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Energy Density Functionals

✔  universal density functionals can be applied to all nuclei 
throughout the chart of nuclides.

Important for extrapolations to regions far from stability!

✔ the exact density functional is approximated with powers and 
gradients of ground-state densities and currents.

✔ the quantum many-body problem is mapped onto a one-body 
problem without explicitly involving inter-particle interactions!
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Kohn-Sham DFT

For any interacting system, there exists a local single-particle (Kohn-Sham) potential, 
such that the exact ground-state density equals the ground-state density of a non-
interacting system:

n(r) = ns(r) �
occ�

i

|�i(r)|2

The single-particle orbitals are solutions of the Kohn-Sham equations:

�
�⇥2/2 + vs(r)

⇥
�i(r) = ⇥i�i(r)

vs[n(r)] = v(r) +
�

d3r� n(r�)
|r� r�| + vxc[n(r)]
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the exchange-correlation potential is defined by: 

vxc[n(r)] =
�Exc[n]
�n(r)

self-consistent Kohn-Sham DFT: includes correlations 
and therefore goes beyond the HF. It has the advantage
of being a local scheme.

The practical usefulness of the Kohn-Sham scheme depends entirely on whether 
accurate approximations for Exc can be found!
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5Jacob’s ladder of DFT approximations for Exc 

LDA

GGA

meta-GGA

hyper-GGA

generalized RPA

�

��

�2�
�

�x

{�i}

and/or

unoccupied

Hartree world

Heaven of chemical accuracy

Exchange-correlation functional:
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Mean absolute error of the atomization energies for 20 molecules, 
evaluated using various approximations: 

Approximation Mean abs. error (eV)

Unrestricted Hartree-Fock 3.1 (underbinding)

LDA 1.3 (overbinding)

GGA 0.3 (mostly overbinding)

Desired “chemical accuracy” 0.05

⇒ Multiply by 106 and compare with the nuclear case!
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Relativistic Energy Density Functionals 

✔ natural inclusion of the spin degree of freedom (spin-orbit potential 
with empirical strength)

✔ unique parameterization of time-odd components (currents) of the 
nuclear mean-field

✔ the distinction between scalar and vector self-energies leads to a natural 
saturation mechanism for nuclear matter
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Relativistic energy density functionals: 

The elementary building blocks are two-fermion terms of the general type:

(⌅̄O⇤�⌅) O⇤ � {1, ⇤i} � � {1, �µ, �5, �5�µ,⇥µ⇥}

... isoscalar and isovector four-currents and scalar densities:

jµ = �⌅0|⇧�µ⇧|⌅0⇥ =
�

k

⇧k�µ⇧k ,

�jµ = �⌅0|⇧�µ�⇤⇧|⌅0⇥ =
�

k

⇧k�µ�⇤⇧k ,

⇥S = �⌅0|⇧⇧|⌅0⇥ =
�

k

⇧k⇧k ,

�⇥S = �⌅0|⇧�⇤⇧|⌅0⇥ =
�

k

⇧k�⇤⇧k

where             is the nuclear ground state.|�0�
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Four-fermion (contact) interaction terms in the various isospace-space 
channels:

(⇤̄⇤)2
(⇤̄�µ⇤)(⇤̄�µ⇤)
(⇤̄⌅⇥⇤) · (⇤̄⌅⇥⇤)
(⇤̄⌅⇥�µ⇤) · (⇤̄⌅⇥�µ⇤)

isoscalar-scalar:

isoscalar-vector:

isovector-scalar:

isovector-vector:

Empirical ground-state properties of finite nuclei can only determine a small 
set of parameters in the expansion of an effective Lagrangian in powers of 
fields and their derivatives.

Already at lowest order one finds more parameters than can be uniquely 
determined from data.
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L = ⌃̄(i⇥ · ⌥ �m)⌃

�1
2
�S(⌅̂)(⌃̄⌃)(⌃̄⌃)� 1

2
�V (⌅̂)(⌃̄⇥µ⌃)(⌃̄⇥µ⌃)

�1
2
�TV (⌅̂)(⌃̄�⇧⇥µ⌃)(⌃̄�⇧⇥µ⌃)

�1
2
⇤S(⌥⇥⌃̄⌃)(⌥⇥⌃̄⌃)� e⌃̄⇥ · A (1� ⇧3)

2
⌃

Effective Lagrangian:

Hartree correlations

�i(⇥) = ai + (bi + cix)e�dix (i � S, V, TV ) x = ⇥/⇥sat

Only one isovector term and one derivative term can be constrained by data. 
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Microscopic functionals

... universal exchange-correlation functional Exc[ρ]

1st step: Local Density Approximation

2nd step: second-order gradient correction to the LDA

E(�,⇥�) = � E(kf ) + (⇥�)2 F�(kf ) + . . .

EFT calculations for inhomogeneous nuclear matter: 

ELDA
xc �

�
⇥ChPT [�(r)]�(r)d3r
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Semi-phenomenological functionals

... start from a favorite microscopic nuclear matter EOS 

Infinite nuclear matter cannot determine the density functional on the level of 
accuracy that is needed for a quantitative description of structure phenomena in 
finite nuclei.

... the parameters of the functional are fine-tuned to data of finite nuclei

DD-PC1

... starts from microscopic nucleon self-energies in nuclear matter.

... parameters adjusted in self-consistent mean-field calculations of masses of 64 
axially deformed nuclei in the mass regions A ~ 150-180 and A ~ 230-250.
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EB = avA + asA
2/3 + a4

(N � Z)2

4A
+ · · ·

... calculated masses of finite nuclei are primarily sensitive to the three leading terms 
in the empirical mass formula:

... generate families of effective interactions characterized by different values of av, as 
and a4, and determine which parametrization minimizes the deviation 
from the empirical binding energies of a large set of deformed nuclei.

Nikšić, Vretenar, and Ring, Phys. Rev. C 78, 034318 (2008) 
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The nuclear matter saturation density, compression modulus, and Dirac mass are kept 
fixed:

�sat = 0.152 fm�3

m�
D = m + �S = 0.58m

Knm = 230 MeV

DD-ME1, DD-ME2

data on GMR

... plus two additional points on 
the microscopic EoS curve of 
Akmal, Pandharipande and 
Ravenhall:
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av = -16.02 (A), -16.04 (B), -16.06 (C), ....-16.14 (H) MeV

... fix a4 = 33 MeV and vary S2(ρ = 0.12 fm-3)

Isovector channel: S2(�) = a4 +
p0

�2
sat

(�� �sat) +
�K0

18�2
sat

(�� �sat)2 + · · ·
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Deformed nuclei

Z 62 64 66 68 70 72 90 92 94 96 98
Nmin 92 92 92 92 92 72 140 138 138 142 144
Nmax 96 98 102 104 108 110 144 148 150 152 152

Binding energies used to adjust the parameters of the functional:
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|av| (MeV)

<S2>=27.6 MeV
<S2>=27.8 MeV
<S2>=28.0 MeV
<S2>=28.2 MeV
<S2>=28.4 MeV
<S2>=28.6 MeV

Pairing correlations: 
BCS with empirical pairing gaps.

Surface energies of semi-infinite
nuclear matter that minimize the
deviation of the calculated binding
energies from data.

Required accuracy 0.05% ⇒ absolute error 

of ±1 MeV for the total binding energy
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... 48 parameterizations of the energy density functional:
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�2 =
⇤

i

�
Eth

B (i)� Eexp
B (i)

�Eexp
B (i)

⇥2

For each value〈S2〉 of the symmetry energy, there is a unique 

combination of volume and surface energies that minimizes χ2.

�Eexp
B (i) = 0.0005 Eexp

B (i)
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The minimum χ2-deviation of the theoretical  binding energies from data, 
as a function of the volume energy coefficient:

av = �16.06 MeV ⇥S2⇤ = 27.8 MeV as = 17.498 MeV

Absolute minimum:
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Absolute deviations of the calculated binding energies from data for 64 axially deformed nuclei:
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... calculated masses are extrapolated
to a lower mass region not included 
in the fit and to lower values of the 
asymmetry parameter. 

✕ fitted values
◆ extrapolated values

Nikšić, Vretenar, and Ring, Phys. Rev. C 78, 034318 (2008) 
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Test: ground-state properties of actinides

226-236
Th

228-242
U

232-246
Pu

238-250
Cm

242-256
Cf

242-256
Fm

250-262
No

6

7

8

9

10

11

12

13

14

Q
2
0
 (

eb
)

224 228 232 236 240 244 248 252 256 260 264
A

-2

-1

0

1

2
B

.E
.ex

p
-B

.E
.th

 (
M

eV
)

Th
U
Pu
Cm
Cf
Fm
No

Thursday, April 25, 13



60 80 100 120 140 160

A

-4

-2

0

2

4

6

E
th

. -
 E

e
xp

. [
M

e
V

]

DD-PC1

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07

α
2

-4

-2

0

2

4

6

E
th

. -
 E

e
xp

. [
M

e
V

]

DD-PC1

Thursday, April 25, 13



Test: “double-humped” fission barriers of actinides
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Density dependence of the
DD-PC1 isoscalar vector and
scalar nucleon self-energies 
in symmetric nuclear matter, 
compared with the starting 
approximation: 
the Hartree-Fock self-energies
calculated from the Idaho 
N3LO NN-potential.
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Nuclear Many-Body Correlations

short-range
(hard repulsive core of 
the NN-interaction)

long-range 
nuclear resonance 
modes 
(giant resonances)

collective correlations
large-amplitude soft modes:
(center of mass motion, rotation,
low-energy quadrupole vibrations)

...vary smoothly with nucleon number!
Implicitly included in an effective EDF.

...sensitive to shell-effects and strong variations 
with nucleon number!
Cannot be included in a simple Kohn-Sham EDF 
framework.  
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1.Mean-field calculations, with a 
constraint on the quadrupole 
moment.

2.  Angular-momentum and 
    particle-number projection.

3. Generator Coordinate Method
 ⇒ configuration mixing

Restoration of broken 
symmetries and fluctuations 
of collective variables
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triaxial shapes, breaking time-reversal invariance, different 
deformations for proton and neutron distributions, ... 

... larger variational space for projected GCM calculations!
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Five-dimensional collective Hamiltonian

... nuclear excitations determined by quadrupole vibrational and rotational degrees of freedom

Hcoll = Tvib(�, ⇥) + Trot(�, ⇥,�) + Vcoll(�, ⇥)

Tvib =
1
2
B�� �̇2 + �B�⇥ �̇⇥̇ +

1
2
�2B⇥⇥ ⇥̇2

Trot =
1
2

3�

k=1

Ik�2
k

The entire dynamics of the collective Hamiltonian is governed by the seven functions of the 
intrinsic deformations β and γ: the collective potential, the three mass parameters: Bββ, Bβγ, 
Bγγ, and the three moments of inertia Ik. 
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Evolution of triaxial shapes in Pt nuclei: 
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✔ unified microscopic description of the structure of stable and nuclei 
far from stability,  and reliable extrapolations toward the drip lines.

Nuclear Energy Density Functional Framework

✔ extended to take into account collective correlations → quantitative 
description of ground-state properties, excitation spectra and 
electromagnetic transition rates. 

✔ fully self-consistent (Q)RPA analysis of giant resonances, low-energy 
multipole response in weakly-bound nuclei, weak-interaction processes.
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