)

T =
1 KO
ol (2) () (&)
_|_
T =1 Y
™
ATT
3 AT



e QQ: Where does this symmetry come from?
e A: Accidental global symmetry of QCD
Consider linear combinations

Q% = Q%+ Q%5 QY

Q4 = Q- Q% —Q4

[H)cps QY] = [HYcp, Q4] =0



Naive expectation: Parity doubling

Let
Hicpl¥) = E|T), P|¥) =|9)

Construct new state |®) = Q 4|¥) (superscript a suppressed)

H{cpl®) = HQcpQal¥) = Qa Hycp|¥) = E|2)

E|w)
P|®) = PQa|Y) = FQQP_£P|‘I’> = —|®)
—Qa |¥)

Not observed in hadronic spectrum

e Q: What’s wrong?



e A: We have tacitly assumed that the ground state of QCD is
annihilated by Q4.

Solution: Spontaneous symmetry breaking

Symmetry of |0) # symmetry of H&CD

e Coleman theorem:! The symmetry of the ground state deter-
mines the symmetry of the spectrum (reverse argument: infer
symmetry of the ground state from the symmetry of the spec-

trum)

e Goldstone theorem:? To each generator that does not annihilate
the ground state exists a massless Goldstone boson

lS. Coleman, J. Math. Phys. 7, 787 (1966)
2J. Goldstone, A. Salam, and S. Weinberg, Phys. Rev. 127, 965 (1962)



e Here
— H&CD invariant under G = SU(3); x SU3)p

— |0) invariant under

H = {(V,V)} =£SU(3)y flavor SU(3)

— idealized: 8 massless Goldstone bosons w, K, n

Another (sufficient but not necessary) criterion: 3 Nonvanishing
scalar quark condensate

3G. Colangelo, J. Gasser, and H. Leutwyler, Phys. Rev. Lett. 86, 5008 (2001)



3. Chiral perturbation theory for mesons 4

e Starting point: Chiral SU(3)xSU(3) symmetry of the QCD La-
grangian

e Spontaneous symmetry breaking: Ground state (vacuum) has a
lower symmetry, namely flavor SU(3)y,, than the Lagrangian

e Goldstone theorem: 16 — 8 = 8 massless Goldstone bosons

e Goldstone bosons interact “weakly’” at low energies

e Include explicit chiral symmetry breaking through quark masses
as a perturbation

4J. Gasser and H. Leutwyler, Nucl. Phys. B250, 465 (1985)



e Map symmetries onto the most general (effective) Lagrangian
for the interaction of Goldstone bosons (7, K, n)

e Organization of the Lagrangian in the number of (covariant)
derivatives and number of quark mass terms ° (w, K, n)

L=Lr+Ly+Ls+ -

2+ 042 + Qid42 +
O(q?) O(q*) O(q%)

— ¢g: Small quantity such as a pion mass

— Even powers

>J. Gasser and H. Leutwyler, Nucl. Phys. B250, 465 (1985);

H. W. Fearing and S. S. , Phys. Rev. D 53, 315 (1996);

J. Bijnens, G. Colangelo, G. Ecker, JHEP 02, 020 (1999);

T. Ebertshauser, H. W. Fearing, S. S., Phys. Rev. D 65, 054033 (2002);
J. Bijnens, L. Girlanda, P. Talavera, Eur. Phys. J. C 23, 539 (2002)



e Pseudoscalar meson octet (masses in MeV)

S
1 o ®
K0(498) KT (494)
7~ (140) w0(135) 7 (140)
0, ° (® °
n(549)
-1, ° °
K—(494) K0(498)
'-1 '-1/2 .0 '1/2 '1



70 + %n V2t V2K

8
qb(m) — Z Aa¢a($) p— \/§7T_ —71'0 + %n \/§KO ’
“= V2K~ V2KY -2

Ua) = exp (i )

e Lowest-order Lagrangian (chiral limit, no external fields)

Lo = FIgTr (auU0rUt).

e Fp ~ 93 MeV: Pion-decay constant in the chiral limit
e Expand exponential U =1+41i¢/Fyp+---, O,U = i0u¢/Fp+ -+, =

F_gTr [iauqs (_z’@“qﬁ
4 F F

1
£eff — >] R ZTr(ACLaMPa)\ba“be) + ..



= 0ubad" S TH M) + - = - ubadBa + Lint
204p
No other terms containing only two fields = eight fields ¢
describe eight independent massless particles.

e Finite quark masses (isospin symmetry: m, = myg = m)

F’B
Loy = 02 O Tr(MUT + UMD).

Expand in ¢

A By
Lsb. = FgBo(2m+ms)  ——Tr(@°M)  +Lin.

A

generate mass terms
Lowest-order results (Exercise)

2 B,
M3z = Bo(m 4+ my),

3
|

2
M? = 5 Bo (1 + 2my) .



e Using M, = 135 MeV, Mg = 496 MeV, and Mf,7 = 547 MeV =
quark mass ratios

M?2 m +m m

— K _ +A > = —2 =259,
M2 2Mm m
M2 2m m m

0 = sjr = —° =124.3.
M?2 3m m

e By: 3FyBy = —(qq)o

e Analogy with a ferromagnet

—(M) H < (Gu)mq + (dd)mg + (3s)mg = —F02B0(mu + mg + myg)



e Weinberg’s power counting for the mesonic sector 6
Q: How do different diagrams compare?

Analyze given diagram under
1. linear rescaling of all external momenta, p; — tp;,

2. quadratic rescaling of light quark masses, mg — t?mg (corre-
sponds to M? — t2M?).

Chiral dimension D:

M(tp;, t*myg) = tP M(p;, mq) = O(q").

For small enough momenta (and masses) contributions with
iIncreasing D become less important.

®S. Weinberg, Physica A 96, 327 (1979)



o0
D = nNp—2N;r+ ) 2kNy
k=1

oo

= 2+ (n—2)Np+ ) 2(k—1)Ny,
k=1

> 2 in 4 dimensions.

n: Number of space-time dimensions.

Nyr: Number of independent loops.

N7: Number of internal Goldstone boson lines.
Nor.: Number of vertices from Lo;..

Loops suppressed by (n — 2)Ny,.

Relation between the momentum and loop expansion:



1. O(g?): No loops.
2. O(qg*): No loops and 1 loop.
3. O(q%): No loops, 1 loop, and 2 loops, etc.

— Perturbative scheme in terms of external momenta and quark
masses (— meson masses?) which are small compared to
some scale [here: 47nFy = O (1 GeV)].

Examples (n = 4 dimensions):
/ -7 \\
\ /

D = 4.2-2-342-2=6
24224 (2—2)-2



/—5\
@/ \
N /

\——/

D=4-2—-—2-34+1-24+1-4=28

D=4-4—-2-54+2:-2=10



D > 4: We need to discuss loops!
Dimensional regularization: Basics

Simple example

B d4k i 5 .2 o
I_/(27T)4k2—M2—|—iO+, W= ko — k5

Introduce

aE\/E2+M2>O



and define
1

Tk0) = feo ¥ (@ = i0%)]ko — (a — i07),

Consider f in the complex kg plane and make use of Cauchy’s
theorem

jgcdzf(z) —0

for functions which are differentiable in every point inside the
closed contour C.



Im(kO )‘," -

\\\ /‘Y
“ 2
-(a-i0+
_________ ( al) 11 \
L R -
\ ! * a-10+
v | Re(k()
T Y
Y4 AN !




b
Recall Lf(z)dzz/a fly@®OY ()dt =

L F()dz = |~ rwat

f(z)dz = lim / * f(Ret)iReitdt = 0,
0

Y2 R— o0

because lim Rjf(Re') =0,
R—oo ™ Vl ~

Y ==

R

— OO

L F()as = /OO F(it)idt,

f(z)dz = 0.
Y4
= So-called Wick rotation

/_o:o f(t)dt = —z'/_oo def(it) = Z/O; dt £ (it).

© @) —



Intermediate result

I = / a3k / —
(277)4 (zk0)2 — k2 — M?2+i0t
d4l
(2m)412 + M2 — 10T

1 =12 +12 + 12 + 12 denotes a Euclidian scalar product

I diverges (quadratically) for large values of [ (ultraviolet diver-
gence)



Dimensional regularization: Generalize from 4 to n dimensions
and introduce polar coordinates

li = lcos(61),

lo = [sin(01) cos(02),
I3 = [sin(01)sin(62) cos(03),

ln_1 = lsin(61)sin(62)---cos(0,_1),
[ sin(64) sin(62) - - - sin(0,,_1),

0!I, 6;,€|0,w,z=1,---,n—2, 0O,_1€][0,27].

A dgeneral integral is then symbolically of the form

© @)
/d"l---:/ "—14di
0

27 iy T
X / df,,_1 / dO,,_2sin(0,_2) - / df, Sinn_2(01) cen
0 0 0



If the integrand does not depend on the angles, the angular
integration can explicitly be carried out:

n
2

[ a9 =27

3/2

Example

- 3/2

™
n=3: 471'—2—

= 2
1/2 ﬁ/z '3/2)
We define the integral for n dimensions (n integer) as
d"k )
(2)" k2 — M2 + 30T

Scale p: Unit of mass, 't Hooft parameter, renormalization scale
(integral has the same dimension for arbitrary n)

In(MzaH ) = /1’4 "



Integral formally reads

I, (M2, 12 4—n 2 Uk L g
H,—/ _ N~
angular integration elementary
— i I‘Wi 21 _ % 2)%_11‘ (%)II: (11 —3)
() (27) ra)
1
4—n
- B (m?)EFIr (1 — —)
(47)2 2
I'(z) is single valued and analytic over the entire complex plane,
save for the points z = —n, n = 0,1,2,---, where it possesses

simple poles with residue (—1)"/n!

a® = explln(a)z], a € RT is an analytic function in C



Define (as a function of a complex variable n)

9N
M? [4nwp? 2 n
I(M?, %, n) = r(1—-—

As n — 4 Gamma function has a pole = I(M?2, 42, n) has a pole
How is this pole is approached?
Important property: I'(z + 1) = zI'(2)

p(1-0) = DA-E¥Y_ TE-f+y IO+

1
2 1-3 (-3 -3z HA-33
where e = 4 — n.

a® = exp[ln(a)z] = 1 + In(a)x + O(z?)

I M 2 (1) 1 —In(4m) +1 —M2 + O(e)
= _— — — 1 — INn(am n €
1672 € —— 2
vg = 0.5772- - |



Summary I

M? M?
2 2 _
where
2 /
MS N

MS

\ . 7
Ve

MS




e Example at O(qg?):

\

\ /
P . o -

~ L; ~ I(M?, u?,n)

the cancellation of ultraviolet divergences does not really
depend on renormalizability; as long as we include every one
of the infinite number of interactions allowed by symmetries,
the so-called non-renormalizable theories are actually just as
renormalizable as renormalizable theories.’

Conclusion: Adjust (renormalize) parameters of £4 to cancel
one-loop infinities!

’S. Weinberg, The Quantum Theory of Fields, Vol. I, Chap. 12



2 2 2 2
M2, = 2,414 w2y, (Me2) o Maa (M
™ 2 3272 F? (12 9672 F? (12

16 . A
+F_02 (21 + ms)Bo(2Lg — Lj) + mBo(2Lg — g)]}

— ~ M2, = 2By, vanishes in the chiral limit

— contains nonanalytical terms ~ m; In(m,)

— contains analytical terms ~ mg with new low-energy con-
stants

e Applications at the two-loop level: See J. Bijnens, ‘“Chiral per-
turbation theory beyond one loop,” Progd. Part. Nucl. Phys. 58,
521 (2007) [arXiv:hep-ph/0604043]



4. Chiral perturbation theory for baryons

e Most general Lagrangian
Cog=Lrt Lan=LP+0 +- 4042 4.
7N Lagrangian [SU(2)xSU(2)xU(1)] 8

2+ 7+ 23 + U8 +
O(q) 0O(q?) 0O(q3) (’?(q4)

— Odd and even powers (spin)

— One-loop level

8J. Gasser, M. E. Sainio, A. Svarc, Nucl. Phys. B307, 779 (1988);

V. Bernard, N. Kaiser, U.-G. MeiBner, Int. J. Mod. Phys. E 4, 193 (1995);

G. Ecker and M. Mojzi§, Phys. Lett. B 365, 312 (1996);

N. Fettes, U.-G. MeiBner, M. Mo0jzi§, S. Steininger, Ann. Phys. (N.Y.) 283, 273
(2000)



Define

Lowest-order Lagrangian

1) _ gl
L.n=Y le——|— 2 THysuy | P,

where (without external fields)
I‘H' = 5 ('U,Tap,u + UBH'UJT> = ET . ¢ X 8,1,¢ + O(¢ ),

7.0,0
Uy = z'(uTBMu — u@uuT> = _T,qu + O(¢?).

m, gy, and F denote the chiral limit of the physical nucleon

mass, the axial-vector coupling constant, and the pion-decay

constant, respectively.




e Power counting: Associate chiral order D with a diagram

— Square of the lowest-order pion mass:
M? = B(my + mg) ~ O(q?)

— Nucleon mass in the chiral limit m ~ O(q°)

— Loop integration in n dimensions ~ O(q")

— Vertex from £2F) ~ 0(¢%)
_ (k) k
Vertex from L5 ~ O(q")

— Nucleon propagator ~ O(qg~1)

— Pion propagator ~ O(q™?)



e Renormalization

— Regularize (typically dimensional regularization)
d"k 7
(2m)" k2 — M2 4 30t

M R+1 M
1672 Y2

EI _ % — [In(47) +T'(1)] -1 —

Scale u: 't Hooft parameter (integral has the same dimension
for arbitrary n)

I(Mza Hza n) = /1'4_n

+ O(TL o 4)7

where

— Adjust counterterms such that they absorb all the diver-
gences occurring in the calculation of loop diagrams

— Renormalization prescription: Adjust finite pieces such that
renormalized diagrams satisfy a given power counting



e Example: Contribution to nucleon mass

k

/’I ‘\

Goal: D=n-1-2:-1-1:-142-1=n-1



. 3&240

= —"2A0[(f + m)Iy + M2 +m)Ine(—p,0) + -]
4F;
Apply MS renormalization scheme
38?47' 2 T
2y = _4F2 M (# +m)\IN7r(_p70)J+”'
’ __1 V_|_ -
i 1672 1
= 0O(q?)

GSS 9: It turns out that loops have a much more complicated low-
energy structure if baryons are included. Because the nucleon mass
m does not vanish in the chiral limit, the mass scale m (nucleon

mass in the chiral limit) occurs in the effective Lagrangian ESJ)V
This complicates life a lot.

°J. Gasser, M. E. Sainio, A. Svarc, Nucl. Phys. B307, 779 (1988)



Solutions

e Heavy-baryon chiral perturbation theory 1°

e Infrared regularization (IR) 11

Special treatment of (the Feynman parameterization of) one-
loop integrals

1 1 dx
ab /0 laz + b(1 — z)]2

a=(k—p)?—m?+i0T, b=k?*— M?+i0"

1 o0 o0
H:/dw---:/ dac---—/ dz---=T+R
0 0 1

10, Jenkins and A. V. Manohar, Phys. Lett. B 255, 558 (1991);
V. Bernard, N. Kaiser, J. Kambor, U.-G. MeiBner, Nucl. Phys. B388, 315 (1992)

117, Becher and H. Leutwyler, Eur. Phys. J. C 9, 643 (1999)




— I: power counting o.k.

— R: violates power counting; regular, i.e., can be absorbed in
counterterms

e Extended on-mass-shell (EOMS) scheme 12

Main idea: Perform additional subtractions such that renorma-
lized diagrams satisfy the power counting

Motivation for this approach 13

Terms violating the power counting are analytic in small quan-
tities (and can thus be absorbed in a renormalization of coun-

terterms)

1297, Fuchs, J. Gegelia, G. Japaridze, S. S., Phys. Rev. D 68, 056005 (2003)
13J. Gegelia and G. Japaridze, Phys. Rev. D 60, 114038 (1999)



— Example (chiral limit)

d"k 1

2 2, _
H(p®,m*n) = (2m)? [(k — p)2 — m2 + i01][k2 4 i01]

Small quantity

p? —m
A = 5 :(’)(q)
™m

We want the renormalized integral to be of order

Result of integration 14

H ~ F(n,A) + A" 3G(n, A)

F and G are hypergeometric functions; analytic in A for arbitrary
n

14J. Gegelia, G. Japaridze, K. S. Turashvili, Theor. Math. Phys. 101, 1313 (1994)



Observation

F' corresponds to first expanding the integrand in small quanti-
ties and then performing the integration

— Algorithm: Expand integrand in small quantities and subtract
those (integrated) terms whose order is smaller than suggested
by the power counting

Here:
ggsubtr  _ d"k z
(2m)" (k2 — 2k - p +90T) (k2 +30F) | 2,0
= —2X+ st O(n — 4)
where
X = 7(7:;); {n i - % In(4m) + I'(1) + 1}}

HR — H _ HSllth‘ — O(qn—?))



e General case including pion mass

1
(k% — 2k - p+i071) (k2 + i0T)

2_
1 1
2m?2 (§2 oz T
(k? —2k-p—|—zO ) p2:m2
1
(k2 — 2k - p + i0%) (k2 + i0T)?

+(p? — m?) [

+ M2




e Reformulation of IR in terms of EOMS 1%
— Formal equivalence shown at one-loop level
— Heavy degrees of freedom 1°

— Higher-order loops 1’

I15M. R. Schindler, J. Gegelia, S. S., Phys. Lett. B 586, 258 (2004)
16, Fuchs, M. R. Schindler, J. Gegelia, S. S., Phys. Lett. B 575, 11 (2003)
1”M. R. Schindler, J. Gegelia, S. S., Nucl. Phys. B 682, 367 (2004)



Exercise: The EOMS approach in more detail
Calculation of the nucleon mass up to and including order O(q?)

Full propagator
1 1

So(p) = p — mg — So(p) = p—m — X(p)

e mg bare mass
e m hucleon mass in the chiral limit
e Yo(p) self energy

Definition of the nucleon mass

my —mg — Xo(my) =my —m —X(my) =0



e Tree-level contribution

Recall 7N Lagrangian at order O(q?)

2 — C9 _
‘Cgrj)\f — Tr(X—F)\P\II — m [‘IJ Tr(’UJH’U,y)D“DV\II + HC]
— | C3 .C4 1
+ ¥ [E Tr(uyul) + ’Lz[uua uy| +c5 | X+ — ETV(X+)
C6 .1 C7 (s)
‘|‘Ef“,, + EIUIIIV] o’
Only c; term contributes to the self energy

—461M2

No contact contributions from the Lagrangian Lgf’])\,



e Loop contributions

Expand L( ) up to and including two pion fields:

) _ ~lgao
1nt T 2 FO

Feynman rules

\I!'y”'ym'bap,qbb\Il — —UAIT . X Bp,qb\Il

41}7‘2

I
|
k.a
’ Y _ 840
~ o F k75 Ta
- \1/ >/ 0
p p
e k/’f// 1 ,
; \@Y ; 4F02 (k + k )eabcTc



Two types of loop contributions at order (’)(q3)

k
k ,’4\\
/’>\\ \ '
/ \ \MI
(1 )——(1)> > 1
P~ p_k =D p

Second diagram does not contribute: €ggqc = 0

Feynman rules 4 propagators 4+ 747¢ = 3
7
p2 — M2+ i0tT
0+
. . pt+m—10
1S = 7
N(p) p2 — m2 + ’LO+

'iAﬂ'(p)




— contribution of the first diagram in dim. reg.

—iElOOp(p) _
_B38a0, an [ A"k E(p —m — Bk
ar2 " (2m)" [(p — k)2 — m2 + i0F][k2 — M2 + i0T]

Simplify numerator using {v,,v.} = 29

—(p +m) U +(p® — m*)k— ((p— k) — mﬂ ¥
’{72 . M2 + M2



Intermediate result

loop _ 3g?40 . m 4—n,i d"k 1
>TP) = AF? { p+m)u (2m)" [(p — k)2 — m2 + i0T]
A2 Aen d"k 1
—P )M e (e — k)2 — m2 1 0H][k2 — M2 + 0]
d"k K

HET O | e — 07 = m 4 072 = B2 + 07

K 4_%/ (;l:l;n k2 — ]\/_ﬁ n z’0+]}

Last term vanishes (integrand odd)

Convention

IN°°°7T°°°(p17 RN 4 )
d"k 1

— 4—n .

: 2m)™[(k + p1)? — m2 +i0F] -+ [(k + q1)® — M2 +i0*] ...



To determine the vector integral use the ansatz

d"k k. B
(2m)"[(p — k)2 — m2 + i0t]|[k2 — M2 +i0t]
Multiply by p# =

4—n -

0

p“C
1
C = 2—1)2 [IN — Iz + (P2 —m? + Mz)INn(_pa 0)}

Using the above convention the loop contribution to the nucleon
self energy reads

2
S0P (p) = —"EAD {(p 4 m) Iy + (p + m) M Inn(~p,0)
0

~0? = m) P [In — Tn - (0% = m? 4 M) (. 0)] )

T he explicit expressions for the integrals are given by

M? M?




i mz_RJrlm2
p— n _—
N 1672 2
In(p,0) ! ﬁ+1 me
p— n [ R
Nﬂ' p? 167T2 - Mz
p? — m? — M? (M) 2mM
-+ 3 In [ —
p m p
where
2
R = —— —[In(4n) + /(1) + 1]
n—4
2 2 2
—m2 - M
o =2 ~™
2m M
and
(V22— 1In (—Q — oz - 1),
F(Q) =1 v1— Q2% arccos(—$),
\\/92——1h102+-vfﬂ——1>——hn/ﬂz——L

Q< —1,
—1<0<1,
1< Q.



e X!0oP contains divergences as n — 4 (the terms proportional to
R) = needs to be renormalized

e For convenience: y=m

° l\//Ié renormalization:
— drop terms proportional to R

— replace all bare coupling constants (c1g,g49, Fo) wWith the re-
normalized ones, now indicated by a subscript r

= MS renormalized self energy contribution

loop _ 3g¢24r 27r
PP = e {(p+m)M-Iy, (—p,0)

(0 = )b [ 4 M) () — 1]



Using

T — e o o
INTr(_pa O) — —1671'2 +
= contribution of O(g¢?)
Solve for the nucleon mass
my = m+ 5PN my) + TP (my)

m — 4c1,M? + SI°°P(m )

® MmN — M = O(qz)
e We need E},.OOP(mN) to O(q°)

e EXxpansion of I}'“VW

T
arccos (—Q) = 5 + ..



e This yields

2 Ar2 \
- . 2 3gA'r' .
myny = m — 4c1, M* + 332 F2 m

e Power counting problem




Solution

Term violating the power counting is analytic in small quantities
and can thus be absorbed in counter terms

Rewrite
Ehngi
12872 F2

clyp = c1 + 0c1, Ocy = + .-

Final result for the nucleon mass at order (’)(q3)

3giﬂ43
3272 F2

nUV::nz—whqﬂlz—-



Chiral versus loop expansion

WA wIN: EOMS, IR

TCTT.

Dl

OIOTTMAN ™~

Q ovougtsma-

Q © < «




More Applications

Mass of the nucleon at O(q%) 18

M
my = m + kiM? + koM3 + ksM*In <—) + k4 M* + O(M?)
™m

ka = 5 8 4 gAz k, =
— Cl —Cc2 —4cg — — = ..

m = [938.3 — 74.8 + 15.3 + 4.7 + 1.6 — 2.3] MeV = 882.8 MeV

Am = 55.5 MeV I

Remark: m = mpy(my = 0,mg = 0, mg)

18T, Fuchs, J. Gegelia, S. S., Eur. Phys. J. A 19, 35 (2004)



Mass of the nucleon at O(g%) 1°

Two-loop contributions

7 \\ Vi \ s, .
/ / /
O—DO—0O—D O—O—0—D O—O

\ / N \ 7

\ 7’ \\_,/

(a) (b) (c)

/’/ \\\ /’/ \\\ /’/ \\\ /’/ \\\
O—O CD + O—O 0 O—O @ + O—® 0
N P N N P N P
(d) (e)

- l/’~\\\

|’ \ '\ I

se~l .~ pm~l e~ i /
N N N N \ \

D—D—CD D—C—CD) D—C—@) 0!

N\ L/ L L/ \&/ L/ kJ\ \&/ 5../ p\
~ /’ /

Sea__~- | \|
1

(f) (8) (h) L/

(i)

19M. R. Schindler, D. Djukanovic, J. Gegelia, S. S., Phys. Lett. B 649, 390
(2007); Nucl. Phys. A 803, 68 (2008)



mN

M
= m+ ki M? + ko M3 + ksM*1In — + k,M*

7]
M M M
+ksM?In— + kgM?® + ko M%In? — + kgMOYIn — + koM?°
. p p p )
two loop

0.02 0.06 0.1 0.14
M? [GeV?]

My ~ 360 MeV (convergence)

At physical pion mass: —4.8MeV = 31% of ko M3



Electromagnetic form factors

€ €

N(p) N(p')

j iz
Electromagnetic current operator

TH(2) = - Ay u(e) —  dayyd(@) + - = 4(@) Qa(a) + -+

Definition of Dirac and Pauli form factors

ol¥q,
(NG)ITHOINE) = a(w') | 7Y(@) p 4% 1 1V (@) [ u(p




N =p,n, g'=p"—p" Q*=-¢°

F{(0) =1, F*(0) =0, F;(0) = 1.793, F}}(0) = —1.913.

Sachs form factors

Q2
22 (@)

G(@%) = FY(Q%) + 1Y (Q%)

GE(Q%) = FN(@%) -



Diagrams at O(q%)

(7

©)

12)



Diagrams potentially violating power counting: (5), (8), and (10).

EOMS subtractions

e Dirac form factor

2

10 gam
AF = PR (3c7 — 2cqT3) t,

e Pauli form factor

gimN(m — 4c1 M?)

5
aly’ = 3272 F2 S
ARS8 — gimN(m — 401M2)
2 82 F2 3
2 2 2
mn(m* — 8ciM“m
AF210 — _& N ( ! ) (3c7 — 2cgT3) -

1672 F2



Parameters

c2 Cq Ce Cr dg dy es4 | erq
EOMS | 2.66 2.45 | 1.26 | —0.13 | —0.57 | —0.44 | 0.27 | 1.71
IR 2.66 [ 2.45 (047 | —1.87| 0.32 | —0.89 1| 0.33 | 1.65

The LECs ¢; are given in units of GeV 1, the d; in units of GeV 2,
and the e; in units of Gev 3,

co and c4 from 7w N scattering;

cg and c7 from anomalous magnetic moments;

dg, d7, esq, and ery from charge and magnetic radii: 2°
r¥, = 0.848 fm,

rh; = 0.857 fm,

r% = 0.113 fm,

r. = 0.879 fm.

20H. W. Hammer and U.-G. MeiBner, Eur. Phys. J. A 20, 469 (2004).



Dirac form factor of the proton at O(q*) 2!

P

0.9

0.8

0.7

0.6

0.5

S
[\ (O8] N
L 0 O B B B R
\ \ \ \ \ \ \ \ \

e
—_

N
N
N
\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\

005 01 015 02 025 03 035 04
Q" [GeVT]

(=)
ST

Solid line: EOMS; dashed line: infrared regularization; dotted li-
ne: EOMS without loop contribution; dashed-dotted line: infrared-
regularization result without loop contribution.

21T, Fuchs, J. Gegelia, S. S., J. Phys. G 30, 1407 (2004)



Sachs form

factors 22

0.1 0.2 0.3 0.4

0? [GeV?]

0.1 0.2 O.é 0.4
Q% [GeV?]

0.1 0.2 0.3 0.4
Q% [GeV?]

22B. Kubis and U.-G. MeiBner, Nucl. Phys. A679, 698 (2001); T. Fuchs, J. Ge-
gelia, S. S., J. Phys. G 30, 1407 (2004); M. R. Schindler, J. Gegelia, S. S.,
Eur. Phys. J. A 26, 1 (2005); data taken from J. Friedrich and Th. Walcher,
Eur. Phys. J. A 17, 607 (2003)



Vector meson dominance model — Important contributions to the
electromagnetic form factors 23

In standard ChPT: Vector meson contributions in low-energy con-
stants

2
1 1 2 .
———_ |1 O(q°
@2— M2 M2 +M2+(M2> +0o(d)

Inclusion of vector mesons = re-summation of higher-order contri-
butions

Reformulated IR regularization and EOMS scheme allow for
consistent inclusion of vector mesons

23B. Kubis and U.-G. MeiBner, Nucl. Phys. A679, 698 (2001)




Inclusion of p, w, and ¢ mesons 2%

Vector representation 2°

L3 — T £1) — fuwh £58) — Fod™ 15 + .

0) 1 _

LNy = 2 > gy IV,
V:pawa¢

v 1 S GyUetV,,w

NV = 4 \Z4 pv x -
V=p,w,p

24M. R. Schindler, J. Gegelia, S. S., Eur. Phys. J. A 26, 1 (2005)

25G. Ecker, J. Gasser, H. Leutwyler, A. Pich, E. de Rafael, Phys. Lett. B 223,
425 (1989)



Values of the vector-meson coupling constants 2

.fp Juw dp Jw do¢ Gp Gw Gqﬁ
[GeV1] | [GeV1] | [GeV1]
0.10 | 0.03 | 0.05 | 4.0 | 42.8 | —20.6 13.0 0.96 —3.3

= Modified couplings dg, d7, e5 and ey

Additional rules:

e VVector meson propagator ~ (’)(qO)

dg dr es54 er4
EOMS | 1.21 | 1.30| —0.76 | 1.65
IR 0.98 | 0.24  —0.26 | —0.90

e Vertex from L%f) ~ O(q)

2°H. W. Hammer and U.-G. MeiBner, Eur. Phys. J. A 20, 469 (2004).




Feynman diagrams involving vector mesons contributing to the
electromagnetic form factors up to and including O(q?)



E.m.

form

factors including vector mesons at O(g?%)

0.1 0.2 0.3 0.4
Q? [GeV?]

2’M. R. Schindler, J. Gegelia, and S. S., Eur. Phys. J. A 26, 1 (2005); data taken
from J. Friedrich and Th. Walcher, Eur. Phys. J. A 17, 607 (2003)

0.1 0.2 0.3 0.4
0? [GeV?]

0.1 0.2 0.3 0.4
Q? [GeV?]

0.1 0.2 0.3 0.4
0? [GeV?]
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AXxial and induced pseudoscalar form factors G4 and Gp

v, pt _
€
114 P artially
Conserved
A xial-vector
P n Current
P — AH hypothesis p n

(nl A~ (O)lp) = a(0') |75 Ga(@) |+ 5235 Gp(@?) || utw



/{ () () /i
@—é—@ ® O— —O ®
\ / \ / /
P / N / /

©

\

N\

S -
N\

~

N\ 7
-

-_— - -_— -

One-particle-irreducible diagrams contributing to the nucleon ma-
trix element of the isovector axial-vector current.



Diagrams contributing to the coupling of the isovector axial-vector
current to a pion up to O(q?).



[

|

[

|
()
2)
)

|

|

|

|
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©
\

Diagrams contributing to the 7N vertex up to O(q?).



Result for GG 4 is of the form

1
GA(Q?) = ga—¢ ga{ry) Q2+4

(r%): axial mean-square radius (LEC)
H(Q?): loop contributions
H(0) = H'(0) = 0.

Full line: result in infrared renormali-
zation.

Again: No curvature!

Dashed line: Dipole, My, =
GeV;

Dotted line: Dipole; M4 = 0.95 GeV;
Dashed-dotted line: Dipole My, =
1.20 GeV,

1.026

FZH(Qz)'

0.

1

0.2

0.
0% [GeV?]

3

0.




Inclusion of a1(1260) meson 28

U,

Diagram containing axial-vector meson (double line) contributing
to the form factors G4 and Gp.

q2

_ 2
Mg,

AV M, 2
GA (q ) — _nga1q2

ngal ~ 8.70.

M. R. Schindler, T. Fuchs, J. Gegelia, S. S, Phys. Rev. C 75, 025202 (2007)



0.1 0.2 0.

0% [GeV?]

including aj

3

200

1507}
1007
507

—501
—-100¢
—-150¢

Gp at O(q%)

Full line: result with axial-vector
result wi-
thout axial-vector meson.

meson, dashed line:
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Infrared regularization in more detail.

Consider dimensionally regularized one-loop integral 2°

H(p?,m?, M?;n)

B d"k 1

— ) @m)"[(p— k)2 — m2+i0T|[k2 — M2 + i0t]

B d"k 1

) @™ k2 —2p-k+ (p2 — m?) +i0H][k2 — M2 +i0t]
OTq) O(q?)

Qualitative discussion:

e Ultraviolet behavior:

Estimate of degree of divergence: For large values of k integrand
behaves as k"~ 1/k%. =

2?Note the minus sign. Factor p*" omitted.



— n = 4: Logarithmic divergence (dim. reg.: 1/(n — 4)).

— n < 4: Integral converges.

e Infrared behavior: Consider limit M2 — 0.

— n = 4: Integral is infrared regular for both p? = m? and p? #
m?, because, for small momenta, the integrand behaves as

k3 /k3 and k3 /k?, respectively.

— For n = 3 the integral is infrared regular for p? # m? but
singular for p? = m?2.

— For any smaller value of n it is infrared singular for arbitrary

p2.

— Infrared singularity as M?2 0 originates in the region, where
the integration variable k is small, i.e., of the order O(q).



Counting powers of momenta, we (naively) expect this part
to be of order O(q"3).

e Intermediate region:

On the other hand, for loop momenta of the order of and larger
than the nucleon mass we expect power counting to fail, becau-
se the momentum of the nucleon propagating in loop integral
IS not constrained to be small.

Explicit evaluation of integral H(p?, m?, M?;n):

Feynman parameterization:

1 _/1 dz
ab Jo [az + b(1 — 2)]?
with a = (p — k)2 —m? + 0" and b = k? — M? 4 i0™.



Interchange the order of integrations:

o ,/1 g / d"k 1
- 0 ? (2m)" [k2 — 2k - pz + (p2 — m2)z + zM?2 + 401]2
Perform the shift £k — k 4 zp:

1
H(pz,mz,Mz;n):—i/ dz/(
0

where

d"k 1
27)" [k2 — A(z) + 301]2’

A(z) = 2%p? — z(p? — m? + M?) + M?>.

Make use of (Exercise)

/ d’k (k)P i()PIT(p+ 5T ([@—P =) oy
(2m)" (k2 — A)9  (47)2 I'(3)T(q)
in dim. reg.

Apply to H with p=0and g = 2. =



Intermediate result:

H(p?,m?, M?n) = L1, (2 - 5) fol dz[A(z) — i0+]%_2.

(4m)2

Discussion of relevant properties at the threshold:

p?,hr — (m+M)2a
Aine(2) = 2% (m+ M)? — z[(m + M)? — m? + M?| + M?
= [z(m+ M) — M]% >0,
zo = M/(m+ M), Agn(z0) =0.
Splitting integration interval into [0, zp] and [zg,1], we have, for
n > 3,

1 o 20
/ dz[Ag(2)]7 2 = / dz[M — z(m + M)]"*
0 0

1
—I—/z dz[z(m + M) — M4

L 1 n—3 mn—3
= m—gmiapn L M)




Analytic continuation for arbitrary n:

re-% (mMn3 mn3
H((m + M)?,m? M?;n) = 2 + :
(4m)2(n —3) \m+M m+M

Discussion

e T he first term, proportional to M”_?’, IS defined as the so-called
infrared singular part 1.

e As M — 0, I behaves as in the qualitative discussion above.
e M — 0 implies p?, — m?. I is singular for n < 3.

e T he second term, proportional to m”—3, IS defined as the so-
called infrared regular part R.



e Can be thought of as originating from an integration region
where k is of order m.

e For non-integer n the infrared singular part contains non-integer
powers of M.

e Expansion of the regular part always contains non-negative in-
teger powers of M only.

Formal definition of the infrared singular and regular parts (for
arbitrary p?).

Introduce the dimensionless variables

M
a = —:O(Q)a
™m

2 2 2
p°—m“ — M 0
Q p— :O .
2m.M (4°)




Rewrite A(z) as
A(z) = m?[z? — 2a02(1 — 2) + a?(1 — 2)?] = m?C(2).

= H is now given by

1 n
H(p?, m?, M?;n) = k(m; n)/ dz[C(z) —i01]2 7%,
0
where
r(2-3)
(4m)2

n—4

k(m;n) = m

e Infrared singularity originates from small values of z, where C(z)
goes to zero as M — 0.

e Isolate divergent part by scaling integration variable z = ax.
Upper Ilimit z = 1 in Feynman parameterization corresponds to
r=1/a — oo as M — 0.



e Define integral I having the same infrared singularity as H. To
that end replace upper limit by oo:

I = k(m;n) /OOO dz[C(z) — i0+]%_2

o0 n
= k(m; n)an_3/ dx[D(x) — i0T]2 2,
0
where
D(z) =1 —2Qz + z? + 20x(Qz — 1) + o?2>.

(The pion mass M is not sent to zero.)

e Define regular part of H as
o0 n
R = —k(m; n)/ dz[C(z) — i0T]272,
1

so that
H=1-+R.



e Q: Do these definitions indeed reproduce the behavior for pfhr?
A: Yes!

Verification: iy, = 1.

e T hreshold value of the infrared singular part:

o0 n_9
Iy — k(m: n)a"—3/ dz {[(1+ a)e — 1? — 0t }*
0

which converges for n < 3.

In order to continue the integral to n > 3, we write

n_2
{[(1—|—oz):13—1]2—z'O_|'}2 —
1+ax)z—1 d PURE
— 1 — 1|1“ — 120 .
(1t a)(n—4)de ([ + @)z — 112 o™
and make use of a partial integration
n_2

/0 dw{[(1+a)w—1]2—i0+}2 =




NS

{[(1 ta)r—12 —i0"

[(1—|—a)w—1
(1+a)(n— 4
n_4/0 dw{[(1+a)m—1]2—i0+}

For n < 3, the first expression vanishes at the upper limit and,
at the lower limit, yields 1/[(1 + a)(n — 4)].

_2] 0
0

n
n_2

Bringing the second expression to the left-hand side, we may
then continue the integral analytically as

/ T da {[(1+ a)e — 12 0t} 1
T Q)r — — 1 —
0 (n—3)(1+a)’
so that we obtain for I;j,
—3
s 1 r-3 M-

Tenr = (s it @)~ (am)i(n —8)m + M

Agrees with the infrared singular part discussed above.

e T hreshold value of the regular part obtained by analytic conti-



nuation from n < 3 to n > 3:

— —F <2 _ %> ” z|lz(m — n—4
Ry = g | dslzm + ) - M
— _F (2 _ %) 1 (Oon—3 . mn—3)

(4m)z (n —3)(m + M)
n <3 r (2 — %) mn—3
(47)Z(n — 3)m+ M
Again, agrees with the regular part discussed above.




e Distinction between I and R:

For non-integer values of n, the chiral expansion of I gives rise
to non-integer powers of small quantities.

Regular part R may be expanded in an ordinary Taylor series.
I satisfies power counting; R does not.

Basic idea of the infrared regularization: Replace general inte-
gral H by its infrared singular part I, and drop the regular part
R.

In the low-energy region H and I have the same analytic pro-
perties.

Contribution of R, which is of the type of an infinite series in
the momenta, can be included by adjusting the coefficients of
the most general effective Lagrangian.



e Generalization to arbitrary one-loop graph.

— Reduce tensor integrals involving an expression of the type
kH1...EHM2 in the numerator to scalar loop integrals of the
form

"k 1 1
(27)"ay -+ amby - - - by

Y

a; = (q; + k) — M? 4+ i07": Inverse meson propagators;
b; = (p; — k)*> — m? + i0T Inverse nucleon propagators;
q;: four-momenta of O(q);

p;: four-momenta which are not far off the nucleon mass
shell, i.e., p? = m? + O(q).

— Using the Feynman parameterization, combine all nucleon
propagators separately and all pion propagators separately.

— Write the result such that it is obtained by applying (m — 1)
and (n — 1) partial derivatives with respect to M? and m?,
respectively, to a master formula.



Simple illustration:

1 /1 7 1 _ 0 /1 1 1
a1a2 0 [a1z + a2(1 — 2)]2  OM?2 )y a1z + as(1 — z)’
where a; = (q; + k)2 — M? +i07.

EXxpressions become more complicated for larger numbers of
propagators!

Relevant property of the above procedure:

Result of combining the meson propagators is of the type 1/A
with A = (k+ q)? — M?+i0T", where q is a linear combination
of the m momenta q;, with an analogous expression 1/B for
the nucleon propagators.

Finally, treat expression
d"k 1
(2m)" AB
in complete analogy to H: Combine denominators. Identify




infrared singular and regular pieces by writing

1 o0 o0
/ dz...:/ dz..._/ do---.
0 0 1



— Q: Does the infrared regularization respect the constraints of
chiral symmetry as expressed through the chiral Ward iden-
tities?

A: Yes

The argument is as follows.

* Total nucleon-to-nucleon transition amplitude is chirally
symmetric.
(Invariant under a local transformation of the external fields.)

% Calculation within EFT:

Contribution from all the tree-level diagrams is chirally sym-
metric so that the loop contribution must also be chirally
symmetric.

* Dim. reg.: Statement holds for an arbitrary n.

Now: Separation into infrared singular and regular parts
amounts to distinguishing between contributions of non-
integer and non-negative integer powers in the momentum
expansion.



T hese powers do not mix for arbitrary n. = Infrared singular
and regular parts must be separately chirally symmetric.

Finally, regular part can be expanded in powers of either
momenta or quark masses, and thus may as well be absor-
bed in the (modified) tree-level contribution.



o term 3°

Definition of the so-called sigma commutator

() = [Q%(20), [Q%(z0), Hsp(2)]], a,b=1,2,3
where

Hep, = Mg = mg(uu + dd)

Measure of explicit symmetry breaking

= (plo" O)lp)
my
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M
o = o1 M? + ooM3 + o03M*1n (—) + o4M*?* + O(M?)
m

o1 = —4cy
9g?4
o9 = —
647 F2
3 gi
o3 = 8¢c1 — co — 4cg — =
J 1671'2F2< 1= J m)
3 3g4 . c3
o4 = ci1(1 4+ 2 —— |+«
4 = guzp? |gm T+ 284) — 5

o =45MeV = (74.8 — 22.9 — 9.4 — 2.0 + 4.5) MeV

Hellmann-Feynman theorem o.Kk.



Masses of the baryon octet at (’)(q3) 31

1336 MeV

~_ 1319 MeV =
1192 M

1174 Mev 122 MV ¢
1113 M

1005 Moy 12 MeV

1039 MeV

40 M
\888Mev/90 VN

SUB)r, XSU@B)r SU2)r, XSU2)r SU2)y
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