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Outline
• Emergence of macroscopic dynamics: Hydrodynamics 


• Expansion and collective modes of unitary Fermi gas


• Goldstone mode in homogeneous Fermi gas


• Pairing and collective modes in a 2D trap



Emergence of macroscopic dynamics 

Sorites paradox: Grain of 
sand Pile of 

sand

Thermodynamic limit:

Effective theories

P. W. Anderson: 
“More is different” 

Pressure P 

Temperature T

Water 
molecules

Water, ice, vapor 

?



Slowly varying perturbations  or  
Response determined by conservation laws

ωτ ≪ 1 lmf /λ ≪ 1

• Continuity:


• Euler: ⇥t(�vi) = �⇥k�ik

�ik = P �ik + ⇥vivk

Ideal fluid Viscous fluid
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@t⇢+r(⇢v) = 0

Shear viscosity Bulk viscosity
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Kinetic picture 
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Friction

Low collision rate Large viscosity

High collision rate Small viscosity

Minimum: η ∼ nplmf
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• Strong interactions

• Quantum system“Perfect fluid”

<latexit sha1_base64="DEq5RRSyjLjLCymuzpdMRmD2Bh0=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8hXjxGMA9IljA7mU2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyN/c7T1QbpuSjnSY0FHgkWcwItk7qmb5hAkk0GTQG5Ypf9RdA6yTISQVyNAflr/5QkVRQaQnHxvQCP7FhhrVlhNNZqZ8ammAywSPac1RiQU2YLU6eoQunDFGstCtp0UL9PZFhYcxURK5TYDs2q95c/M/rpTa+DTMmk9RSSZaL4pQjq9D8fzRkmhLLp45gopm7FZEx1phYl1LJhRCsvrxO2lfVoFatPVxX6o08jiKcwTlcQgA3UId7aEILCCh4hld486z34r17H8vWgpfPnMIfeJ8/hIqQxQ==</latexit>

s ⇠ nkB
<latexit sha1_base64="wnBqWQeJMhfn+NVRlDJaygEp/Ck=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiRSqstSNy4r2Ac0oUymN+3QyYOZiVBCvsCNv+LGhSJuXbvzb5ymWWjrgQtnzrmXufd4MWdSWda3UdrY3NreKe9W9vYPDo/M45OejBJBoUsjHomBRyRwFkJXMcVhEAsggceh781uFn7/AYRkUXiv5jG4AZmEzGeUKC2NzJrjC0IdUARLZwI4f6bO1CMiSxtOzPBs1M5GZtWqWznwOrELUkUFOiPzyxlHNAkgVJQTKYe2FSs3JUIxyiGrOImEmNAZmcBQ05AEIN00PyfDNa2MsR8JXaHCufp7IiWBlPPA050BUVO56i3E/7xhovxrN2VhnCgI6fIjP+FYRXiRDR4zAVTxuSaECqZ3xXRKdCBKJ1jRIdirJ6+T3mXdbtabd41qq13EUUZn6BxdIBtdoRa6RR3URRQ9omf0it6MJ+PFeDc+lq0lo5g5RX9gfP4A5VOcBw==</latexit>

⌘

s
� ~

4⇡kB
Kovtun et al.  PRL  94, 111601 (2005)

≳ ℏn



Expansion & collective modes of Fermi gas
Fermi gas at resonance: 

 Strongly interactinga → ∞

Hydrodynamic expansion  ρ∂tu = − ∇P

Duke group: Science 298, 2179 (2002)
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Collective modes (Grimm group) 
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S. Riedl et al., PRA 78, 053609 (2008) 

Frequency Damping Viscous relaxation rate
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“Perfect fluid”
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Searching for Perfect Fluidity in a Cold Atomic Gas 

John E. Thomas “JETLAB” Group

Quark-gluon plasma T = 1012 K

Computer simulation of RHIC collision

Laser flash photography

Ultracold atomic gas 

T = 10-7 K

T≈10-7K
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G. Rupak, T. Schäfer, PRA 76 053607 (2007) 

T. Enss, R. Haussmann, W. 
Zwerger, Ann. Phys. 326 770(2011) 
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GMB and H. Smith PRA 75, 
043612 (2007)

T. Schäfer and D. Teaney 2009 RPP 72 126001 (2009)Fermi gas η/s ≲ 0.5

T≈1012K

T≈1K
4He η/s ≃ 0.7

QGP η/s ≲ 0.4

M. Bluhm and T. Schäfer, PRL 116 115301 (2016) 



Superfluid hydrodynamics

Phase fluctuations (Goldstone modes) low 
energy degrees of freedom

Superfluid wave function Δ(r) = |Δ(r) |eiθ(r)

Hydrodynamic (two-fluid) equations with 
irrotational supercurrent vs ∝ ∇θ

Seen in trapped Fermi gas at low T

Collective mode spectrum identical 
to that of collisional hydrodynamics 

Grimm group, PRA 76, 033610 (2007)



Goldstone mode for homogeneous gases

Δ(r, t) = |Δ |eiθ(r,t) Bragg spectroscopy

Vale group, Phys. Rev. Lett. 124, 150401 (2020); 
Nat. Phys. 13, 943 (2017) 

QRPA
T-dependence

Viscous damping ∝ η
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QRPA
Goldstone 

mode

Pair breaking 
continuum
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Spontaneous broken symmetry 
Ferromagnet 

T < TcT > Tc

Superconductor
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Cooper pairs for T<Tc

Attraction between 
two fermions
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Pairing and collective modes in a 2D trap
Two-component attractive Fermi gas in 2D trap

Intrashell (n,m,↑)↔(n,-m,↓) pairing dominates

Intershell 
pairing

Intrashell 
pairing Microtraps: Δ≪ℏω 

Usual case: Δ≫ℏω 
Intershell pairing 

dominates  
Cooper pairs ≪ cloud

Cooper pairs~cloud



• Open shell case
Always pairing for T=0

�nF =
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• Closed shell case

Only pairing for G>Gc
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Higgs mode  
must go “soft” 
at Gc 
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GMB, Phys. Rev. A 90, 023621 (2014)



Closed Shell

.

.

.

GMB, Phys. Rev. A 90, 023621 (2014)



Few-body limit
• Two-component attractive Fermi gas in microtrap (2D)
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• Exact diagonalisation by expanding in 2D Harmonic 
oscillator states. Up to ∼107 states 

• Divergence from δ(r)-interaction eliminated by 
expressing energies in terms of 2-body binding energy 
εb: E2 = 2~! � 2✏b

J. Bjerlin, S. M. Reimann, and GMB, Phys. Rev. Lett. 116, 155302 (2016)



6+6 system3+3 system
Single particle 

excitations

Coherent pair excitations

Cross-over 
region

Few-body 

“Higgs" mode
Not converged



Experiment

Deterministic loading of 6Li atoms in 2D trap

Lz=±2𝒽 Higgs modes

Approach to 

thermodynamic limit and 

broken symmetry observed Higgs mode 
deepens with 

increasing 
particle number

Lz=0 Higgs mode

L. Bayha et al., Nature 587, 583 (2020) 



Perspectives
QRPA in spherical trap: Emergence of Goldstone modes
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Pair-breaking mode~2Δ

Mode 
disappears

Collisionless 
mode ∼ 2ωGMB and B. Mottelson, Phys. Rev. Lett. 87 270403 (2001)

Goldstone mode ∼ 2ω
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Fragmentation 
of mode

Collisonless mode

N↑ + N↓ ∼ 104



Rotation and superfluidity

Collisional hydrodynamics & viscosity 
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Emergence of a vortex
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Theory bridging few-body ↔ many-body 


