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Ein Blick in den magnetischen Speicherring des g-2-Experiments am Fermilab, in dem die Myonen

fast mit Lichtgeschwindigkeit kreisen.

Fermilab

Die Suche nach «neuer Physik» ist seit vielen Jahren das Leitmotiv von

Teilchenphysikern. Unter «neu» verstehen sie alles, was über das

Standardmodell der Teilchenphysik hinausgeht. Dieses Modell beschreibt die

Vor zwei Wochen bekam das Standardmodell der Teilchenphysik
nasse Füsse. Jetzt steht ihm das Wasser bis zum Hals

Am Fermilab bei Chicago haben Physiker das magnetische Moment des Myons mit

bisher unerreichter Präzision vermessen. Das Ergebnis erhärtet den Verdacht, dass es im

Mikrokosmos bisher unbekannte Teilchen oder Kräfte geben könnte.

Christian Speicher

07.04.2021, 17.00 Uhr
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Mo$va$on:	The	Dark	MaLer	Puzzle
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Astrophysical	observa5ons:		
• Dark	MaLer	dominates	maLer	density	of	universe	

• No	clues	on	nature	of	Dark	MaLer	from	laboratory	
experiments

Standard	Model	of	Par5cle	Physics:		
• Quan$ta$ve	framework	for	descrip$on	of	known	
cons$tuents	of	visible	maLer	

• No	Dark	MaLer	candidate	among	SM	par$cles	

• No	explana$on	for	baryon	asymmetry	in	universe

Standard	Model	does	not	provide	a	complete	descrip$on	of	Nature

Source:	Tanja	Labs	for	PRISMA+
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The	Quest	for	New	Physics

Energy Frontier

Intensity Frontier

Precision Frontier

New	par$cles	and	
interac$ons	at	
colliders

Enhancement	of	
rare	phenomena

Comparison	of	
precision	observables	
to	Standard	Model	
predic$on
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g = 2

Paul	Dirac

The	anomalous	magne$c	moment	of	the	muon

5

Magne$c	moment	of	par$cle	with	mass	 	and	charge	m e :
<latexit sha1_base64="SghizP2r8vqFm2/UyVhM1DDjEkY="></latexit>
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e~
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<latexit sha1_base64="YcBzPtqVUPql2H7wBDSRr4A99Xc="></latexit>

~M

-factorg
<latexit sha1_base64="dij6hgipwJ8qjp66QPbfo3WyoI4=">AAACA3icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgwK4jGCWSAZQk+nJmnSs9BdEwxDjn6AV/0Eb+LVD/EL/A17kiCa+KDg8V5VV9fzYik02vanlVtaXlldy68XNja3tneKu3t1HSWKQ41HMlJNj2mQIoQaCpTQjBWwwJPQ8AbXmd8YgtIiCu9xFIMbsF4ofMEZGqnRHgJPr8adYsku2xPQH+LMkxKZodopfrW7EU8CCJFLpnXLsWN0U6ZQcAnjQjvREDM+YD1oGRqyALSbTr47pkdG6VI/UqZCpBP190TKAq1HgWc6A4Z9Pe9l4r8ePmQP6rn16F+6qQjjBCHk0+1+IilGNAuEdoUCjnJkCONKmAMo7zPFOJrYCiaZhRwWSf2k7JyXz+5OS5WbWUZ5ckAOyTFxyAWpkFtSJTXCyYA8kWfyYj1ar9ab9T5tzVmzmX3yB9bHN6hsmK4=</latexit>

~BMagne$c	field

Quantum	correc$ons	modify	Dirac’s	predic$on		g = 2
				anomalous	magne$c	momentg = 2(1 + a), a :
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Julian	Schwinger
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~BMagne$c	field

Quantum	correc$ons	modify	Dirac’s	predic$on		g = 2
				anomalous	magne$c	momentg = 2(1 + a), a :

Electromagne$c,	weak	and	strong	interac$ons	contribute	to	a
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~BMagne$c	field

Quantum	correc$ons	modify	Dirac’s	predic$on		g = 2
				anomalous	magne$c	momentg = 2(1 + a), a :

Beyond	leading	order:	dis$nct	values	of	 	and	ae, aμ aτ
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Bern	2023

Muon	 	Theory	Ini$a$veg − 2
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Founded	in	2017	

Agree	on	common	SM	predic$on	

Focus	on	hadronic	contribu$ons	

Prospects	for	increased	precision

Mainz	2018

Max Hansen

Jonna Koponen Xiao-Ming Xu

Zoom	2020
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QED:
<latexit sha1_base64="L2zx+1AIWOkBhfof3IDOKLdDOkg="></latexit>

116 584 718.9 (1) ⇥ 10�11 <latexit sha1_base64="tut0SZxHDgj7LUS666TyChAIja8="></latexit>

0.001 ppm

Weak:
<latexit sha1_base64="9XHAZgR7NX/c6TCTLpXxo//F+ek="></latexit>

153.6(1.0) ⇥ 10�11 <latexit sha1_base64="00vlY3gxT0sItJPFZIQw++oWvC0="></latexit>

0.01 ppm

Hadronic	light-by-light	scaLering:
<latexit sha1_base64="nLo/1hruI/9yieK/3TJrioDYnwM="></latexit>

92(18) ⇥ 10�11 <latexit sha1_base64="9aawWWyvp1/YWmjaa+jvzXF9UA0="></latexit>

0.15 ppm <latexit sha1_base64="Tuf2017jub9G+5f31ofkjx4hzPM="></latexit>

[20%]

Hadronic	vacuum	polarisa$on:
<latexit sha1_base64="XJPge3lIUpDO2FVYbfwY/vqInDk="></latexit>

6845(40) ⇥ 10�11 <latexit sha1_base64="13lJn8sQQdPMRU1FD0Cq5mQeWbI="></latexit>

[0.6%]
<latexit sha1_base64="K58JlQgdGVHIbEgUeR0nLHoC6fg="></latexit>

0.34 ppm

<latexit sha1_base64="kcrJpeYrYbFVO+3JCJGEP3TxNFQ="></latexit>

aSM
µ = aQED

µ + aweak
µ + ahvp

µ + ahlbl
µ = 116 591 810(43) ⇥ 10�11 <latexit sha1_base64="/fYNLjN5BJpkzU+FIy35oUcGm18="></latexit>

0.37 ppm

[Aoyama	et	al.,	Phys.	Rep.	887	(2020)	1,	arXiv:2006.04822]

Hadronic	light-by-light	scaLering	(HLbL)

µ µ
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µ µ
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Hadronic	vacuum	polarisa$on	(HVP)
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• QED	and	electroweak	contribu$ons	account		
for	99.994%	of	the	SM	predic$on	for	aμ

• Error	is	dominated	by	strong	interac$on	effects

QED+EW

HLbL

HVP
QED+EW

Strong
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+ aBSM
µ

		sensi$vity	of		 	enhanced	by																																									rela$ve	to	→ aμ ae
<latexit sha1_base64="Zsi0TD6h2fUlTkgxTGNyS8FUWMY="></latexit>

(mµ/me)2 ⇡ 4.3 ⇥ 104

<latexit sha1_base64="U6l6dg5VEgrGKWpjnzAR6B+S/7w=">AAACLHicbZDLSsNAFIYn9VbrLerSzWARXNWkeFsWRXBTqGgv0LRhMp20Q2eSMDMRS+hb+Bw+gFt9BDcibvU1nLSlaOuBgZ//P2cO5/MiRqWyrHcjs7C4tLySXc2trW9sbpnbOzUZxgKTKg5ZKBoekoTRgFQVVYw0IkEQ9xipe/3LNK/fEyFpGNypQURaHHUD6lOMlLZcs4BchzDWThzB4cVteehEIoxUCPnYLx6V3WnWLrpm3ipYo4JTYc+KPJhUxTW/nU6IY04ChRmSsmlbkWolSCiKGRnmnFiSCOE+6pKmlgHiRLaS0V1DeKCdDvRDoV+g4Mj9PZEgLuWAe7qTI9WTs1lq/puph/RDObNe+eethAZRrEiAx9v9mEENIyUHO1QQrNhAC4QF1QdA3EMCYaX55jSZOQ7zolYs2KeFk5vjfOlqwigL9sA+OAQ2OAMlcA0qoAoweATP4AW8Gk/Gm/FhfI5bM8ZkZhf8KePrB1g6qDE=</latexit>

aBSM
` / m2

`/M
2
BSM

<latexit sha1_base64="HSzF1RpDVH/faTW3TO1g7QRQ9vg=">AAACEXicbVDLSgMxFM3UV62v0S7dDBbBRSlT8bURCiK4rGAf0Cklk95pQzOZIbkjltKv8APc6ie4E7d+gV/gb5hpi2jrgYTDOfeRHD8WXKPrflqZpeWV1bXsem5jc2t7x97dq+soUQxqLBKRavpUg+ASashRQDNWQENfQMMfXKV+4x6U5pG8w2EM7ZD2JA84o2ikjp33QIhLKHpFL0zSG2nSsQtuyZ3A+SHleVIgM1Q79pfXjVgSgkQmqNatshtje0QVciZgnPMSDTFlA9qDlqGShqDbo8njx86hUbpOEClzJDoT9XfHiIZaD0PfVIYU+3reS8V/PXxIB+q59RhctEdcxgmCZNPtQSIcjJw0HqfLFTAUQ0MoU9x8wGF9qihDE2LOJLOQwyKpH5fKZ6XT25NC5XqWUZbskwNyRMrknFTIDamSGmFkSJ7IM3mxHq1X6816n5ZmrFlPnvyB9fEN+s+dCQ==</latexit>

` = e, µ, ⌧
Why	the	muon?

Standard	Model	vs.	experiment:
<latexit sha1_base64="U9Om7ymeofd3adisFF/jZ2p87L8=">AAACT3icbVFbSwJBFJ61m9ptq8dehiQIAlkjrJdAqKhHhbyAmsyORx2c2V1mZk1Z9nf1O3rsodf8Cb1Fo0l46cDAdzkzh/ONG3CmtOO8W4m19Y3NrWQqvb2zu7dvHxxWlB9KCmXqc1/WXKKAMw/KmmkOtUACES6Hqtu/nfjVAUjFfO9JjwJoCtL1WIdRoo3Uskuk1RDhc9SQAsMwiG/meOn+Lj6f4y9A+gtCbxAscu7yuGVnnKwzLfwHcssgg2ZVbNnjRtunoQBPU06UquecQDcjIjWjHOJ0I1QQENonXagb6BEBqhlNV4/xqVHauONLczyNp+r8jYgIpUbCNZ2C6J5a9ibiv54eTh5US+N157oZMS8INXj0d3on5Fj7eBIubjMJVPORAYRKZhbAtEckodp8Qdoks5LDKqhcZHP5bL50mSk8zDJKomN0gs5QDl2hAnpERVRGFL2iD/SJxtab9WV9J2atCWsGjtBCJVI/eHy12w==</latexit>

aexp
µ = aQED

µ + aweak
µ + ahvp

µ + ahlbl
µ

?
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Fermilab	experiment	E989

μ

[0.19 ppm]
<latexit sha1_base64="+eMdvT0opWQ+6UuyjJqcYIwm508="></latexit>

aexp
µ = 0.001 165 920 49(22)
[Aguillard	et	al.,	Phys	Rev	LeE		131	(2023)	16,	161802]
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⇒

⇒
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⇒spin
momentum

Storage
R ing

ωa = aµ eB
mµ

actual precession × 2
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5.1 σ
Confron$ng	the	SM	predic$on	with	the	E989	measurement

<latexit sha1_base64="OeYgb6lQecJUzjTcvP2eDhuxYF8="></latexit>

aexp
µ = 116 592 049(22) ⇥ 10�11 [0.19 ppm]

Lattice QCD
(BMWc)<latexit sha1_base64="75XaEiWqh4DVBmOJsBxeUaDwTwc="></latexit>

) aexp
µ � aSM

µ = (249 ± 48) · 10�11 [5.1�]

Standard	Model	predic$on:

<latexit sha1_base64="nqZoWFCuuEyEA6YTkCZ8lybTA5Y="></latexit>

aSM
µ = 116 591 810(43) ⇥ 10�11 [0.37 ppm]

• White	paper	es$mate	based	on	“data-driven”	evalua$on	of	(leading-order)	HVP	contribu$on:	
dispersion	integrals	and	hadronic	cross	sec$ons

• Lamce	QCD	result	for	HVP	with	comparable	precision
<latexit sha1_base64="tlTEjC5zkQ9WCQniszPoqaT7LEQ="></latexit>

aexp

µ � aSM

µ

���hvp,LO

BMWc
= (105 ± 61) · 10

�11
[1.7�]

[Borsányi	et	al.,	Nature	593	(2021)	7857]

New	Physics	on	the	horizon?
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Confron$ng	the	SM	predic$on	with	the	E989	measurement
<latexit sha1_base64="OeYgb6lQecJUzjTcvP2eDhuxYF8="></latexit>

aexp
µ = 116 592 049(22) ⇥ 10�11 [0.19 ppm]

Lattice QCD
(BMWc)

SM prediction?

<latexit sha1_base64="75XaEiWqh4DVBmOJsBxeUaDwTwc="></latexit>

) aexp
µ � aSM

µ = (249 ± 48) · 10�11 [5.1�]

Standard	Model	predic$on:

<latexit sha1_base64="nqZoWFCuuEyEA6YTkCZ8lybTA5Y="></latexit>

aSM
µ = 116 591 810(43) ⇥ 10�11 [0.37 ppm]

• White	paper	es$mate	based	on	“data-driven”	evalua$on	of	(leading-order)	HVP	contribu$on:	
dispersion	integrals	and	hadronic	cross	sec$ons

• Lamce	QCD	result	for	HVP	with	comparable	precision
<latexit sha1_base64="tlTEjC5zkQ9WCQniszPoqaT7LEQ="></latexit>

aexp

µ � aSM

µ

���hvp,LO

BMWc
= (105 ± 61) · 10

�11
[1.7�]

[Borsányi	et	al.,	Nature	593	(2021)	7857]

Requires independent confirmation

New	Physics	on	the	horizon?
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Hadronic	light-by-light	scaLering

10

50 70 90 110 130 150

ahlbl,LOµ · 1011

Glasgow consensus 09

N/J+N 17

FJ 17

RBC 23

Mainz/CLS 21/22

RBC 19

WP 20: dispersive

WP 20: disp. + lattice

Hadronic	models	
	+	pQCD

Lamce	QCD	
(	+	QED)

Data-driven

[Aoyama	et	al.,	Phys.	Rep.	887	(2020)	1;	Colangelo	et	al.,	arXiv:2203.15810]

Hadronic	models,	data-driven	method	and	
Lamce	QCD	produce	compa$ble	results	

White	paper	recommended	value:
<latexit sha1_base64="9wMZ9M7COaMUp3yjXGkrfs6RMoU="></latexit>

ahlbl
µ = (92 ± 18) · 10�11

		Uncontroversial	—	contributes	 	to	the	total	SM	uncertainty	of	ahlbl
μ : 0.15 ppm 0.37 ppm

		Focus	on	refinements	and	further	reduc$on	of	uncertainty→

no
t	u
se
d	i
n	W

P

Recent	lamce	calcula$ons:

[Chao	et	al., EPJC	81	(2021)	651;	EPJC	82	(2022)	664;	
		Blum	et	al.,	arXiv:2304.04423]

Mainz/CLS

RBC

<latexit sha1_base64="auK4h3GpJMdjB6nF1gmRu2mTsuU="></latexit>

ahlbl,LO

µ =

(
(109.6 ± 14.7) · 10

�11

(124.7 ± 15.2) · 10
�11
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Hadronic	vacuum	polarisa$on	from	dispersion	theory

11

Analy$city,	unitarity	&	op$cal	theorem	imply:

2 Im =
X

had

Z
d�
�����

�����
2

=

Z
ds

⇡(s � q2)
Im

/ �(e+e� ! hadrons)

Hadronic	effects	cannot	be	treated	in	perturba$on	theory	

• Use	experimental	data	for	 	in	the	low-energy	regime		(“data-driven	approach”)	

• Standard	Model	predic$on	is	subject	to	experimental	uncertain$es

Rhad(s)

“ -ra$o”R
<latexit sha1_base64="T5xRTQveUHMkmFOW9KG2tTaPwps="></latexit>

ahvp,LO

µ =
✓↵mµ

3⇡

◆2 Z 1

m2

⇡0

ds
Rhad(s)K̂(s)

s2
, Rhad(s) =

3s
4⇡ (↵(s))2

�(e+e� ! hadrons)
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<latexit sha1_base64="lZOvzy/NKdkZYaIjxqcnGXrXSfw="></latexit>

ahvp,LO

µ =
✓↵mµ

3⇡

◆2 Z 1

m2

⇡0

ds
Rhad(s)K̂(s)

s2

Hadronic	vacuum	polarisa$on:	Data-driven	approach

12

2π

ω, ϕ
< 2 GeV

2 − 5 GeV

Two-pion	channel	contributes ≈ 70 %

 2π

 < 2 GeV

 ω  ϕ

 2 − 5 GeV

s [GeV]

σ[
m

ba
rn

]

pQCD

Decade-long	effort	to	measure	 		cross	sec$onse+e−

:		sum	of	exclusive	channels	

:		inclusive	channels,	narrow	resonances,	perturba$ve	QCD

s ≲ 2 GeV
s > 2 GeV
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m2
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ds
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s2

Hadronic	vacuum	polarisa$on:	Data-driven	approach
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 2π

 < 2 GeV

 ω  ϕ

 2 − 5 GeV

s [GeV]

σ[
m

ba
rn

]

pQCD

Decade-long	effort	to	measure	 		cross	sec$onse+e−

:		sum	of	exclusive	channels	

:		inclusive	channels,	narrow	resonances,	perturba$ve	QCD

s ≲ 2 GeV
s > 2 GeV

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports xxx (xxxx) xxx

Fig. 15. Comparison of results for aHVP, LO
µ [⇡⇡ ], evaluated between 0.6GeV and 0.9GeV for the various experiments..

Fig. 16. Ratios of cross sections [82] from KLOE-2012 to KLOE-2008 (top left), KLOE-2010 to KLOE-2008 (top right), and KLOE-2012 to
KLOE-2010 (bottom). The green bands indicate the uncommon systematic uncertainty in the respective ratios.

while KLOE-2010 is more in agreement. On the other hand, above 0.7GeV SND agrees well with BABAR, while both KLOE
measurements are below by 2–3%. If these observations could provide some hints for understanding the KLOE–BABAR
discrepancy, it is clear that still more experimental investigations with high precision are needed for further progress in
this crucial ⇡+⇡� contribution. The new SND results are not yet included in the data combinations discussed in this WP
version, but will be added later after they are carefully examined and accepted for publication.

Tensions in the K+K� channel. Tensions among data sets are also present in the K+K� channel (see top panel of Fig. 18
for a display of the available measurements). A discrepancy up to 20% between BABAR [142] and SND [155] was observed
for masses between 1.05 and 1.4GeV. Fortunately the problem has been resolved with the most recent SND result [77],
although the origin of the previous systematic shift is not discussed. It looks like the older SND results should be discarded.

22

	e+e− → π+π−

BaBar	/	KLOE	tension!
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<latexit sha1_base64="lZOvzy/NKdkZYaIjxqcnGXrXSfw="></latexit>
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Hadronic	vacuum	polarisa$on:	Data-driven	approach
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Decade-long	effort	to	measure	 		cross	sec$onse+e−

:		sum	of	exclusive	channels	

:		inclusive	channels,	narrow	resonances,	perturba$ve	QCD

s ≲ 2 GeV
s > 2 GeV

• White	Paper	recommended	value	(2020):

(accounts	for	tensions	in	the	data	and	differences	between	analyses)

<latexit sha1_base64="K1vOxayXCyQMUM/k5DMUMZ08ai0="></latexit>

ahvp,LO

µ = 693.1(2.8)exp(2.8)syst(0.7)DV+QCD ⇥ 10
�10

<latexit sha1_base64="RcKvHixt36bx1GZpQHNS3C9b/aU="></latexit>

= 693.1(4.0) ⇥ 10�10 [0.6%]

360 365 370 375 380 385 390
-10 < 0.88 GeV ), 10s  ( 0.6 <

-
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0

1

before CMD2

CMD2

SND

KLOE comb

BABAR

BES

CLEO

SND2k

CMD3

• Recent	results	in	the	 	channel	by	CMD-3:	
	 		further	tension	among	 	data

π+π−

→ e+e−

[Ignatov	et	al.	(CMD-3	Collab.),	arXiv:2302.08834]

<latexit sha1_base64="ew1Qmto6XJHv1OUO10wxX/oKKHE="></latexit>

ahvp,LO

µ = 707.6(3.4)exp(0.7)DV+QCD ⇥ 10
�10

(my	own	es$mate)
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Lamce	QCD

Lamce	spacing:											 					 						a, xμ = nμa, a−1 = ΛUV

Non-perturbaVve	treatment	of	strong	interacVon	via	regularised	Euclidean	path	integrals

Procedure:

• Choose	discre$sa$on	of	QCD	ac$on	

• Evaluate	 		via	Monte	Carlo	Integra$on:	

generate	ensembles	of	gauge	configura$ons	via	a	Markov	chain	

• Ensemble	average:			 											Sta$s$cal	error:				 		 	

• Extrapolate	observables	to	the	con$nuum	limit:	 		and	tune	quark	masses	to	physical	values

⟨Ω⟩

⟨Ω⟩ ≃ Ω Ω2 − Ω2 ∝ 1/N1/2
cfg

a → 0

<latexit sha1_base64="kTWNPYnUoXhl61/MtazW+Ah3KYE="></latexit>

h⌦i = 1
Z

Z Y

x, µ

dUµ(x) ⌦ e�S e↵
G [U]Expecta$on	value:

Hartmut	Wittig

PLQCD	Research	Goals

5

Calculate	key	quan--es	that	play	a	pivotal	role	in	the	quest	for	new	physics,	with	
unprecedented	precision,	using	numerical	simula-ons	of	QCD	on	a	space--me	la>ce

Quantum	Chromodynamics	(QCD)
• Gauge	theory	of	the	strong	interac7on	
• Perturba7on	theory	not	applicable	at	low	energies

La*ce	QCD
• Ab	ini-o	treatment	on	discre7sed	space-7me	
• Compute	observables	via	Monte	Carlo	integra7on

:		Gluon:		Quark

a

Challenges	for	La*ce	QCD	calcula9ons
• Noise	problem:	exponen7al	growth	of	sta7s7cal	fluctua7ons	
• Bias	from	unsuppressed	excited-state	contribu7ons	
• Extrapola7on	to	con7nuum	limit:		a → 0
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Hadronic	vacuum	polarisa$on	from	Lamce	QCD

14

Lamce	QCD	does	NOT	determine	the	 -ra$o	from	first	principlesR
Time-momentum	representa$on	(TMR): [Bernecker	&	Meyer	EPJA	47	(2011)	148]

( :	known	analy$cally)K̃(t)

• No	reliance	on	experimental	data,	except	for	simple	input	quan$$es	 	scale	semng,	calibra$on	

• Not	sensi$ve	to	exclusive	hadronic	channels

→

• Exponen$ally	increasing	sta$s$cal	noise	as	t → ∞
• Correct	for	finite-volume	effects

• Control	discre$sa$on	effects	(“lamce	artefacts”)

• Include	isospin-breaking	correc$ons

<latexit sha1_base64="jIXg7WA+nDhCNjdiX3jYe0cxIcM="></latexit>

ahvp
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✓↵
⇡

◆2 Z 1

0
dt K̃(t) G(t), G(t) = �a3
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~x

D
Je.m.

k (~x, t)Je.m.
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E

Challenges
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Hadronic	vacuum	polarisa$on	from	Lamce	QCD
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Lamce	QCD	does	NOT	determine	the	 -ra$o	from	first	principlesR
Time-momentum	representa$on	(TMR): [Bernecker	&	Meyer	EPJA	47	(2011)	148]
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→
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• Correct	for	finite-volume	effects

• Control	discre$sa$on	effects	(“lamce	artefacts”)
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<latexit sha1_base64="jIXg7WA+nDhCNjdiX3jYe0cxIcM="></latexit>
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Light-quark	connected	contribu5on	dominates
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Controlling	the	long-distance	tail	of		G(t)

15

• Long-distance	tail	of	the	light	quark	contribu$on	to	 :	
limi$ng	factor	for	overall	sta$s$cal	precision	

• Correlator	dominated	by	isovector	two-pion	contribu$on

G(t)

Strategies:

• Dedicated	calcula$ons	of	the	spectrum	in	isovector	channel	
and/or	pion	form	factor	Fπ(ω)

[Mainz	2019]

0
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Figure 10: Comparison of a conventional random source based technique, as we applied it in our earlier
work [47], and a low mode utilizing technique of this work on a � = 3.9200 4stout ensemble for the case
of [alight

µ
]0 upper and lower bounds (see Section 13).

where the kernelK(t; aQmax, amµ) is given by Equations (65) and (68). It depends on the gauge ensemble
only through the lattice spacing. The perturbative contribution is given by

apert
µ

= 1010↵2

Z 1

Q2
max

dQ2

m2
µ

!

✓
Q2

m2
µ

◆h
⇧̂pert(Q2)� ⇧̂pert(Q2

max)
i
. (70)

In Reference [47] we demonstrated on our 4stout data set that switching to the perturbative calculation
can be safely done for Q2

max & 2 GeV2, ie. from this point on aµ does not depend on the choice of Qmax.
In this work we use Q2

max = 3 GeV2. The perturbative part for this choice was computed in [47] and is
given in Section 24, where the final result for aµ is put together.

We also consider a modification of Equation (65), in which the current propagator is restricted to a
certain region in time, from t1 to t2. To achieve this, we multiply the propagator by a smooth window
function [48]

W (t; t1, t2) ⌘ ⇥(t; t1,�)�⇥(t; t2,�) with ⇥(t; t0,�) ⌘ 1
2 +

1
2 tanh[(t� t0)/�] (71)

or equivalently we replace the weight factor as K(t) ! K(t)W (t). We will focus on a particular window
defined in Reference [48], with parameters t1 = 0.4 fm, t2 = 1.0 fm and � = 0.15 fm. The corresponding
contribution to the magnetic moment of the muon is denoted by aLO�HVP

µ,win and for brevity we use aµ,win =

aLO�HVP
µ,win ⇥ 1010. We can do the same partitioning as we did with aµ in Equation (67). We will use those

notations extended by a win subscript.

12 Noise reduction techniques

In this section we consider quantities at the isospin-symmetric point; noise reduction techniques for the
isospin-breaking part are discussed in Section 14. For the strange and charm connected contributions,
Cstrange

0 and Ccharm
0 , and for the disconnected contribution Cdisc

0 we use the same measurements that
are presented in our previous work [47]. A new measurement procedure is implemented for the light

27

[BMWc	2020]

<latexit sha1_base64="WK+04WC+XCug3RPqSdTP2KoVJps="></latexit>

0  G(t)  G(tc)
G⇡⇡(t)
G⇡⇡(tc)

, t � tc

• “Bounding	method”:

• Noise-reduc$on	methods:	
AMA,	LMA,	truncated	solver	

• Machine	Learning
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Common	discre$sa$ons	of	the	quark	ac$on

16

Computa$onal	cost	depends	significantly	

on	the	chosen	discre$sa$on

Rooted	staggered	quarks:	

• remnant	fermion	doublers	—	“tastes”	

• correct	analy$cally	for	taste-induced	
lamce	artefacts	

• used	by:	
BMW,	Fermilab-HPQCD-MILC,	ABGP,…

Wilson	quarks:	

• no	doublers;	chiral	symmetry	broken	explicitly	

• “excep$onal	configura$ons”:	
nega$ve	eigenvalues	of	Wilson-Dirac	operator	

• used	by:	Mainz/CLS,	ETM,	PACS

Domain	wall	/overlap	quarks:	

• no	doublers;	chiral	symmetry	breaking	exponen$ally	small	

• live	in	five	dimensions	(dwf)	

• evaluate	sign	func$on	of	“conven$onal”	ac$on	(ovlp)	

• used	by:	RBC/UKQCD,	 QCD,…χ

“Fermion	doubling	problem”

computa$onal	cost
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BMW 17

RBC/UKQCD 18

ETMC 19

PACS 19

FHM 19

Mainz/CLS 19

BMW 20

LM 20

Aubin et al. 22
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ahvpµ · 1010

FJ 19

BDJ 19

DHMZ 19

KNT 19

HVP	in	Lamce	QCD

17

White	Paper:

-ra$o:					 					R ahvp, LO
μ = (693.1 ± 4.0) ⋅ 10−10 [0.6%]

LQCD:							 			ahvp, LO
μ = (711.6 ± 18.4) ⋅ 10−10 [2.6%]

W
P	c
ut
off

				ahvp, LO
μ = (715.4 ± 16.3 ± 9.2) ⋅ 10−10 [2.6%]

RBC/UKQCD	

• Domain	wall	fermions	
• Two	ensembles:		 	at	 	

• Leading	isospin-breaking	correc$ons	included	

• Naive	con$nuum	extrapol’n	in	 	including	
es$mated	 -term

a = 0.114, 0.084 fm mphys
π

a2

a4

[Blum	et	al.,	Phys.	Rev.	LeE.	121	(2018)	022003]
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White	Paper:

-ra$o:					 					R ahvp, LO
μ = (693.1 ± 4.0) ⋅ 10−10 [0.6%]

LQCD:							 			ahvp, LO
μ = (711.6 ± 18.4) ⋅ 10−10 [2.6%]

W
P	c
ut
off

m2
π /(4π fπ)2

				ahvp, LO
μ = (720.0 ± 12.6 ± 9.9) ⋅ 10−10 [2.2%]

Mainz/CLS	

• 	improved	Wilson	fermions	

• Four	lamce	spacings:		 	

• Pion	masses		 	

• Isospin-breaking	correc$on	by	ETMC	added	to	error	

• Simultaneous	chiral	and	con$nuum	extrapola$on

O(a)
a = 0.085 − 0.050 fm

mπ = 130 − 420 MeV

[Gérardin	et	al.,	Phys.	Rev.	D	100	(2019)	014510]
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HVP	in	Lamce	QCD

17

White	Paper:

-ra$o:					 					R ahvp, LO
μ = (693.1 ± 4.0) ⋅ 10−10 [0.6%]

LQCD:							 			ahvp, LO
μ = (711.6 ± 18.4) ⋅ 10−10 [2.6%]

W
P	c
ut
off

				ahvp, LO
μ = (707.5 ± 2.3 ± 5.0) ⋅ 10−10 [0.8%]

BMWc	

• Rooted	staggered	fermions	
• Six	lamce	spacings:		 		

• Physical	pion	mass	throughout	

• Correct	for	taste-breaking	before	con$nuum	extrapol’n	

• Final	result	selected	from	distribu$on	of	different	fits

a = 0.132 − 0.064 fm

[Borsányi	et	al.,	Nature	593	(2021)	7857]
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Extended Data Fig. 3 | Example continuum limits of a µ

ightl . The light-green 
triangles labelled ‘none’ correspond to our lattice results with no taste 
improvement. The blue squares repesent data that have undergone no taste 
improvement for t < 1.3 fm and SRHO improvement above. The blue curves 
correspond to example continuum extrapolations of improved data to 
polynomials in a2, up to and including a4. We note that extrapolations in 
a2αs(1/a)3, with αs(1/a) the strong coupling at the lattice scale, are also 
considered in our final result. The red circles and curves are the same as the 

blue points, but correspond to SRHO taste improvement for t ≥ 0.4 fm and no 
improvement for smaller t. The purple histogram results from fits using the 
SRHO improvement, and the corresponding central value and error is the 
purple band. The darker grey circles correspond to results corrected with 
SRHO in the range 0.4–1.3 fm and with NNLO SXPT for larger t. These latter fits 
serve to estimate the systematic uncertainty of the SRHO improvement. The 
grey band includes this uncertainty, and the corresponding histogram is shown 
with grey. Errors are s.e.m.

Light-quark connected contribution
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Idea:	restrict	integra$on	to	“unproblema$c”	regions	

	 		reduce	sta$s$cal	fluctua$ons	and	systema$c	effects	→

sta$s$cal	noise	
finite-volume	effects

lamce	
artefacts

<latexit sha1_base64="QMdr8vshMkh6n62dlS+JN2kKTag="></latexit>
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µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t) G(t) W(t; t0, t1)

[Blum	et	al.,	Phys.	Rev.	LeE.	121	(2018)	022003]

• Finite-volume	correc$on	reduced	to	0.25%	

• Uncertainty	dominated	by	sta$s$cs0
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Intermediate-distance	window:
<latexit sha1_base64="89bX698ZDrJpadPCEBQuwNSCRis="></latexit>

W ID(t; t0, t1) = ⇥(t, t0,�) � ⇥(t, t1,�)
<latexit sha1_base64="+PX8F/6SrMLZJS2pKxs/LBZE794="></latexit>

⇥(t, t0,�) = 1
2
⇥
1 + tanh(t � t0)/�

⇤

<latexit sha1_base64="dlSTkqxb91mqMhE8oCCM0+H+J30="></latexit>

t0 = 0.4 fm, t1 = 1.0 fm, � = 0.15 fm

		Benchmark	quan$ty	for	sub-contribu$on	of	HVP→

Data-driven	approach:
<latexit sha1_base64="UBVlH1WZOVARznTjVF7lNPc1O1c="></latexit>

ahvp, ID
µ ⌘ awin

µ = (229.4 ± 1.4) · 10�10 [Colangelo	et	al.,	Phys	LeE	B833	(2022)	137313]

(Excluding	the	2023	CMD-3	result	for	 )e+e− → π+π−
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Meyer–Lellouch–Lüscher–Gounaris–Sakurai technique described in 
Supplementary Information; and (iii). the ρ–π–γ model of Jegerlehner 
and Szafron30, already used in a lattice context in ref. 31. Moreover, to 
reduce discretization errors in the light-quark contributions to aµ, 
before extrapolating those contributions to the continuum, we apply 
a taste-improvement procedure that reduces lattice artefacts due to 
taste-symmetry breaking. The procedure is built upon the three models 
of π–ρ physics mentioned above. We provide evidence that validates 
this procedure in Supplementary Information.

Combining all of these ingredients, we obtain as a final result 
aµ = 707.5(2.3)stat(5.0)syst(5.5)tot. The statistical error comes mainly 
from the noisy, large-distance region of the current–current correla-
tor. The systematic error is dominated by the continuum extrapola-
tion and the finite-size effect computation. The total error is obtained 
by adding the first two in quadrature. In total, we reach a relative 
accuracy of 0.8%. In Fig. 2 we show the continuum extrapolation of 
the light, connected component of aµ, which gives the dominant 
contribution to aµ.

Figure 3 compares our result with previous lattice computations and 
also with results from the R-ratio method, which have recently been 
reviewed in ref. 7. In principle, one can reduce the uncertainty of our 
result by combining our lattice correlator, G(t), with the one obtained 
from the R-ratio method, in regions of Euclidean time in which the lat-
ter is more precise19. We do not do so here because there is a tension 
between our result and those obtained by the R-ratio method, as can be 
seen in Fig. 3. For the total LO-HVP contribution to aµ, our result is 2.0σ, 
2.5σ, 2.4σ and 2.2σ larger than the R-ratio results of aµ = 694.0(4.0) (ref. 3),  
aµ = 692.78(2.42) (ref. 4), aµ = 692.3(3.3) (refs. 5,6) and the combined 
result aµ = 693.1(4.0) of ref. 7, respectively. It is worth noting that the 
R-ratio determinations are based on the same experimental datasets 
and are therefore strongly correlated, although these datasets were 
obtained in several different and independent experiments that we have 

no reason to believe are collectively biased. Clearly, these comparisons 
need further investigation, although it should also be kept in mind 
that the tensions observed here are smaller, for instance, than what 
is usually considered experimental evidence for a new phenomenon 
(3σ) and much smaller than what is needed to claim an experimental 
discovery (5σ).

As a first step in that direction, it is instructive to consider a mod-
ified observable, where the correlator G(t) is restricted to a finite 
interval by a smooth window function19. This observable, which we 
denote as aµ,win, is obtained much more readily than aµ on the lattice. 
Its shorter-distance nature makes it far less susceptible to statistical 
noise and to finite-volume effects. Moreover, in the case of staggered 
fermions, it has reduced discretization artefacts. This is shown in 
Fig. 4, where the light, connected component of aµ,win is plotted as 
a function of a2. Because the determination of this quantity does 
not require overcoming many of the challenges described above, 
other lattice groups have obtained it with errors comparable to 
ours19,20. This allows a sharper benchmarking of our calculation of 
this challenging, light-quark contribution that dominates aµ. Our 
aa[ ]µµ

iigghhtt
00

l  differs by 0.2σ and 2.2σ from the lattice results of ref. 20 and 
ref. 19, respectively. Moreover, aµ,win can be computed using the 
R-ratio approach, and we do so using the dataset provided by the 
authors of ref. 4. However, here we find a 3.7σ tension with our lattice 
result.

To conclude, when combined with the other standard-model con-
tributions (see, for example, refs. 3,4), our result for the leading-order 
hadronic contribution to the anomalous magnetic moment of the 
muon, a = 707.5(5.5) × 10µ

LO HVP
tot

−10‐ , weakens the long-standing dis-
crepancy between experiment and theory. However, as discussed above 
and can be seen in Fig. 2, our lattice result shows some tension with the 
R-ratio determinations of refs. 3–6. Obviously, our findings should be 
confirmed—or refuted—by other studies using different discretizations 
of QCD. Those investigations are underway.

Online content
Any methods, additional references, Nature Research reporting sum-
maries, source data, extended data, supplementary information, 
acknowledgements, peer review information; details of author con-
tributions and competing interests; and statements of data and code 
availability are available at https://doi.org/10.1038/s41586-021-03418-1.
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Fig. 4 | Continuum extrapolation of the isospin-symmetric, light, 
connected component of the window observable aµ,win, a( )isoµ,win

ightl . The data 
points are extrapolated to the infinite-volume limit. Central values are 
medians; error bars are s.e.m. Two different ways to perform the continuum 
extrapolations are shown: one without improvement, and another with 
corrections from a model involving the ρ meson (SRHO). In both cases the lines 
show linear, quadratic and cubic fits in a2 with varying number of lattice 
spacings in the fit. The continuum-extrapolated result is shown with the results 
from Blum et al.19 and Aubin et al.20. Also plotted is our R-ratio-based 
determination, obtained using the experimental data compiled by the authors 
of ref. 4 and our lattice results for the non-light-connected contributions. This 
plot is convenient for comparing different lattice results. Regarding the total 
aµ,win, for which we must also include the contributions of flavours other than 
light and isospin-symmetry-breaking effects, we obtain 236.7(1.4)tot on the 
lattice and 229.7(1.3)tot from the R-ratio; the latter is 3.7σ or 3.1% smaller than the 
lattice result.

BMWc:	Rooted	staggered	quarks Mainz/CLS:	 	improved	Wilson	quarksO(a)

awin,ud
μ = (207.3 ± 0.4 ± 1.3) ⋅ 10−10

[Borsányi	et	al.,	Nature	593	(2021)	7857]

• Extension	to	six	lamce	spacings:	
						 	

• Pion	masses		 	

• Two	discre$sa$ons	of	the	vector	current:	
local	and	conserved	

• Simultaneous	chiral	and	con$nuum	extrapola$on	

• Isospin-breaking	correc$on	included

a = 0.099 − 0.035 fm
mπ = 130 − 420 MeV
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Meyer–Lellouch–Lüscher–Gounaris–Sakurai technique described in 
Supplementary Information; and (iii). the ρ–π–γ model of Jegerlehner 
and Szafron30, already used in a lattice context in ref. 31. Moreover, to 
reduce discretization errors in the light-quark contributions to aµ, 
before extrapolating those contributions to the continuum, we apply 
a taste-improvement procedure that reduces lattice artefacts due to 
taste-symmetry breaking. The procedure is built upon the three models 
of π–ρ physics mentioned above. We provide evidence that validates 
this procedure in Supplementary Information.

Combining all of these ingredients, we obtain as a final result 
aµ = 707.5(2.3)stat(5.0)syst(5.5)tot. The statistical error comes mainly 
from the noisy, large-distance region of the current–current correla-
tor. The systematic error is dominated by the continuum extrapola-
tion and the finite-size effect computation. The total error is obtained 
by adding the first two in quadrature. In total, we reach a relative 
accuracy of 0.8%. In Fig. 2 we show the continuum extrapolation of 
the light, connected component of aµ, which gives the dominant 
contribution to aµ.

Figure 3 compares our result with previous lattice computations and 
also with results from the R-ratio method, which have recently been 
reviewed in ref. 7. In principle, one can reduce the uncertainty of our 
result by combining our lattice correlator, G(t), with the one obtained 
from the R-ratio method, in regions of Euclidean time in which the lat-
ter is more precise19. We do not do so here because there is a tension 
between our result and those obtained by the R-ratio method, as can be 
seen in Fig. 3. For the total LO-HVP contribution to aµ, our result is 2.0σ, 
2.5σ, 2.4σ and 2.2σ larger than the R-ratio results of aµ = 694.0(4.0) (ref. 3),  
aµ = 692.78(2.42) (ref. 4), aµ = 692.3(3.3) (refs. 5,6) and the combined 
result aµ = 693.1(4.0) of ref. 7, respectively. It is worth noting that the 
R-ratio determinations are based on the same experimental datasets 
and are therefore strongly correlated, although these datasets were 
obtained in several different and independent experiments that we have 

no reason to believe are collectively biased. Clearly, these comparisons 
need further investigation, although it should also be kept in mind 
that the tensions observed here are smaller, for instance, than what 
is usually considered experimental evidence for a new phenomenon 
(3σ) and much smaller than what is needed to claim an experimental 
discovery (5σ).

As a first step in that direction, it is instructive to consider a mod-
ified observable, where the correlator G(t) is restricted to a finite 
interval by a smooth window function19. This observable, which we 
denote as aµ,win, is obtained much more readily than aµ on the lattice. 
Its shorter-distance nature makes it far less susceptible to statistical 
noise and to finite-volume effects. Moreover, in the case of staggered 
fermions, it has reduced discretization artefacts. This is shown in 
Fig. 4, where the light, connected component of aµ,win is plotted as 
a function of a2. Because the determination of this quantity does 
not require overcoming many of the challenges described above, 
other lattice groups have obtained it with errors comparable to 
ours19,20. This allows a sharper benchmarking of our calculation of 
this challenging, light-quark contribution that dominates aµ. Our 
aa[ ]µµ
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l  differs by 0.2σ and 2.2σ from the lattice results of ref. 20 and 
ref. 19, respectively. Moreover, aµ,win can be computed using the 
R-ratio approach, and we do so using the dataset provided by the 
authors of ref. 4. However, here we find a 3.7σ tension with our lattice 
result.

To conclude, when combined with the other standard-model con-
tributions (see, for example, refs. 3,4), our result for the leading-order 
hadronic contribution to the anomalous magnetic moment of the 
muon, a = 707.5(5.5) × 10µ

LO HVP
tot

−10‐ , weakens the long-standing dis-
crepancy between experiment and theory. However, as discussed above 
and can be seen in Fig. 2, our lattice result shows some tension with the 
R-ratio determinations of refs. 3–6. Obviously, our findings should be 
confirmed—or refuted—by other studies using different discretizations 
of QCD. Those investigations are underway.
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Fig. 4 | Continuum extrapolation of the isospin-symmetric, light, 
connected component of the window observable aµ,win, a( )isoµ,win

ightl . The data 
points are extrapolated to the infinite-volume limit. Central values are 
medians; error bars are s.e.m. Two different ways to perform the continuum 
extrapolations are shown: one without improvement, and another with 
corrections from a model involving the ρ meson (SRHO). In both cases the lines 
show linear, quadratic and cubic fits in a2 with varying number of lattice 
spacings in the fit. The continuum-extrapolated result is shown with the results 
from Blum et al.19 and Aubin et al.20. Also plotted is our R-ratio-based 
determination, obtained using the experimental data compiled by the authors 
of ref. 4 and our lattice results for the non-light-connected contributions. This 
plot is convenient for comparing different lattice results. Regarding the total 
aµ,win, for which we must also include the contributions of flavours other than 
light and isospin-symmetry-breaking effects, we obtain 236.7(1.4)tot on the 
lattice and 229.7(1.3)tot from the R-ratio; the latter is 3.7σ or 3.1% smaller than the 
lattice result.

BMWc:	Rooted	staggered	quarks Mainz/CLS:	 	improved	Wilson	quarksO(a)

awin,ud
μ = (207.3 ± 0.4 ± 1.3) ⋅ 10−10

[Borsányi	et	al.,	Nature	593	(2021)	7857]
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• Dominant	light-quark	contribu$on	confirmed	for	wide	
range	of	discre$sa$on	with	sub-percent	precision

• Significant	tension	with	results	based	on	the	 -ra$o✻R

✻excluding	the	CMD-3	result
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awin
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Colangelo et al. 22 (R-ratio)

Benton et al. 23 (R-ratio)
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awin, ud
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-ra$o	es$mate:R
<latexit sha1_base64="kmexmZD9xsNbBKXBxzjHXSjMUSg="></latexit>

awin
µ = (229.4 ± 1.4) · 10�10

Lamce	average:

(RBC/UKQCD	23,	ETMC	22,	Mainz/CLS	22,	BMW	20)

<latexit sha1_base64="Y64IpHXcx+huBmitHCp4tAZhEC0="></latexit>

awin
µ = (236.16 ± 1.09) · 10�10

[HW,	arXiv:2306.04165]

• Tension	of	 	in	the	window	observable	evaluated	from	 	data✻	and	four	lamce	calcula$ons3.8σ e+e−
<latexit sha1_base64="M0SjMyBIxjc7g23BT4wTZeslBEg="></latexit>

awin
µ

���hlati � awin
µ

���
e+e� = (6.8 ± 1.8) · 10�10 [3.8�]

<latexit sha1_base64="1EHvDLj6vqP0q7MuSgXKIWkOvaY="></latexit>

aexp
µ � aSM

µ

���win
e+e�! hlati = (18.1 ± 4.8) · 10�10 [3.8�]

• Subtract		 -ra$o	result	 		from	WP	es$mate	and	replace	by	lamce	average	 :R awin
μ |e+e− awin

μ |⟨lat⟩
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μ
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Primary	observable	in	lamce	calcula$ons:		vector	correlator	G(t)
<latexit sha1_base64="QKMt7Po/EOxuaMTHxD0JQz06hkM="></latexit>
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<latexit sha1_base64="zA5hdtzFDNaC0ovW2u++y7gM1nQ="></latexit>

awin
µ

���
lat > awin

µ

���
e+e� implies	that			 	in	some	interval	of	R(s)lat > R(s)e+e− s

awinμ jmodel ¼ ðahvpμ ÞIDjmodel ¼ 231.9 × 10−10; ðB4Þ

ðahvpμ ÞLDjmodel ¼ 384.8 × 10−10; ðB5Þ

ahvpμ jmodel ¼ 672.7 × 10−10: ðB6Þ

Given the omission of the aforementioned channels, these
values are quite realistic.4 Here we only use the model to
provide the partition of the quantities above into three
commonly used intervals of

ffiffiffi
s

p
, in order to illustrate what

the relative sensitivities of these quantities are to different
energy intervals. These percentage contributions are given
in Table IV, along with the corresponding figures for the
subtracted vacuum polarization:

Π̄ðQ2Þ≡ ΠðQ2Þ − Πð0Þ ¼ Q2

12π2

Z
∞

0
ds

RðsÞ
sðsþQ2Þ

: ðB7Þ

The model yields for this quantity the value 385.5 × 10−4 at
Q2 ¼ 1 GeV2. We expect the fractions in the table to be
reliable with an uncertainty at the 5%–7% level.
The model value for the intermediate window is best

compared to the sum of Eqs. (33) and (34). The difference
is ð1.8% 1.4Þ × 10−10, which represents agreement at the
1.3σ level. The main reason the R-ratio model agrees better
with the lattice result than a state-of-the-art analysis [48] is
that the model does not account for the strong suppression
of the experimentally measured R ratio in the region 1.0 <ffiffiffi
s

p
=GeV < 1.5 relative to the parton-model prediction.

This observation suggests a possible scenario where the
higher lattice value of awinμ as compared to its data-driven
evaluation is explained by a too pronounced dip of the R
ratio just above the ϕ meson mass. In such a scenario,
the relative deviation between the central values of ahvpμ

obtained on the lattice and using eþe− data would be
smaller than for awinμ by a factor of about 1.5, given the
entries in Table IV. Indeed, it has been shown [50] that the

central values of the BMW Collaboration [20] cannot be
explained by a modification of the experimental RðsÞ ratio
below s ¼ 1 GeV2 alone.

2. Model estimate of ð∂=∂m2
KÞa

win;s
μ ðm2

π;m2
KÞ

In Ref. [62], we have used two closely related R-ratio
models for the strangeness correlator and the light-quark
contribution to the isoscalar correlator:

Rl
I¼0ðsÞ ¼

Aω

18
m2

ωδðs −m2
ωÞ þ

Nc

18
θðs − s0Þ

"
1þ αs

π

#
;

ðB8Þ

RsðsÞ ¼
Aϕ

9
m2

ϕδðs −m2
ϕÞ þ

Nc

9
θðs − s1Þ

"
1þ αs

π

#
;

ðB9Þ

with

ffiffiffiffiffi
s0

p ¼ 1.02 GeV;
ffiffiffiffiffi
s1

p ¼ 1.24 GeV; ðB10Þ

mω ¼ 0.78265 GeV, mϕ ¼ 1.01946 GeV and [100]

Aω

18
¼ 9π

α2
ΓeeðωÞ
mω

¼ 7.33ð24Þ
18

; ðB11Þ

Aϕ

9
¼ 9π

α2
ΓeeðϕÞ
mϕ

¼ 5.86ð10Þ
9

: ðB12Þ

The threshold values s0 and s1 have been adjusted to
reproduce the corresponding lattice results for ahvpμ . The
model R ratios of Eqs. (B8) and (B9) were used [62] in
the linear combination ð18Rl

I¼0 − 9RsÞ in order to model
the SUð3Þf -breaking contribution Π08, which enters the
running of the electroweak mixing angle. Our model for
this linear combination also obeys an exact sum rule,R∞
0 dsð18Rl

I¼0 − 9RsÞ ¼ 0, within the statistical uncertain-
ties. We now evaluate the window quantity for the models
of Eqs. (B8) and (B9). For the strangeness contribution, we
have

awin;sμ ¼ ð27.6% 0.3statÞ × 10−10; ðB13Þ

TABLE IV. Fractional contributions in percent from different regions in
ffiffiffi
s

p
to ahvpμ and the partial quantities

ðahvpμ ÞSD;ID;LD, as well as the subtracted vacuum polarization at scale Q2 ¼ 1 GeV2, according to the R-ratio model
given in Ref. [49]. Note that this model includes neither the charm nor final states containing a photon, such as π0γ.

ffiffiffi
s

p
interval ahvpμ ðahvpμ ÞSD ðahvpμ ÞID ðahvpμ ÞLD Π̄ð1 GeV2Þ

Below 0.6 GeV 15.5 1.5 5.5 23.5 8.2
0.6 to 0.9 GeV 58.3 23.1 54.9 65.4 52.6
Above 0.9 GeV 26.2 75.4 39.6 11.1 39.2
Total 100.0 100.0 100.0 100.0 100.0

4For orientation, the charm contribution to ahvpμ is 14.66ð45Þ ×
10−10 [17], and the π0γ channel contributes 4.5ð1Þ × 10−10 [3].
Adding these to Eq. (B6), the total is 691.9 × 10−10, con-
sistent within errors with the White paper evaluation of
693.1ð4.0Þ × 10−10.

WINDOW OBSERVABLE FOR THE HADRONIC VACUUM … PHYS. REV. D 106, 114502 (2022)

114502-19

230 235 240

awin
µ ⇥ 1010

Colangelo et al. 22 (R-ratio)

Benton et al. 23 (R-ratio)

RBC/UKQCD 18

Aubin et al. 19

BMW 20

Lehner & Meyer 20

ETMC 21

�QCD 22

Aubin et al. 22

Mainz/CLS 22

ETMC 22

F-H-M 23

RBC/UKQCD 23

200 206 212

awin, ud
µ ⇥ 1010

[Cè	et	al.,	Phys	Rev	D106	(2022)	114502]

Energy	interval	 	contributes	the	same	frac$on	to	 	and	600 ≤ s ≤ 900 MeV ahvp
μ awin

μ
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What	can	we	learn	from	 	?awin
μ

2222

<latexit sha1_base64="04fCdWvv8aMULColFv2XdDL6NB4="></latexit>

p
s = 600 � 900 MeV:

R(s)lat

R(s)e+e� = 1 + ✏ )
(ahvp
µ )lat

(ahvp
µ )e+e�

⇡
(awin
µ )lat

(awin
µ )e+e�

= 1 + 0.6✏

[Mainz/CLS,	Cè	et	al.,	Phys	Rev	D	106	(2022)	114502]	• Phenomenological	model	for	 -ra$o	predictsR

<latexit sha1_base64="b6UXUmbEnYAYSS4KpJ3/VrJk5yo="></latexit>

(awin
µ )lat/(awin

µ )e+e� = 1.030(8) )• Lamce	average	vs.	 -ra$o:R

				 	is	enhanced	by	5%	rela$ve	to	 	for		⇒ R(s)lat R(s)e+e−
s = 600 − 900 MeV

• If	confirmed,	it	would	imply	that	BMW’s	es$mate	might	be	too	low….

Similar	conclusions	

• Dispersive	treatment	of	pion	form	factor	

• “Energy-smeared”	 -ra$o	from	lamce	data	R
[Colangelo,	Hoferichter,	Stoffer,	PLB	814	(2021)	136073]

[ETMC,	Alexandrou	et	al.,	PRL	130	(2023)	241901]
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More	windows….

23

Short-distance	window:

• Finite-volume	correc$on	negligible	

• Uncertainty	dominated	by	control	over	lamce	artefacts

• 5%	enhancement	of	 	for	 	
increases	 	by	 		

• Expecta$on	confirmed	by	lamce	calcula$ons

R(s)lat 0.6 GeV ≤ s ≤ 0.9 GeV
(awin

μ )SD +1 × 10−10
0.000 0.002 0.004 0.006 0.008

a2 [fm2]

33

34

35

36

37

(a
3,

3
µ

)SD su
b
(2

5
G

eV
2 )

set 1, LL

set 1, LC

set 2, LL

set 2, LC

[Kuberski	et	al.,	arXiv:2401.11895]

<latexit sha1_base64="keuqo8/RvX4iuClE/3lI3GlA9+Y="></latexit>

(awin
µ )SD = (68.85 ± 0.15 ± 0.42) ⇥ 10�10

68 69 70

(ahvpµ )SD ⇥ 1010

Colangelo et al. 22 (R-ratio)

ETMC 22

RBC/UKQCD 23

This work

47.5 48 48.5 49 49.5
10
9 (a

3, 3
µ )SD ⇥ 1010

Hadronic	model:
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Euclidean	momenta

	accessible	in	lamce	QCD	via	the	same	correlator	 	with	a	different	kernel	func$on:Δαhad(−Q2) G(t)
<latexit sha1_base64="o/i2ZsHuTHRaIDn1hToI1yTcBRI="></latexit>

�↵had(�Q2) =
↵

⇡

1
Q2

Z 1

0
dt G(t)

h
Q2t2 � 4 sin2 � 1

2 Q2t2�i

Hadronic	running	of	electromagne$c	coupling

24

Hadronic	running	at	 -pole:		 				 		key	quan$ty	in	global	electroweak	fitZ Δα(5)
had(M

2
Z) →

<latexit sha1_base64="JzWcbXcnQdxLPdUMi20Irtm74bc="></latexit>

�↵had(q2) = �↵ q2

3⇡
P
Z 1

m2
⇡0

ds
R(s)

s(s � q2)
,

Correla$on	between	 	and	the	hadronic	running	of		 	:ahvp
μ Δαhad

<latexit sha1_base64="qidbBnQS2Gt9kRuhQNm1jRrBMnU="></latexit>

ahvp
µ =

✓↵mµ
3⇡

◆2 Z 1

m2
⇡0

ds
R(s) K̂(s)

s2

Electromagne$c	coupling	is	energy-dependent:
<latexit sha1_base64="MB1Az4Tqd4nra5o+Xb82l6YuNAI=">AAACMnicbVBdSwJBFJ3t0+zL6jGIJQl6KNnN0nwIhAh6NMgPcE1mx1EHZ3eWmbuRLL71a3rNP1Nv0Wt/IWhWJVI7MHA499w79x434EyBZb0ZC4tLyyuribXk+sbm1nZqZ7eiRCgJLRPBhay5WFHOfFoGBpzWAkmx53JadXvXcb36SKViwr+HfkAbHu74rM0IBi01UwcO5kEXP0Sn9uDKzuYzVvbCOSkUCg5vCVDNVNrKWCOYv8SeJWk0QamZ+nZagoQe9YFwrFTdtgJoRFgCI5wOkk6oaIBJD3doXVMfe1Q1otEdA/NIKy2zLaR+Ppgj9W9HhD2l+p6rnR6GrpqtxeK/NXiKB6qp76PY5rqCzywF7ctGxPwgBOqT8U7tkJsgzDg/s8UkJcD7mmAimT7LJF0sMQGdclLnNZfOPKmcZexcJnd3ni7eTJJLoH10iI6RjfKoiG5RCZURQc/oBb2ioTE03o0P43NsXTAmPXtoCsbXD6xYqZ4=</latexit>

↵�1 = 137.035 999 . . .
<latexit sha1_base64="Cbfq8V4f9NOepXycySyLq9zL3NE="></latexit>

↵�1(M2
Z) = 127.951 ± 0.009

<latexit sha1_base64="89wFC0iubGOdbxW9DbOTBSO5pEA="></latexit>

↵(q2) =
↵

1 � �↵(q2)



Hartmut	Wittig

Adler	func$on	approach,	aka.	“Euclidean	split	technique”
<latexit sha1_base64="w2eRR6mzOKAjoeA/pbzdvxwPDDc="></latexit>

�↵(5)
had(M2

Z) = �↵(5)
had(�Q2

0)
<latexit sha1_base64="rhLquNZ0mTEYb/2arss2dclbvwk="></latexit>

+[�↵(5)
had(�M2

Z) � �↵(5)
had(�Q2

0)]
<latexit sha1_base64="i4HT5gNPcYu3imwJV0OTayEaY1s="></latexit>

+[�↵(5)
had(M2

Z) � �↵(5)
had(�M2

Z)]

Evalua$on	of	 	and	comparison	with	EW	precision	dataΔα(5)
had(M

2
Z)

25

		lamce	QCD←

		perturba$ve	Adler	func$on←

		pQCD←
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Adler	func$on	approach,	aka.	“Euclidean	split	technique”
<latexit sha1_base64="w2eRR6mzOKAjoeA/pbzdvxwPDDc="></latexit>

�↵(5)
had(M2

Z) = �↵(5)
had(�Q2

0)
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+[�↵(5)
had(�M2

Z) � �↵(5)
had(�Q2

0)]
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Z)]

Evalua$on	of	 	and	comparison	with	EW	precision	dataΔα(5)
had(M

2
Z)
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<latexit sha1_base64="FW1gRQVMN6aoqEK7TqGoYKfyvw8="></latexit>

) �↵(5)
had(M2

Z) = 0.027 73(9)lat(2)btm(12)pQCD

The hadronic running of the electroweak couplings from lattice QCD Marco Cè

lat. + pQCD’[Adler]

lat. + KNT18[data]

KNT18/19

DHMZ19

Jegerlehner 19

R-ratio

0.0255 0.0260 0.0265 0.0270 0.0275 0.0280 0.0285 0.0290

�U(5)
had("

2
/)

Gfitter 18

Crivellin et al. 20

Keshavarzi et al. 20

Malaescu, Schott 20

HEPfit 21

EW global fits

Figure 2: Compilation of results for �U (5)
had ("

2
/ ). The first two data points (red symbols) are the lattice results

of ref. [7]. Green circles denote results based the data-driven method in, from top to bottom, refs. [1, 16], [2],
and [3]. The estimate based on the Adler function in ref. [3] is shown as a green diamond. Blue symbols
represent the results from global EW fits, published in refs. [17–21]. The upper triangle point from ref. [20]
does not use the Higgs mass. The gray band represents our final result quoted in eq. (8).

4. Conclusions

We presented a computation of the hadronic contribution to the running of the electromagnetic
coupling U. Our result is obtained on the lattice for space-like &2 up to ⇡ 7 GeV2 and it is slightly
larger but still compatible with an earlier calculation by BMWc. However, there is a significant
tension with the predictions based on the data driven method.

Combining our result obtained in the &2 = (5 ± 2) GeV2 range with pQCD, we obtain an
estimate for �U (5)

had("
2
/ ) that does not rely on experimental hadronic cross section data as input. This

result is consistent with and of similar precision as estimates employing the data-driven approach.
Moreover, we observe no significant tensions between our lattice result and global EW fits.
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• No	inconsistency	with	global	electroweak	fit!

Standard	Model	can	accommodate	a	larger	value	for	 	without	
contradic$ng	electroweak	precision	data

aμ
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Summary	and	outlook

26

Hadron	physics	holds	the	key	in	the	quest	for	new	physics	via	 	

No	straighzorward	interpreta$on	of	the	Fermilab	E989	experiment

(g − 2)μ

✻pre-2023

Discrepant	determina$ons	of	the	HVP	contribu$on:	

• Tensions	between	lamce	QCD	and	 	hadronic	cross	sec$ons✻	

• Tension	in	 channel	between	BaBar	vs.	KLOE	and	CMD-3	vs.	all	other	results

e+e−

π+π−

Analyses	/	re-analyses	of	 	data	in	progress:	BaBar,	BESIII,	CMD-3,	KLOE	

Lamce	QCD	to	produce	more	results	for	HVP	contribu$on	with	sub-percent	precision	

Experimental	measurement	of	the	HVP	contribu$on	by	MUonE	experiment

e+e−

Fermilab	E989	to	analyse	data	from	Runs	4–6	

Update	of	White	Paper	expected	by	 	Dec	2024	≈
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PLQCD	Research	Goals

5

Calculate	key	quan--es	that	play	a	pivotal	role	in	the	quest	for	new	physics,	with	
unprecedented	precision,	using	numerical	simula-ons	of	QCD	on	a	space--me	la>ce

Quantum	Chromodynamics	(QCD)
• Gauge	theory	of	the	strong	interac7on	
• Perturba7on	theory	not	applicable	at	low	energies

La*ce	QCD
• Ab	ini-o	treatment	on	discre7sed	space-7me	
• Compute	observables	via	Monte	Carlo	integra7on

:		Gluon:		Quark

a

Challenges	for	La*ce	QCD	calcula9ons
• Noise	problem:	exponen7al	growth	of	sta7s7cal	fluctua7ons	
• Bias	from	unsuppressed	excited-state	contribu7ons	
• Extrapola7on	to	con7nuum	limit:		a → 0

It’s	not	magnitude	that	maLers	
but	significance!

Thank	you!
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Backup

28
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QED	contribu$ons	to	aμ

29

QED	contribu$on	has	been	worked	out	to	in	perturba$on	theory	to	5-loop	order:

SM  116 591 810 100 % #diagrams

QED(tot) 116 584 718.931 99,9939 %

2 116 140 973.321 99,6133 % 1
4 413 217.626 0,3544 % 9
6 30 141.902 0,0259 % 72
8 381.004 0,0003 % 891
10 5.078 4∙10-6 % 12672

2

I(a) I(b) I(c) I(d) II(a) II(c)II(b)

III IV(a) IV(b) IV(c) IV(d) V

FIG. 1. Vertex diagrams representing 13 gauge-invariant
subsets contributing to the lepton g − 2 at the eighth-order.
Solid and wavy lines represent lepton and photon lines, re-
spectively.

Mass dependence is known analytically for A(2n)
2 and

A(2n)
3 for n = 2, 3 [28–32]. We reevaluated them us-

ing the latest values of the muon-electron mass ratio
mµ/me = 206.768 2843 (52) and/or the muon-tau mass
ratio mµ/mτ = 5.946 49 (54) × 10−2 [33]. In the same
order of terms as shown on the right-hand-side of (8), the
results are summarized as follows:

a(2)µ = 0.5,

a(4)
µ

= −0.328 478 965 579 . . .+ 1.094 258 312 0 (83)

+ 0.780 79 (15)× 10−4

= 0.765 857 425 (17) ,

a(6)µ = 1.181 241 456 . . .+ 22.868 380 04 (23)

+ 0.360 70 (13)× 10−3 + 0.527 76 (11)× 10−3

= 24.050 509 96 (32) . (9)

The value of a(8)µ has been obtained mostly by nu-
merical integration [34–36]. They arise from 13 gauge-
invariant sets whose representative diagrams are shown
in Fig. 1. We have reevaluated some of them for further
check and improvement of numerical precision. The re-
sults for the mass-dependent terms are summarized in
Table I.
From the data listed in Table I and the value of A(8)

1

from Refs. [35–37], we obtain the following value for the

TABLE I. The eighth-order mass-dependent QED contribu-
tion from 12 gauge-invariant groups to muon g− 2, whose
representatives are shown in Fig. 1. The mass-dependence of
A(8)

3 is A(8)
3 (mµ/me,mµ/mτ ).

group A(8)
2 (mµ/me) A(8)

2 (mµ/mτ ) A(8)
3

I(a) 7.74547 (42) 0.000032 (0) 0.003209 (0)
I(b) 7.58201 (71) 0.000252 (0) 0.002611 (0)
I(c) 1.624307 (40) 0.000737 (0) 0.001807 (0)
I(d) −0.22982 (37) 0.000368 (0) 0
II(a) −2.77888 (38) −0.007329 (1) 0
II(b) −4.55277 (30) −0.002036 (0) −0.009008 (1)
II(c) −9.34180 (83) −0.005246 (1) −0.019642 (2)
III 10.7934 (27) 0.04504 (14) 0
IV(a) 123.78551 (44) 0.038513 (11) 0.083739 (36)
IV(b) −0.4170 (37) 0.006106 (31) 0
IV(c) 2.9072 (44) −0.01823 (11) 0
IV(d) −4.43243 (58) −0.015868 (37) 0

I(a) I(b) I(c) I(d) I(e)

I(f) I(g) I(h) I(i) I(j)

II(a) II(b) II(c) II(d) II(e)

II(f) III(a) III(b) III(c) IV

V VI(a) VI(b) VI(c) VI(d) VI(e)

VI(f) VI(g) VI(h) VI(i) VI(j) VI(k)

FIG. 2. Self-energy-like diagrams representing 32 gauge-
invariant subsets contributing to the lepton g−2 at the tenth
order. Solid lines represent lepton lines propagating in a weak
magnetic field.

eighth-order QED contribution a(8)µ :

a(8)
µ

= −1.9106 (20) + 132.685 2 (60)

+ 0.042 34 (12) + 0.062 72 (4)

= 130.879 6 (63). (10)

Over the period of more than nine years we have nu-
merically evaluated all 32 gauge-invariant sets of dia-

grams that contribute to a(10)µ [22, 37–40], whose rep-
resentative diagrams are shown in Fig. 2. The results
for mass-dependent terms are summarized in Table II.
Some simple diagrams were evaluated analytically or in
the asymptotic expansion in mµ/me [41–45]. The results
are consistent with our numerical ones.
From the data listed in this Table and the value of

A(10)
1 from Ref. [37], we obtain the complete tenth-order

result:

a(10)µ = 9.168 (571) + 742.18 (87)− 0.068 (5) + 2.011 (10)

= 753.29 (1.04). (11)

The uncertainty 1.04 is attributed entirely to the statis-
tical fluctuation in the Monte-Carlo integration of Feyn-
man amplitudes by VEGAS [46]. This is 20 times more
precise than the previous estimate, 663 (20), obtained
in the leading-logarithmic approximation [22]. This is
mainly because we had underestimated the magnitude of
the contribution of the Set III(a). Note also that (11) is
about 4.5 s.d. larger than the leading-log estimate. The

numerical values of (α/π)(n)a(2n)µ for n = 1, 2, · · · , 5 are
summarized in Table III.
In order to evaluate aµ(QED) using (7), a precise value

of α is needed. At present, the best non-QED α is the
one obtained from the measurement of h/mRb [47], com-
bined with the very precisely known Rydberg constant
and mRb/me [33]:

α−1(Rb) = 137.035 999 049 (90) [0.66 ppb]. (12)

Complete Tenth-Order QED Contribution to the Muon g ! 2
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We report the result of our calculation of the complete tenth-order QED terms of the muon g! 2. Our
result is að10Þ! ¼ 753:29 (1.04) in units of ð"=#Þ5, which is about 4.5 s.d. larger than the leading-

logarithmic estimate 663(20). We also improve the precision of the eighth-order QED term of a!,
obtaining að8Þ! ¼ 130:8794 (63) in units of ð"=#Þ4. The new QED contribution is a!ðQEDÞ ¼
116 584 718 951 ð80Þ % 10!14, which does not resolve the existing discrepancy between the standard-

model prediction and measurement of a!.

DOI: 10.1103/PhysRevLett.109.111808 PACS numbers: 13.40.Em, 12.20.Ds, 14.60.Ef

The anomalous magnetic moment a! of the muon has
been studied extensively both experimentally and theoreti-
cally since it provides one of the promising paths in
exploring possible new physics beyond the standard model.
For this purpose it is crucial to know the prediction of the
standard model as precisely as possible.

On the experimental side the current world average of
the measured a! is [1,2]:

a!ðexpÞ ¼ 116 592 089 ð63Þ % 10!11 ½0:5 ppm': (1)

New experiments designed to improve the precision further
are being prepared at Fermilab [3] and J-PARC [4].

In the standard model, a! can be divided into electro-
magnetic, hadronic, and electroweak contributions

a! ¼ a!ðQEDÞ þ a!ðhadronicÞ þ a!ðelectroweakÞ: (2)

At present a! (hadronic) is the largest source of theoretical
uncertainty. The uncertainty comes mostly from the Oð"2Þ
hadronic vacuum-polarization (v.p.) term, " being the
fine-structure constant. The lattice QCD simulations
have attempted to evaluate this contribution [5–10]. At
present, most accurate evaluations must rely on the
experimental information. Three types of measurements
are available for this purpose: (1) eþe! ! hadrons,
(2) $) ! %þ #) þ #0, (3) eþe! ! &þ hadrons.
These processes have been investigated intensely by
many groups [11–13]. We list here one of them [13]:

a!ðhad:v:p:Þ¼6949:1ð37:2Þexpð21:0Þrad%10!11; (3)

which overlaps other values based on the eþe! data [11,12]
and makes the standard-model prediction closest to the
experiment (1). The next-to-leading-order (NLO) hadronic
vacuum-polarization contribution is also known [13]:

a!ðNLO had:v:p:Þ ¼ !98:4ð0:6Þexpð0:4Þrad % 10!11: (4)

The hadronic light-by-light scattering contribution (l-l) is
of similar size as a! (NLO had.v.p.), but has a much larger
theoretical uncertainty [14–17]

a!ðhad:l-lÞ ¼ 116ð40Þ % 10!11; (5)

where the uncertainty 40% 10!11 covers almost all values
obtained in different publications.
The electroweak contribution has been calculated up to

2-loop order [18–21]:

a!ðweakÞ ¼ 154ð2Þ % 10!11: (6)

Since this uncertainty is 30 times smaller than the experi-
mental precision of (1), it can be regarded as known
precisely.
The primary purpose of this letter is to report the com-

plete numerical evaluation of all tenth-order QED contri-
bution to a!. It leads to a sizable reduction of the
uncertainty of the previous estimate by the leading-log
approximations [22,23]. We have also improved the nu-
merical precision of the eighth-order QED contribution
including the newly evaluated tau-lepton contribution.
Together they represent a significant reduction in the theo-
retical uncertainty of the QED part of a!.
The QED contribution to a! can be evaluated by the

perturbative expansion in "=#:

a!ðQEDÞ ¼
X1

n¼1

!
"

#

"
n
að2nÞ! ; (7)

where að2nÞ! is finite thanks to the renormalizability of QED
and can be written as

að2nÞ! ¼ Að2nÞ
1 þ Að2nÞ

2 ðm!=meÞ þ Að2nÞ
2 ðm!=m$Þ

þ Að2nÞ
3 ðm!=me;m!=m$Þ: (8)
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Weak	contribu$ons	known	to	leading	three-loop	order
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Fig. 100. One-loop Feynman diagrams contributing to aEWµ .

Fig. 101. Sample bosonic two-loop Feynman diagrams contributing to aEWµ .

Fig. 102. Sample fermionic two-loop Feynman diagrams contributing to aEWµ .

7.1. Introduction

In this section we describe the electroweak (EW) SM contributions to aµ. These contributions are defined as all SM
contributions that are not contained in the pure QED, the HVP, or the HLbL contributions. Equivalently, the EW SM
contributions are given by Feynman diagrams that contain at least one of the EW bosons W , Z , or the Higgs.

Figs. 100–102 show sample one-loop and two-loop diagrams. The EW contributions are strongly suppressed by the
heavy masses of the EW bosons; numerically they contribute at the same order as the HLbL correction. They involve
diverse and interesting physical effects. The heaviest SM particles including the top quark and Higgs boson enter, EW
gauge and Yukawa interactions and EW parameters are relevant. At higher orders large logarithmic corrections and
nonperturbative hadronic corrections need to be included.

In the following we first provide an overview of the EW contributions and their most interesting qualitative features.
Section 7.3 gives details on the logarithmically enhanced and the nonperturbative hadronic higher-order corrections.
Section 7.4 presents full up-to-date numerical results. Our presentation and the updated numerical evaluation is based
on Refs. [35,36]. For an extensive review we also refer to Ref. [476].

7.2. Brief overview

The EW one-loop contributions can be written as

aEW(1)
µ =

GF
p
2

m2
µ

8⇡2


5
3

+
1
3
(1 � 4s2W)2

�
= 194.79(1) ⇥ 10�11 , (7.1)

with the Fermi constant GF and the on-shell weak mixing angle s2W = (1�M2
W/M2

Z ) defined via the W - and Z-boson pole
masses. In the numerical evaluation the current values of the input parameters [259] have been used, including the SM
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aweak
µ = (153.6 ± 1.0) ⇥ 10�11

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports 887 (2020) 1–166

Fig. 103. Update of Fig. 5 of Ref. [36] for the numerical result for aEWµ as a function of the Higgs boson mass. The vertical band indicates the
measured value of MH [259]. The dashed lines correspond to the uncertainty of the final result, quoted in Eq. (7.16).

as already given in Eq. (7.3). This value is mainly based on Refs. [35,36], which should be cited in any work that uses or
quotes Eq. (7.16). The result is illustrated in Fig. 103, which is an update of Fig. 5 from Ref. [36]. We assess the final theory
uncertainty of these contributions to be ±1.0⇥ 10�11, the estimate of Ref. [35] for the overall hadronic uncertainty from
the diagrams of Fig. 102b, which is now by far the dominant source of uncertainty of the EW contributions. The uncertainty
from unknown three-loop contributions and neglected two-loop terms suppressed by M2

Z /m
2
t and (1�4s2W) is significantly

smaller and the uncertainty due to the experimental uncertainty of the Higgs-boson, W -boson, and top-quark masses is
well below 10�12 and thus negligible.

8. Conclusions and outlook

In this paper we provide a detailed analysis and review of the SM calculation of the muon anomalous magnetic moment
aµ. The emphasis is on the hadronic contributions, since they dominate the final uncertainty, but the QED and electroweak
contributions are also discussed in detail and up-to-date numbers are provided.

The QED contribution, which has been calculated up to tenth order in the perturbative expansion, i.e., O(↵5), is
reviewed in Section 6. The final number depends on the input used for the fine-structure constant ↵ and at present
there are two independent determinations that differ by about 2.4 standard deviations. The impact of this discrepancy
on the final number for aµ is however well below the uncertainty of the QED contribution itself, which is dominated by
the estimated effect of the O(↵6) contribution. As final number we take the one based on the value of ↵ obtained from
atom-interferometry measurements of the Cs atom [117], see Eq. (6.30), and the latest QED calculations from Refs. [33,34]:

aQEDµ (↵(Cs)) = 116 584 718.931(104) ⇥ 10�11 . (8.1)

Electroweak contributions are reviewed in Section 7: they have been calculated up to two loops and an estimate of the
leading logarithmic contribution beyond two-loop level is also included in the final estimate. The hadronic loops, which
appear at two-loop level, are also included and dominate the uncertainty of the EW contribution. The final result Eq. (7.16)
(mainly based on Refs. [35,36]) reads

aEWµ = 153.6(1.0) ⇥ 10�11 , (8.2)

with an uncertainty ten times larger than the QED one, but still negligible with respect to the hadronic uncertainties.
In the section on data-driven evaluations of HVP we reviewed both the available data sets for the e+e� ! hadrons cross

section and the techniques applied for the evaluation of the HVP dispersive integral. In particular, we provide a detailed
discussion of the differences between these approaches and the current limitations of the dispersive HVP evaluation,
as they arise from the published experimental uncertainties as well as, crucially, from unresolved tensions among the
data sets, especially in the dominant ⇡⇡ channel. As the main result, Eq. (2.33), we devised a merging procedure that
adequately takes into account these tensions, which also drive the differences between the available HVP evaluations. The
resulting estimate, based on Refs. [2–7] as well as the main experimental input from Refs. [37–89],

aHVP, LOµ = 6931(40) ⇥ 10�11 (8.3)

should provide a conservative but realistic assessment of the current precision of data-driven HVP evaluations. In the
same framework, the LO result is complemented by NLO [7] and NNLO [8] HVP iterations, see Eq. (2.34) and Eq. (2.35),

aHVP, NLOµ = �98.3(7) ⇥ 10�11 , aHVP, NNLOµ = 12.4(1) ⇥ 10�11 , (8.4)

146

Dependence	on	the	Higgs	mass

[Gnendiger	et	al.,	arXiv:1306.5546]

[Aoyama	et	al.,	Phys.	Rep.	887	(2020)	1,	arXiv:2006.04822]



Hartmut	Wittig

Hadronic	cross	sec$on	data	and	their	analysis

31

e-

e+ gISR

Hadrons

Mhadr

Cross	sec$on	data	collected	either	via	energy	scan	(VEPP-2000,	…)	
or	using	the	ISR	technique	(BaBar,	CLEO,	KLOE,	BESIII,…)

Monte	Carlo	event	generators	for		 ,	e.g.	BABAYAGA,	PHOKHARAe+e− → hadrons(γ)

• Tagged	vs.	untagged	ISR	photon	

• Measured	radiator	func$on	vs.	event	generator

Other	issues:	par$cle	ID	and	 - 		separa$onπ μ
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Decade-long	effort	to	measure	 		cross	sec$onse+e−

:		sum	of	exclusive	channels	

:		inclusive	channels,	narrow	resonances,	perturba$ve	QCD

s ≲ 2 GeV
s > 2 GeV

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports xxx (xxxx) xxx

Table 4

Full evaluations of aHVP, LO
µ from FJ17 [27], DHMZ19 [6], KNT19 [7], and BDJ19 [238]. The uncertainty in DHMZ19 includes an additional systematic

uncertainty to account for the tension between KLOE and BABAR.
BDJ19 DHMZ19 FJ17 KNT19

aHVP, LO
µ ⇥ 1010 687.1(3.0) 694.0(4.0) 688.1(4.1) 692.8(2.4)

Table 5

Selected exclusive-mode contributions to aHVP, LO
µ from DHMZ19 and KNT19, for the energy range  1.8GeV, in units of 10�10. Where three (or

more) uncertainties are given for DHMZ19, the first is statistical, the second channel-specific systematic, and the third common systematic, which is
correlated with at least one other channel. For the ⇡+⇡� channel, the uncertainty accounting for the tension between BABAR and KLOE (amounting
to 2.76 ⇥ 10�10) is included in the channel-specific systematic.

DHMZ19 KNT19 Difference
⇡+⇡� 507.85(0.83)(3.23)(0.55) 504.23(1.90) 3.62
⇡+⇡�⇡0 46.21(0.40)(1.10)(0.86) 46.63(94) �0.42
⇡+⇡�⇡+⇡� 13.68(0.03)(0.27)(0.14) 13.99(19) �0.31
⇡+⇡�⇡0⇡0 18.03(0.06)(0.48)(0.26) 18.15(74) �0.12
K+K� 23.08(0.20)(0.33)(0.21) 23.00(22) 0.08
KSKL 12.82(0.06)(0.18)(0.15) 13.04(19) �0.22
⇡0� 4.41(0.06)(0.04)(0.07) 4.58(10) �0.17
Sum of the above 626.08(0.95)(3.48)(1.47) 623.62(2.27) 2.46
[1.8, 3.7]GeV (without cc̄) 33.45(71) 34.45(56) �1.00
J/ ,  (2S) 7.76(12) 7.84(19) �0.08
[3.7, 1) GeV 17.15(31) 16.95(19) 0.20

Total aHVP, LO
µ 694.0(1.0)(3.5)(1.6)(0.1) (0.7)DV+QCD 692.8(2.4) 1.2

choice of the ranges is motivated by the gain of precision of the fit in the low-energy region compared to the combined
data integration. The fit result below 0.63GeV,

aHVP, LOµ [⇡⇡ ]
��
0.63GeV = 133.2(5)(4) ⇥ 10�10

= 133.2(6) ⇥ 10�10 , (2.32)

where the first error estimates experimental and the second model uncertainty (checked to be significant with respect to
fluctuations of the experimental uncertainties), agrees well with Eq. (2.29) and Eq. (2.31). While the slightly larger central
value could also be due to the differences in the data treatment, the smaller systematic uncertainty likely arises when no
inelastic effects need to be constrained in the fit.

2.3.5. Comparison of dispersive HVP evaluations
The different evaluations described in the previous sections all rely on data for e+e� ! hadrons, but differ in the

treatment of the data as well as the assumptions made on the functional form of the cross section. In short, the evaluations
from Section 2.3.1 (DHMZ19) and Section 2.3.2 (KNT19) directly use the bare cross section, the one from Section 2.3.3
(FJ17) assumes in addition a Breit–Wigner form for some of the resonances, and the evaluation from (BDJ19) relies on
a hidden-local-symmetry (HLS) model. For certain channels, most notably 2⇡ and 3⇡ , constraints from analyticity and
unitarity define a global fit function or optimal bounds that can be used in the dispersion integral to integrate the data,
see Section 2.3.4 (ACD18 and CHS18 for 2⇡ ). In this section, we compare the different evaluations and comment on
possible origins of the most notable differences in the numerical results.

Table 4 shows the results of recent global evaluations. We start with a more detailed comparison of DHMZ19 and
KNT19. At first sight, both evaluation appear in very good agreement, but the comparison in the individual channels, see
Table 5, shows significant differences, most notably in the 2⇡ channel, which differs at the level of the final uncertainty.
For the 3⇡ channel, both analyses are now in good agreement, between each other as well as with a fit using analyticity
and unitarity constraints [5], which produces 46.2(8) ⇥ 10�10, see Eq. (2.30). Previous tensions could be traced back to
different interpolating functions [5,271,272]: since the data is relatively scarce off-peak in the ! region (and similarly,
to a lesser extent, for the �), while the cross section is still sizable, a linear interpolation overestimates the integral.
Both DHMZ19 and KNT19 analyses include evaluations of the threshold region of the 2⇡ channel, either using ChPT or
dispersive fits, as well as, going back to Ref. [211], estimates for the threshold regions of ⇡0� and 3⇡ below the lowest
data points, based on the chiral anomaly for the normalization and ! dominance for the energy dependence (following
Ref. [273] for ⇡0� and Refs. [274,275] for 3⇡ ). The corresponding estimates, 0.12(1) ⇥ 10�10 for ⇡0� and 0.01 ⇥ 10�10

for 3⇡ , agree well with recent dispersive analyses, which lead to 0.13⇥ 10�10 [276] and 0.02⇥ 10�10 [5], respectively.17
Finally, a difference of about 1.0⇥10�10 arises from the energy region [1.8, 3.7]GeV depending on whether data (KNT19)
or pQCD (DHMZ19) is used. Summing up these three individual channels already leads to a significant cancellation among

17 Since the 3⇡ threshold contribution is very small, it does not matter for aµ that in this case ! dominance from Refs. [274,275] noticeably
underestimates the cross section.
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Merging	procedure

• Determine	 	as	the	sum	of	simple	averages	of	individual	hadronic	channels	
(DHMZ,	KNT,	CHHKS	below		1	GeV),	including	correla$ons	in	the	data	

• Experimental	and	theore$cal	uncertain$es:	
use	maximum	error	es$mate	in	each	channel	(except	 )	of	either	DHMZ	or	KNT	

• Extra	systema$c	uncertainty	of																																												in	each	channel,	except	 ;	
For	 		use	maximum	of	 	and	tension	between	BaBar	and	KLOE	

• Add	uncertainty	associated	with	duality	viola$ons	and	perturba$ve	QCD

ahvp, LO
μ

π+π−

π+π−

π+π− : Δ

<latexit sha1_base64="NudMQWuWSYSqqJS1dmjo+33xs4A="></latexit>

� ⌘ 1

2
|DHMZ � KNT|

<latexit sha1_base64="13lJn8sQQdPMRU1FD0Cq5mQeWbI="></latexit>

[0.6%]
<latexit sha1_base64="lffus1D97gJVVrPiPP+3TXH5iKg="></latexit>

ahvp,LO

µ = 693.1(2.8)exp(2.8)syst(0.7)DV+QCD ⇥ 10
�10= 693.1(4.0) ⇥ 10

�10


