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0. Motivation and Keywords

1. QCD and Chiral Symmetry

2. Spontaneous Symmetry Breaking

3. Chiral Perturbation Theory for Mesons



4. Chiral Perturbation Theory for Baryons

5. Chiral Effective Field Theory (Including Resonances, Constraints,

. . . )

Exercises available



Material based on

S. Scherer und M. R. Schindler,

A Primer for Chiral Perturbation Theory

(Lecture Notes in Physics 830,

Springer, Berlin, Heidelberg, 2012)



Motivation of Keywords

• Chiral perturbation theory (ChPT) is the effective field theory

(EFT) of the Standard Model/strong interactions at low ener-

gies.

• EFTs are low-energy approximations to (more) fundamental

theories.

• Instead of solving the underlying theory, low-energy physics is

described with a set of variables (effective degrees of freedom)

that is suited for the particular energy region you are interested

in.

• In our case: Pions and nucleons instead of the more fundamental

quarks and gluons of QCD.



• Calculate physical quantities in terms of an expansion in p/Λ,

where p stands for momenta or masses that are smaller than a

certain momentum scale Λ.

• There exists a regime where both fundamental and effective

theories yield the same results.

• EFTs are based on the most general Lagrangian, which inclu-

des all terms that are compatible with the symmetries of the

underlying theory. ⇒ Infinite number of terms. Each term is

accompanied by a low-energy coupling constant (LEC).

• One needs a method that allows one to decide which terms

contribute in a calculation up to a certain accuracy: Weinberg’s

power counting.



• In actual calculations only a finite number of terms in the ex-

pansion in p/Λ has to be considered. ⇒ Predictive power.

• Effective field theories are non-renormalizable in the traditional

sense. However, as long as one considers all terms that are al-

lowed by the symmetries, divergences that occur in calculations

up to any given order of p/Λ can be renormalized by redefining

fields and parameters of the Lagrangian of the effective field

theory. The so-called non-renormalizable theories are actually

just as renormalizable as renormalizable theories.



• First example from electrostatics illustrating the idea of a scale
(here distance scale).

Consider charge distribution ρ(x⃗ ′) which is localized inside a
sphere of radius R.

R

x

Potential from solution to Poisson equation,

∆ϕ = −ρ,



reads

ϕ(x⃗) =
1

4π

∫
ρ(x⃗ ′)

|x⃗− x⃗ ′|
d3x′.

Make use of

1

|x⃗− x⃗ ′|
= 4π

∑
l,m

1

2l + 1

rl<

rl+1
>

Y ∗lm(θ′, ϕ′)Ylm(θ, ϕ).

⇒

– Solution for |x⃗| . R complicated

– Solution for |x⃗| ≫ R simple, because

ϕ(x⃗) =
∑
l,m

[∫
Y ∗lm(θ′, ϕ′)r′lρ(x⃗ ′)d3x′

]
︸ ︷︷ ︸
multipole moment qlm

1

2l + 1

Ylm(θ, ϕ)

rl+1
.

– Far away, only the leading-order terms contribute.

– Systematic improvement possible.



– For smaller r, higher multipoles become more important.

– qlm parameterize short-distance physics.

– 1
2l+1

Ylm(θ,ϕ)

rl+1 determine the long-distance effects of short-distance

physics.

– (Simplified) analogies1

Multipole expansion EFT

qlm LECs

1
2l+1

Ylm(θ,ϕ)

rl+1 Structures of most general LEFT

– Here: Simple separation of scales (R).

– ChPT: Scales depend on underlying dynamics and masses of

the participating particles.

1Observables will be calculated in perturbation theory using LEFT.



• Second example: “Integrating out” a heavy degree of freedom

in a toy model (m≪M):

L =
1

2
(∂µΦ∂

µΦ−M2Φ2) +
1

2
(∂µφ∂

µφ−m2φ2)−
λ

2
Φφ2.

Equations of motion:

∂µ
∂L
∂∂µΦ

−
∂L
∂Φ

= �Φ +M2Φ +
λ

2
φ2 = 0, (∗)

�φ+m2φ+ λφΦ = 0. (∗∗)

Formally solve (∗):

Φ = −
λ

2M2

1

1 + �
M2

φ2.

Insert solution into (∗∗). ⇒

�φ+m2φ−
λ2

2M2
φ

1

1 + �
M2

φ2 = 0



and expand to leading order in 1/M2:

�φ+m2φ−
λ2

2M2
φ3 = 0.

What is the corresponding effective Lagrangian to this order?

Leff =
1

2
(∂µφ∂

µφ−m2φ2) +
λ2

8M2
φ4.

Compare with original Lagrangian:

– Heavy degree of freedom is gone.

– A different interaction term has appeared.



Do the two Lagrangians produce the same low-energy scattering

amplitude for φ(p1) + φ(p2)→ φ(p3) + φ(p4)?

Calculation with original Lagrangian.

Dotted line: Light particle; solid line: Heavy particle.

Mandelstam variables

s = (p1 + p2)
2 = (p3 + p4)

2,

t = (p1 − p3)2 = (p4 − p2)2,
u = (p1 − p4)2 = (p3 − p2)2,

s+ t+ u = 4m2.



Condition: {s, |t|, |u|} ≪M2 = Λ2. (∗)

Result:

Mfund = (−iλ)2
(

i

s−M2 + i0+
+

i

t−M2 + i0+
+

i

u−M2 + i0+

)
(∗)
=

3iλ2

M2

[
1 +O

({s, t, u}
M2

)]
.

Effective theory: Description in terms of contact interaction

Meff =
iλ24!

8M2
=

3iλ2

M2
.

Both calculations yield the same result!

EFT calculation simpler.



• Weinberg’s effective field theory program:2

... if one writes down the most general possible Lag-

rangian, including all terms consistent with assumed

symmetry principles, and then calculates matrix ele-

ments with this Lagrangian to any given order of per-

turbation theory, the result will simply be the most

general possible S–matrix consistent with analyticity,

perturbative unitarity, cluster decomposition and the

assumed symmetry principles. ...

Explanation of terms:

– Symmetries: Poincaré invariance, discrete symmetries C, P ,

T , but also internal symmetries such as isospin symmetry,

chiral symmetry including the possibility of a spontaneous

symmetry breakdown.

2S. Weinberg, Physica A 96, 327 (1979)



– Analyticity ↔ Causality.

– Unitarity: The sum over the propabilities of the final states

must yield exactly 1: ∑
f

|⟨f |S|i⟩|2 = 1.

– Cluster decomposition:3 Loosely speaking, distant experi-

ments must yield uncorrelated results:

Sγ+δ←α+β → Sδ←βSγ←α.

3S. Weinberg, The Quantum Theory Of Fields. Vol. 1: Foundations (Cambridge
University Press, Cambridge, 1995), chapter 4



• Aim of these lectures:

Most general description of the strong interactions at low ener-

gies: ππ, πN , etc.

• Challenge:

We need the

1. the most general Lagrangian;

2. a consistent power counting scheme to perform perturbative

calculations.
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1. QCD and chiral symmetry

Some Remarks on SU(3)

SU(3) in the context of the strong interactions

1. Gauge group of quantum chromodynamics (QCD)

2. Flavor SU(3)

3. Chiral symmetry for massless u, d, and s quarks
SU(3)L × SU(3)R

Definition

SU(3) ≡ set of all unitary, unimodular, 3× 3 matrices U :

U†U = 1, det(U) = 1.



Exponential representation

U(Θ) = exp

−i 8∑
a=1

Θa
λa

2

 , Θa real numbers.

Gell-Mann matrices

λa

2
= i

∂U

∂Θa
(0, · · · , 0),

λa = λ†a,

Tr(λaλb) = 2δab,

Tr(λa) = 0.



Explicit representation

λ1 =

 0 1 0
1 0 0
0 0 0

 , λ2 =

 0 −i 0
i 0 0
0 0 0

 , λ3 =

 1 0 0
0 −1 0
0 0 0

 ,
λ4 =

 0 0 1
0 0 0
1 0 0

 , λ5 =

 0 0 −i
0 0 0
i 0 0

 , λ6 =

 0 0 0
0 0 1
0 1 0

 ,
λ7 =

 0 0 0
0 0 −i
0 i 0

 , λ8 =

√
1

3

 1 0 0
0 1 0
0 0 −2

 .



Set {iλa}: Basis of the Lie algebra su(3).

Commutation relations [
λa

2
,
λb

2

]
= ifabc

λc

2

Totally antisymmetric real structure constants

Exercise: fabc =
1

4i
Tr([λa, λb]λc)

abc 123 147 156 246 257 345 367 458 678

fabc 1 1
2 −1

2
1
2

1
2

1
2 −1

2
1
2

√
3 1

2

√
3

Anti-commutation relations

{λa, λb} =
4

3
δab + 2dabcλc

Totally symmetric dabc

Exercise: dabc =
1

4
Tr({λa, λb}λc)



Introduce

λ0 =
√
2/3diag(1, 1, 1)

Arbitrary 3× 3 matrix M can be written as

M =
8∑
a=0

Maλa

Ma complex numbers

Ma =
1

2
Tr(λaM)



The QCD Lagrangian

Quantum chromodynamics (QCD) is the gauge theory of the strong

interactions with color SU(3) as the underlying gauge group

• Ingredients

The matter fields of QCD are the so-called quarks which are spin-

1/2 fermions, with six different flavors in addition to their three

possible colors

flavor u d s
charge [e] 2/3 −1/3 −1/3
mass [MeV] 1.7− 3.3 4.1− 5.8 101+29

−21
flavor c b t
charge [e] 2/3 −1/3 2/3

mass [GeV] 1.27+0.07
−0.09 4.19+0.18

−0.06 172.0± 0.9± 1.3



Quark field components

qf,A,α

f = 1, 2, 3, 4, 5, 6: flavor index (u,d,s,c,b,t)

A = 1, 2, 3: color index (red,green,blue)

α = 1, 2, 3, 4: Dirac spinor index

QCD Lagrangian (apply the gauge principle with respect to the

group SU(3))

Long version

LQCD =
6∑

f,f ′=1

3∑
A,A′=1

4∑
α,α′=1

q̄f,A,α

[
(γ
µ
αα′i∂µ −mfδαα′)δAA′

+g
8∑
a=1

Aµ,a
λa,AA′

2
γ
µ
αα′︸ ︷︷ ︸

from gauge principle

]
δff ′ qf ′,A′,α′ −

8∑
a=1

1

4
Gµν,aGµνa



Short version

LQCD =
∑

f=u,d,s,
c,b,t

q̄f(iD/−mf)qf −
1

4
Gµν,aGµνa .

Extremely short version

LQCD = q̄(iD/−M)q −
1

2
Trc(GµνGµν)

Gauge transformation of the quark fields

qf =

 qf,r
qf,g
qf,b

 7→ q′f = exp

−i 8∑
a=1

Θa(x)
λa

2

 qf = U [Θ(x)]qf

Transformation behavior of the gauge fields

Aµ ≡ Aµ,a
λa

2
7→ UAµU† −

i

g
∂µUU

†



Covariant derivative of the quark fields

Dµqf = (∂µ − igAµ)qf
Exercise:7→ (Dµqf)

′ = D′µq
′
f = UDµqf

transforms as quark fields

Field strengths transform as

Gµν ≡ Gµν,a
λa

2
= ∂µAν − ∂νAµ + ig[Aµ,Aν]

Exercise:7→ UGµνU†

Equivalent (Gell-Mann matrices!)

Gµν,a = ∂µAν,a − ∂νAµ,a + gfabcAµ,bAν,c
Exercise: LQCD invariant under local SU(3)



Gauge invariance also allows for

Lθ =
g2θ̄

64π2
ϵµνρσ

8∑
a=1

GaµνG
a
ρσ

=
g2θ̄

32π2
ϵµνρσTrc(GµνGρσ)

ϵµνρσ =

 +1 if {µ, ν, ρ, σ} even permutation of {0, 1, 2, 3}
−1 if {µ, ν, ρ, σ} odd permutation of {0, 1, 2, 3}
0 otherwise

So-called θ term implies explicit P and CP violation in the strong

interactions

 , e.g., electric dipole moment of the neutron

empirical information: very small



Accidental, Global Symmetries of LQCD

The pion is special!

quark content mesons

ud̄ π+, ρ+

(uū− dd̄)/
√
2 π0, ρ0

dū π−, ρ−

Mπ+ = 140MeV ≪ Mρ = 776MeV,

Mπ ≪ mp = 938MeV.

Mπ+ < MK+ = 494MeV,

Mπ+ ≪ MD+ = 1869MeV.



 mu = 0.005GeV
md = 0.009GeV
ms = 0.175GeV

≪ Λχ ≈ 1GeV ≤

 mc = (1.15− 1.35)GeV
mb = (4.0− 4.4)GeV

mt = 174GeV


Motivation

mp≫ 2mu +md

Consider the light-flavor quarks in the so-called chiral limitmu,md,ms→
0 as starting point in the discussion of low-energy QCD:

L0QCD =
∑

l=u,d,s

q̄liD/ ql −
1

4
Gµν,aGµνa

What are the global symmetries of L0QCD?



Chirality matrix

γ5 = γ5 = iγ0γ1γ2γ3 = γ
†
5, {γµ, γ5} = 0, γ25 = 1

Projection operators

PL =
1

2
(1− γ5) = P

†
L, PR =

1

2
(1 + γ5) = P

†
R

Exercise: Properties

PL + PR = 1

P 2
L = PL, P 2

R = PR

PLPR = PRPL = 0

Left- and right-handed quark fields qL and qR

qL = PLq, qR = PRq

Exercise:

q̄Γiq =

{
q̄LΓ1qL + q̄RΓ1qR for Γ1 ∈ {γµ, γµγ5}
q̄RΓ2qL + q̄LΓ2qR for Γ2 ∈ {1, γ5, σµν}

(q̄L = q̄PR and q̄R = q̄PL)



QCD Lagrangian in the chiral limit

L0QCD =
∑

l=u,d,s

(q̄L,liD/ qL,l + q̄R,liD/ qR,l)−
1

4
Gµν,aGµνa

invariant under (covariant derivative flavor independent!) uL
dL
sL

 7→ UL

 uL
dL
sL

 = exp

−i 8∑
a=1

ΘLa
λa

2

 e−iΘL
 uL
dL
sL


 uR
dR
sR

 7→ UR

 uR
dR
sR

 = exp

−i 8∑
a=1

ΘRa
λa

2

 e−iΘR
 uR
dR
sR


L0QCD has a classical global U(3)L ×U(3)R symmetry

Applying Noether’s theorem from such an invariance one would

expect a total of 2× (8 + 1) = 18 conserved currents



Noether’s Theorem

Continuous symmetries ↔ conserved quantities

Lagrangian L depending on n independent fields Φi

L = L(Φi, ∂µΦi)

n equations of motion

∂L
∂Φi
− ∂µ

∂L
∂∂µΦi

= 0, i = 1, · · · , n

Consider transformations which depend on r real local parameters

ϵa(x) (method of Gell-Mann and Lévy)

Φi(x) 7→ Φ′i(x) = Φi(x) + δΦi(x) = Φi(x)− iϵa(x)F ai [Φj(x)]



Variation of the Lagrangian

δL = L(Φ′i, ∂µΦ
′
i)− L(Φi, ∂µΦi) =

∂L
∂Φi

δΦi +
∂L

∂∂µΦi
∂µδΦi

∂µδΦi = −i[∂µϵa(x)]F ai − iϵa(x)∂µF
a
i

· · · = ϵa(x)

(
−i

∂L
∂Φi

F ai − i
∂L

∂∂µΦi
∂µF

a
i

)
+ ∂µϵa(x)

(
−i

∂L
∂∂µΦi

F ai

)
≡ ϵa(x)∂µJ

µ,a + ∂µϵa(x)J
µ,a

Consistency for solutions to the EOM

∂µJ
µ,a = −i

(
∂µ

∂L
∂∂µΦi

)
F ai − i

∂L
∂∂µΦi

∂µF
a
i = −i

∂L
∂Φi

F ai − i
∂L

∂∂µΦi
∂µF

a
i



Currents and divergences of currents from variation

Jµ,a =
∂δL
∂∂µϵa

∂µJ
µ,a =

∂δL
∂ϵa

Assume Lagrangian to be invariant under a global transformation:

δL = 0 ∧ ∂µϵa(x)J
µ,a = 0

⇒ Current Jµ,a is conserved

∂µJ
µ,a = 0

Charge

Qa(t) =

∫
d3xJa0 (t, x⃗)

is time independent, i.e., a constant of the motion



Classical conservation laws (taken from M. Mojžǐs, Bosen lectures

2006)

φ(x)→ φ(x) + ϵδφ(x)

symmetry conservation law current or charge

δL = 0 ∂µJ
µ(x) = 0 Jµ = δφ ∂L

∂(∂µφ)

δL = ϵ∂µJ µ ∂µJ
µ(x) = 0 Jµ = δφ ∂L

∂(∂µφ)
− J µ

δL = 0 dtQ(t) = 0 Q =
∫
d3xδφ ∂L

∂(∂0φ)

δL = ϵdtQ(t) dtQ(t) = 0 Q =
∫
d3xδφ ∂L

∂(∂0φ)
−Q

δS = 0 ∂µI
µ = 0 Iµ not explicitly known



Transition to a Quantum (Field) Theory

Analogy: Point massm in a central potential V (r⃗ ) = V (r). Lagrange

and Hamilton functions are rotationally invariant.

Consequence: Angular momentum l⃗ = r⃗ × p⃗ is a constant of the

motion.

Transition to quantum mechanics. ⇒ Operators

[x̂i, p̂j] = iδij, [x̂i, x̂j] = 0, [p̂i, p̂j] = 0.

Components of the angular momentum operator

l̂i = ϵijkx̂jp̂k = −ip̂j(−iϵijk)x̂k
satisfy the commutation relations

[l̂i, l̂j] = iϵijkl̂k

i.e., they cannot simultaneously be diagonalized.



Angular momentum operators are generators of rotations:

|Ψ′⟩ = exp(−iαil̂i)|Ψ⟩.

Rotational invariance of the quantum system

[Ĥ, l̂i] = 0

i.e., l̂i are still constants of the motion.

Simultaneously diagonalize Ĥ,
ˆ⃗2l, and l̂3.

Multiplets with eigenvalues l(l + 1) and m = −l, · · · , l
(l = 0, 1, 2, · · · ).

Energy eigenvalues depend on V (dynamics).

Classify operators according to transformation behavior.
Example: Components Âi of a vector operator

[l̂i, Âj] = iϵijkÂk.

Use Wigner-Eckart theorem to calculate matrix elements.



Analogous case in quantum field theory

Canonical quantization: Fields Φi and their conjugate momenta
Πi = ∂L/∂(∂0Φi) ⇒ operators.

[Φi(t, x⃗),Πj(t, y⃗)] = iδ3(x⃗− y⃗)δij ↔ [x̂i, p̂j] = iδij
[Φi(t, x⃗),Φj(t, y⃗)] = 0 ↔ [x̂i, x̂j] = 0

[Πi(t, x⃗),Πj(t, y⃗)] = 0 ↔ [p̂i, p̂j] = 0

Consider infinitesimal transformations which are linear in the fields,

Φi(x) 7→ Φ′i(x) = Φi(x)− iϵa(x)taijΦj(x) ↔ x̂i 7→ x̂i− iϵk(−iϵkij)x̂j
taij are constants generating a mixing of the fields

Jµ,a(x) = −itaij
∂L

∂∂µΦi
Φj

Qa(t) = −i
∫
d3xΠi(x)t

a
ijΦj(x) ↔ l̂k = −ip̂i(−iϵkij)x̂j = ϵkijx̂ip̂j



where Jµ,a(x) and Qa(t) are now operators

Transformation behavior of field operators

[Qa(t),Φk(t, y⃗)] = −itaij
∫
d3x [Πi(t, x⃗)Φj(t, x⃗),Φk(t, y⃗)]

= −takjΦj(t, y⃗)
↔ [l̂k, x̂i] = iϵkijx̂j

Qa are generators of the transformations acting on the states of

Hilbert space



Global Symmetry Currents of the Light Quark Sector

Consider infinitesimal, local tranformations

qL 7→

1− i
8∑
a=1

ϵLa
λa

2
− iϵL

 qL
qR 7→ · · ·

Variation

δL0QCD = q̄L

 8∑
a=1

∂µϵ
L
a

λa

2
+ ∂µϵ

L

 γµqL + (L→ R)

Currents

Lµ,a =
∂δL0QCD

∂∂µϵLa
= q̄Lγ

µλ
a

2
qL, ∂µL

µ,a =
∂δL0QCD

∂ϵLa
= 0

Lµ =
∂δL0QCD

∂∂µϵL
= q̄Lγ

µqL, ∂µL
µ =

∂δL0QCD

∂ϵL
= 0

+ analogous expressions for Rµ,a and Rµ



Linear combinations

V µ,a = Rµ,a + Lµ,a = q̄γµ
λa

2
q

Aµ,a = Rµ,a − Lµ,a = q̄γµγ5
λa

2
q

Vector and axial-vector current densities, respectively,

P : V µ,a(t, x⃗) 7→ V aµ (t,−x⃗)
P : Aµ,a(t, x⃗) 7→ −Aaµ(t,−x⃗)

Conserved singlet vector current

V µ = Rµ + Lµ = q̄γµq, ∂µV
µ = 0

Singlet axial-vector current

Aµ = Rµ − Lµ = q̄γµγ5q

This symmetry is not preserved by quantization and there will be
extra terms, referred to as anomalies, resulting in

∂µA
µ =

3g2

32π2
ϵµνρσGµνa G

ρσ
a , ϵ0123 = 1



The Chiral Algebra

Define “charge operators” as the space integrals of the charge
densities

QaL(t) =

∫
d3x q

†
L(t, x⃗)

λa

2
qL(t, x⃗), a = 1, · · · , 8

QaR(t) =

∫
d3x q

†
R(t, x⃗)

λa

2
qR(t, x⃗), a = 1, · · · , 8

QV (t) =

∫
d3x

[
q
†
L(t, x⃗)qL(t, x⃗) + q

†
R(t, x⃗)qR(t, x⃗)

]
H0

QCD exhibits a global SU(3)L × SU(3)R ×U(1)V symmetry

[QaL,H
0
QCD] = [QaR,H

0
QCD] = [QV ,H

0
QCD] = 0

Lie algebra of SU(3)L × SU(3)R ×U(1)V

[QaL, Q
b
L] = ifabcQ

c
L

[QaR, Q
b
R] = ifabcQ

c
R

[QaL, Q
b
R] = 0

[QaL, QV ] = [QaR, QV ] = 0



How does one verify the commutation relations of the charge

operators?

1. Anti-commutation relations of Fermi fields

{qf,A,α(t, x⃗), q
†
f ′,A′,α′(t, y⃗)} = δ3(x⃗− y⃗)δff ′δAA′δαα′

{qf,A,α(t, x⃗), qf ′,A′,α′(t, y⃗)} = 0

{q†f,A,α(t, x⃗), q
†
f ′,A′,α′(t, y⃗)} = 0

2. Exercise: [ab, cd] = a{b, c}d− ac{b, d}+ {a, c}db− c{a, d}b

3. Let Fi, Ci, and Γi be 3× 3 flavor matrices, 3× 3 color matrices,

4× 4 Dirac matrices, respectively

[q†(t, x⃗)F1C1Γ1q(t, x⃗), q
†(t, y⃗)F2C2Γ2q(t, y⃗)] =

δ3(x⃗− y⃗)q†(t, x⃗)F1F2C1C2Γ1Γ2q(t, y⃗)

−δ3(x⃗− y⃗)q†(t, y⃗)F2F1C2C1Γ2Γ1q(t, x⃗)



4. Insert appropriate projection operators

5. Integrate with respect to x⃗ and y⃗

Example (recall P
†
L = PL and P 2

L = PL)

[QaL, Q
b
L] =

∫
d3xd3y[q†(t, x⃗)P †L

λa

2
PLq(t, x⃗), q

†(t, y⃗)P †L
λb

2
PLq(t, y⃗)]

=

∫
d3xd3yδ3(x⃗− y⃗)q†(t, x⃗)P †LPLP

†
LPL︸ ︷︷ ︸

PL

λa

2

λb

2
q(t, y⃗)

−
∫
d3xd3yδ3(x⃗− y⃗)q†(t, y⃗)PL

λb

2

λa

2
q(t, x⃗)

= ifabc

∫
d3xq†(t, x⃗)

λc

2
PLq(t, x⃗) = ifabcQ

c
L



Chiral Symmetry Breaking Due To Quark Masses

M = diag(mu,md,ms)

Quark-mass term mixes left- and right-handed fields

LM = −q̄Mq = −(q̄RMqL + q̄LMqR)

Transformation of left-handed fields

qL 7→

1− i
8∑
a=1

ϵLa
λa

2
− iϵL

 qL
Variation δLM

δLM = −

−iq̄RM
 8∑
a=1

ϵLa
λa

2
+ ϵL

 qL + iq̄L

 8∑
a=1

ϵLa
λa

2
+ ϵL

MqR


= −i

 8∑
a=1

ϵLa

(
q̄L
λa

2
MqR − q̄RM

λa

2
qL

)
+ ϵL (q̄LMqR − q̄RMqL)





Divergences

∂µL
µ,a =

∂δLM
∂ϵLa

= −i
(
q̄L
λa

2
MqR − q̄RM

λa

2
qL

)
∂µL

µ =
∂δLM
∂ϵL

= −i (q̄LMqR − q̄RMqL)

+ analogous expressions for ∂µR
µ,a and ∂µR

µ (R↔ L)

More common (linear combinations)

∂µV
µ,a = iq̄[M,

λa

2
]q

∂µA
µ,a = iq̄{

λa

2
,M}γ5q

∂µV
µ = 0

∂µA
µ = 2iq̄Mγ5q +

3g2

32π2
ϵµνρσGµνa G

ρσ
a , ϵ0123 = 1



Summary

• Massless quarks: 16 conserved currents Lµ,a and Rµ,a (V µ,a and
Aµ,a) + 1 conserved singlet vector current V µ. Singlet axial-
vector current Aµ has an anomaly.

• For any value of quark masses: flavor currents ūγµu, d̄γµd, and
s̄γµs are always conserved.

• Equal quark masses mu = md = ms:

8 conserved vector currents V µ,a ([λa, 1] = 0).
SU(3) flavor symmetry.

8 axial-vector currents Aµ,a are not conserved.
Microscopic origin of the PCAC relation (partially conserved
axial-vector current).

• mu = md: isospin symmetry.



Green Functions and Chiral Ward Identities

Symmetry currents

V µ,a = Rµ,a + Lµ,a = q̄γµ
λa

2
q

V µ = q̄γµq

Aµ,a = Rµ,a − Lµ,a = q̄γµγ5
λa

2
q

+ scalar and pseudoscalar densities (see divergences of currents)

Sa(x) = q̄(x)λaq(x)

Pa(x) = iq̄(x)γ5λaq(x)

Green functions: Matrix elements of time-ordered products

Lehmann-Symanzik-Zimmermann (LSZ) reduction formalism: Re-

lation to scattering amplitudes



Examples

“Vacuum” sector

⟨0|T [Aµa(x)Pb(y)]|0⟩ pion decay

⟨0|T [Pa(x)Jµ(y)Pc(z)]|0⟩ pion electromagnetic form factor

⟨0|T [Pa(w)Pb(x)Pc(y)Pd(z)]|0⟩ pion-pion scattering

One-nucleon sector

⟨N |Jµ(x)|N⟩ nucleon electromagnetic form factors

⟨N |Aµa(x)|N⟩ axial form factor + ...

⟨N |T [Jµ(x)Jν(y)]|N⟩ Compton scattering

⟨N |T [Jµ(x)Pa(y)]|N⟩ pion electroproduction

A chiral Ward identity relates the divergence of a Green

function containing at least one factor of V µ,a or Aµ,a to

some linear combination of other Green functions.

Q: Why chiral?
A: V µ,a and Aµ,a contain Lµ,a and Rµ,a



Simple example

G
µ,ab
AP (x, y) = ⟨0|T [Aµa(x)Pb(y)]|0⟩

= Θ(x0 − y0)⟨0|Aµa(x)Pb(y)|0⟩
+Θ(y0 − x0)⟨0|Pb(y)Aµa(x)|0⟩

Divergence

∂xµG
µ,ab
AP (x, y)

= ∂xµ[Θ(x0 − y0)⟨0|Aµa(x)Pb(y)|0⟩+ Θ(y0 − x0)⟨0|Pb(y)Aµa(x)|0⟩]
= δ(x0 − y0)⟨0|A0

a(x)Pb(y)|0⟩ − δ(x0 − y0)⟨0|Pb(y)A
0
a(x)|0⟩

+Θ(x0 − y0)⟨0|∂xµA
µ
a(x)Pb(y)|0⟩+ Θ(y0 − x0)⟨0|Pb(y)∂xµA

µ
a(x)|0⟩

= δ(x0 − y0)⟨0|[A0
a(x), Pb(y)]|0⟩+ ⟨0|T [∂

x
µA

µ
a(x)Pb(y)]|0⟩

We made use of

∂xµΘ(x0 − y0) = δ(x0 − y0)g0µ = −∂xµΘ(y0 − x0)



Main features of (chiral) Ward identities:

1. Differentiation of the theta functions ⇒ Equal-time commu-

tators between a charge density and the remaining quadratic

forms ⇒ Reflection of underlying symmetry

2. Divergence of the current operator in question.

• Perfect symmetry ⇒ such terms vanish

Example: Electromagnetic case with its U(1) symmetry.

• Approximate symmetry ⇒ additional term involving the sym-

metry breaking appears

For a soft breaking such a divergence can be treated as a

perturbation.



Via induction, the generalization of the above simple example to

an (n+ 1)-point Green function is symbolically of the form

∂xµ⟨0|T{J
µ(x)A1(x1) · · ·An(xn)}|0⟩ =

⟨0|T{[∂xµJ
µ(x)]A1(x1) · · ·An(xn)}|0⟩

+δ(x0 − x01)⟨0|T{[J0(x), A1(x1)]A2(x2) · · ·An(xn)}|0⟩
+δ(x0 − x02)⟨0|T{A1(x1)[J0(x), A2(x2)] · · ·An(xn)}|0⟩
+ · · ·+ δ(x0 − x0n)⟨0|T{A1(x1) · · · [J0(x), An(xn)]}|0⟩,

where Jµ stands generically for any of the Noether currents.



The Algebra of Currents

[V a0 (t, x⃗), V
µ
b (t, y⃗)] = δ3(x⃗− y⃗)ifabcV µc (t, x⃗),

[V a0 (t, x⃗), V µ(t, y⃗)] = 0,

[V a0 (t, x⃗), A
µ
b (t, y⃗)] = δ3(x⃗− y⃗)ifabcAµc (t, x⃗),

[V a0 (t, x⃗), Sb(t, y⃗)] = δ3(x⃗− y⃗)ifabcSc(t, x⃗), b = 1, · · · , 8,
[V a0 (t, x⃗), S0(t, y⃗)] = 0,

[V a0 (t, x⃗), Pb(t, y⃗)] = δ3(x⃗− y⃗)ifabcPc(t, x⃗), b = 1, · · · , 8,
[V a0 (t, x⃗), P0(t, y⃗)] = 0,

[Aa0(t, x⃗), V
µ
b (t, y⃗)] = δ3(x⃗− y⃗)ifabcAµc (t, x⃗),

[Aa0(t, x⃗), V
µ(t, y⃗)] = 0,

[Aa0(t, x⃗), A
µ
b (t, y⃗)] = δ3(x⃗− y⃗)ifabcV µc (t, x⃗),

[Aa0(t, x⃗), Sb(t, y⃗)] = iδ3(x⃗− y⃗)

√2

3
δabP0(t, x⃗) + dabcPc(t, x⃗)

 ,
b = 1, · · · , 8,

[Aa0(t, x⃗), S0(t, y⃗)] = iδ3(x⃗− y⃗)

√
2

3
Pa(t, x⃗),

[Aa0(t, x⃗), Pb(t, y⃗)] = −iδ3(x⃗− y⃗)

√2

3
δabS0(t, x⃗) + dabcSc(t, x⃗)

 ,
b = 1, · · · , 8,

[Aa0(t, x⃗), P0(t, y⃗)] = −iδ3(x⃗− y⃗)

√
2

3
Sa(t, x⃗).



For example,

[V 0
a (t, x⃗), V

µ
b (t, y⃗)]

= [q†(t, x⃗)1
λa

2
q(t, x⃗), q†(t, y⃗)γ0γ

µλb

2
q(t, y⃗)]

= δ3(x⃗− y⃗)
[
q†(t, x⃗)γ0γ

µλa

2

λb

2
q(t, y⃗)− q†(t, y⃗)γ0γµ

λb

2

λa

2
q(t, x⃗)

]
= δ3(x⃗− y⃗)ifabcV µc (t, x⃗).



Caveats

• Schwinger terms

• Covariant time-ordered product

• Feynman’s conjecture



Naive application of equal-time commutation relations may lead

to erroneous results.

Illustration (due to Schwinger)

[J0(t, x⃗), Ji(t, y⃗)] = [Ψ†(t, x⃗)Ψ(t, x⃗),Ψ†(t, y⃗)γ0γiΨ(t, y⃗)]

= δ3(x⃗− y⃗)Ψ†(t, x⃗)[1, γ0γi]Ψ(t, x⃗) = 0 (∗)

Schwinger: Result cannot be true.

Consider

[J0(t, x⃗), ∇⃗y · J⃗(t, y⃗)]

Current conservation: ∂µJ
µ = 0. ⇒

[J0(t, x⃗), ∇⃗y · J⃗(t, y⃗)] = −[J0(t, x⃗), ∂tJ0(t, y⃗)]

Assumption: (∗) true. ⇒

0 = [J0(t, x⃗), ∂tJ0(t, y⃗)]



Evaluate for x⃗ = y⃗ between the ground state:

0 = ⟨0|[J0(t, x⃗), ∂tJ0(t, x⃗)]|0⟩

Insert complete set of states

=
∑
n

(
⟨0|J0(t, x⃗)|n⟩⟨n|∂tJ0(t, x⃗)|0⟩ − ⟨0|∂tJ0(t, x⃗)|n⟩⟨n|J0(t, x⃗)|0⟩

)
Make use of

∂tJ0(t, x⃗) = i[H,J0(t, x⃗)].

Thus

0 = 2i
∑
n

(En − E0)|⟨0|J0(t, x⃗)|n⟩|2︸ ︷︷ ︸
≥0

Conclusion

⟨0|J0(t, x⃗)|n⟩ = 0 ∀n ̸= 0

unphysical ⇒ (∗) not correct



Corrected version picks up an additional, so-called Schwinger term

containing a derivative of the delta function.

Jackiw: Equal-time commutation relation between a charge density

and a current density can be determined up to one derivative of

the δ function

[Ja0 (0, x⃗), J
b
i (0, y⃗)] = iCabcJ

c
i (0, x⃗)δ

3(x⃗− y⃗) + Sabij (0, y⃗)∂
jδ3(x⃗− y⃗),

Schwinger term possesses the symmetry

Sabij (0, y⃗) = Sbaji (0, y⃗),

Cabc: Structure constants of the group in question.

Q: Do the chiral Ward identities still work?

A: Yes and no

Above derivation made use of the naive time-ordered product (T ).



Covariant time-ordered product (T ∗) typically differs by another

non-covariant term (so-called seagull).

Feynman’s conjecture: Cancellation between Schwinger terms and

seagull terms such that a Ward identity obtained by using the naive

T product and by simultaneously omitting Schwinger terms ultima-

tely yields the correct result to be satisfied by the Green function

(involving the covariant T ∗ product).

But: Not true in general.

Sufficient condition: Time component algebra of the full theory

remains the same as the one derived canonically and does not

possess a Schwinger term.



QCD in the Presence of External Fields and the Generating Func-

tional

So far: Explicitly work out the chiral Ward identity you are intere-

sted in.

Q: Is it possible to somehow obtain all chiral Ward identities from

a single expression?

A: Yes (without proof)

• Introduce into the Lagrangian of QCD the couplings of the

1. nine vector currents

2. eight axial-vector currents

3. nine scalar quark densities



4. nine pseudoscalar quark densities

to external c-number fields vµ(x), v
µ
(s)

, aµ(x), s(x), and p(x):

L = L0QCD + Lext

Lext = q̄γµ(v
µ +

1

3
v
µ
(s)

+ γ5a
µ)q − q̄(s− iγ5p)q.

Parameterization

vµ =
8∑
a=1

λa

2
vµa , aµ =

8∑
a=1

λa

2
aµa, s =

8∑
a=0

λasa, p =
8∑
a=0

λapa.

• Combine all Green functions in a generating functional

exp(iZ[v, a, s, p]) = ⟨0|T exp

[
i

∫
d4xLext(x)

]
|0⟩

• Obtain Green function through a functional derivative with re-
spect to the external fields



Pedagogical illustration

L = L0(ϕ) + Lext,
Lext = j(x)ϕ(x)

Generating functional for Green functions of the type

G(x1, · · · , xn) = ⟨0|T [ϕ(x1) · · ·ϕ(xn)]|0⟩

exp(iZ[j]) = ⟨0|T exp

[
i

∫
d4xLext(x)

]
|0⟩

= 1 + i

∫
d4xj(x)⟨0|ϕ(x)|0⟩

+
∑
k=2

ik

k!

∫
d4x1 · · · d4xkj(x1) · · · j(xk)⟨0|T [ϕ(x1) · · ·ϕ(xk)]|0⟩

= · · ·+
i2

2

∫
d4x1d

4x2j(x1)j(x2)⟨0|T [ϕ(x1)ϕ(x2)]|0⟩+ · · ·



E.g.

G(x1, x2) = ⟨0|T [ϕ(x1)ϕ(x2)]|0⟩

= (−i)2
δ2Z[j]

δj(x1)δj(x2)

∣∣∣∣∣
j=0

Powers and sort of functional derivatives must match:

1, i

∫
d4xj(x)⟨0|ϕ(x)|0⟩ : too few terms

ik

k!

∫
d4x1 · · · d4xkj(x1) · · · j(xk)⟨0|ϕ(x1) · · ·ϕ(xk)|0⟩, k ≥ 3 :

too many terms, because j is set equal to 0 at the end

Exercise: Make use of

δj(x)

δj(y)
= δ4(x− y)



δ2

δj(x1)δj(x2)

1

2

∫
d4xd4yj(x)j(y)⟨0|T [ϕ(x)ϕ(y)]|0⟩ = ⟨0|T [ϕ(x1)ϕ(x2)]|0⟩

• Examples

– Scalar quark condensate in the chiral limit, ⟨0|ūu|0⟩0,

⟨0|ū(x)u(x)|0⟩0 =

i

2

√2

3

δ

δs0(x)
+

δ

δs3(x)
+

1
√
3

δ

δs8(x)

 exp(iZ[v, a, s, p])

∣∣∣∣∣∣
v=a=s=p=0

Subscript 0: Chiral limit

– Two-point function of two axial-vector currents of the “real

world,” i.e., for s = diag(mu,md,ms), and the “true vacuum”



|0⟩,

⟨0|T [Aaµ(x)A
b
ν(0)]|0⟩ =

(−i)2
δ2

δa
µ
a(x)δa

ν
b(0)

exp(iZ[v, a, s, p])

∣∣∣∣∣
v=a=p=0,s=diag(mu,md,ms)

.

• Q: But where is QCD?

A: In |0⟩ and q (solutions to EOM)

(The actual value of the generating functional for a given con-
figuration of external fields v, a, s, and p reflects the dynamics
generated by the QCD Lagrangian.)

• Q: But where is the (infinite) set of all chiral Ward identities?

A: Ward identities obeyed by the Green functions are equiva-
lent to an invariance of the generating functional under a local
transformation of the external fields



• The use of local transformations allows one to also consider

divergences of Green functions.

• Q: What do we require of the external fields?

A: We want L to be a Hermitian Lorentz scalar, to be even

under P , C, and T , and to be invariant under local chiral trans-

formations.

What does that imply for the external fields?

• Parity

Transformation behavior of quark fields

qf(t, x⃗)
P7→ γ0qf(t,−x⃗)

Properties of the Dirac matrices Γ



Γ 1 γµ σµν γ5 γµγ5

γ0Γγ0 1 γµ σµν −γ5 −γµγ5

Requirement of parity conservation

L(t, x⃗) P7→ L(t,−x⃗)

⇒

vµ
P7→ vµ, v

µ
(s)

P7→ v
(s)
µ , aµ

P7→ −aµ, s
P7→ s, p

P7→ −p.

(Change of arguments from (t, x⃗) to (t,−x⃗) implied.)

Example:

q̄(t, x⃗)γµvµ(t, x⃗)q(t, x⃗)
P7→ q̄(t,−x⃗)γ0γµṽµ(t,−x⃗)γ0q(t,−x⃗)

Tilde denotes the transformed external field.

Make use of table, i.e., γ0γµγ0 = γµ,

· · · = q̄(t,−x⃗)γµṽµ(t,−x⃗)q(t,−x⃗)
!
= q̄(t,−x⃗)γµvµ(t,−x⃗)q(t,−x⃗).



We thus obtain

vµ(t, x⃗)
P7→ vµ(t,−x⃗).

• Charge conjugation

Transformation behavior of the quark fields

qα,f
C7→ Cαβq̄β,f , q̄α,f

C7→ −qβ,fC
−1
βα ,

α and β: Dirac spinor indices,

f : flavor index

C = iγ2γ0 =


0 0 0 −1
0 0 1 0
0 −1 0 0
1 0 0 0

 = −C−1 = −C† = −CT

usual charge conjugation matrix

Properties of the Dirac matrices Γ



Γ 1 γµ σµν γ5 γµγ5

−CΓTC 1 −γµ −σµν γ5 γµγ5



Using

q̄ΓFq = q̄α,fΓαβFff ′qβ,f ′

C7→ −qγ,fC−1γαΓαβFff ′Cβδq̄δ,f ′
Fermi statistics

= q̄δ,f ′ Fff ′︸ ︷︷ ︸
F T
f ′f

C−1γαΓαβCβδ︸ ︷︷ ︸
(C−1ΓC)Tδγ

qγ,f

= q̄F T (C−1ΓC)T︸ ︷︷ ︸
CTΓTC−1

T

q

= −q̄CΓTCF Tq

Invariance of Lext under charge conjugation requires the trans-
formation properties

vµ
C→ −vTµ , v

(s)
µ

C→ −v(s)Tµ , aµ
C→ aTµ , s, p

C→ sT , pT ,

transposition refers to the flavor space.

• Time reversal: Nothing new



• Local chiral SU(3)L × SU(3)R ×U(1)V transformations

First step: Rewrite in terms of the left- and right-handed quark

fields.

Exercise

We first define

rµ = vµ + aµ, lµ = vµ − aµ.

1. Make use of the projection operators PL and PR and verify

q̄γµ(vµ +
1

3
v
(s)
µ + γ5aµ)q =

q̄Rγ
µ
(
rµ +

1

3
v
(s)
µ

)
qR + q̄Lγ

µ
(
lµ +

1

3
v
(s)
µ

)
qL.

2. Also verify

q̄(s− iγ5p)q = q̄L(s− ip)qR + q̄R(s+ ip)qL.



⇒ QCD Lagrangian with coupling to external fields

L = L0QCD + q̄Lγ
µ
(
lµ +

1

3
v
(s)
µ

)
qL + q̄Rγ

µ
(
rµ +

1

3
v
(s)
µ

)
qR

−q̄R(s+ ip)qL − q̄L(s− ip)qR. (∗)

(∗) remains invariant under local transformations

qR 7→ exp

(
−i

Θ(x)

3

)
VR(x)qR,

qL 7→ exp

(
−i

Θ(x)

3

)
VL(x)qL,

VR(x) and VL(x): independent space-time-dependent SU(3) ma-

trices, provided the external fields are subject to the transfor-



mations

rµ 7→ VRrµV
†
R + iVR∂µV

†
R,

lµ 7→ VLlµV
†
L + iVL∂µV

†
L,

v
(s)
µ 7→ v

(s)
µ − ∂µΘ,

s+ ip 7→ VR(s+ ip)V
†
L,

s− ip 7→ VL(s− ip)V
†
R.

(Derivative terms in serve the same purpose as in the con-
struction of gauge theories, i.e., they cancel analogous terms
originating from the kinetic part of the quark Lagrangian.)

• Practical implications of the local invariance

Allows one to also discuss a coupling to external gauge fields in
the transition to the EFT.

1. Coupling of the electromagnetic field to point-like fundamen-
tal particles results from gauging a U(1) symmetry. Here, the



corresponding U(1) group is to be understood as a subgroup

of a local SU(3)L × SU(3)R.

2. Interaction of the light quarks with the charged and neutral

gauge bosons of the weak interactions.

Q: What do we have to insert for the external fields to describe

the electromagnetic interaction of quarks?

A:

rµ = lµ = −eQAµ, Q =


2
3 0 0

0 −1
3 0

0 0 −1
3

 : quark charge matrix

Verification

Lext = −eAµ(q̄LQγµqL + q̄RQγ
µqR) = −eAµq̄Qγµq

= −eAµ
(
2

3
ūγµu−

1

3
d̄γµd−

1

3
s̄γµs

)
= −eAµJµ.



“SU(2) version” of ChPT:

rµ = lµ = −e
τ3

2
Aµ, v

(s)
µ = −

e

2
Aµ,

because

Q =
1

6
12×2 +

τ3

2
.



Spontaneous Symmetry Breaking

Example: O(3) sigma model

L(Φ⃗, ∂µΦ⃗) = L(Φ1,Φ2,Φ3, ∂µΦ1, ∂µΦ2, ∂µΦ3)

=
1

2
∂µΦi∂

µΦi −
m2

2
ΦiΦi −

λ

4
(ΦiΦi)

2

m2 < 0 , λ > 0, Hermitian fields Φi

L invariant under a global “isospin” rotation

g ∈ SO(3) : Φi→ Φ′i = Dij(g)Φj = (e−iαkTk)ijΦj

[Ti, Tj] = iϵijkTk

T1 =

 0 0 0
0 0 −i
0 i 0

 , T2 =

 0 0 i
0 0 0
−i 0 0

 , T3 =

 0 −i 0
i 0 0
0 0 0





-2

-1

0

1

2-2

-1

0

1

2

0

2

4

-2

-1

0

1

Two-dimensional rotationally invariant

potential: V(x, y) = −(x2 + y2) +
(x2+y2)2

4

Exercise: Determine the minimum of the potential

V(Φ1,Φ2,Φ3) =
m2

2
ΦiΦi +

λ

4
(ΦiΦi)

2

We find

|Φ⃗min| =

√
−m2

λ
≡ v, |Φ⃗| =

√
Φ2
1 + Φ2

2 + Φ2
3



Φ⃗min can point in any direction in isospin space

⇒ non-countably infinite number of degenerate vacua

Spontaneous symmetry breaking (hidden symmetry)

Select a particular direction which, by an appropriate orientation of

the internal coordinate frame, we denote as the 3 direction,

Φ⃗min = vê3 =

 0
0
v


Φ⃗min not invariant under full group G = SO(3)

Rotations about the 1 and 2 axis change Φ⃗min

T1Φ⃗min = v

 0
−i
0

 , T2Φ⃗min = v

 i
0
0





Φ⃗min invariant under subgroup H of G: rotations about the 3 axis

h ∈ H : Φ⃗′ = D(h)Φ⃗ = e−iα3T3Φ⃗, D(h)Φ⃗min = Φ⃗min, T3Φ⃗min = 0

Exercise: Expand Φ3 with respect to v: Φ3(x) = v + η(x)

New expression for the potential

Ṽ =
1

2
(−2m2)η2 + λvη(Φ2

1 + Φ2
2 + η2) +

λ

4
(Φ2

1 + Φ2
2 + η2)2 −

λ

4
v4

m2
Φ1

= m2
Φ2

= 0, m2
η = −2m2

Model-independent feature of the above example:

For each of the two generators T1 and T2 which do not annihilate

the ground state one obtains a massless Goldstone boson



Number of Goldstone bosons is determined by the structure of the

symmetry groups:

• G symmetry group of the Lagrangian, nG generators

• H subgroup with nH generators which leaves the ground state

after spontaneous symmetry breaking invariant

• # of Goldstone bosons: nG − nH



Explicit Symmetry Breaking: A First Look

Modify potential by adding aΦ3,

V(Φ1,Φ2,Φ3) =
m2

2
ΦiΦi +

λ

4
(ΦiΦi)

2 + aΦ3,

m2 < 0, λ > 0, a > 0 and real fields Φi.

New potential has lower symmetry: O(2) symmetry (rotations about
the 3 axis)

Conditions for the new minimum (from ∇⃗ΦV = 0) read

Φ1 = Φ2 = 0, λΦ3
3 +m2Φ3 + a = 0

Exercise: Solve using a perturbative ansatz

⟨Φ3⟩ = Φ
(0)
3 + aΦ

(1)
3 +O(a2).

Result

Φ
(0)
3 = ±

√
−
m2

λ
, Φ

(1)
3 =

1

2m2
.



Φ
(0)
3 : Result without explicit breaking.

Expand potential with Φ3 = ⟨Φ3⟩+ χ ⇒

m2
Φ1

= m2
Φ2

= a

√
λ

−m2
,

m2
χ = −2m2 + 3a

√
λ

−m2

 .
Remarks:

• The Goldstone bosons have acquired a mass.

• Squared masses proportional to a.

• Quantum corrections lead to observables which are nonanalytic
in the symmetry breaking parameter a, e.g. a ln(a) (so-called
chiral logarithms).

• Analogue of a in QCD: Quark masses



Spontaneous Symmetry Breaking in QCD

Indications from the Hadron Spectrum

Example: Hstr is isospin invariant

[Hstr, Ti] = 0, [Ti, Tj] = iϵijkTk

Hadrons can be classified as irreducible multiplets of isospin SU(2)

T = 0 : d

T =
1

2
:

(
p
n

)
,

(
K+

K0

)
,

(
K̄0

K−

)

T = 1 :

 π+

π0

π−



T =
3

2
:


∆++

∆+

∆0

∆−





• Q: Where does this symmetry come from?

• A: Accidental global symmetry of QCD

Consider linear combinations

QaV = QaR +QaL
P7→ QaV

QaA = QaR −Q
a
L
P7→ −QaA

Exercise: Commutation relations

[QaV , Q
b
V ] = ifabcQ

c
V , [QaV , Q

b
A] = ifabcQ

c
A, [QaA, Q

b
A] = ifabcQ

c
V

[H0
QCD, Q

a
V ] = [H0

QCD, Q
a
A] = 0



Let

H0
QCD|Ψ⟩ = E|Ψ⟩, P |Ψ⟩ = |Ψ⟩

Construct new state Φ⟩ = QA|Ψ⟩ (superscript a suppressed)

H0
QCD|Φ⟩ = H0

QCDQA|Ψ⟩ = QAH
0
QCD|Ψ⟩︸ ︷︷ ︸
E|Ψ⟩

= E|Φ⟩

P |Φ⟩ = PQA|Ψ⟩ = PQAP
−1︸ ︷︷ ︸

−QA
P |Ψ⟩︸ ︷︷ ︸
|Ψ⟩

= −|Φ⟩

Not observed in hadronic spectrum

• Q: What’s wrong?

• A: We have tacitly assumed that the ground state of QCD is

annihilated by QaA.



Solution: spontaneous symmetry breaking

Symmetry of |0⟩ ̸= symmetry of H0
QCD

• Coleman theorem:4 The symmetry of the ground state deter-

mines the symmetry of the spectrum (reverse argument: infer

symmetry of the ground state from the symmetry of the spec-

trum)

• Goldstone theorem:5 To each generator that does not annihilate

the ground state exists a massless Goldstone boson

4S. Coleman, J. Math. Phys. 7, 787 (1966)
5J. Goldstone, A. Salam, and S. Weinberg, Phys. Rev. 127, 965 (1962)



• Here

– H0
QCD invariant under G = SU(3)L × SU(3)R

– |0⟩ invariant under

H = {(V, V )} ∼= SU(3)V flavor SU(3)

– idealized: 8 massless Goldstone bosons π,K, η

Another (sufficient but not necessary) criterion:6 Nonvanishing sca-

lar quark condensate in the chiral limit.

Analogy with a ferromagnet

−⟨M⃗⟩ · H⃗ ↔ ⟨ūu⟩0mu + ⟨d̄d⟩0md + ⟨s̄s⟩0ms

6G. Colangelo, J. Gasser, and H. Leutwyler, Phys. Rev. Lett. 86, 5008 (2001)



Chiral Perturbation Theory for Mesons

Effective field theory7

... if one writes down the most general possible Lagrangian, inclu-

ding all terms consistent with assumed symmetry principles, and

then calculates matrix elements with this Lagrangian to any given

order of perturbation theory, the result will simply be the most

general possible S–matrix consistent with analyticity, perturbative

unitarity, cluster decomposition and the assumed symmetry prin-

ciples. ...

For our purposes:

Most general description of the strong interactions at low ener-

gies: ππ, πN , NN , etc.

7S. Weinberg, Physica A 96, 327 (1979)



Perturbative calculations in effective field theory require two main

ingredients

(1) Knowledge of the most general effective Lagrangian

(2) Expansion scheme for observables in terms of a consistent power

counting

(a) Tree-level diagrams, loop diagrams, regularization (of infini-

ties)

(b) Renormalization

(c) Power counting scheme for renormalized diagrams



Commonly used methods

1. Expansion in powers of coupling constants (e. g., QED)

2. Loop expansion (expansion in ~)

3. Momentum and quark mass expansion, ChPT



Fundamental theory Effective field theory

QCD ChPT

dof quarks & gluons Goldstone bosons

(+ other hadrons)

parameters g3 + quark masses (∞ # of ) LECs

+ quark masses



Simplified analogies between multipole expansion and EFT

Multipole expansion EFT

|x⃗ | ≫ R q ≪ Λχ

ϕ(x⃗) =
∑
lm qlm

1
2l+1

Ylm(θ,ϕ)

rl+1 Leff =
∑
lm clm Llm

multipole moment qlm LEC clm

1
2l+1

Ylm(θ,ϕ)

rl+1 Structures Llm

• In principle, infinite number of terms.

Actual calculation: Truncation at finite order.

• Systematic improvement possible.



Effective Lagrangian

Starting point of Chiral Perturbation Theory:8

Write down the most general Lagrangian in an expansion in (co-
variant) derivatives (→ momenta) and quark masses (→ square of
meson masses):

Leff = L2 + L4 + L6 + · · ·

• Symmetry group of the Lagrangian as mu,md,ms→ 0:

SU(3)L × SU(3)R ×U(1)V

• Symmetry group of the ground state:

H = SU(3)V ×U(1)V

8J. Gasser and H. Leutwyler, Ann. Phys. (N.Y.) 158, 142 (1984);
Nucl. Phys. B250, 465 (1985)



• 8 pseudoscalar dynamical degrees of freedom which transform

as an octet with respect to SU(3)V

• Include explicit chiral symmetry breaking through quark masses

as a perturbation

Construction of the lowest–order Lagrangian

Following Gasser and Leutwyler the consequences of the SU(3)L×
SU(3)R ×U(1)V symmetry of L0QCD are analyzed by

• introducing a coupling to color-neutral, Hermitian external fields:

L = L0QCD + Lext

= L0QCD + q̄γµ(v
µ +

1

3
v
µ
(s)

+ γ5a
µ)q − q̄(s− iγ5p)q



where

vµ =
8∑
a=1

λa

2
vµa , aµ =

8∑
a=1

λa

2
aµa,

s =
8∑
a=0

λasa, p =
8∑
a=0

λapa, λ0 =
√
2/3diag(1, 1, 1)

Ordinary three flavor QCD Lagrangian:

vµ = v
µ
(s)

= aµ = p = 0, s = diag(mu,md,ms)

Introduce

rµ = vµ + aµ, lµ = vµ − aµ
Exercise

Using the projection operators PL and PR, verify

q̄γµ(vµ+
1

3
v
(s)
µ +γ5aµ)q = q̄Rγ

µ
(
rµ +

1

3
v
(s)
µ

)
qR+ q̄Lγ

µ
(
lµ +

1

3
v
(s)
µ

)
qL

q̄(s− iγ5p)q = q̄L(s− ip)qR + q̄R(s+ ip)qL



• and promoting the global symmetry to a local symmetry:

L→ VL(x), R→ VR(x)

Building blocks of the effective Lagrangian

Collect Goldstone boson fields in Hermitian, traceless, 3× 3 matrix

ϕ(x) =
8∑
a=1

λaϕa(x) ≡


π0 + 1√

3
η

√
2π+

√
2K+

√
2π− −π0 + 1√

3
η
√
2K0

√
2K−

√
2K̄0 − 2√

3
η


with the Gell-Mann matrices λa and ϕa(x) = 1

2Tr[λaϕ(x)]

Define special unitary matrix

U(x) = exp

(
i
ϕ(x)

F0

)



Transformation behavior under G = SU(3)L × SU(3)R, parity P ,
and charge conjugation C:

U
G7→ VRUV

†
L ∗

U(x⃗, t)
P7→ U†(−x⃗, t)

U
C7→ UT

Introduce a covariant derivative and field strength tensors

DµU = ∂µU − irµU + iUlµ
G7→ VRDµUV

†
L

fRµν ≡ ∂µrν − ∂νrµ − i[rµ, rν]
G7→ VRf

R
µνV

†
R

fLµν ≡ ∂µlν − ∂νlµ − i[lµ, lν]
G7→ VLf

L
µνV

†
L

and the linear combination χ = 2B0(s+ ip)

E.g., pure QCD: χ = 2B0diag(mu,md,ms)

Construct the effective Lagrangian in terms of U , U†, χ, χ†,
fRµν, f

L
µν and covariant derivatives of these objects.



∗ Remark:

Consider elements (VL, VR) of G = SU(3)L × SU(3)R of the type

• (V, V ) : (V1, V1)(V2, V2) = (V1V2, V1V2)

form subgroup H of G

• (A†, A) : (A
†
1, A1)(A

†
2, A2) ̸= ((A1A2)

†, A1A2)

no subgroup

If we define the ground state as : ϕa(x) = 0 or U0 = 13×3

• U0 invariant with respect to (V, V ):

U0→ V U0V
† = V V †U0 = U0



• U0 not invariant with respect to (A†, A):

U0→ AU0A = A2U0 ̸= U0

Construction of invariants

Suppose we have matrices A,B,C, . . . , all of which transform as

A
G7→ VRAV

†
L

B
G7→ VRBV

†
L

. . .

Form invariants by “multiplying” in the following way:

Tr(AB†)
G7→ Tr(VRAV

†
L VL︸ ︷︷ ︸
1

B†V †R)

= Tr(V
†
R VRAB

†) = Tr(AB†)



• Generalization to more terms is obvious

• Product of invariant traces is invariant

• Assign (chiral) orders:

U = O(q0)

DµU = O(q)

rµ, lµ = O(q)

f
L/R
µν = O(q2)

χ = O(q2)

• List of objects A up to and including order q2 which transform

as A′ = VRAV
†
L:

U, DµU, DµDνU, χ, Uf
L
µν, f

R
µνU



• Construction of chirally invariant expressions (to order q2):

O(q0) : Tr
(
UU†

)
= Tr(1) = const.

O(q) : Tr
(
DµUU

†
)
= 0

important: excludes terms of the

type Tr[O(q)]×Tr(. . . )

O(q2) : Tr
(
DµDνUU

†
) (

= −Tr
[
DνU(DµU)†

])
Tr
[
DµU(DνU)†

]
Tr
[
U(DµDνU)†

] (
= −Tr

[
DµU(DνU)†

])
Tr
(
χU†

)
Tr
(
Uχ†

)
Tr
[
(UfLµν)U

†
]
= Tr

(
fLµν

)
Tr
(
fRµν

)
• Lorentz invariance:



Indices have to be contracted

gµνfLµν = gµνfRµν = 0

• Candidates:

Tr
[
DµU(DµU)†

]
Tr
(
χU† ± Uχ†

)
• Parity:

L(x⃗, t) P7→ L(−x⃗, t)

Tr(χU† − Uχ†) has wrong parity

• Charge conjugation [no additional constraint at O(q2)]

Lowest–order Lagrangian L2



L2 =
F 2
0

4
Tr
[
DµU(DµU)†

]
+
F 2
0

4
Tr
(
χU† + Uχ†

)
At O(q2) two parameters:

F0 ≈ 93MeV, 3F 2
0B0 = −⟨0|q̄q|0⟩

• L2 has predictive power!

• However, we first need to discuss the power counting scheme.



Weinberg’s power counting for the mesonic sector9

Q: How do different diagrams compare?

M(tpi, t
2mq) = tDM(pi,mq) = O(qD)

For small enough momenta (and masses) contributions with incre-

asing D become less important

D = nNL − 2NI +
∞∑
k=1

2kN2k

= 2 + (n− 2)NL +
∞∑
k=1

2(k − 1)N2k

≥ 2 in 4 dimensions

• NL: Number of independent loops

9S. Weinberg, Physica A 96, 327 (1979)



• NI: Number of internal Goldstone boson lines

• N2k: Number of vertices from L2k

• Loops suppressed by (n− 2)NL

• Relation between the momentum and loop expansion

• Perturbative scheme in terms of external momenta and quark

masses (→ meson masses2) which are small compared to some

scale [here: 4πF0 = O(1GeV)]



Examples (n = 4 dimensions)

2 2

D = 4 · 2− 2 · 3 + 2 · 2 = 6

= 2 + 2 · 2 + (2− 2) · 2

42

D = 4 · 2− 2 · 3 + 1 · 2 + 1 · 4 = 8



22

D = 4 · 4− 2 · 5 + 2 · 2 = 10



Proof:

NI: # of internal Goldstone boson lines

N2k: # of vertices with 2k derivatives or k quark mass terms

• Internal lines:

∫
d4k

1

k2 −M2 + iϵ

M2→ t2M2
→

∫
d4k

1

t2(k2/t2 −M2 + iϵ)

k = tl
= t2

∫
d4l

1

l2 −M2 + iϵ

• Vertices with 2k derivatives or k quark mass terms:

δ4(q)q2k → t2k−4δ4(q)q2k



– since p→ tp if q is an external momentum

– and k = tl if q is an internal momentum (see above)

• These are the rules to calculate S ∼ δ4(p)M
add 4 to compensate for the overall delta function

• Scaling behavior of the contribution to M of a given diagram

D = 4 + 2NI +
∞∑
k=1

N2k(2k − 4)

• Relation between # of loops NL, # of vertices NV , and # of

internal lines:

NI = NL +NV − 1 = NL +
∞∑
k=1

N2k − 1



•

D = 2 +
∞∑
k=1

(2k − 2)N2k + 2NL ≥ 2

In particular, diagrams containing loops are suppressed due to

the term 2NL



Simple applications at lowest order

Goldstone boson masses due to quark masses

No external sources: DµU → ∂µU , χ = 2B0M, mu = md = m̂

L2
Exercise

=
1

2

(
∂µπ

0∂µπ0 −M2
ππ

0π0
)
+ · · ·︸ ︷︷ ︸

sum of free Lagrangians

+ Lint︸︷︷︸
O(ϕ4)

Read off

M2
π = 2B0m̂

M2
K = B0(m̂+ms)

M2
η =

2

3
B0(m̂+ 2ms)

Remark: Without additional information about B0 one cannot de-

termine the absolute values of the quark masses.



M2
K

M2
π

=
m̂+ms

2m̂
⇒

ms

m̂
= 25.9

M2
η

M2
π

=
2ms + m̂

3m̂
⇒

ms

m̂
= 24.3

Gell-Mann-Okubo formula

4M2
K = 3M2

η +M2
π

Insert

MK = 496MeV, Mπ = 135MeV

and “predict”

Mη = 567MeV, experimental value: 547 MeV



Pion decay π+→ µ+νµ

u

+

d W

νµ

µ+ +_
π

• Interaction of quarks with the massive charged weak bosons

W±µ = (W1µ ∓ iW2µ)/
√
2

L(q)CC = −
g

2
√
2

{
W+
µ [Vudūγ

µ(1− γ5)d+ Vusūγ
µ(1− γ5)s] + h.c.

}
|Vud| = 0.9735± 0.0008, |Vus| = 0.2196± 0.0023

Fermi constant is related to the gauge coupling g and the W

mass as

GF =
√
2
g2

8M2
W

= 1.16639(1)× 10−5GeV−2



Set

rµ = 0, lµ = −
g
√
2
(W+

µ T+ + h.c.)

in Lext, where

T+ =

 0 Vud Vus
0 0 0
0 0 0



• Coupling of the W bosons to the leptons

L(l)CC = −
g

2
√
2

[
W+
µ ν̄µγ

µ(1− γ5)µ+W−µ µ̄γ
µ(1− γ5)νµ

]

• Coupling of the W bosons to Goldstone bosons



Insert covariant derivative

DµU = ∂µU + iUlµ

into L2

F 2
0

4
Tr[DµU(DµU)†] = i

F 2
0

2
Tr(lµ∂

µU†U) + · · · =
F0

2
Tr(lµ∂

µΦ) + · · ·

= −g
F0

2

[
W+
µ (Vud∂

µπ− + Vus∂
µK−)

+W−µ (Vud∂
µπ+ + Vus∂

µK+)
]

• Feynman propagator for W bosons

−gµν +
kµkν
M2
W

k2 −M2
W

=
gµν

M2
W

+ O(
kk

M4
W

)

• Feynman rule for the invariant amplitude for the weak pion



decay

M = i

[
−

g

2
√
2
ūνµγ

ρ(1− γ5)vµ+
]

︸ ︷︷ ︸
leptonic vertex

igρσ

M2
W︸ ︷︷ ︸

W propagator

i

[
−g

F0

2
Vud(−ipσ)

]
︸ ︷︷ ︸
hadronic vertex

= −GFVudF0ūνµp/(1− γ5)vµ+
p: four-momentum of the pion

• Decay rate

1

τ
=
G2
F |Vud|

2

4π
F 2
0Mπm

2
µ

(
1−

m2
µ

M2
π

)2

• F0: pion-decay constant in the chiral limit

• Empirical numbers:

Fπ = 92.3MeV

FK = 113MeV



ππ scattering from L4ϕ2

Consider the Lagrangian

L2 =
F 2

4
Tr
(
∂µU∂

µU†
)
+
F 2

4
Tr
(
χU† + Uχ†

)
in the SU(2) sector with

χ = 2B

(
m̂ 0
0 m̂

)
︸ ︷︷ ︸
M

and

U = exp

(
i
ϕ

F

)
, ϕ =

3∑
i=1

τiϕi =:

(
π0

√
2π+

√
2π− −π0

)
.

Remark on chiral limit:

• In the SU(2) sector it is common to express quantities in the
chiral limit without index 0, e. g., F and B. By this one means



the SU(2) chiral limit, i. e. mu = md = 0 but ms at its physical

value.

• In the SU(3) sector the quantities F0 and B0 denote the chiral

limit for all three quarks: mu = md = ms = 0.

Substitution U ↔ U†. ⇒ L2 contains even powers of ϕ only:

L2 = L2ϕ2 + L4ϕ2 + · · · .

• L2 does not produce a vertex with 3 Goldstone bosons. ⇒ At

D = 2, no s-, u-, and t-channel pole diagrams.

• At D = 2, ππ scattering is generated by a 4 Goldstone boson

interaction term.



Expand

U = 1 + i
ϕ

F
−

1

2

ϕ2

F 2
−
i

6

ϕ3

F 3
+

1

24

ϕ4

F 4
+ · · ·

and identify L4ϕ2 as (Exercise)

L4ϕ2 =
1

48F 2

[
Tr([ϕ, ∂µϕ][ϕ, ∂

µϕ]) + 2BTr(Mϕ4)
]
.

Remark: Substituting F → F0, B → B0 and the relevant exprressions

for ϕ and the quark mass matrix M the corresponding formula for

SU(3) looks identical.

Insert ϕ = τiϕi. ⇒ (Exercise)

L4ϕ2 = −
1

6F 2
ϵijmϕi∂µϕjϵklmϕk∂

µϕl +
M2

24F 2
ϕiϕiϕjϕj

=
1

6F 2
(ϕi∂

µϕi∂µϕjϕj − ϕiϕi∂µϕj∂µϕj) +
M2

24F 2
ϕiϕiϕjϕj,

where M2 = 2Bm̂.



d

p

p

p

p

2

a c

b



Feynman rule for Cartesian isospin indices a, b, c, and d:

M = i

[
1

6F 2

(
2
[
δabδcd(−ipa − ipb) · (ipc + ipd)

+δacδbd(−ipa + ipc) · (−ipb + ipd)

+δadδbc(−ipa + ipd) · (−ipb + ipc)
]

−4
{
δabδcd [(−ipa) · (−ipb) + (ipc) · (ipd)]

+δacδbd[(−ipa) · (ipc) + (−ipb) · (ipd)]
+δadδbc[(−ipa) · (ipd) + (−ipb) · (ipc)]

})
+
M2

24F 2
8(δabδcd + δacδbd + δadδbc)

]

=
i

3F 2

{
δabδcd[(pa + pb)

2 + 2pa · pb + 2pc · pd +M2]

+δacδbd[(pa − pc)2 − 2pa · pc − 2pb · pd +M2]

+δadδbc[(pa − pd)2 − 2pa · pd − 2pb · pc +M2]
}

=
i

3F 2

[
δabδcd(3s− p2a − p

2
b − p

2
c − p

2
d +M2)

+δacδbd(3t− p2a − p
2
c − p

2
b − p

2
d +M2)

+δadδbc(3u− p2a − p
2
d − p

2
b − p

2
c +M2)

]
= i

[
δabδcd

s−M2

F 2
+ δacδbd

t−M2

F 2
+ δadδbc

u−M2

F 2

]

−
i

3F 2

(
δabδcd + δacδbd + δadδbc

)
(Λa + Λb + Λc + Λd) , (1)



where Λk = p2k −M
2.



Mandelstam variables

s = (pa + pb)
2 = (pc + pd)

2,

t = (pa − pc)2 = (pd − pb)2,

u = (pa − pd)2 = (pc − pb)2

and

2pa · pb = s− p2a − p
2
b, 2pc · pd = s− p2c − p

2
d,

−2pa · pc = t− p2a − p
2
c, −2pb · pd = t− p2b − p

2
d,

−2pa · pd = u− p2a − p
2
d, −2pb · pc = u− p2b − p

2
c.

The last line of the Feynman rule disappears, if the external lines
satisfy mass shell conditions.

Scattering process πa(pa) + πb(pb)→ πc(pc) + πd(pd) at O(q2):

T = δabδcd
s−M2

π

F 2
π

+ δacδbd
t−M2

π

F 2
π

+ δadδbc
u−M2

π

F 2
π



We replaced

F → Fπ, Fπ = F (1 +O(q2)),

M2→M2
π, M2

π = M2(1 +O(q2)),

because the difference is of O(q4) in T .

Consider (theoretical) limit M2
π, s, t, u→ 0:

T → 0

• Goldstone bosons interact “weakly” at low energies.

Isospin symmetry. ⇒ Most general parametrization

T = δabδcdA(s, t, u) + δacδbdA(t, s, u) + δadδbcA(u, t, s)

with A(s, t, u) = A(s, u, t).



Isospin channels:

T I=0 = 3A(s, t, u) +A(t, u, s) +A(u, s, t)

T I=1 = A(t, u, s)−A(u, s, t)

T I=2 = A(t, u, s) +A(u, s, t)

s-wave scattering lengths

T I=0|thr = 32πa00
T I=2|thr = 32πa20

• π+π+ scattering described by T I=2.

• Other physical reactions may be determined using the appro-

priate Clebsch-Gordan coefficients.



Evaluate T matrices at threshold.⇒ s-wave ππ scattering lenghts10

T I=0|thr = 32πa00, T I=2|thr = 32πa20.

Lower index 0: s wave; upper index: Isospin.

(T I=1|thr vanishes because of Bose symmetry.)

Prediction at O(q2):

A(s, t, u) =
s−M2

π

F 2
π

.

At threshold

sthr = (2Mπ)
2

and thus

A(sthr, tthr, uthr) =
3M2

π

F 2
π

.

10The convention in ChPT differs by a factor (−Mπ) from the usual definition of
a scattering length in the effective range expandion.



• I = 0: Consider linear combination

[3A(s, t, u) +A(t, u, s) +A(u, s, t)]thr

= [2A(s, t, u) +A(s, t, u) +A(t, u, s) +A(u, s, t)]thr

=
6M2

π

F 2
π

+
[s+ t+ u− 3M2

π]thr

F 2
π

=
7M2

π

F 2
π

• I = 2: Consider linear combination

[A(t, u, s) +A(u, s, t)]thr

= [A(t, u, s) +A(u, s, t) +A(s, t, u)−A(s, t, u)]thr

=
M2
π

F 2
π

−
3M2

π

F 2
π

= −
2M2

π

F 2
π

.



• ⇒ Famous results of current algebra for the scattering lengt-

hs:11

a00 =
7M2

π

32πF 2
π

= 0.156, a20 = −
M2
π

16πF 2
π

= −0.045.

(Fπ = 93.2 MeV and Mπ = 139.57 MeV)

• Absolute prediction of chiral symmetry! Once we know Fπ (from

pion decay) we can predict the scattering lengths.

• Different from Wigner-Eckart theorem which predicts relations

among processes of the same type.

11S. Weinberg, Phys. Rev. Lett. 17, 616 (1966)



Experimental data

π±p→ π±π+n:12 a00 = 0.204± 0.014 (stat)± 0.008 (syst),

K+→ π+π−e+νe:13 a00 = 0.216± 0.013 (stat)± 0.002 (syst)

±0.002 (theor),

π+π− atom lifetime:14 |a00 − a
2
0| = 0.264+0.033

−0.020,

K±→ π±π0π0:15 a00 − a
2
0 = 0.268± 0.010 (stat)± 0.004 (syst)

±0.013 (ext),

a20 = −0.041± 0.022 (stat)± 0.014 (syst).

12M. Kermani et al. [CHAOS Collaboration], Phys. Rev. C 58, 3431 (1998)
13S. Pislak et al., Phys. Rev. D 67, 072004 (2003)
14B. Adeva et al. [DIRAC Collaboration], Phys. Lett. B 619, 50 (2005)
15J. R. Batley et al. [NA48/2 Collaboration], Phys. Lett. B 633, 173 (2006)



Predictions for the s-wave scattering lengths at O(q6)16

a00 =

O(q2)︷ ︸︸ ︷
0.156 +

O(q4): +28%︷ ︸︸ ︷
0.039︸ ︷︷ ︸
L

+0.005︸ ︷︷ ︸
anal.

+

O(q6): +8.5%︷ ︸︸ ︷
0.013︸ ︷︷ ︸
ki

+0.003︸ ︷︷ ︸
L

+0.001︸ ︷︷ ︸
anal.

=
total︷ ︸︸ ︷
0.217,

a00 − a
2
0 =

O(q2)︷ ︸︸ ︷
0.201 +

O(q4): +21%︷ ︸︸ ︷
0.036︸ ︷︷ ︸
L

+0.006︸ ︷︷ ︸
anal.

+

O(q6): +6.6%︷ ︸︸ ︷
0.012︸ ︷︷ ︸
ki

+0.003︸ ︷︷ ︸
L

+0.001︸ ︷︷ ︸
anal.

=
total︷ ︸︸ ︷
0.258 .

16J. Bijnens, G. Colangelo, G. Ecker, J. Gasser, and M. E. Sainio, Phys. Lett. B
374, 210 (1996)



Dimensional regularization: Basics

Simple example

k

I =

∫
d4k

(2π)4
i

k2 −M2 + i0+
, k2 = k20 − k⃗

2

Introduce

a ≡
√
k⃗ 2 +M2 > 0



and define

f(k0) =
1

[k0 + (a− i0+)][k0 − (a− i0+)]

Consider f in the complex k0 plane and make use of Cauchy’s

theorem ∮
C
dzf(z) = 0

for functions which are differentiable in every point inside the closed

contour C



a-i0+

-(a-i0+)

3

Re(k   )

Im(k   )

0

0

γ

γ

γ

1

2

4

γ

0 =
4∑
i=1

∫
γi

dzf(z)



∫
γ1
f(z)dz =

∫ ∞
−∞

f(t)dt∫
γ2
f(z)dz = 0∫

γ3
f(z)dz =

∫ −∞
∞

f(it)idt∫
γ4
f(z)dz = 0

⇒ the so-called Wick rotation∫ ∞
−∞

f(t)dt = −i
∫ −∞
∞

dtf(it) = i

∫ ∞
−∞

dtf(it)



Intermediate result

I =
1

(2π)4
i

∫ ∞
−∞

dk0

∫
d3k

i

(ik0)2 − k⃗ 2 −M2 + i0+

=

∫
d4l

(2π)4
1

l2 +M2 − i0+

l2 = l21 + l22 + l23 + l24 denotes a Euclidian scalar product

• I diverges for large values of l (ultraviolet divergence)

• M2→ 0: I diverges for small values of l (infrared divergence)



The degree of divergence can be estimated by simply counting the

powers of momenta.

If the integral behaves asymptotically as∫
d4l/l2 : diverges quadratically∫
d4l/l3 : diverges linearly∫
d4l/l4 : diverges logarithmically

I diverges quadratically



Dimensional regularization: Generalize from 4 to n dimensions and

introduce polar coordinates

l1 = l cos(θ1)

l2 = l sin(θ1) cos(θ2)

l3 = l sin(θ1) sin(θ2) cos(θ3)
...

ln−1 = l sin(θ1) sin(θ2) · · · cos(θn−1)
ln = l sin(θ1) sin(θ2) · · · sin(θn−1)

0 ≤ l, θi ∈ [0, π], i = 1, · · · , n− 2, θn−1 ∈ [0, 2π]

A general integral is then symbolically of the form∫
dnl · · · =

∫ ∞
0

ln−1dl

×
∫ 2π

0
dθn−1

∫ π
0
dθn−2 sin(θn−2) · · ·

∫ π
0
dθ1 sin

n−2(θ1) · · ·



If the integrand does not depend on the angles, the angular inte-

gration can explicitly be carried out:∫
dΩn = 2

π
n
2

Γ
(n
2

)
Example

n = 3 : 4π = 2
π

1/2
= 2

π3/2

√
π/2

= 2
π3/2

Γ(3/2)

We define the integral for n dimensions (n integer) as

In(M
2, µ2) = µ4−n

∫
dnk

(2π)n
i

k2 −M2 + i0+

Scale µ: Unit of mass, ’t Hooft parameter, renormalization scale

(integral has the same dimension for arbitrary n)



Integral formally reads

In(M
2, µ2) = µ4−n 2

π
n
2

Γ
(n
2

)︸ ︷︷ ︸
angular integration

1

(2π)n

∫ ∞
0

dl
ln−1

l2 +M2︸ ︷︷ ︸
elementary

= µ4−n 2
π
n
2

Γ
(n
2

) 1

(2π)n
1

2
(M2)

n
2−1

Γ
(n
2

)
Γ
(
1− n

2

)
Γ(1)︸ ︷︷ ︸
1

=
µ4−n

(4π)
n
2
(M2)

n
2−1Γ

(
1−

n

2

)
Γ(z) is single valued and analytic over the entire complex plane,

save for the points z = −n, n = 0, 1, 2, · · · , where it possesses

simple poles with residue (−1)n/n!

az = exp[ln(a)z], a ∈ R+ is an analytic function in C



Define (as a function of a complex variable n)

I(M2, µ2, n) =
M2

(4π)2

(
4πµ2

M2

)2−n2
Γ

(
1−

n

2

)
As n→ 4 Gamma function has a pole ⇒ I(M2, µ2, n) has a pole

How is this pole is approached?

Important property: Γ(z + 1) = zΓ(z)

Γ

(
1−

n

2

)
=

Γ
(
1− n

2 + 1
)

1− n
2

=
Γ
(
2− n

2 + 1
)(

1− n
2

) (
2− n

2

) =
Γ
(
1 + ϵ

2

)
(−1)

(
1− ϵ

2

) ϵ
2

where ϵ ≡ 4− n.

ax = exp[ln(a)x] = 1 + ln(a)x+ O(x2)

I(M2, µ2, n) =
M2

16π2

−2

ϵ
−Γ′(1)︸ ︷︷ ︸
γE

−1− ln(4π) + ln

(
M2

µ2

)
+ O(ϵ)





Summary

I(M2, µ2, n) =
M2

16π2

[
R+ ln

(
M2

µ2

)]
+ O(n− 4)

where

R︸︷︷︸̃
MS

=
2

n− 4︸ ︷︷ ︸
MS

−[ln(4π) + Γ′(1)]

︸ ︷︷ ︸
MS

−1



The Chiral Lagrangian at O(q4)

S. Weinberg, The Quantum Theory of Fields, Vol. I, Chap. 12

... the cancellation of ultraviolet divergences does not really de-

pend on renormalizability; as long as we include every one of the

infinite number of interactions allowed by symmetries, the so-called

non-renormalizable theories are actually just as renormalizable as

renormalizable theories.

Conclusion: Adjust (renormalize) parameters of L4 to cancel one-

loop infinities!

Li = Lri +
Γi

32π2
R, i = 1, · · · , 10

Hi = Hr
i +

∆i

32π2
R, i = 1, 2



L4 of Gasser and Leutwyler:17

L4 = L1

{
Tr[DµU(DµU)†]

}2
+ L2Tr

[
DµU(DνU)†

]
Tr
[
DµU(DνU)†

]
+L3Tr

[
DµU(DµU)†DνU(DνU)†

]
+L4Tr

[
DµU(DµU)†

]
Tr
(
χU† + Uχ†

)
+L5Tr

[
DµU(DµU)†(χU† + Uχ†)

]
+L6

[
Tr
(
χU† + Uχ†

)]2
+ L7

[
Tr
(
χU† − Uχ†

)]2
+L8Tr

(
Uχ†Uχ† + χU†χU†

)
−iL9Tr

[
fRµνD

µU(DνU)† + fLµν(D
µU)†DνU

]
+L10Tr

(
UfLµνU

†fµνR

)
+H1Tr

(
fRµνf

µν
R + fLµνf

µν
L

)
+H2Tr

(
χχ†

)
17J. Gasser and H. Leutwyler, Nucl. Phys. B250, 465 (1985)



Coefficient Empirical Value Γi
Lr1 0.4± 0.3 3

32
Lr2 1.35± 0.3 3

16
Lr3 −3.5± 1.1 0

Lr4 −0.3± 0.5 1
8

Lr5 1.4± 0.5 3
8

Lr6 −0.2± 0.3 11
144

Lr7 −0.4± 0.2 0

Lr8 0.9± 0.3 5
48

Lr9 6.9± 0.7 1
4

Lr10 −5.5± 0.7 −1
4

The renormalized coefficients Lri depend on the scale µ introduced

by dimensional regularization and their values at two different scales

µ1 and µ2 are related by

Lri (µ2) = Lri (µ1) +
Γi

16π2
ln

(
µ1

µ2

)



Present status of the mesonic Lagrangian [SU(3)×SU(3)]18 (π,K, η)

2︸︷︷︸
O(q2)

+ 10 + 2︸ ︷︷ ︸
O(q4)

+ 90 + 4 + 23︸ ︷︷ ︸
O(q6)

+ · · ·

• q: Small quantity such as a pion mass

• Even powers

• Two-loop level

18J. Gasser and H. Leutwyler, Nucl. Phys. B250, 465 (1985);
H. W. Fearing and S. Scherer, Phys. Rev. D 53, 315 (1996);
J. Bijnens, G. Colangelo, G. Ecker, JHEP 02, 020 (1999);
T. Ebertshäuser, H. W. Fearing, S. Scherer, Phys. Rev. D 65, 054033 (2002);
J. Bijnens, L. Girlanda, P. Talavera, Eur. Phys. J. C 23, 539 (2002)



Masses at O(q4)

Definition of the propagator of a (pseudo-) scalar field:

i∆(p) =

∫
d4xe−ip·x⟨0|T [Φ0(x)Φ0(0)] |0⟩

index 0: bare unrenormalized field

At lowest order (D = 2) the propagator simply reads

i∆(p) =
i

p2 −M2
0 + i0+

with lowest-order masses M0

M2
π,2 = 2B0m̂

M2
K,2 = B0(m̂+ms)

M2
η,2 =

2

3
B0 (m̂+ 2ms)

Full propagator in terms of the so-called proper self-energy inser-
tions −iΣ(p2)
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Summation via a geometric series

i∆(p) =
i

p2 −M2
0 + i0+

+
i

p2 −M2
0 + i0+

[−iΣ(p2)]
i

p2 −M2
0 + i0+︸ ︷︷ ︸

x
+ · · ·

=
i

p2 −M2
0 + i0+

[1 + x+ x2 + · · · ]︸ ︷︷ ︸
1/(1− x)

=
i

p2 −M2
0 − Σ(p2) + i0+

−iΣ(p2): one-particle-irreducible diagrams

Definition of the physical mass

M2 −M2
0 − Σ(M2)

!
= 0



Self-energy contributions at D = 4:

4 2

Lint = L
2ϕ
4 + L4ϕ2

At O(q4) the self-energies are of the form

Σϕ(p
2) = Aϕ +Bϕp

2

Aϕ and Bϕ receive a tree-level contribution from L4 and a one-loop

contribution with a vertex from L2

Example: pion-loop contribution to the π0 self-energy



p, 3 p, 3

k, j

2

i

6F 2
0

(−4p2 +M2
π,2)I(M

2
π,2, µ

2, n)

diverges as n→ 4



Example:

Aπ =
M2
π,2

F 2
0

{
−
1

6
I(M2

π,2)−
1

6
I(M2

η,2)−
1

3
I(M2

K,2)︸ ︷︷ ︸
one-loop contribution

+32[(2m+ms)B0L6 +mB0L8]︸ ︷︷ ︸
contact contribution

}

Bπ =
2

3

I(M2
π,2)

F 2
0

+
1

3

I(M2
K,2)

F 2
0

−
16B0

F 2
0

[(2m+ms)L4 +mL5]

Masses at O(q4)

M2 = M2
0 + Σ(M2) = M2

0 +A+BM2

=
M2

0 +A

1−B
= M2

0 (1 +B) +A+O(q6)



because A = O(q4) and {B,M2
0} = O(q2)



Final result

M2
π,4 = M2

π,2

{
1 +

M2
π,2

32π2F 2
0

ln

(
M2
π,2

µ2

)
−

M2
η,2

96π2F 2
0

ln

(
M2
η,2

µ2

)

+
16

F 2
0

[(2m+ms)B0(2L
r
6 − L

r
4) +mB0(2L

r
8 − L

r
5)]

}
Remarks:

1. Expressions for the masses are finite. The bare coefficients Li
of the Lagrangian of Gasser and Leutwyler must be infinite in

order to cancel the infinities resulting from the divergent loop

integrals.

2. At any order O(q2n) the masses of the Goldstone bosons vanish,

if the quark masses are sent to zero.



3. The quark masses appear in combination with B0. No absolu-

te statements about quark masses possible without knowledge

about B0.

4. Analytic terms ∼ m2
q multiplied by the renormalized low-energy

coupling constants Lri .

5. Non-analytic terms ∼ m2
q ln(mq) (so-called chiral logarithms)

contain no new constants.

6. Physical observables do not depend on the scale µ.



Wess-Zumino-Witten effective action and “anomalous” processes

• Q: Is a symmetry of classical physics necessarily a symmetry of

quantum physics?

• A: No! Quantum fluctuations can break classical symmetries.

⇒ misleading name “anomaly”

Problem: Lagrangians L2 and L4 have a larger symmetry than the

“real world”19

Consider

ϕ(x) 7→ −ϕ(x)⇔ U = exp(iϕ/F0)↔ exp(−iϕ/F0) = U†

19E. Witten, Nucl. Phys. B223, 422 (1983)



E.g., “pure QCD:”

F 2
0

4
Tr(∂µU∂

µU†) 7→
F 2
0

4
Tr(∂µU

†∂µU) =
F 2
0

4
Tr(∂µU∂

µU†)

Analogy

f(x) = f(−x)

⇒ L2 (“pure QCD”) contains interaction terms with an even num-

ber of Goldstone bosons only (even intrinsic parity):

Cannot describe, e.g, K+K−→ π+π−π0

Analogously: L2 and L4 cannot describe π0→ γγ

• What’s wrong?



Witten: Add the simplest term possible which breaks the symme-

try of having only an even number of Goldstone bosons at the

Lagrangian level

Equation of motion

∂µ

(
F 2
0

2
U∂µU†

)
+ λϵµνρσU∂µU

†U∂νU†U∂ρU†U∂σU† = 0

λ is a (purely imaginary) constant

Surprise: Action functional corresponding to the new term cannot

be written as the four-dimensional integral of a Lagrangian expres-

sed in terms of U and its derivatives



Mathematical trick: Extend the range of definition of the fields to
a hypothetical fifth dimension,

U(y) = exp

(
iα
ϕ(x)

F0

)
yi = (xµ, α), i = 0, · · · , 4, 0 ≤ α ≤ 1

Minkowski space is defined as the surface of the five-dimensional
space for α = 1

Wess-Zumino-Witten action20 in the absence of external fields (de-
noted by a superscript 0):

S0
ano = nS0

WZW

S0
WZW = −

i

240π2

∫ 1

0
dα

∫
d4xϵijklmTr

(
ULi · · · U

L
m

)
where

ϵ01234 = −ϵ01234 = 1, ULi = U†∂U/∂yi, λ = in/(48π2)

20J. Wess and B. Zumino, Phys. Lett. B 37, 95 (1971), E. Witten, Nucl. Phys.
B223, 422 (1983)



Witten uses topological arguments to show that n must be an
integer

O. Bär and U.-J. Wiese, Nucl. Phys. B609, 225 (2001):

“Traditional” argument relating n with number of colors Nc is
wrong!

Consequences of S0
WZW:

U(y) = 1 + iαϕ(x)/F0 + O(ϕ2)

S
5ϕ
WZW =

1

240π2F 5
0

∫ 1

0
dα

∫
d4xϵijklm

×Tr[∂i(αϕ)∂j(αϕ)∂k(αϕ)∂l(αϕ)∂m(αϕ)]

= · · ·

=
1

240π2F 5
0

∫
d4xϵµνρσTr(ϕ∂µϕ∂νϕ∂ρϕ∂σϕ)



• “Ordinary action” in four space-time dimensions.

• Constructed by Wess and Zumino order by order.

• Describes interactions of an odd number of Goldstone bosons.

• WZW action takes care of the chiral anomaly in QCD.

• Q: How can one identify n?

• A: Introduce a coupling to electromagnetism.

In the presence of external fields there will be an additional term

in the anomalous action,

Sano = S0
ano + Sext

ano = n(S0
WZW + Sext

WZW)



Sext
WZW = −

i

48π2

∫
d4x ϵµνρσTr(Zµνρσ)



with

Zµνρσ =
1

2
UlµU

†rνUlρU†rσ

+UlµlνlρU
†rσ − U†rµrνrρUlσ

+iU∂µlνlρU
†rσ − iU†∂µrνrρUlσ

+i∂µrνUlρU
†rσ − i∂µlνU†rρUlσ

−iULµ lνU
†rρUlσ + iURµ rνUlρU

†rσ

−iULµ lνlρlσ + iURµ rνrρrσ

+
1

2
ULµU

†∂νrρUlσ −
1

2
URµ U∂νlρU

†rσ

+
1

2
ULµU

†rνU∂ρlσ −
1

2
URµ UlνU

†∂ρrσ

−ULµU
L
ν U
†rρUlσ + URµ U

R
ν UlρU

†rσ

+ULµ lν∂ρlσ − U
R
µ rν∂ρrσ

+ULµ∂νlρlσ − U
R
µ ∂νrρrσ

+
1

2
ULµ lνU

L
ρ lσ −

1

2
URµ rνU

R
ρ rσ

−iULµU
L
ν U

L
ρ lσ + iURµ U

R
ν U

R
ρ rσ



Abbreviations ULµ = U†∂µU and URµ = U∂µU
†

Special case:

rµ = lµ = −eQAµ
corresponds to

Lγqq = −eAµ
[
2

3
ūγµu−

1

3
d̄γµd−

1

3
s̄γµs

]
if

Q =


2
3 0 0

0 −1
3 0

0 0 −1
3


B&W7→


1

2Nc
+ 1

2 0 0

0 1
2Nc
− 1

2 0

0 0 1
2Nc
− 1

2





WZW in the presence of electromagnetism:

nLextWZW = −enAµJµ

+i
ne2

48π2
ϵµνρσ∂νAρAσTr[2Q2(U∂µU

† − U†∂µU)

−QU†Q∂µU +QUQ∂µU
†]

The current

Jµ =
ϵµνρσ

48π2
Tr(Q∂νUU

†∂ρUU†∂σUU†

+QU†∂νUU†∂ρUU†∂σU), ϵ0123 = 1,

by itself is not gauge invariant

The additional terms containing two A’s are required to obtain a

gauge-invariant action



How can one identify n?

Find the interaction Lagrangian which is relevant to the decay

π0→ γγ:

U = 1 + idiag(π0,−π0, 0)/F0 + · · · ,

Lπ0γγ = −
n

Nc

e2

32π2
ϵµνρσFµνFρσ

π0

F0
Invariant amplitude

M = i
n

Nc

e2

4π2F0
ϵµνρσq1µϵ

∗
1νq2ρϵ

∗
2σ

Decay rate

Γπ0→γγ =
α2M3

π0

64π3F 2
0

n2

N2
c

= 7.6 eV×
(
n

Nc

)2
in good agreement with the experimental value (7.7 ± 0.6) eV for

n = Nc



• Bär und Wiese: No indication for Nc = 3!

• One should rather look at η → π+π−γ

• But: Important sub-leading terms which are needed to account

for the experimental decay widths and decay spectra21

21B. Borasoy and E. Lipartia, Phys. Rev. D 71, 014027 (2005)



Chiral Perturbation Theory for Baryons

• Interaction of pions and nucleons22

• Most general Lagrangian

LπN = L(1)πN + L(2)πN + · · ·

Transformation properties of the fields

Nucleon field

Ψ =

(
p
n

)
Transformation behavior under isospin SU(2)

Ψ 7→ VΨ

22J. Gasser, M. E. Sainio, A. Švarc, Nucl. Phys. B307, 779 (1988);
A. Krause, Helv. Phys. Acta 63, 3 (1990)



Introduce

u2(x) = U(x)

Define K(VL, VR, U) in terms of

u(x) 7→ u′(x) =

√
VRUV

†
L ≡ VRuK

−1(VL, VR, U)

i.e.

K(VL, VR, U) = u′−1VRu =

√
VRUV

†
L
−1VR

√
U

Transformation properties under local SU(2)L × SU(2)R ×U(1)V(
U
Ψ

)
7→
(
U ′

Ψ′

)
=

(
VRUV

†
L

exp[−iΘ]K(VL, VR, U)Ψ

)

Exercise: Verify

K(V ′L, V
′
R, VRUV

†
L)K(VL, VR, U) = K((V ′LVL), (V

′
RVR), U)



We need a covariant derivative of the nucleon field with

D′µΨ
′ = exp(−iΘ)K(VL, VR, U)DµΨ (∗)

Introduce

Γµ =
1

2

[
u†(∂µ − irµ)u+ u(∂µ − ilµ)u†

]
and define

DµΨ = (∂µ + Γµ − iv
(s)
µ )Ψ

Exercise: Verify (∗)

Define

uµ ≡ i
[
u†(∂µ − irµ)u− u(∂µ − ilµ)u†

]
Behavior under parity

uµ
P7→ i

[
u(∂µ − ilµ)u† − u†(∂µ − irµ)u

]
= −uµ



Exercise: Using

u′ = VRuK
† = KuV

†
L

show that, under SU(2)L × SU(2)R ×U(1)V , uµ transforms as

uµ 7→ KuµK
†

Counting scheme for the (new) elements of baryon chiral pertur-

bation theory23

Ψ, Ψ̄ = O(q0)

DµΨ = O(q0)

(iD/ −m)Ψ = O(q)

1, γµ, γ5γµ, σµν = O(q0)

γ5 = O(q)

order given is the minimal one

23A. Krause, Helv. Phys. Acta 63, 3 (1990)



L(1)πN = Ψ̄

iD/ −m+

◦
gA

2
γµγ5uµ

Ψ

= Ψ̄

iγµ∂µ − m −
1

2

◦
gA

F
γµγ5τ

a∂µπa

Ψ + · · ·

Two parameters not determined by chiral symmetry:

• nucleon mass m in the chiral limit

• axial-vector coupling constant
◦
gA in the chiral limit

[Physical nucleon mass: mN = 939 MeV. Theoretical analysis: m ≈
883 MeV (at fixed ms ̸= 0). Physical axial-vector coupling constant
from neutron beta decay: gA = 1.267.]



SU(3)

-

I3

6
S

z
n(940)(udd)

z
p(938)(uud)

z
Σ−(1197)(dds)

z
Σ0(1193)(uds)

Λ(1116)(uds)

z
Σ+(1189)(uus)

z
Ξ−(1321)(dss)

z
Ξ0(1315)(uss)

u0

u-1

u-2

u
-1

u
-1/2

u
0

u
1/2

u
1



B =
8∑
a=1

λaBa√
2

=


1√
2
Σ0 + 1√

6
Λ Σ+ p

Σ− − 1√
2
Σ0 + 1√

6
Λ n

Ξ− Ξ0 − 2√
6
Λ


Transformation behavior under flavor SU(3)V

B 7→ V BV †

Transformation behavior under SU(3)L × SU(3)R(
U
B

)
7→
(
U ′

B′

)
=

(
VRUV

†
L

K(VL, VR, U)BK†(VL, VR, U)

)
Covariant derivative

DµB = ∂µB + [Γµ, B]



Most general Lagrangian at O(q)

L(1)MB = Tr
[
B̄ (iD/ −M0)B

]
−
D

2
Tr
(
B̄γµγ5{uµ, B}

)
−
F

2
Tr
(
B̄γµγ5[uµ, B]

)
Three parameters not determined by chiral symmetry:

• Mass of the baryon octet in the chiral limit M0

• D and F may be determined by fitting the semi-leptonic decays

B → B′ + e− + ν̄e at tree level:

D = 0.80, F = 0.50



Application at Lowest Order

Goldberger-Treiman Relation and the Axial-Vector Current Matrix

Element

Restriction to SU(2) + isospin symmetry: mq = mu = md

Recall definitions:

Aµa(x) ≡ q̄(x)γµγ5
τa

2
q(x)

Pa(x) ≡ iq̄(x)γ5τaq(x)

q =

(
u
d

)
, a = 1, 2, 3

PCAC

∂µA
µ
a = mqPa



Properties of A
µ
a:

• parity: A
µ
a(x) 7→ −Aµ,a(Px),

q̄(x)γµγ5
τa

2
q(x) 7→ q̄(Px)γ0γ

µγ5
τa

2
γ0q(Px)

= −q̄(Px) γ0γµγ0︸ ︷︷ ︸
γµ

γ5
τa

2
q(Px) = −Aµ,a(Px)

• Hermitean operator: A
µ
a(x) = A

µ†
a (x)

Aµ†a (x) =

[
q̄(x)γµγ5

τa

2
q(x)

]†
= q†(x)

τ
†
a

2
γ
†
5 γµ†︸︷︷︸
γ0γ

µγ0

γ
†
0q(x)

= q̄(x)γµγ5
τa

2
q(x) = Aµa(x)



• isovector

[QVa , A
µ
b (y⃗, t)] = iϵabcA

µ
c (y⃗, t)

General parameterization⟨
N(p′)|Aµa(0)|N(p)

⟩
=

ū(p′)
[
γµGA(t) +

qµ

2mN
GP (t) + i

σµνqν

2mN
GT (t)

]
γ5
τa

2
u(p),

where q = p′ − p and t = (p′ − p)2

• GA(t): axial form factor

• GP (t): induced pseudoscalar form factor

• GT (t): induced pseudotensor form factor



⟨N(p′)|Aµa(0)|N(p)⟩∗ = ⟨N(p)|Aµ†a (0)|N(p′)⟩
= ⟨N(p)|Aµa(0)|N(p′)⟩

hermiticity ⇒

G∗A(t) = GA(t),

G∗P (t) = GP (t),

G∗T (t) = −GT (t)
for t ≤ 0

• G conjugation: G = C exp(iπI2) ⇒ GT (q
2) = 0

• However, not a symmetry for mu ̸= md

Ward identity

⟨N(p′)|∂µAµa(0)|N(p)⟩ = ⟨N(p′)|mqPa(0)|N(p)⟩



Parameterize

mq⟨N(p′)|Pa(0)|N(p)⟩ =
M2
πFπ

M2
π − t

GπN(t)iū(p′)γ5τau(p), t = (p′ − p)2

• Definition of form factor GπN(t) in terms of the QCD operator

mqPi(x)

• mqPi(x)/(M
2
πFπ) serves as an interpolating pion field ⇒ pion-

nucleon form factor

• pion-nucleon coupling constant gπN is defined through GπN(t)

evaluated at t = M2
π



Evaluation within ChPT

Determination of GπN :

Consider coupling to external pseudoscalar source pa(x):

Lext = iq̄γ5τaq pa

Analogy (electromagnetic coupling)

Lext = −eAµJµ = q̄γµ
(
vµ +

1

3
v
(s)
µ

)
q

vµ = −e
τ3

2
Aµ, v

(s)
µ = −

e

2
Aµ

L(1)πN produces no direct coupling of an external pseudoscalar field

pa(x) to the nucleon (no χ term)



p

2

mq i

1

Coupling to the pion from L2 (χ = 2iBp = 2iBpaτa)

Lext = i
F 2B

2
Tr(pU† − Up)

= i
F 2B

2
paTr

[
τa

(
1− i

τ⃗ · ϕ⃗
F

+ · · ·
)
−
(
1 + i

τ⃗ · ϕ⃗
F

+ · · ·
)
τa

]
= 2BFpaϕa +O(ϕ3)



Coupling of a pion to the nucleon

U(x) = exp

[
i
τ⃗ · ϕ⃗(x)
F

]

u(x) = exp

[
i
τ⃗ · ϕ⃗(x)

2F

]
= 1 + i

τ⃗ · ϕ⃗
2F

+O(ϕ2)

Assume: No external vector and axial-vector fields

uµ = i
[
u†∂µu− u∂µu†

] ϕa 7→−ϕa7→ i
[
u∂µu

† − u†∂µu
]
= −uµ

Expand u and u†

uµ = −
τ⃗ · ∂µϕ⃗
F

+O(ϕ3)

Insert into L(1)πN

Lint = −
1

2

◦
gA

F
Ψ̄γµγ5 τ⃗ · ∂µϕ⃗︸ ︷︷ ︸

τ b∂µϕ
b

Ψ



(NB: sign is opposite to the conventionally used pseudovector pion-

nucleon coupling)

Feynman rule for the vertex of an incoming pion with four-momentum

q and Cartesian isospin index a

i

−1

2

◦
gA

F

 γµγ5τ bδba(−iqµ) = −
1

2

◦
gA

F
q/γ5τ

a

Covariant derivative contains even numbers pion fields

Γµ =
1

2

[
u†∂µu+ u∂µu

†
] ϕa 7→−ϕa7→

1

2

[
u∂µu

† + u†∂µu
]
= Γµ

does not contribute to the single-pion vertex



Put individual pieces together

mq2BF
i

t−M2
π

ū(p′)

−1

2

◦
gA

F
q/γ5τi

u(p)
= M2

πF
m
◦
gA

F

1

M2
π − t

ū(p′)γ5iτiu(p),

We made use of

• M2
π = 2Bmq

• Dirac equation: ūq/ γ5u = 2mūγ5u

At O(p2) Fπ = F ⇒

GπN(t) =
m

F

◦
gA at this order independent of t



pion-nucleon coupling constant

gπN = GπN(M2
π) =

m

F

◦
gA

Goldberger-Treiman relation

Goldberger-Treiman discrepancy (numerical violation of the Goldberger-

Treiman relation)

∆πN ≡ 1−
gAmN

gπNFπ

Using mN = 938.3 MeV, gA = 1.267, Fπ = 92.4 MeV, and gπN = 13.21

⇒

∆πN = 2.6%



Determination of GA and GP :

Consider coupling to external axial-vector field aµ,a(x):

Lext = aµ,aq̄γ
µγ5

τa

2
q

Direct coupling to the nucleon from L(1)πN

Lext =
◦
gAΨ̄γ

µγ5
τa

2
Ψaµ,a + · · ·

through uµ = (rµ − lµ) + · · · = 2aµ + · · · .

Coupling to pions from L2 with rµ = −lµ = aµ

Lext = −F∂µϕaaµ,a + · · ·

Matrix element

ū(p′)

◦gAγµγ5τa2 +

−1

2

◦
gA

F
(p′/ − p/)γ5τa

 i

q2 −M2
π

(−iFqµ)

u(p)



Apply the Dirac equation ⇒

GA(t) =
◦
gA

GP (t) = −
4m2 ◦gA
t−M2

π

Consequence of PCAC

∂µA
µ
a = mqPa

|A⟩ and |B⟩ (arbitrary) hadronic eigenstates of the four-momentum
operator Pµ with eigenvalues p

µ
A and p

µ
B

⟨B|∂µAµi (x)|A⟩ = ∂µ⟨B|Aµi (x)|A⟩ = ∂µ(⟨B|eiP ·xAµi (0)e
−iP ·x|A⟩)

= ∂µ(e
i(pB−pA)·x⟨B|Aµi (0)|A⟩) = iqµe

iq·x⟨B|Aµi (0)|A⟩
!
= eiq·xmq⟨B|Pi(0)|A⟩, q = pB − pA

⇒
iqµ⟨B|Aµi (0)|A⟩ = mq⟨B|Pi(0)|A⟩



Apply to nucleon matrix element (Dirac equation!) ⇒

2mNGA(t) +
t

2mN
GP (t) = 2

M2
πFπ

M2
π − t

GπN(t)

• Only two of the three form factors GA, GP , and GπN are inde-
pendent

• Relation is not restricted to small values of t but holds for any
t

Exercise: Verify that the lowest-order predictions

GA(t) =
◦
gA, GP (t) = −

4m2 ◦gA
t−M2

π

, GπN(t) =
m

F

◦
gA

indeed satisfy the above constraint

• Relation has to be satisfied at any order in ChPT



The NLO Lagrangian

L(2)πN = c1Tr(χ+)Ψ̄Ψ−
c2

4m2
Tr(uµuν)(Ψ̄D

µDνΨ + H.c.)

+
c3

2
Tr(uµuµ)Ψ̄Ψ−

c4

4
Ψ̄γµγν[uµ, uν]Ψ

+c5Ψ̄

[
χ+ −

1

2
Tr(χ+)

]
Ψ

+Ψ̄

[
c6

2
f+µν +

c7

2
v
(s)
µν

]
σµνΨ

New symbols

χ± = u†χu† ± uχ†u
v
(s)
µν = ∂µv

(s)
ν − ∂νv

(s)
µ

f±µν = ufLµνu
† ± u†fRµνu

fLµν = ∂µlν − ∂νlµ − i
[
lµ, lν

]
fRµν = ∂µrν − ∂νrµ − i

[
rµ, rν

]



Estimate of the low-energy constants c1, · · · , c4 from a (tree-level)
fit24 to the πN threshold parameters25

c1 = −0.9m−1N , c2 = 2.5m−1N , c3 = −4.2m−1N , c4 = 2.3m−1N

c5 related to the strong contribution to the neutron-proton mass
difference

Constants c6 and c7 related to the isovector and isoscalar magnetic
moments of the nucleon in the chiral limit

Consider the coupling to an external electromagnetic field:

rµ = lµ = −e
τ3

2
Aµ, v

(s)
µ = −e

1

2
Aµ

24T. Becher and H. Leutwyler, JHEP 0106, 017 (2001)
25R. Koch, Nucl. Phys. A448, 707 (1986)



⇒

v
(s)
µν = −e

1

2
Fµν, Fµν = ∂µAν − ∂νAµ,

fLµν = ∂µlν − ∂νlµ − i [lµ, lν]︸ ︷︷ ︸
0

= −e
τ3

2
Fµν = fRµν,

f+µν = ufLµνu
† + u†fRµνu = fLµν + fRµν + · · · = −eτ3Fµν + · · · .

Compare terms without pion fields

−
e

2
Ψ̄

(
c6τ3 +

1

2
c7

)
σµνΨFµν

with Pauli interaction Lagrangian

−
e

4mN
Ψ̄
1

2
(κ(s) + τ3κ

(v))σµνΨFµν

⇒

c7 =

◦
κ
(s)

2m
, c6 =

◦
κ
(v)

4m



Recall empirical values

κp =
1

2
(κ(s) + κ(v)) = 1.793, κn =

1

2
(κ(s) − κ(v)) = −1.913,

and thus κ(s) = −0.120 and κ(v) = 3.706



Present status of the baryonic Lagrangian [SU(2)×SU(2)×U(1)]26

(π,N)

2︸︷︷︸
O(q)

+ 7︸︷︷︸
O(q2)

+ 23︸︷︷︸
O(q3)

+ 118︸︷︷︸
O(q4)

+ · · ·

• Odd and even powers (spin)

• One-loop level

26J. Gasser, M. E. Sainio, A. Švarc, Nucl. Phys. B307, 779 (1988);
V. Bernard, N. Kaiser, U.-G. Meißner, Int. J. Mod. Phys. E 4, 193 (1995);
G. Ecker and M. Mojžǐs, Phys. Lett. B 365, 312 (1996);
N. Fettes, U.-G. Meißner, M. Mojžǐs, S. Steininger, Ann. Phys. (N.Y.) 283, 273
(2000)



Power counting and renormalization: Outline of the problem

• Power counting: Associate chiral order D with a diagram

– Loop integration in n dimensions ∼ O(qn)

– Vertex from L2k ∼ O(q2k)

– Vertex from L(k)πN ∼ O(qk)

– Nucleon propagator ∼ O(q−1)

– Pion propagator ∼ O(q−2)



• Example: Contribution to nucleon mass

�p p� kk p1 1
Goal: D = n · 1− 2 · 1− 1 · 1 + 2 · 1 = n− 1

Result

Σ = −
3g2A0

4F 2
0

[(p/ +m)IN +M2(p/ +m)INπ(−p, 0) + · · · ]



Apply M̃S renormalization scheme

Σr = −
3g2Ar
4F 2
r

[M2(p/ +m) IrNπ(−p, 0)︸ ︷︷ ︸
− 1

16π2 + · · ·

+ · · · ] = O(q2)

GSS:27 It turns out that loops have a much more complicated low-

energy structure if baryons are included. Because the nucleon mass

mN does not vanish in the chiral limit, the mass scale m (nucleon

mass in the chiral limit) occurs in the effective Lagrangian L(1)πN ...

. This complicates life a lot.

BKKM:28 Stated differently, the consistent power counting scheme

present in the mesonic sector is altered when baryons are included

and one no longer has a one-to-one mapping between the loop and

small-momentum expansion.

27J. Gasser, M. E. Sainio, A. Švarc, Nucl. Phys. B307, 779 (1988)
28V. Bernard, N. Kaiser, J, Kambor, U.-G. Meißner, Nucl. Phys. B388, 315 (1992)



Solutions

Solution 1: Heavy-Baryon Approach 29

• Trick: Let p = mv + kp, v
2 = 1, v0 ≥ 1 [Often vµ = (1, 0, 0, 0)]

Ψ(x) = e−imv·x(Nv +Hv)

with

Nv = e+imv·x
1

2
(1 + v/)Ψ

Hv = e+imv·x
1

2
(1− v/)Ψ

• Using the equation of motion for Hv, one can eliminate Hv and

obtain a Lagrangian for Nv

29E. Jenkins and A. V. Manohar, Phys. Lett. B 255, 558 (1991)



• To lowest order

L̂(1)πN = N̄v(iv ·D + gASv · u)Nv +O(1/m)

1/m expansion of the Lagrangian similar to a Foldy-Wouthuysen

expansion

• Power counting works as in the mesonic sector (M̃S scheme)

• But ...



• ... problems with analyticity

Simple example (T. Becher, Chiral Dynamics 2000)

q’

p

q

p+q p’

Singularity due to the nucleon pole in the s channel is understood

in terms of the relativistic propagator

1

(p+ q)2 −m2
N

=
1

2p · q +M2
π

pole at 2p · q = −M2
π



Heavy-baryon type of expansion (with pµ = mNv
µ)

1

2p · q +M2
π

=
1

2mN

1

v · q +
M2
π

2mN

=
1

2mN

1

v · q

(
1−

M2
π

2mNv · q
+ · · ·

)

To any finite order the heavy-baryon expansion produces poles at

v · q = 0

instead of a simple pole at

v · q = −M2
π/(2mN)



Second example: Triangle diagram

p+q

k k+q

p p−k

• Problems in the analytic behavior of form factors in the time-like

region

• Example: Scalar form factor



Solution 2: Infrared regularization30

Special treatment of one-loop integrals based on the Feynman pa-
rametrization

1

ab
=

∫ 1

0

dz

[az + b(1− z)]2

a = (p− k)2 −m2 + i0+

b = k2 −M2 + i0+

H =

∫ 1

0
dz · · · =

∫ ∞
0

dz · · · −
∫ ∞
1

dz · · · ≡ I +R

• I: power counting o.k.

• R: violates power counting; regular, i.e., can be absorbed in
counterterms

30T. Becher and H. Leutwyler, Eur. Phys. J. C 9, 643 (1999)



Infrared regularization in more detail.

Consider dimensionally regularized one-loop integral31

H(p2,m2,M2;n)

≡ −i
∫

dnk

(2π)n
1

[(p− k)2 −m2 + i0+][k2 −M2 + i0+]

= −i
∫

dnk

(2π)n
1

[k2 − 2p · k + (p2 −m2)︸ ︷︷ ︸
O(q)

+i0+][k2 − M2︸︷︷︸
O(q2)

+i0+]
.

Qualitative discussion:

• Ultraviolet behavior:

Estimate of degree of divergence: For large values of k integrand

behaves as kn−1/k4. ⇒

31Note the minus sign. Factor µ4−n omitted.



– n = 4: Logarithmic divergence (dim. reg.: 1/(n− 4)).

– n < 4: Integral converges.

• Infrared behavior: Consider limit M2→ 0.

– n = 4: Integral is infrared regular for both p2 = m2 and p2 ̸=
m2, because, for small momenta, the integrand behaves as

k3/k3 and k3/k2, respectively.

– For n = 3 the integral is infrared regular for p2 ̸= m2 but

singular for p2 = m2.

– For any smaller value of n it is infrared singular for arbitrary

p2.

– Infrared singularity as M2→ 0 originates in the region, where

the integration variable k is small, i.e., of the order O(q).



Counting powers of momenta, we (naively) expect this part

to be of order O(qn−3).

• Intermediate region:

On the other hand, for loop momenta of the order of and larger

than the nucleon mass we expect power counting to fail, becau-

se the momentum of the nucleon propagating in loop integral

is not constrained to be small.

Explicit evaluation of integral H(p2,m2,M2;n):

Feynman parameterization:

1

ab
=

∫ 1

0

dz

[az + b(1− z)]2

with a = (p− k)2 −m2 + i0+ and b = k2 −M2 + i0+.



Interchange the order of integrations:

H = −i
∫ 1

0
dz

∫
dnk

(2π)n
1

[k2 − 2k · pz + (p2 −m2)z + zM2 + i0+]2
.

Perform the shift k→ k + zp:

H(p2,m2,M2;n) = −i
∫ 1

0
dz

∫
dnk

(2π)n
1

[k2 −A(z) + i0+]2
,

where

A(z) = z2p2 − z(p2 −m2 +M2) +M2.

Make use of (Exercise)∫
dnk

(2π)n
(k2)p

(k2 −A)q
=
i(−)p−q

(4π)
n
2

Γ
(
p+ n

2

)
Γ
(
q − p− n

2

)
Γ
(n
2

)
Γ(q)

Ap+
n
2−q

in dim. reg.

Apply to H with p = 0 and q = 2. ⇒



Intermediate result:

H(p2,m2,M2;n) = 1

(4π)
n
2
Γ
(
2− n

2

) ∫ 1
0 dz[A(z)− i0+]

n
2−2.

Discussion of relevant properties at the threshold:

p2thr = (m+M)2,

Athr(z) = z2(m+M)2 − z[(m+M)2 −m2 +M2] +M2

= [z(m+M)−M ]2 ≥ 0,

z0 = M/(m+M), Athr(z0) = 0.

Splitting integration interval into [0, z0] and [z0, 1], we have, for
n > 3, ∫ 1

0
dz[Athr(z)]

n
2−2 =

∫ z0
0

dz[M − z(m+M)]n−4

+

∫ 1

z0
dz[z(m+M)−M ]n−4

=
1

(n− 3)(m+M)
(Mn−3 +mn−3).



Analytic continuation for arbitrary n:

H((m+M)2,m2,M2;n) =
Γ
(
2− n

2

)
(4π)

n
2 (n− 3)

(
Mn−3

m+M
+

mn−3

m+M

)
.

Discussion

• The first term, proportional to Mn−3, is defined as the so-called

infrared singular part I.

• As M → 0, I behaves as in the qualitative discussion above.

• M → 0 implies p2thr→ m2. I is singular for n ≤ 3.

• The second term, proportional to mn−3, is defined as the so-

called infrared regular part R.



• Can be thought of as originating from an integration region

where k is of order m.

• For non-integer n the infrared singular part contains non-integer

powers of M .

• Expansion of the regular part always contains non-negative in-

teger powers of M only.

Formal definition of the infrared singular and regular parts (for

arbitrary p2).

Introduce the dimensionless variables

α =
M

m
= O(q),

Ω =
p2 −m2 −M2

2mM
= O(q0).



Rewrite A(z) as

A(z) = m2[z2 − 2αΩz(1− z) + α2(1− z)2] ≡ m2C(z).

⇒ H is now given by

H(p2,m2,M2;n) = κ(m;n)

∫ 1

0
dz[C(z)− i0+]

n
2−2,

where

κ(m;n) =
Γ
(
2− n

2

)
(4π)

n
2
mn−4.

• Infrared singularity originates from small values of z, where C(z)

goes to zero as M → 0.

• Isolate divergent part by scaling integration variable z ≡ αx.

Upper limit z = 1 in Feynman parameterization corresponds to

x = 1/α→∞ as M → 0.



• Define integral I having the same infrared singularity as H. To

that end replace upper limit by ∞:

I ≡ κ(m;n)

∫ ∞
0

dz[C(z)− i0+]
n
2−2

= κ(m;n)αn−3
∫ ∞
0

dx[D(x)− i0+]
n
2−2,

where

D(x) = 1− 2Ωx+ x2 + 2αx(Ωx− 1) + α2x2.

(The pion mass M is not sent to zero.)

• Define regular part of H as

R ≡ −κ(m;n)

∫ ∞
1

dz[C(z)− i0+]
n
2−2,

so that

H = I +R.



• Q: Do these definitions indeed reproduce the behavior for p2thr?

A: Yes!

Verification: Ωthr = 1.

• Threshold value of the infrared singular part:

Ithr = κ(m;n)αn−3
∫ ∞
0

dx
{
[(1 + α)x− 1]2 − i0+

}n
2−2 ,

which converges for n < 3.

In order to continue the integral to n > 3, we write{
[(1 + α)x− 1]2 − i0+

}n
2−2 =

=
(1 + α)x− 1

(1 + α)(n− 4)

d

dx

{
[(1 + α)x− 1]2 − i0+

}n
2−2 ,



and make use of a partial integration∫ ∞
0

dx
{
[(1 + α)x− 1]2 − i0+

}n
2−2 =[

(1 + α)x− 1

(1 + α)(n− 4)

{
[(1 + α)x− 1]2 − i0+

}n
2−2

]∞
0

−
1

n− 4

∫ ∞
0

dx
{
[(1 + α)x− 1]2 − i0+

}n
2−2 .

For n < 3, the first expression vanishes at the upper limit and,

at the lower limit, yields 1/[(1 + α)(n− 4)].

Bringing the second expression to the left-hand side, we may

then continue the integral analytically as∫ ∞
0

dx
{
[(1 + α)x− 1]2 − i0+

}n
2−2 =

1

(n− 3)(1 + α)
,

so that we obtain for Ithr

Ithr = κ(m;n)αn−3
1

(n− 3)(1 + α)
=

Γ
(
2− n

2

)
(4π)

n
2 (n− 3)

Mn−3

m+M
.



Agrees with the infrared singular part discussed above.

• Threshold value of the regular part obtained by analytic conti-

nuation from n < 3 to n > 3:

Rthr = −
Γ
(
2− n

2

)
(4π)

n
2

∫ ∞
1

dz[z(m+M)−Mπ]
n−4

= −
Γ
(
2− n

2

)
(4π)

n
2

1

(n− 3)(m+M)
(∞n−3 −mn−3)

n < 3
=

Γ
(
2− n

2

)
(4π)

n
2 (n− 3)

mn−3

m+M
.

Again, agrees with the regular part discussed above.



• Distinction between I and R:

For non-integer values of n, the chiral expansion of I gives rise

to non-integer powers of small quantities.

Regular part R may be expanded in an ordinary Taylor series.

I satisfies power counting; R does not.

Basic idea of the infrared regularization: Replace general inte-

gral H by its infrared singular part I, and drop the regular part

R.

In the low-energy region H and I have the same analytic pro-

perties.

Contribution of R, which is of the type of an infinite series in

the momenta, can be included by adjusting the coefficients of

the most general effective Lagrangian.



• Generalization to arbitrary one-loop graph.

– Reduce tensor integrals involving an expression of the type
kµ1 · · · kµ2 in the numerator to scalar loop integrals of the
form

−i
∫

dnk

(2π)n
1

a1 · · · am
1

b1 · · · bn
,

ai = (qi + k)2 −M2 + i0+: Inverse meson propagators;

bi = (pi − k)2 −m2 + i0+ Inverse nucleon propagators;

qi: four-momenta of O(q);

pi: four-momenta which are not far off the nucleon mass
shell, i.e., p2i = m2 +O(q).

– Using the Feynman parameterization, combine all nucleon
propagators separately and all pion propagators separately.

– Write the result such that it is obtained by applying (m− 1)
and (n − 1) partial derivatives with respect to M2 and m2,
respectively, to a master formula.



Simple illustration:

1

a1a2
=

∫ 1

0
dz

1

[a1z + a2(1− z)]2
=

∂

∂M2

∫ 1

0
dz

1

a1z + a2(1− z)
,

where ai = (qi + k)2 −M2 + i0+.

Expressions become more complicated for larger numbers of

propagators!

Relevant property of the above procedure:

Result of combining the meson propagators is of the type 1/A

with A = (k+ q)2−M2+ i0+, where q is a linear combination

of the m momenta qi, with an analogous expression 1/B for

the nucleon propagators.

– Finally, treat expression

−i
∫

dnk

(2π)n
1

AB

in complete analogy to H: Combine denominators and iden-

tify infrared singular and regular pieces are identified by wri-



ting ∫ 1

0
dz · · · =

∫ ∞
0

dz · · · −
∫ ∞
1

dz · · · .



– Q: Does the infrared regularization respect the constraints of
chiral symmetry as expressed through the chiral Ward iden-
tities?

A: Yes

The argument is as follows.

∗ Total nucleon-to-nucleon transition amplitude is chirally
symmetric.

(Invariant under a local transformation of the external fields.)

∗ Calculation within EFT:

Contribution from all the tree-level diagrams is chirally sym-
metric so that the loop contribution must also be chirally
symmetric.

∗ Dim. reg.: Statement holds for an arbitrary n.

Now: Separation into infrared singular and regular parts
amounts to distinguishing between contributions of non-
integer and non-negative integer powers in the momentum
expansion.



These powers do not mix for arbitrary n.⇒ Infrared singular

and regular parts must be separately chirally symmetric.

Finally, regular part can be expanded in powers of either

momenta or quark masses, and thus may as well be absor-

bed in the (modified) tree-level contribution.



Solution 3: Extended on-mass-shell (EOMS) scheme32

Main idea: Perform additional subtractions such that renormalized
diagrams satisfy the power counting

Motivation for this approach33

Terms violating the power counting are analytic in small quantities
(and can thus be absorbed in a renormalization of counterterms)

• Example (chiral limit)

H(p2,m2;n) = −
∫

dnk

(2π)n
i

[(k − p)2 −m2 + i0+][k2 + i0+]

32T. Fuchs, J. Gegelia, G. Japaridze, S. S., Phys. Rev. D 68, 056005 (2003)
33J. Gegelia and G. Japaridze, Phys. Rev. D 60, 114038 (1999)



Small quantity

∆ =
p2 −m2

m2
= O(q)

We want the renormalized integral to be of order

D = n− 1− 2 = n− 3

Result of integration

H ∼ F (n,∆) + ∆n−3G(n,∆)

F and G are hypergeometric functions; analytic in ∆ for arbitrary
n

Observation34

F corresponds to first expanding the integrand in small quantities
and then performing the integration

34J. Gegelia, G. Japaridze, K. S. Turashvili, Theor. Math. Phys. 101, 1313 (1994)



⇒ Algorithm: Expand integrand in small quantities and subtract

those (integrated) terms whose order is smaller than suggested by

the power counting

Here:

Hsubtr = −
∫

dnk

(2π)n
i

(k2 − 2k · p+ i0+)(k2 + i0+)

∣∣∣∣
p2=m2

= −2λ̄+
1

16π2
+ O(n− 4)

where

λ̄ =
mn−4

(4π)2

{
1

n− 4
−

1

2

[
ln(4π) + Γ′(1) + 1

]}

HR = H −Hsubtr = O(qn−3)



General case including pion mass

1(
k2 − 2k · p+ i0+

) (
k2 + i0+

)∣∣∣∣∣
p2=m2

+(p2 −m2)

[
1

2m2

1(
k2 − 2k · p+ i0+

)2 + · · ·
]
p2=m2

+M2 1(
k2 − 2k · p+ i0+

) (
k2 + i0+

)2
∣∣∣∣∣
p2=m2

+ · · ·



Remarks:

• (Axial) Vector mesons can be consistently included35

– Improved phenomenology36

– Larger radius of convergence

• IR renormalization can be reformulated in terms of EOMS37

– Formal equivalence shown at one-loop level

– Known integrals tested

35T. Fuchs, M. R. Schindler, J. Gegelia, and S. Scherer, Phys. Lett. B 575, 11
(2003)

36M. R. Schindler, J. Gegelia, and S. Scherer, Eur. Phys. J. A 26, 1 (2005)
37M. R. Schindler, J. Gegelia, and S. Scherer, Phys. Lett. B 586, 258 (2004)



• One two-loop example has been explicitly tested38

p p

k 2

k 1 k

pp

(a) (b) (c)

38M. R. Schindler, J. Gegelia, and S. Scherer, Nucl. Phys. B682, 367 (2004)



The EOMS approach in more detail

Calculation of the nucleon mass up to and including order O(q3)

Full propagator

S0(p) =
1

/p−m0 − Σ0(/p)
≡

1

/p−m− Σ(/p)

• m0 bare mass

• m nucleon mass in the chiral limit

• Σ0(/p) self energy

Definition of the nucleon mass

mN −m0 − Σ0(mN) = mN −m− Σ(mN) = 0



• Tree-level contribution

Recall πN Lagrangian at order O(q2)

L(2)πN = c1Tr(χ+)Ψ̄Ψ−
c2

4m2

[
Ψ̄Tr(uµuν)D

µDνΨ + H.c.
]

+ Ψ̄

[
c3

2
Tr(uµu

µ) + i
c4

4
[uµ, uν] + c5

[
χ+ −

1

2
Tr(χ+)

]
+
c6

2
f+µν +

c7

2
v
(s)
µν

]
σµνΨ

Only c1 term contributes to the self energy

−4c1M2

No contact contributions from the Lagrangian L(3)πN



• Loop contributions

Expand L(1)πN up to and including two pion fields:

L(1)int = −
1

2

◦
gA0

F0
Ψ̄γµγ5τ

b∂µϕ
bΨ−

1

4F 2
0

Ψ̄γµτ⃗ · ϕ⃗× ∂µϕ⃗Ψ

Feynman rules�pk; a p01 −
◦
gA0

2F0
/kγ5τa

�pk; a p0k0; b1 1

4F 2
0

(/k + /k′)ϵabcτc



Two types of loop contributions at order O(q3)

p p − k

k

p
1 1

p p

k

1

Second diagram does not contribute: ϵaac = 0

Feynman rules + propagators + τaτa = 3

i∆π(p) =
i

p2 −M2 + i0+

iSN(p) = i
/p+m− i0+

p2 −m2 + i0+



⇒ contribution of the first diagram in dim. reg.

−iΣloop(/p) =

−i
3
◦
g
2

A0

4F 2
0

iµ4−n
∫

dnk

(2π)n

/k(/p−m− /k)/k
[(p− k)2 −m2 + i0+][k2 −M2 + i0+]

Simplify numerator using {γµ, γν} = 2gµν

−(/p+m) k2︸︷︷︸
k2 −M2 +M2

+(p2 −m2)/k −
[
(p− k)2 −m2

]
/k



Intermediate result

Σloop(/p) =
3
◦
g
2

A0

4F 2
0

{
−(/p+m)µ4−ni

∫
dnk

(2π)n
1

[(p− k)2 −m2 + i0+]

−(/p+m)M2µ4−ni
∫

dnk

(2π)n
1

[(p− k)2 −m2 + i0+][k2 −M2 + i0+]

+(p2 −m2)µ4−ni
∫

dnk

(2π)n

/k

[(p− k)2 −m2 + i0+][k2 −M2 + i0+]

−µ4−ni
∫

dnk

(2π)n

/k

[k2 −M2 + i0+]

}

Last term vanishes (integrand odd)

Convention

IN ···π···(p1, · · · , q1, · · · )

= µ4−ni
∫

dnk

(2π)n
1

[(k + p1)2 −m2 + i0+] · · · [(k + q1)2 −M2 + i0+] · · ·



To determine the vector integral use the ansatz

µ4−ni
∫

dnk

(2π)n
kµ

[(p− k)2 −m2 + i0+][k2 −M2 + i0+]
= pµC

Multiply by pµ ⇒

C =
1

2p2

[
IN − Iπ + (p2 −m2 +M2)INπ(−p, 0)

]

Using the above convention the loop contribution to the nucleon

self energy reads

Σloop(/p) = −
3
◦
g
2

A0

4F 2
0

{
(/p+m)IN + (/p+m)M2INπ(−p, 0)

−(p2 −m2)
/p

2p2

[
IN − Iπ + (p2 −m2 +M2)INπ(−p, 0)

] }



The explicit expressions for the integrals are given by

Iπ =
M2

16π2

[
R+ ln

(
M2

µ2

)]

IN =
m2

16π2

[
R+ ln

(
m2

µ2

)]

INπ(p, 0) =
1

16π2

[
R+ ln

(
m2

µ2

)
− 1

+
p2 −m2 −M2

p2
ln

(
M

m

)
+

2mM

p2
F (Ω)

]

where

R =
2

n− 4
− [ln(4π) + Γ′(1) + 1]

Ω =
p2 −m2 −M2

2mM



and

F (Ω) =


√
Ω2 − 1 ln

(
−Ω−

√
Ω2 − 1

)
, Ω ≤ −1,√

1− Ω2 arccos(−Ω), −1 ≤ Ω ≤ 1,√
Ω2 − 1 ln

(
Ω +

√
Ω2 − 1

)
− iπ

√
Ω2 − 1, 1 ≤ Ω .

• Σloop contains divergences as n→ 4 (the terms proportional to

R) ⇒ needs to be renormalized

• For convenience: µ = m

• M̃S renormalization:

– drop terms proportional to R

– replace all bare coupling constants (c1,
◦
gA0, F0) with the re-

normalized ones, now indicated by a subscript r



⇒ M̃S renormalized self energy contribution

Σloop
r (/p) = −

3
◦
g
2

Ar

4F 2
r

{
(/p+m)M2IrNπ(−p, 0)

−(p2 −m2)
/p

2p2

[
(p2 −m2 +M2)IrNπ(−p)− I

r
π

] }

Using

IrNπ(−p, 0) = −
1

16π2
+ · · ·

⇒ contribution of O(q2)

Solve for the nucleon mass

mN = m+ Σcontact
r (mN) + Σloop

r (mN)

= m− 4c1rM
2 + Σloop

r (mN)

• mN −m = O(q2)



• We need Σ
loop
r (mN) to O(q3)

• Expansion of IrNπ

arccos (−Ω) =
π

2
+ · · ·

IrNπ =
1

16π2

(
−1 +

πM

m
+ · · ·

)

• This yields

mN = m− 4c1rM
2 +

3
◦
g
2

ArM
2

32π2F 2
r
m −

3
◦
g
2

Ar M
3

32π2F 2
r

• Power counting problem



Solution

Term violating the power counting is analytic in small quantities

and can thus be absorbed in counter terms

Rewrite

c1r = c1 + δc1, δc1 =
3mg2A

128π2F 2
+ · · ·

Final result for the nucleon mass at order O(q3)

mN = m− 4c1M
2 −

3
◦
g
2

A M
3

32π2F 2



Infrared regularization reformulated39

Basic idea

1

ab
=

∫ 1

0

dx

[ax+ b(1− x)]2

a = (k − p)2 −m2 + i0+

b = k2 −M2 + i0+

H =

∫ 1

0
dx · · · =

∫ ∞
0

dx · · · −
∫ ∞
1

dx · · · ≡ I +R

In R expand the integrand in small momenta and masses and in-
terchange summation and integration40

⇒ integrals over x of the type

Ii = −
∫ ∞
1

dxxn+i, i integer number

39M. R. Schindler, J. Gegelia, and S. Scherer, Phys. Lett. B 586, 258 (2004)
40T. Becher and H. Leutwyler, Eur. Phys. J. C 9, 643 (1999)



Ii are calculated by analytic continuation from the domain of n in

which they converge, i.e.

Ii = −
xn+i+1

n+ i+ 1

∣∣∣∣∣
∞

1

=
1

n+ i+ 1

EOMS:

• Expand integrand in small momenta and masses

• Interchange summation and integration

⇒ exactly the same expansion as for the IR regular part of the IR

regularization with the only difference that instead of the integrals

Ii we now have

Ji =

∫ 1

0
dxxn+i



Calculating these integrals by analytical continuation from the do-

main of n in which they converge, we obtain:

Ji =
xn+i+1

n+ i+ 1

∣∣∣∣∣
1

0

=
1

n+ i+ 1



IR and EOMS renormalization of two-loop diagrams41

For simplicity: toy model Lagrangian (no spin or chiral structure):

L =
1

2
(∂µπ∂

µπ −M2π2) +
1

2
(∂µΨ∂

µΨ−m2Ψ2)

−
g

4
π2Ψ2 + L1

Power counting:

• Loop integration in n dimensions ∼ O(qn)

• πΨ vertex ∼ O(q0)

• π propagator ∼ O(q−2)

41M. R. Schindler, J. Gegelia, and S. Scherer, Nucl. Phys. B682, 367 (2004)



• Ψ propagator ∼ O(q−1)

Example:

�p (1) pk1k2
D = 2 · n− 2 · 2− 1 = 2n− 5

Dimensional counting analysis:42

42J. Gegelia, G. S. Japaridze, K. S. Turashvili, Theor. Math. Phys. 101, 1313
(1994)



ΣΨ = F (p2,m2,M2, n) +Mn−2G(p2,m2,M2, n)

+M2n−4H(p2,m2,M2, n)

F , G, H are analytic in M2

F (p2,m2,M2, n) = −
g2

2(2π)2n

[
f (1)(p2,m2,M2, n) + f (2)(p2,m2,M2, n)

]



f (1) =
∞∑

i,j=0

(M2)i+j
∞∑
l=0

(p2 −m2)lf
(1)
ij,l(m

2, n)

f (2) =
∞∑

i,j=0

(M2)i+j(p2 −m2)2n−5−2i−2j
∞∑
l=0

(p2 −m2)lf
(2)
ij,l(m

2, n)

• Nonanalytic part in p2 −m2 satisfies power counting

• Analytic part violates power counting, but can be absorbed in

counterterms ⇒ diagram (2)

�p p(2)



Mn−2G(p2,m2,M2, n) =

−g2 Mn−2 mn−4Γ(2− n/2)
(4π)n/2(n− 3)

[
1−

1

2m2
(p2 −m2)

]
Γ(1− n/2)
(4π)n/2

+ · · ·

Problem (at first sight): Part nonanalytic in M2 that violates power

counting

But: Counterterms from renormalization of one-loop subdiagrams

generate contributions which exactly cancel the part inMn−2G(p2,m2,M2, n)

that violates power counting ⇒ diagram (3)

�p pk
(3)



�pq (a) p0q0k �p q
(b)

q0 p0k �pq p0q0
(c)

M2n−4H(p2,m2,M2, n)

Only terms that satisfy power counting

Overall: All terms violating the power counting can be absorbed

in counterterms or are canceled by contributions stemming from

renormalization of one-loop subdiagrams

The road is open for consistent two-loop calculations



Applications

Mass of the nucleon at O(q3)

• GSS (M̃S) 43

mN = m− 4c1rM
2 +

3g2ArM
2

32π2F 2
r
m −

3g2ArM
3

32π2F 2
r

Note: M̃S implies infinite renormalization

c01 = c1r −
3g2Ar
128π2

R

Solution to power counting problem

Term violating the power counting is analytic in small quantities
and can thus be absorbed in counterterms

• EOMS 44

43J. Gasser, M. E. Sainio, A. Švarc, Nucl. Phys. B307, 779 (1988)
44T. Fuchs, J. Gegelia, G. Japaridze, S. Scherer, Phys. Rev. D 68, 056005 (2003)



Rewrite

c1r = c1 + δc1, δc1 =
3mg2A

128π2F 2
+ · · ·

Final result for the nucleon mass at order O(q3)

mN = m− 4c1M
2 −

3g2AM
3

32π2F 2
+O(M4)



Mass of the nucleon at O(q4) 45

mN = m+ k1M
2 + k2M

3 + k3M
4 ln(M/m) + k4M

4 + O(M5)

k3 =
3

32π2F 2

(
8c1 − c2 − 4c3 −

g2A

m

)
,

k4 =
3g2A

32π2F 2m
(1 + 4c1m) +

3

128π2F 2
c2 − 16e38 − 2e115 − 2e116.

m = [938.3− 74.8 + 15.3 + 4.7 + 1.6− 2.3]MeV = 882.8MeV

∆m = 55.5MeV

Remark: m = mN(mu = 0,md = 0,ms)

45T. Becher and H. Leutwyler, Eur. Phys. J. C 9, 643 (1999); T. Fuchs, J. Ge-
gelia, S. Scherer, Eur. Phys. J. A 19, 35 (2004)



Mass of the nucleon at O(q6) 46

Two-loop contributions (M. R. Schindler, PhD thesis, 2007)

(a)

1 1 1 1

(b)

1 1 1 1

(c)

1 1

(d)

1 1 1 + 1 1 1

(e)

1 1 2 + 2 1 1

(f)

1 1 1

(g)

1 2 1

(h)

1 2 1

(i)

2

(j)

1 1 + 1 1

(k)

1

2

(l)

1 1

2

46M. R. Schindler, D. Djukanovic, J. Gegelia, S. S., Phys. Lett. B 649, 390
(2007); Nucl. Phys. A 803, 68 (2008)



mN = m+ k1M
2 + k2M

3 + k3M
4 ln

M

µ
+ k4M

4

+k5M
5 ln

M

µ
+ k6M

5 + k7M
6 ln2

M

µ
+ k8M

6 ln
M

µ
+ k9M

6︸ ︷︷ ︸
two loop

0.02 0.06 0.1 0.14
M2 @GeV2D

-0.1

-0.2

-0.3

-0.4

D
m
@
G
e
V
D

M0 ≈ 360MeV (convergence)

At physical pion mass: −4.8MeV = 31% of k2M
3



Remarks

• Expressions of the coefficients in the chiral expansion of a phy-

sical quantity differ in various renormalization schemes

• However, the leading nonanalytic terms have to agree in all

renormalization schemes

• Comparison with HBChPT 47: Agreement for k2, k3, and k5
(consistent!)

47J. A. McGovern and M. C. Birse, Phys. Lett. B 446, 300 (1999)



σ term 48

Definition of the so-called sigma commutator

σab(x) ≡ [QaA(x0), [Q
b
A(x0),Hsb(x)]], a, b = 1, 2, 3

where

Hsb = q̄Mq = mq(ūu+ d̄d)

Measure of explicit symmetry breaking

σ ≡
1

2mN
⟨p|σ11(0)|p⟩

48T. Fuchs, J. Gegelia, S. Scherer, Eur. Phys. J. A 19, 35 (2004)



σ = σ1M
2 + σ2M

3 + σ3M
4 ln

(
M

m

)
+ σ4M

4 + O(M5)

σ1 = −4c1

σ2 = −
9g2A

64πF 2

σ3 =
3

16π2F 2

(
8c1 − c2 − 4c3 −

g2A

m

)

σ4 =
3

8π2F 2

[
3g2A
8m

+ c1(1 + 2g2A)−
c3

2

]
+ α

σ = 45MeV = (74.8− 22.9− 9.4− 2.0 + 4.5)MeV



Hellmann-Feynman theorem

Consider a Hermitian operator H(λ) with

H(λ)|α(λ)⟩ = E(λ)|α(λ)⟩, (1)

⟨α(λ)|α(λ)⟩ = 1. (2)

Then

∂E(λ)

∂λ
= ⟨α(λ)|

∂H(λ)

∂λ
|α(λ)⟩ (3)

Because

∂E(λ)

∂λ

(1),(2)
=

∂

∂λ
⟨α(λ)|H(λ)|α(λ)⟩

=
∂⟨α(λ)|
∂λ

H(λ)|α(λ)⟩+ ⟨α(λ)|
∂H(λ)

∂λ
|α(λ)⟩+ ⟨α(λ)|H(λ)

∂|α(λ)⟩
∂λ

(1)
= E(λ)

∂

∂λ
⟨α(λ)|α(λ)⟩+ ⟨α(λ)|

∂H(λ)

∂λ
|α(λ)⟩

(2)
= ⟨α(λ)|

∂H(λ)

∂λ
|α(λ)⟩



Here: Multiply (3) with λ and identify

λ → m̂,

|α(λ)⟩ → |N(m̂)⟩,
E(λ) → mN(m̂),
∂H

∂λ
→

∂HQCD

∂m̂
= ūu+ d̄d.

Note that M2 = 2Bm̂ and thus

σ = M2∂mN

∂M2
.

Exercise: Using the expressions for ki and σi verify the Hellmann-

Feynman theorem applied to the sigma term and the nucleon mass.



Masses of the baryon octet at O(q3) 49

1039 MeV

1336 MeV

1174 MeV

1095 MeV

888 MeV

1319 MeV

1192 MeV

1113 MeV

940 MeV

Ξ

Σ

Λ

N

49B. C. Lehnhart, J. Gegelia, S. Scherer, J. Phys. G 31, 1 (2005)



SU(3)L × SU(3)R SU(2)L × SU(2)R SU(2)V



Scalar form factor50

Definition of the scalar form factor

⟨N(p′)|m̂[ū(0)u(0) + d̄(0)d(0)]|N(p)⟩ = ū(p′)u(p)σ(t)

Form factor σ(t) at O(q4)

0
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50T. Fuchs, J. Gegelia, S. Scherer, Eur. Phys. J. A 19, 35 (2004)



Form factor σ(t) at O(q3)

0

20

40

60

80

100

120

0.778 0.779 0.78 0.781
x 10

-1

t [GeV2]

R
e 

σ 
[M

eV
]

-50

-40

-30

-20

-10

0

0.778 0.779 0.78 0.781
x 10

-1

t [GeV2]

Im
 σ

 [M
eV

]



Electromagnetic form factors

J �



N(p)
e�

N(p0)
e�

Electromagnetic current operator

J µ(x) =
2

3
ū(x)γµu(x)−

1

3
d̄(x)γµd(x) + · · · = q̄(x)Qq(x) + · · ·

Definition of Dirac and Pauli form factors

⟨N(p′)|J µ(0)|N(p)⟩ = ū(p′)

[
FN1 (Q2) γµ + i

σµνqν

2mp
FN2 (Q2)

]
u(p)



N = p, n, qµ = p′µ − pµ, Q2 = −q2

F
p
1 (0) = 1, Fn1 (0) = 0, F

p
2 (0) = 1.793, Fn2 (0) = −1.913.

Sachs form factors

GNE (Q2) = FN1 (Q2)−
Q2

4m2
N

FN2 (Q2)

GNM(Q2) = FN1 (Q2) + FN2 (Q2)



Diagrams at O(q4)

1 1

1 1 1 1+

(7)

2

2

2

21 4

1 1

(1) (3) (4)(2)

(5) (6)

3

2

(8)

11

(9)

1

(12)

2

(11)

1 12

(10)



Diagrams potentially violating power counting: (5), (8), and (10).

EOMS subtractions

• Dirac form factor

∆F 10
1 =

g2Am

64π2F 2
(3c7 − 2c6τ3) t,

• Pauli form factor

∆F 5
2 = −

g2AmN(m− 4c1M
2)

32π2F 2
(3− τ3) ,

∆F 8
2 =

g2AmN(m− 4c1M
2)

8π2F 2
τ3,

∆F 10
2 = −

g2AmN(m2 − 8c1M
2m)

16π2F 2
(3c7 − 2c6τ3) .



Parameters

c2 c4 c̃6 c̃7 d6 d7 e54 e74
EOMS 2.66 2.45 1.26 −0.13 −0.57 −0.44 0.27 1.71

IR 2.66 2.45 0.47 −1.87 0.32 −0.89 0.33 1.65

The LECs ci are given in units of GeV−1, the di in units of GeV−2,
and the ei in units of GeV−3.

c2 and c4 from πN scattering;

c̃6 and c̃7 from anomalous magnetic moments;

d6, d7, e54, and e74 from charge and magnetic radii: 51

r
p
E = 0.848 fm,

r
p
M = 0.857 fm,

rnE = 0.113 fm,

rnM = 0.879 fm.

51H. W. Hammer and U.-G. Meißner, Eur. Phys. J. A 20, 469 (2004)



Sachs form factors 52 (T. Fuchs, PhD thesis, 2003)

to be continued

52B. Kubis and U.-G. Meißner, Nucl. Phys. A679, 698 (2001); T. Fuchs, J. Ge-
gelia, S. Scherer, J. Phys. G 30, 1407 (2004); data taken from J. Friedrich and
Th. Walcher, Eur. Phys. J. A 17, 607 (2003)



Pion Photo- and Electroproduction at O(q4) with χMAID 53

e(ki) +N(pi)→ e(kf) +N(pf) + π(q)

(B. C. Lehnhart, PhD thesis 2007, M. Hilt, PhD thesis 2011)

e(ki) e(kf )

γ∗(k)

π(q)

N (pi) N (pf )

53M. Hilt, S. Scherer, L. Tiator, Phys. Rev. C 87. 045204 (2013)



One-photon-exchange approximation

M = leptonic vertex× ipropagator× hadronic vertex

= ϵµMµ,

ϵµ = e
ū(kf)γµu(ki)

k2
,

Mµ = −ie⟨N(pf), π(q)|Jµ(0)|N(pi)⟩.

Current conservation

kµMµ = 0

Parameterization in terms of invariant amplitudes

Mµ = ū(pf)

 6∑
i=1

AiM
µ
i

u(pi),



with

M
µ
1 = −

i

2
γ5 (γ

µ/k − /kγµ) ,

M
µ
2 = 2iγ5

[
Pµk ·

(
q −

1

2
k

)
−
(
qµ −

1

2
kµ
)
k · P

]
,

M
µ
3 = −iγ5 (γµk · q − /kqµ) ,

M
µ
4 = −2iγ5 (γµk · P − /kPµ)− 2mNM

µ
1 ,

M
µ
5 = iγ5

(
kµk · q − qµk2

)
,

M
µ
6 = −iγ5

(
/kkµ − γµk2

)
.

Isospin decomposition: Four physical channels

Ai(γ
(∗)p→ nπ+) =

√
2
(
A

(−)
i +A

(0)
i

)
,

Ai(γ
(∗)p→ pπ0) = A

(+)
i +A

(0)
i ,

Ai(γ
(∗)n→ pπ−) = −

√
2
(
A

(−)
i −A(0)

i

)
,

Ai(γ
(∗)n→ nπ0) = A

(+)
i −A(0)

i .

expressed in terms of three isospin amplitudes (0), (+), and (−)



1. O(q4): 20 tree-level diagrams + 85 loop diagrams

2. Calculate loop contributions numerically using CAS MATHE-
MATICA with FeynCalc and LoopTools packages

3. LECs from other processes

LEC Source
l3 Mπ = 134.977 MeV
l4, l6 pion form factor
c1 proton mass mp = 938.272 MeV
c2, c3, c4 pion-nucleon scattering
c6, c7 magnetic moment of proton (µp = 2.793)

and neutron (µn = −1.913)
d6, d7, e54, e74 world data for nucleon electromagnetic form factors

(Q2 < 0.3 GeV2)
d16 axial-vector coupling constant gA = 1.2695
d18 pion-nucleon coupling
d22 axial radius of the nucleon ⟨r2A⟩ = 12/M2

A,
MA = 1.026 GeV



4. Checks: Current conservation and crossing symmetry

5. Analytic expressions for the contact diagrams

(a) 4 LECs at O(q3)

(b) 15 LECs at O(q4)

6. Web interface χMAID

[http://www.kph.uni-mainz.de/MAID/chiralmaid/]

7. Fits to available experimental data





Angular distribution for dσ/dΩπ in µb/sr for γ + p→ p+ π0 54
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54Data taken from D. Hornidge et al., Phys. Rev. Lett. 111, 062004 (2013)



Data available for

1. γ + p→ p+ π0

2. γ∗ + p→ p+ π0

3. γ + p→ n+ π+ and γ + n→ p+ π−

4. γ(∗) + p→ n+ π+



Isospin channel LEC Value
0 d9 [GeV−2] −1.22± 0.12
0 e48 [GeV−3] 5.2± 1.4
0 e49 [GeV−3] 0.9± 2.6
0 e50 [GeV−3] 2.2± 0.8
0 e51 [GeV−3] 6.6± 3.6
0 e∗52 [GeV−3] −4.1
0 e∗53 [GeV−3] −2.7
0 e112 [GeV−3] 9.3± 1.6

+ d8 [GeV−2] −1.09± 0.12
+ e67 [GeV−3] −8.3± 1.5
+ e68 [GeV−3] −0.9± 2.6
+ e69 [GeV−3] −1.0± 2.2
+ e71 [GeV−3] −4.4± 3.7
+ e∗72 [GeV−3] 10.5
+ e∗73 [GeV−3] 2.1
+ e113 [GeV−3] −13.7± 2.6

− d20 [GeV−2] 4.34± 0.08
− d21 [GeV−2] −3.1± 0.1
− e70 [GeV−3] 3.9± 0.3



Example: γ + p→ p+ π0 at O(q3) 55

Solid blue line: real part

Solid red line: imaginary part

Cusp from taking mn and

mπ+ in loop

Long-dashed blue line: tree-

level contribution

Dashed-dotted blue line: loop

contribution

Green band: Imaginary part

from ansatz Im(E0+) = β|q⃗|

55Data taken from A. Schmidt et al., Phys. Rev. Lett. 87, 232501 (2001)



S- and reduced P -wave multipoles for γ + p→ p+ π0.
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Total cross sections for γ∗ + p → p + π0 in µb as a function of Q2

for different cm energies above threshold ∆W in MeV.
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Differential cross sections as a function of Q2 for γ∗ + p → n + π+

at W = 1125 MeV and Θπ = 0◦.
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(Virtual) Compton scattering off the nucleon

• Virtual Compton scattering γ∗p→ γp through ep→ epγ


� 
p
e�

p
e�

+ Bethe-Heitler terms

• 6 generalized polarizabilities (GPs(q2))



• Starting point:

Program Compton Scattering Observables

(B. Pasquini, Pavia)

• Development of χ CSO for RCS, VCS, VVCS

(Manifestly Lorentz-invariant one-loop ChPT to O(q4))

• At O(q4) two new parameters related to α and β of RCS

(D. Djukanovic, PhD thesis, 2008)
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5. Chiral Effective Field Theory (Including Resonances, Constraints,

. . . )

Electromagnetic form factors revisited I 56

56B. Kubis and U.-G. Meißner, Nucl. Phys. A679, 698 (2001);
T. Fuchs, J. Gegelia, S. S., J. Phys. G 30, 1407 (2004); data taken from
J. Friedrich and Th. Walcher, Eur. Phys. J. A 17, 607 (2003)



Vector meson dominance model → Important contributions to the

electromagnetic form factors 57

In standard ChPT: Vector meson contributions in low-energy con-

stants

1

q2 −M2
V

= −
1

M2
V

1 +
q2

M2
V

+

(
q2

M2
V

)2

+O(q6)


Inclusion of vector mesons ⇒ re-summation of higher-order contri-

butions

Reformulated IR regularization and EOMS scheme allow for

consistent inclusion of vector mesons

57B. Kubis and U.-G. Meißner, Nucl. Phys. A679, 698 (2001)



Additional Lagrangians 58

L(3)πV = −fρTr(ρµνf+µν)− fωω
µνf

(s)
µν − fϕϕµνf

(s)
µν + · · ·

Vµν = ∇µVν −∇νVµ, V = ρ, ω, ϕ, ∇µVν = ∂µVν +
[
Γµ, Vν

]
L(0)NV =

1

2

∑
V=ρ,ω,ϕ

gV Ψ̄γµVµΨ

L(1)NV =
1

4

∑
V=ρ,ω,ϕ

GV Ψ̄σµνVµνΨ

Additional rules:

• Vector meson propagator ∼ O(q0)

• Vertex from L(i)V ∼ O(qi)

58G. Ecker, J. Gasser, H. Leutwyler, A. Pich, and E. de Rafael, Phys. Lett. B
223, 425 (1989)



�(I)03 �(II)13
�(III)0 1 0 �(IV)0 2 0
�1 1 0 +�0 1 1(V)

Feynman diagrams involving vector mesons contributing to the

electromagnetic form factors up to and including O(q4)



E.m. form factors including vector mesons at O(q4) 59

59M. R. Schindler, J. Gegelia, and S. S., Eur. Phys. J. A 26, 1 (2005); data taken
from J. Friedrich and Th. Walcher, Eur. Phys. J. A 17, 607 (2003)



Axial form factor GA including the a1 meson at O(q4) 60
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60M. R. Schindler, T. Fuchs, J. Gegelia, and S. Scherer, Phys. Rev. C 75, 025202
(2007)



Perturbative calculations in effective field theory

1. Write down most general Lagrangian

2. Draw all diagrams contributing to a given process:

Tree-level diagrams, loop diagrams  ultraviolet divergences,
regularization (of infinities)

3. Subtract diagrams and specify renormalization condition

4. Define power counting for renormalized (subtracted) diagrams

5. Sum all subtracted diagrams to a given order

6. Remove regularization



Effective field theories including constraints

• Most general Lagrangian (discussion of vector fields) 61

LV eff = LA + LB + LC

– LA: Finite # of interaction terms with dimensionless coupling

constants

– LB: Infinite # of “non-renormalizable” interactions

– LC: Interaction with other d.o.f.

• Assumption

– Dimensionless couplings “small”

– “Non-renormalizable” interactions suppressed by powers of

some scale

61D. Djukanovic, J. Gegelia, S. S., Int. J. Mod. Phys. A 25, 3603 (2010)



• Input (symmetries)

– 3 interacting massive vector fields

– Lorentz invariance + parity conservation

• Structure of LA
LA = L2 + L3 + L4

• Free Lagrangian L2

L2 = −
1

4
V aµνV

aµν+
M2
a

2
V aµ V

aµ, V aµν = ∂µV
a
ν −∂νV

a
µ , a = 1, 2, 3

– Invariance under global U(1) (charge conservation)

V aµ → V aµ − ε ϵ
3abV bµ ⇒ M1 = M2 = M



• Interaction Lagrangian L3

L3 = −gabcV aµ V
b
ν ∂

µV cν

– gabc: 33 = 27 real coupling constants (hermiticity)

– U(1) invariance ⇒

(gabdϵ3dc + gadcϵ3db + gdbcϵ3da)V aµ V
b
ν ∂

µV cν = 0

– Parameterize couplings in terms of 7 real parameters

g333 = g1, g113 = g2, g123 = −g3, g213 = g3,

g223 = g2, g311 = g4, g321 = −g5, g312 = g5,

g322 = g4, g131 = g6, g231 = −g7, g132 = g7,

g232 = g6

Remaining 14 constants vanish

– Structures of the type ∂µV
aµV bν V

cν not independent (total

derivative)



– Invariance under charge conjugation V aµ 7→ (−)aV aµ ⇒

(−)a+b+c = 1 or a+ b+ c even

Would eliminate g1, g2, g4, and g6 ⇒ 3 real coupling constants

– SU(2) symmetry ⇒

gabc = ϵabcg, also M3 = M

• Interaction Lagrangian L4

L4 = −habcdV aµ V
b
ν V

cµV dν

– habcd: 21 real coupling constants (permutation symmetry +

hermiticity)

– Invariance under U(1) ⇒ 5 real parameters

h1111 =
d1 + d2

4
, · · · , h3333 = d5



– In this case, charge conservation also implies charge conju-

gation invariance, i.e., a+ b+ c+ d even

– SU(2) symmetry ⇒ 2 parameters

• Summary of # of parameters of Lagrangian LA

– No internal symmetry: 3 masses, 27 coupling constants g, 21

coupling constants h ⇒ 51 real parameters

– U(1) symmetry: 2 masses, 7 coupling constants g, 5 coupling

constants h ⇒ 14 real parameters

– U(1) symmetry + charge conjugation: 2 masses, 3 coupling

constants g, 5 coupling constants h ⇒ 10 real parameters

– SU(2) symmetry: 1 mass, 1 coupling constant g, 2 coupling

constants h ⇒ 4 real parameters



• Hamiltonian method 62

Goal: Consistent description of three interacting spin-1 d.o.f.

Hamiltonian framework

– 3 × [3 (fields) + 3 (momenta)] = 18 d.o.f.

– However 3 × [4 (fields) + 4 (momenta)] = 24 d.o.f.

– ⇒ consistent theory requires 6 constraints

Conjugated momenta

πa0 =
∂LV
∂V̇ a0

= −gbcaV b0 V
c
0

πai =
∂LV
∂V̇ ai

= V a0i + gbcaV b0 V
c
i

62P. A. M. Dirac, Lectures on Quantum Mechanics (Dover, Mineola, New York,
2001); D. M. Gitman and I. V. Tyutin, Canonical Quantization of Fields with
Constraints (Nauka, Moscow, 1986; extended English version: Springer, Berlin,
1990)



Transition L to H ⇒ Solve

V̇ ai = πai + ∂iV
a
0 − g

bcaV b0 V
c
i

But velocities V̇ a0 cannot be solved ⇒ 3 primary constraints

ϕa1 = πa0 + gbcaV b0 V
c
0 ≈ 0

Total Hamiltonian density:

H1 = ϕa1z
a +H

where

H =
πai π

a
i

2
+ · · ·+ habcdV aµ V

b
ν V

cµV dν

za: Arbitrary functions (Lagrange multipliers); to be determined

Primary constraints have to be conserved in time{
ϕa1,H1

} work
= Aabzb + χa ≈ 0, a = 1, 2, 3

– System of 3 linear equations in unknowns za



– Matrix A depends on coupling constants and fields V a0

A =

 0 −2γ1V 3
0 γ2V

1
0 − γ1V

2
0

2γ1V
3
0 0 γ1V

1
0 + γ2V

2
0

−(γ2V 1
0 − γ1V

2
0 ) −(γ1V 1

0 + γ2V
2
0 ) 0


γ1 = g5 + g7 and γ2 = g4 + g6 − 2g2

– χa complicated functions of d.o.f.

– det(A)=0 ⇒ χa cannot possibly be independent

– Solution exists for so-called secondary constraint

ϕ2 = χ1 (γ1V
1
0 + γ2V

2
0 ) + χ2 (γ1V

2
0 − γ2V

1
0 )− χ3 2γ1 V

3
0 ≈ 0



Assumption: At least one of γ1 or γ2 does not vanish⇒ solutions
for Lagrange multipliers

z1 =
χ3 + γ1z

2 V 1
0 + γ2 z

2V 2
0

γ1 V
2
0 − γ2 V

1
0

z3 =
χ1 + 2 γ1 z

2 V 3
0

γ2 V
1
0 − γ1 V

2
0

z2 solved from {ϕ2,H1} ≈ 0

⇒ We are done!

But

Wrong number of constraints: 4 instead of 6

ϕa1 ≈ 0, ϕ2 ≈ 0

Consequence: Assumption

g5 ̸= −g7
2g2 ̸= g4 + g6

leads to inconsistent theory



Thus γ1=γ2=0

– ⇒ None of the za can be solved at this stage (good)

– ⇒ 3 secondary constraints

ϕa2 ≡
{
ϕa1,H1

}
≈ 0

– Secondary constraints conserved in time{
ϕa2,H1

}
≈ 0

⇒ New system of 3 linear equations in za

– Unique solution iff det(M) ̸= 0 for any field configuration

Mab work
= M2

aδ
ab −

(
gbca + gcba

)
∂iV

c
i −

(
gacegbde − 4hacbd

)
V ci V

d
i

−4
(
habcd + hacbd + hadcb

)
V c0 V

d
0



Strategy: Choose suitable field configurations

Example:

V ai V
b
i = V a0 = ∂iV

1
i = ∂iV

2
i = 0:

detM =
(
M2 − 2 g2 ∂iV

3
i

)2 (
M2

3 − 2 g1 ∂iV
3
i

)
can only be non-vanishing for arbitrary ∂iV

3
i , if

g1 = g2 = 0

...

Final result:

1. Correct number of constraints, i.e., γ1=γ2=0:

g7 = −g5 , 2g2 = g4 + g6 (a)

2. Analysis of determinant

g1 = g2 = 0 (b)



(a) and (b) imply

gabc = −gbac

Moreover

d2 = −d1 ,

d1 ≥
g23
2
,

d4 = −d3 ,
d3 ≤ −g24 − g

2
5 ,

d5 = 0

– ⇒ Consistent theory, i.e., 6 constraints + Lagrange multi-

pliers solved



• Summary after constraint analysis

Recall symmetry input: Lorentz invariance, parity, U(1) inva-

riance

Symm. \ # of param. before tot. after tot.

U(1) 2 M , 7 g, 5 h 14 2 M , 3 g, 2 h 7

U(1) + C 2 M , 3 g, 5 h 10 2 M , 2 g, 2 h 6

SU(2) 1 M , 1 g, 2 h 4 1 M , 1 g, 2 h 4

+ two additional inequalities

We are not yet done! ⇒ Perturbative renormalizability



Constraints due to perturbative renormalizability

Without isospin symmetry:

• Three coupling constants g3, g4, g5

• Two coupling constants d1 and d3

• Two masses M and M3

Require renormalizability in the sense of EFT:

Ultraviolet divergences of loop diagrams can be absorbed in

the redefinition of masses, coupling constants, and fields of

the most general effective Lagrangian containing all terms

consistent with the assumed underlying symmetries.



• Example: One-loop contributions to the three-vector vertex

function

Logarithmically divergent parts of V 3V 3V 3 and V 3V 3V 3V 3 ver-

tex functions + constraint analysis: ⇒

g4

(
5g24 + 3g25 + 3d3

)
= 0,

5g44 + 2g25g
2
4 + 5g45 + 5d23 + 2d3

(
g24 + 5g25

)
= 0.



Unique solution reads

g4 = 0 , d3 = −g25

• ...

• Final result

gabc = −g ϵabc ,

habcd =
1

4
gabegcde ,

M1 = M2 = M3 = M

• All couplings can be expressed in terms of one parameter g3 = g

• Perturbative renormalizability ⇒ SU(2) symmetry (including C)



Interaction with fermions in isospin-symmetric limit (Universality I)

Interaction terms without derivatives only:

LF = Ψ̄

(
i ∂µγ

µ −m+ gV NN
τa

2
V aµ γ

µ
)
Ψ ,

Renormalization of VVV and VVVV vertex functions at one-loop

level:

• Leading order in momentum expansion:

Divergent parts are linear in momenta for VVV and have no

momentum dependence for VVVV

Counter terms ∼

−(δg +
3

2
gδZV ),

−
1

4
(2gδg + 2g2δZV )



• Calculate divergent parts of all one-loop contributions to self

energies and vertex functions

• Perturbative renormalizability: UV divergences must cancel ⇒

gV NN = 0 , or gV NN = g

• Universality



Universality of the ρ meson coupling in EFT (II) 63

Chirally invariant effective Lagrangian including vector mesons

L = Lbasic + Lct + L̃1

Lbasic = free Lagrangians

+ gρππ εabcπa∂µπ
bρcµ

− g εabc∂µρ
a
νρ
bµρcν

−
1

4
g2 εabcεadeρbµρ

c
νρ
dµρeν

+ gρNN Ψ̄γµ
τa

2
Ψρaµ

Universality (I) ⇒ gρNN = g

63D. Djukanovic, M. R. Schindler, J. Gegelia, G. Japaridze, S. S.,
Phys. Rev. Lett. 93, 122002 (2004)



Evaluate renormalized vertex diagrams

�(1)
+�(2)

+�(3)
+�(4)

+�(5)

�(6)
+�(7)

+�(8)

• ρρρ vertex function ⇒ δg = F (g, gρππ)

• ρΨ̄Ψ vertex function ⇒ δg = G(g, gρππ)

⇒ consistency condition: F = G



Nontrivial solution

gρππ = g universality

Next step: Chiral symmetry 64

gρππ =
M2
ρ

2gF 2

Combine with universality ⇒

g2 =
M2
ρ

2F 2

KSRF relation 65

64S. Weinberg, Phys. Rev. 166, 1568 (1968);
G. Ecker et al., Phys. Lett. B 223, 425 (1989)

65K. Kawarabayashi and M. Suzuki, Phys. Rev. Lett. 16, 255 (1966);
Riazuddin and Fayyazuddin, Phys. Rev. 147, 1071 (1966)



• Kawarabayashi & Suzuki

PCAC + current algebra ⇒

ggρππ =
M2
ρ

2F 2

NB: Chiral Ward identity

T [∂xµA
µ
i (x)∂

y
νA

ν
j (y)] = ∂xµ∂

y
νT [A

µ
i (x)A

ν
j (y)]

+∂xµδ
4(y − x)iεijkV

µ
k (y)

+δ4(x− y)im̂δijq̄(x)q(x)

universality as an extra assumption ⇒ KSRF relation



• Riazuddin & Fayyazuddin

PCAC + current algebra (but a different Ward identity similar to

the Adler-Gilman relation of pion electroproduction, makes use of

the analogue of the Goldberger-Treiman relation) ⇒

ggρππ =
M2
ρ

2F 2

Dynamical assumption: π−→ π0+e−+ν̄e dominated by the ρ meson

pole + CVC hypothesis ⇒ universality ⇒ KSRF relation



Quantum electrodynamics for vector mesons 66

Inclusion of the electromagnetic interaction

Lbasic = · · · − i e Aµ(ρ
−µνρ+ν − ρ

+µνρ−ν)

+
1

2
c Fµνρ

0µν

−i κ Fµνρ
+µρ−ν + . . .

consistency condition ⇒ κ = e , c = e/g

• Gyromagnetic ratio of the ρ+: g = 2

• Mρ0 −Mρ± ∼ 1 MeV using KSRF

66D. Djukanovic, M. R. Schindler, J. Gegelia, S. Scherer, Phys. Rev. Lett. 95,
012001 (2005)



Inclusion of the ∆(1232) into ChPT 67

∆(1232) : I(JP ) =
3

2
(
3

2

+

)

Description in terms of a vector-spinor isovector-isospinor

Ψµ,α;i,m

Too many components ⇒ Constraints

Lagrangian

L = L0 + L3
2
+ Lπ∆

• Free-pion Lagrangian

L0 =
1

2
∂µϕ∂

µϕ−
1

2
M2ϕ2

67C. Hacker, N. Wies, J. Gegelia, S. S., Phys. Rev. C 72, 055203 (2005); N. Wies,
J. Gegelia, S. S., Phys. Rev. D 73, 094012 (2006)



• Free-∆ Lagrangian 68

L3
2
= ψ̄αΛAαβ ψ

β ,

where

ΛAαβ = −[(i/∂ −m) gαβ + iA (γα∂β + γβ∂α) +
i

2
(3A2 + 2A+ 1)γα/∂γβ

+m(3A2 + 3A+ 1) γαγβ]

with A ̸= −1/2 arbitrary real parameter

(i∂/ −m∆)Ψµ = 0,

γµΨ
µ = 0,

∂µΨ
µ = 0.

L3
2
invariant under (often referred to as a point transformation)

ψµ → ψµ + aγµγνψ
ν ,

A →
A− 2

1 + 4a
, a ̸= −

1

4

68 P. A. Moldauer and K. M. Case, Phys. Rev. 102, 279 (1956)



• Often used strategy: Construct interaction Lagrangian which is
invariant under point transformation

We do not impose this constraint!

• π∆ interaction 69

Lπ∆ = −Ψ̄µ
[ g1

2
gµνγ

αγ5∂αϕ

+

g2

2
(γµ∂νϕ+ ∂µϕγν)γ5

+

g3

2
γµγ

αγ5γν∂αϕ

]
Ψν

Apply Dirac’s analysis using the Hamiltonian method:

Fields ψµ and ψµ† + canonical momenta π
µ
ψ and π

µ
ψ†⇒ 2× 2× 4× 4 = 64 components ⇒ 48 constraints

69T. R. Hemmert, B. R. Holstein, J. Kambor, J. Phys. G 24, 1831 (1998)



In a consistent theory

initial # of d.o.f−# of constraints = correct # of d.o.f.

⇒ Restrictions on the possible interaction terms

Analysis of constraints 70

• 32 primary constraints

• time evolution ⇒ 8 secondary constraints

• time evolution ⇒ 8 secondary constraints

• all Lagrange multipliers have been solved and system terminates

at 48 constraints iff

70N. Wies, J. Gegelia, S. S., Phys. Rev. D 73, 094012 (2006)



g2 = Ag1 ,

g3 = −
1

2
(1 + 2A+ 3A2)g1

• NB: Demanding invariance under point transformations would

generate

g2(A) = g1 [2z2 + (1 + 4z2)A] ,

g3(A) = 2g1

[
z3 +

(
1

2
− z2 + 4z3

)
A+

(
1

4
+ 4z3 − 2z2

)
A2
]
,

z2 and z3 arbitrary

Relations that follow from consistency are more stringent:

z2 = 0 ,

z3 = −
1

4



Applications so far

• Mass of the nucleon 71

• Pole of the ∆

• πN scattering 72

• Magnetic moment of the ∆ resonance 73

71C. Hacker, N. Wies, J. Gegelia, S. S., Phys. Rev. C 72, 055203 (2005)
72N. Wies, thesis, Mainz, 2005
73C. Hacker, N. Wies, J. Gegelia, S. S., Eur. Phys. J. A 28, 5 (2006)



µ =
1

2
µ
(s)
∆ + T3 µ

(v)
∆ =

[
1

2

(
1 + κ

(s)
∆

)
+ T3

(
1 + κ

(v)
∆

)] e

2m∆

Numerical results

κ
(s)
∆ = d1 + 0.23 +O(q4),

κ
(v)
∆ = d2 − 0.22 + i 0.37 +O(q4)

Compare with nucleon

κ
(s)
N = c̄7 +O(q4),

κ
(v)
N = c̄6 − 0.62 +O(q4)



Experiment 74

µ∆++ = (3.7− 7.5)µN ,

µ∆+ = (2.7+1.0
−1.3(stat.)± 1.5(syst.)± 3(theor.))µN

SU(6) symmetry:

µ∆++ = 6µN ,

µ∆+ = 3µN

74PDG, π+p → π+pγ; M. Kotulla et al., Phys. Rev. Lett. 89, 272001 (2002),
γp→ pπ0γ′



Electromagnetic form factors revisited II

E.m. form factors including vector mesons at O(q4) 75

75M. R. Schindler, J. Gegelia, S. Scherer, Eur. Phys. J. A 26, 1 (2005); data
taken from J. Friedrich and Th. Walcher, Eur. Phys. J. A 17, 607 (2003)



Consistent inclusion of vector mesons

Self–consistency in terms of constraints and perturbative renorma-
lizability

→ Massive Yang-Mills Lagrangian 76

Lρ eff = −
1

2
Tr
(
ρµνρ

µν)+M2
ρTr(ρµρ

µ),

ρµ = ρkµ
τk

2
, ρµν = ∂µρν − ∂νρµ − ig[ρµ, ρν]

Two parameters

1. ρ-meson mass Mρ in the chiral limit

2. Coupling strength g

76D. Djukanovic, J. Gegelia, S. Scherer, Int. J. Mod. Phys. A 25, 3603 (2010)



Interaction with pions

Choose ρ mesons to transform inhomogeneously under (VL, VR) ∈
SU(2)L × SU(2)R

ρµ 7→ KρµK
† −

i

g
∂µKK

†,

K(VL, VR, U) =

√
VRUV

†
L

−1
VR
√
U.

Mass term remains chirally invariant through the replacement

ρµ→ ρµ − (i/g)Γµ

Effective chiral Lagrangian

Lπρ = −
1

2
Tr
(
ρµνρ

µν)+M2
ρTr

[(
ρµ −

i

g
Γµ

)(
ρµ −

i

g
Γµ
)]

+
1

2
dxTr

(
ρµνf

µν
+

)
+ · · · .

L(3)πω = −fω (∂µων − ∂νωµ) v(s)µν + · · · .



πVN interaction

LπV N = Ψ̄

[
g

(
ρµ −

i

g
Γµ

)
+

1

2
gω ωµ

]
γµ Ψ +

Gρ

2
Ψ̄ρµνσ

µνΨ + · · · .

Perturbative renormalizability:

• Universality of ρ-meson coupling: gρππ = gρNN = g

• KSRF–relation: M2 = 2g2F 2



Feynman diagrams including vector mesons up to and including

O(q3) 77

Tree-level diagrams

(1)
1

(2)
2

(3)
3

(4)
0

ρ
1

(5)
1

ρ
1

(6)
0

ρ, ω
3

77T. Bauer, J. C. Bernauer, and S. Scherer, Phys. Rev. C 86, 065206 (2012)



One-loop diagrams (set 1)
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One-loop diagrams (set 2)
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One-loop diagrams (set 3)

1 1
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ρ

(22)



Input parameters (LECs) from other sources

Masses

mN = 938MeV,

Mπ = 140MeV,

Mρ = 775MeV,

Mω = 783MeV,

m∆ = 1210MeV

Decay constant and couplings

Fπ = 92.2MeV,

gA = 1.27,

g = 5.93,

g = 1.13.



Fit parameters (∆, ρ, ω)

Q2
max gω fω · gω Gρ d6 d7 dx χ2

red
0.2 −1.06 −0.106 −4.84 1.67 −0.282 −0.506 1.50
0.3 −1.27 −0.127 −4.05 1.55 −0.233 −0.512 4.21
0.4 −1.92 −0.192 −1.98 1.50 −0.211 −0.547 25.30

Fit parameters without ∆ (ρ, ω)

Q2
max gω fω · gω Gρ d6 d7 dx χ2

red
0.2 5.13 0.513 −16.90 0.629 0.0909 −0.134 1.45
0.3 4.91 0.491 −17.13 0.507 0.0991 −0.118 1.74
0.4 4.49 0.449 −16.58 0.490 0.0934 −0.130 3.57



Fits including ∆
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Solid lines:
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max = 0.2 GeV2

dashed lines:
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max = 0.3 GeV2

dotted lines:
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grey bands:
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form factors to the
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Decomposition into individual contributions
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Decomposition into individual contributions
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Comparison new vs. old vector-meson calculation
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Comparison new vs. old vector-meson calculation
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