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The	Quest	for	New	Physics
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No	evidence	for	Beyond-Standard	Model	par$cles	from	collider	experiments		

Overwhelming	evidence	for	dark	sector	from	astrophysical	observa$ons

Standard	Model	does	not	provide	a	complete	descrip$on	of	Nature

Energy Frontier

Intensity Frontier

Precision Frontier

New	par$cles	and	
interac$ons	at	colliders

Enhancement	of	
rare	phenomena

Comparison	of	
precision	observables	
to	SM	predic$ons
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Magne$c	moment	of	par$cle	with	spin	 	and	charge	⃗S e :
<latexit sha1_base64="SghizP2r8vqFm2/UyVhM1DDjEkY="></latexit>
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g = 2

Dirac

tree	level

Quantum	correc$ons	modify	Dirac’s	predic$on		g = 2
				anomalous	magne$c	momentg = 2(1 + a), a :
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Quantum	correc$ons	modify	Dirac’s	predic$on		g = 2
				anomalous	magne$c	momentg = 2(1 + a), a :

Electromagne$c,	weak	and	strong	interac$ons	contribute	to	a

Beyond	leading	order:	dis$nct	values	of	 	and	ae, aμ aτ

Schwinger
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one-loop	QED
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White	Paper	published	in	2020	
Update	foreseen	in	early	2025

Mainz	2018

Max Hansen

Jonna Koponen Xiao-Ming Xu Zoom	2020



Hartmut	Wittig

Standard	Model	predic$on	for	muon	 																		[2020	White	Paper]g − 2

5

QED:
<latexit sha1_base64="L2zx+1AIWOkBhfof3IDOKLdDOkg="></latexit>

116 584 718.9 (1) ⇥ 10�11 <latexit sha1_base64="tut0SZxHDgj7LUS666TyChAIja8="></latexit>

0.001 ppm

Weak:
<latexit sha1_base64="9XHAZgR7NX/c6TCTLpXxo//F+ek="></latexit>

153.6(1.0) ⇥ 10�11 <latexit sha1_base64="00vlY3gxT0sItJPFZIQw++oWvC0="></latexit>

0.01 ppm

Hadronic	light-by-light	sca_ering:
<latexit sha1_base64="nLo/1hruI/9yieK/3TJrioDYnwM="></latexit>

92(18) ⇥ 10�11 <latexit sha1_base64="9aawWWyvp1/YWmjaa+jvzXF9UA0="></latexit>

0.15 ppm <latexit sha1_base64="Tuf2017jub9G+5f31ofkjx4hzPM="></latexit>

[20%]

Hadronic	vacuum	polarisa$on:
<latexit sha1_base64="XJPge3lIUpDO2FVYbfwY/vqInDk="></latexit>

6845(40) ⇥ 10�11 <latexit sha1_base64="13lJn8sQQdPMRU1FD0Cq5mQeWbI="></latexit>

[0.6%]
<latexit sha1_base64="K58JlQgdGVHIbEgUeR0nLHoC6fg="></latexit>

0.34 ppm

<latexit sha1_base64="kcrJpeYrYbFVO+3JCJGEP3TxNFQ="></latexit>

aSM
µ = aQED

µ + aweak
µ + ahvp

µ + ahlbl
µ = 116 591 810(43) ⇥ 10�11 <latexit sha1_base64="/fYNLjN5BJpkzU+FIy35oUcGm18="></latexit>

0.37 ppm

[Aoyama	et	al.,	Phys.	Rep.	887	(2020)	1,	arXiv:2006.04822]

Hadronic	light-by-light	sca_ering	(HLbL)
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• Error	is	dominated	by	strong	interac$on	effects
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HVP
QED+EW

Strong
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5.1 σ
Confron$ng	the	SM	predic$on	with	the	E989	measurement
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µ = (249 ± 48) · 10�11 [5.1�]

Standard	Model	predic$on:
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• White	paper	es$mate	based	on	“data-driven”	evalua$on	of	HVP	contribu$on:	
dispersion	integrals	and	hadronic	cross	sec$ons

• Lamce	QCD	result	for	HVP	with	comparable	precision
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[Borsányi	et	al.,	Nature	593	(2021)	7857]

New	Physics	on	the	horizon?
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Requires independent confirmation

New	Physics	on	the	horizon?
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WP 20: dispersive
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Hadronic	models	
	+	pQCD

Lamce	QCD	
(	+	QED)

Data-driven

[Aoyama	et	al.,	Phys.	Rep.	887	(2020)	1;	Colangelo	et	al.,	arXiv:2203.15810]

Hadronic	models,	data-driven	method	and	
Lamce	QCD	produce	compa$ble	results	
White	paper	recommended	value:
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		Focus	on	refinements	and	further	reduc$on	of	uncertainty→

no
t	u
se
d	i
n	W

P

Recent	lamce	calcula$ons:

[Chao	et	al., EPJC	81	(2021)	651;	EPJC	82	(2022)	664;	
		Blum	et	al.,	arXiv:2304.04423]

Mainz/CLS
RBC
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Analy$city,	unitarity	&	op$cal	theorem	imply:

2 Im =
X

had

Z
d�
�����

�����
2

=

Z
ds

⇡(s � q2)
Im

/ �(e+e� ! hadrons)

Hadronic	effects	cannot	be	treated	in	perturba$on	theory	

• Use	experimental	data	for	 	in	the	low-energy	regime		(“data-driven	approach”)	

• Standard	Model	predic$on	is	subject	to	experimental	uncertain$es

Rhad(s)

“ -ra$o”R
<latexit sha1_base64="T5xRTQveUHMkmFOW9KG2tTaPwps="></latexit>

ahvp,LO

µ =
✓↵mµ

3⇡

◆2 Z 1

m2

⇡0

ds
Rhad(s)K̂(s)

s2
, Rhad(s) =

3s
4⇡ (↵(s))2
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Hadronic	vacuum	polarisa$on:	Data-driven	approach
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Two-pion	channel	contributes ≈ 70 %

 2π

 < 2 GeV

 ω  ϕ

 2 − 5 GeV

s [GeV]

σ[
m

ba
rn

]

pQCD

Decade-long	effort	to	measure	 		cross	sec$onse+e−

:		sum	of	exclusive	channels	

:		inclusive	channels,	narrow	resonances,	perturba$ve	QCD

s ≲ 2 GeV
s > 2 GeV
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T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports xxx (xxxx) xxx

Fig. 15. Comparison of results for aHVP, LO
µ [⇡⇡ ], evaluated between 0.6GeV and 0.9GeV for the various experiments..

Fig. 16. Ratios of cross sections [82] from KLOE-2012 to KLOE-2008 (top left), KLOE-2010 to KLOE-2008 (top right), and KLOE-2012 to
KLOE-2010 (bottom). The green bands indicate the uncommon systematic uncertainty in the respective ratios.

while KLOE-2010 is more in agreement. On the other hand, above 0.7GeV SND agrees well with BABAR, while both KLOE
measurements are below by 2–3%. If these observations could provide some hints for understanding the KLOE–BABAR
discrepancy, it is clear that still more experimental investigations with high precision are needed for further progress in
this crucial ⇡+⇡� contribution. The new SND results are not yet included in the data combinations discussed in this WP
version, but will be added later after they are carefully examined and accepted for publication.

Tensions in the K+K� channel. Tensions among data sets are also present in the K+K� channel (see top panel of Fig. 18
for a display of the available measurements). A discrepancy up to 20% between BABAR [142] and SND [155] was observed
for masses between 1.05 and 1.4GeV. Fortunately the problem has been resolved with the most recent SND result [77],
although the origin of the previous systematic shift is not discussed. It looks like the older SND results should be discarded.

22

	e+e− → π+π−

BaBar	/	KLOE	tension!



Hartmut	Wittig

<latexit sha1_base64="lZOvzy/NKdkZYaIjxqcnGXrXSfw="></latexit>

ahvp,LO

µ =
✓↵mµ

3⇡

◆2 Z 1

m2

⇡0

ds
Rhad(s)K̂(s)

s2

Hadronic	vacuum	polarisa$on:	Data-driven	approach

9

 2π

 < 2 GeV

 ω  ϕ

 2 − 5 GeV

s [GeV]

σ[
m

ba
rn

]

pQCD

Decade-long	effort	to	measure	 		cross	sec$onse+e−

:		sum	of	exclusive	channels	

:		inclusive	channels,	narrow	resonances,	perturba$ve	QCD

s ≲ 2 GeV
s > 2 GeV

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports xxx (xxxx) xxx

Fig. 15. Comparison of results for aHVP, LO
µ [⇡⇡ ], evaluated between 0.6GeV and 0.9GeV for the various experiments..

Fig. 16. Ratios of cross sections [82] from KLOE-2012 to KLOE-2008 (top left), KLOE-2010 to KLOE-2008 (top right), and KLOE-2012 to
KLOE-2010 (bottom). The green bands indicate the uncommon systematic uncertainty in the respective ratios.

while KLOE-2010 is more in agreement. On the other hand, above 0.7GeV SND agrees well with BABAR, while both KLOE
measurements are below by 2–3%. If these observations could provide some hints for understanding the KLOE–BABAR
discrepancy, it is clear that still more experimental investigations with high precision are needed for further progress in
this crucial ⇡+⇡� contribution. The new SND results are not yet included in the data combinations discussed in this WP
version, but will be added later after they are carefully examined and accepted for publication.

Tensions in the K+K� channel. Tensions among data sets are also present in the K+K� channel (see top panel of Fig. 18
for a display of the available measurements). A discrepancy up to 20% between BABAR [142] and SND [155] was observed
for masses between 1.05 and 1.4GeV. Fortunately the problem has been resolved with the most recent SND result [77],
although the origin of the previous systematic shift is not discussed. It looks like the older SND results should be discarded.

22

	e+e− → π+π−

BaBar	/	KLOE	tension!

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports xxx (xxxx) xxx

Table 4

Full evaluations of aHVP, LO
µ from FJ17 [27], DHMZ19 [6], KNT19 [7], and BDJ19 [238]. The uncertainty in DHMZ19 includes an additional systematic

uncertainty to account for the tension between KLOE and BABAR.
BDJ19 DHMZ19 FJ17 KNT19

aHVP, LO
µ ⇥ 1010 687.1(3.0) 694.0(4.0) 688.1(4.1) 692.8(2.4)

Table 5

Selected exclusive-mode contributions to aHVP, LO
µ from DHMZ19 and KNT19, for the energy range  1.8GeV, in units of 10�10. Where three (or

more) uncertainties are given for DHMZ19, the first is statistical, the second channel-specific systematic, and the third common systematic, which is
correlated with at least one other channel. For the ⇡+⇡� channel, the uncertainty accounting for the tension between BABAR and KLOE (amounting
to 2.76 ⇥ 10�10) is included in the channel-specific systematic.

DHMZ19 KNT19 Difference
⇡+⇡� 507.85(0.83)(3.23)(0.55) 504.23(1.90) 3.62
⇡+⇡�⇡0 46.21(0.40)(1.10)(0.86) 46.63(94) �0.42
⇡+⇡�⇡+⇡� 13.68(0.03)(0.27)(0.14) 13.99(19) �0.31
⇡+⇡�⇡0⇡0 18.03(0.06)(0.48)(0.26) 18.15(74) �0.12
K+K� 23.08(0.20)(0.33)(0.21) 23.00(22) 0.08
KSKL 12.82(0.06)(0.18)(0.15) 13.04(19) �0.22
⇡0� 4.41(0.06)(0.04)(0.07) 4.58(10) �0.17
Sum of the above 626.08(0.95)(3.48)(1.47) 623.62(2.27) 2.46
[1.8, 3.7]GeV (without cc̄) 33.45(71) 34.45(56) �1.00
J/ ,  (2S) 7.76(12) 7.84(19) �0.08
[3.7, 1) GeV 17.15(31) 16.95(19) 0.20

Total aHVP, LO
µ 694.0(1.0)(3.5)(1.6)(0.1) (0.7)DV+QCD 692.8(2.4) 1.2

choice of the ranges is motivated by the gain of precision of the fit in the low-energy region compared to the combined
data integration. The fit result below 0.63GeV,

aHVP, LOµ [⇡⇡ ]
��
0.63GeV = 133.2(5)(4) ⇥ 10�10

= 133.2(6) ⇥ 10�10 , (2.32)

where the first error estimates experimental and the second model uncertainty (checked to be significant with respect to
fluctuations of the experimental uncertainties), agrees well with Eq. (2.29) and Eq. (2.31). While the slightly larger central
value could also be due to the differences in the data treatment, the smaller systematic uncertainty likely arises when no
inelastic effects need to be constrained in the fit.

2.3.5. Comparison of dispersive HVP evaluations
The different evaluations described in the previous sections all rely on data for e+e� ! hadrons, but differ in the

treatment of the data as well as the assumptions made on the functional form of the cross section. In short, the evaluations
from Section 2.3.1 (DHMZ19) and Section 2.3.2 (KNT19) directly use the bare cross section, the one from Section 2.3.3
(FJ17) assumes in addition a Breit–Wigner form for some of the resonances, and the evaluation from (BDJ19) relies on
a hidden-local-symmetry (HLS) model. For certain channels, most notably 2⇡ and 3⇡ , constraints from analyticity and
unitarity define a global fit function or optimal bounds that can be used in the dispersion integral to integrate the data,
see Section 2.3.4 (ACD18 and CHS18 for 2⇡ ). In this section, we compare the different evaluations and comment on
possible origins of the most notable differences in the numerical results.

Table 4 shows the results of recent global evaluations. We start with a more detailed comparison of DHMZ19 and
KNT19. At first sight, both evaluation appear in very good agreement, but the comparison in the individual channels, see
Table 5, shows significant differences, most notably in the 2⇡ channel, which differs at the level of the final uncertainty.
For the 3⇡ channel, both analyses are now in good agreement, between each other as well as with a fit using analyticity
and unitarity constraints [5], which produces 46.2(8) ⇥ 10�10, see Eq. (2.30). Previous tensions could be traced back to
different interpolating functions [5,271,272]: since the data is relatively scarce off-peak in the ! region (and similarly,
to a lesser extent, for the �), while the cross section is still sizable, a linear interpolation overestimates the integral.
Both DHMZ19 and KNT19 analyses include evaluations of the threshold region of the 2⇡ channel, either using ChPT or
dispersive fits, as well as, going back to Ref. [211], estimates for the threshold regions of ⇡0� and 3⇡ below the lowest
data points, based on the chiral anomaly for the normalization and ! dominance for the energy dependence (following
Ref. [273] for ⇡0� and Refs. [274,275] for 3⇡ ). The corresponding estimates, 0.12(1) ⇥ 10�10 for ⇡0� and 0.01 ⇥ 10�10

for 3⇡ , agree well with recent dispersive analyses, which lead to 0.13⇥ 10�10 [276] and 0.02⇥ 10�10 [5], respectively.17
Finally, a difference of about 1.0⇥10�10 arises from the energy region [1.8, 3.7]GeV depending on whether data (KNT19)
or pQCD (DHMZ19) is used. Summing up these three individual channels already leads to a significant cancellation among

17 Since the 3⇡ threshold contribution is very small, it does not matter for aµ that in this case ! dominance from Refs. [274,275] noticeably
underestimates the cross section.

40

[Aoyama	et	al.,	Phys.	Rep.	887	(2020)	1,	arXiv:2006.04822]
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Fig. 16. Ratios of cross sections [82] from KLOE-2012 to KLOE-2008 (top left), KLOE-2010 to KLOE-2008 (top right), and KLOE-2012 to
KLOE-2010 (bottom). The green bands indicate the uncommon systematic uncertainty in the respective ratios.

while KLOE-2010 is more in agreement. On the other hand, above 0.7GeV SND agrees well with BABAR, while both KLOE
measurements are below by 2–3%. If these observations could provide some hints for understanding the KLOE–BABAR
discrepancy, it is clear that still more experimental investigations with high precision are needed for further progress in
this crucial ⇡+⇡� contribution. The new SND results are not yet included in the data combinations discussed in this WP
version, but will be added later after they are carefully examined and accepted for publication.

Tensions in the K+K� channel. Tensions among data sets are also present in the K+K� channel (see top panel of Fig. 18
for a display of the available measurements). A discrepancy up to 20% between BABAR [142] and SND [155] was observed
for masses between 1.05 and 1.4GeV. Fortunately the problem has been resolved with the most recent SND result [77],
although the origin of the previous systematic shift is not discussed. It looks like the older SND results should be discarded.
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Lamce	QCD

Lamce	spacing:											 					 						a, xμ = nμa, a−1 = ΛUV

Non-perturbaSve	treatment	of	strong	interacSon	via	regularised	Euclidean	path	integrals

Procedure:

• Choose	discre$sa$on	of	QCD	ac$on	

• Evaluate	 		via	Monte	Carlo	Integra$on:	
generate	ensembles	of	gauge	configura$ons	via	a	Markov	chain	

• Ensemble	average:			 											Sta$s$cal	error:				 		 	

• Extrapolate	observables	to	the	con$nuum	limit:	 		and	tune	quark	masses	to	physical	values

⟨Ω⟩

⟨Ω⟩ ≃ Ω Ω2 − Ω2 ∝ 1/N1/2
cfg

a → 0
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PLQCD	Research	Goals

5

Calculate	key	quan--es	that	play	a	pivotal	role	in	the	quest	for	new	physics,	with	
unprecedented	precision,	using	numerical	simula-ons	of	QCD	on	a	space--me	la>ce

Quantum	Chromodynamics	(QCD)
• Gauge	theory	of	the	strong	interac7on	
• Perturba7on	theory	not	applicable	at	low	energies

La*ce	QCD
• Ab	ini-o	treatment	on	discre7sed	space-7me	
• Compute	observables	via	Monte	Carlo	integra7on

:		Gluon:		Quark

a

Challenges	for	La*ce	QCD	calcula9ons
• Noise	problem:	exponen7al	growth	of	sta7s7cal	fluctua7ons	
• Bias	from	unsuppressed	excited-state	contribu7ons	
• Extrapola7on	to	con7nuum	limit:		a → 0
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Lamce	QCD	does	NOT	determine	the	 -ra$o	from	first	principlesR
Time-momentum	representa$on	(TMR): [Bernecker	&	Meyer	EPJA	47	(2011)	148]

( :	known	analy$cally)K̃(t)

• No	reliance	on	experimental	data,	except	for	simple	input	quan$$es	 	scale	semng,	calibra$on	
• Not	sensi$ve	to	exclusive	hadronic	channels

→
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→

• Exponen$ally	increasing	sta$s$cal	noise	as	t → ∞
• Correct	for	finite-volume	effects
• Control	discre$sa$on	effects	(“lamce	artefacts”)
• Include	isospin-breaking	correc$ons
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Computa$onal	cost	depends	significantly	
on	the	chosen	discre$sa$on

Rooted	staggered	quarks:	
• remnant	fermion	doublers	—	“tastes”	
• correct	analy$cally	for	taste-induced	

lamce	artefacts	
• used	by:	

BMW,	Fermilab-HPQCD-MILC,	ABGP,…

Wilson	quarks:	
• no	doublers;	chiral	symmetry	broken	explicitly	
• “excep$onal	configura$ons”:	

nega$ve	eigenvalues	of	Wilson-Dirac	operator	
• used	by:	Mainz/CLS,	ETM,	PACS

Domain	wall	/overlap	quarks:	
• no	doublers;	chiral	symmetry	breaking	exponen$ally	small	
• live	in	five	dimensions	(dwf)	
• evaluate	sign	func$on	of	“conven$onal”	ac$on	(ovlp)	
• used	by:	RBC/UKQCD,	 QCD,…χ

“Fermion	doubling	problem”

computa$onal	cost
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White	Paper:

-ra$o:					 					R ahvp, LO
μ = (693.1 ± 4.0) ⋅ 10−10 [0.6%]

LQCD:							 			ahvp, LO
μ = (711.6 ± 18.4) ⋅ 10−10 [2.6%]

W
P	c
ut
off

				ahvp, LO
μ = (715.4 ± 16.3 ± 9.2) ⋅ 10−10 [2.6%]

RBC/UKQCD	
• Domain	wall	fermions	
• Two	ensembles:		 	at	 	
• Leading	isospin-breaking	correc$ons	included	
• Naive	con$nuum	extrapol’n	in	 	including	

es$mated	 -term

a = 0.114, 0.084 fm mphys
π

a2

a4

[Blum	et	al.,	Phys.	Rev.	LeZ.	121	(2018)	022003]
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m2
π /(4π fπ)2

				ahvp, LO
μ = (720.0 ± 12.6 ± 9.9) ⋅ 10−10 [2.2%]

Mainz/CLS	
• 	improved	Wilson	fermions	
• Four	lamce	spacings:		 	

• Pion	masses		 	
• Isospin-breaking	correc$on	by	ETMC	added	to	error	
• Simultaneous	chiral	and	con$nuum	extrapola$on

O(a)
a = 0.085 − 0.050 fm

mπ = 130 − 420 MeV

[Gérardin	et	al.,	Phys.	Rev.	D	100	(2019)	014510]
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BMWc	
• Rooted	staggered	fermions	
• Six	lamce	spacings:		 		
• Physical	pion	mass	throughout	
• Correct	for	taste-breaking	before	con$nuum	extrapol’n	
• Final	result	selected	from	distribu$on	of	different	fits

a = 0.132 − 0.064 fm

[Borsányi	et	al.,	Nature	593	(2021)	7857]
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Extended Data Fig. 3 | Example continuum limits of a µ

ightl . The light-green 
triangles labelled ‘none’ correspond to our lattice results with no taste 
improvement. The blue squares repesent data that have undergone no taste 
improvement for t < 1.3 fm and SRHO improvement above. The blue curves 
correspond to example continuum extrapolations of improved data to 
polynomials in a2, up to and including a4. We note that extrapolations in 
a2αs(1/a)3, with αs(1/a) the strong coupling at the lattice scale, are also 
considered in our final result. The red circles and curves are the same as the 

blue points, but correspond to SRHO taste improvement for t ≥ 0.4 fm and no 
improvement for smaller t. The purple histogram results from fits using the 
SRHO improvement, and the corresponding central value and error is the 
purple band. The darker grey circles correspond to results corrected with 
SRHO in the range 0.4–1.3 fm and with NNLO SXPT for larger t. These latter fits 
serve to estimate the systematic uncertainty of the SRHO improvement. The 
grey band includes this uncertainty, and the corresponding histogram is shown 
with grey. Errors are s.e.m.

Light-quark connected contribution
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Idea:	restrict	integra$on	to	“unproblema$c”	regions	
	 		reduce	sta$s$cal	fluctua$ons	and	systema$c	effects	→

sta$s$cal	noise	
finite-volume	effects

lamce	
artefacts

<latexit sha1_base64="QMdr8vshMkh6n62dlS+JN2kKTag="></latexit>

ahvp,win
µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t) G(t) W(t; t0, t1)

[Blum	et	al.,	Phys.	Rev.	LeZ.	121	(2018)	022003]

• Finite-volume	correc$on	reduced	to	0.25%	
• Uncertainty	dominated	by	sta$s$cs0

0.1
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0.3

0.4
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0 1 2 3 4 5 6

f̃
(t
)
G
(t
)
·1
03
/(
4⇡

2
m

µ
)

t [fm]

Intermediate-distance	window:
<latexit sha1_base64="89bX698ZDrJpadPCEBQuwNSCRis="></latexit>

W ID(t; t0, t1) = ⇥(t, t0,�) � ⇥(t, t1,�)
<latexit sha1_base64="+PX8F/6SrMLZJS2pKxs/LBZE794="></latexit>

⇥(t, t0,�) = 1
2
⇥
1 + tanh(t � t0)/�

⇤

<latexit sha1_base64="dlSTkqxb91mqMhE8oCCM0+H+J30="></latexit>

t0 = 0.4 fm, t1 = 1.0 fm, � = 0.15 fm

		Benchmark	quan$ty	for	sub-contribu$on	of	HVP→

Data-driven	approach:
<latexit sha1_base64="UBVlH1WZOVARznTjVF7lNPc1O1c="></latexit>

ahvp, ID
µ ⌘ awin

µ = (229.4 ± 1.4) · 10�10 [Colangelo	et	al.,	Phys	LeZ	B833	(2022)	137313]

(Excluding	the	2023	CMD-3	result	for	 )e+e− → π+π−
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[Cè	et	al.,	Phys	Rev	D106	(2022)	114502]
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Meyer–Lellouch–Lüscher–Gounaris–Sakurai technique described in 
Supplementary Information; and (iii). the ρ–π–γ model of Jegerlehner 
and Szafron30, already used in a lattice context in ref. 31. Moreover, to 
reduce discretization errors in the light-quark contributions to aµ, 
before extrapolating those contributions to the continuum, we apply 
a taste-improvement procedure that reduces lattice artefacts due to 
taste-symmetry breaking. The procedure is built upon the three models 
of π–ρ physics mentioned above. We provide evidence that validates 
this procedure in Supplementary Information.

Combining all of these ingredients, we obtain as a final result 
aµ = 707.5(2.3)stat(5.0)syst(5.5)tot. The statistical error comes mainly 
from the noisy, large-distance region of the current–current correla-
tor. The systematic error is dominated by the continuum extrapola-
tion and the finite-size effect computation. The total error is obtained 
by adding the first two in quadrature. In total, we reach a relative 
accuracy of 0.8%. In Fig. 2 we show the continuum extrapolation of 
the light, connected component of aµ, which gives the dominant 
contribution to aµ.

Figure 3 compares our result with previous lattice computations and 
also with results from the R-ratio method, which have recently been 
reviewed in ref. 7. In principle, one can reduce the uncertainty of our 
result by combining our lattice correlator, G(t), with the one obtained 
from the R-ratio method, in regions of Euclidean time in which the lat-
ter is more precise19. We do not do so here because there is a tension 
between our result and those obtained by the R-ratio method, as can be 
seen in Fig. 3. For the total LO-HVP contribution to aµ, our result is 2.0σ, 
2.5σ, 2.4σ and 2.2σ larger than the R-ratio results of aµ = 694.0(4.0) (ref. 3),  
aµ = 692.78(2.42) (ref. 4), aµ = 692.3(3.3) (refs. 5,6) and the combined 
result aµ = 693.1(4.0) of ref. 7, respectively. It is worth noting that the 
R-ratio determinations are based on the same experimental datasets 
and are therefore strongly correlated, although these datasets were 
obtained in several different and independent experiments that we have 

no reason to believe are collectively biased. Clearly, these comparisons 
need further investigation, although it should also be kept in mind 
that the tensions observed here are smaller, for instance, than what 
is usually considered experimental evidence for a new phenomenon 
(3σ) and much smaller than what is needed to claim an experimental 
discovery (5σ).

As a first step in that direction, it is instructive to consider a mod-
ified observable, where the correlator G(t) is restricted to a finite 
interval by a smooth window function19. This observable, which we 
denote as aµ,win, is obtained much more readily than aµ on the lattice. 
Its shorter-distance nature makes it far less susceptible to statistical 
noise and to finite-volume effects. Moreover, in the case of staggered 
fermions, it has reduced discretization artefacts. This is shown in 
Fig. 4, where the light, connected component of aµ,win is plotted as 
a function of a2. Because the determination of this quantity does 
not require overcoming many of the challenges described above, 
other lattice groups have obtained it with errors comparable to 
ours19,20. This allows a sharper benchmarking of our calculation of 
this challenging, light-quark contribution that dominates aµ. Our 
aa[ ]µµ

iigghhtt
00

l  differs by 0.2σ and 2.2σ from the lattice results of ref. 20 and 
ref. 19, respectively. Moreover, aµ,win can be computed using the 
R-ratio approach, and we do so using the dataset provided by the 
authors of ref. 4. However, here we find a 3.7σ tension with our lattice 
result.

To conclude, when combined with the other standard-model con-
tributions (see, for example, refs. 3,4), our result for the leading-order 
hadronic contribution to the anomalous magnetic moment of the 
muon, a = 707.5(5.5) × 10µ

LO HVP
tot

−10‐ , weakens the long-standing dis-
crepancy between experiment and theory. However, as discussed above 
and can be seen in Fig. 2, our lattice result shows some tension with the 
R-ratio determinations of refs. 3–6. Obviously, our findings should be 
confirmed—or refuted—by other studies using different discretizations 
of QCD. Those investigations are underway.

Online content
Any methods, additional references, Nature Research reporting sum-
maries, source data, extended data, supplementary information, 
acknowledgements, peer review information; details of author con-
tributions and competing interests; and statements of data and code 
availability are available at https://doi.org/10.1038/s41586-021-03418-1.
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Fig. 4 | Continuum extrapolation of the isospin-symmetric, light, 
connected component of the window observable aµ,win, a( )isoµ,win

ightl . The data 
points are extrapolated to the infinite-volume limit. Central values are 
medians; error bars are s.e.m. Two different ways to perform the continuum 
extrapolations are shown: one without improvement, and another with 
corrections from a model involving the ρ meson (SRHO). In both cases the lines 
show linear, quadratic and cubic fits in a2 with varying number of lattice 
spacings in the fit. The continuum-extrapolated result is shown with the results 
from Blum et al.19 and Aubin et al.20. Also plotted is our R-ratio-based 
determination, obtained using the experimental data compiled by the authors 
of ref. 4 and our lattice results for the non-light-connected contributions. This 
plot is convenient for comparing different lattice results. Regarding the total 
aµ,win, for which we must also include the contributions of flavours other than 
light and isospin-symmetry-breaking effects, we obtain 236.7(1.4)tot on the 
lattice and 229.7(1.3)tot from the R-ratio; the latter is 3.7σ or 3.1% smaller than the 
lattice result.

BMWc:	Rooted	staggered	quarks Mainz/CLS:	 	improved	Wilson	quarksO(a)

awin,ud
μ = (207.3 ± 0.4 ± 1.3) ⋅ 10−10

[Borsányi	et	al.,	Nature	593	(2021)	7857]
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• Dominant	light-quark	contribu$on	confirmed	for	wide	
range	of	discre$sa$on	with	sub-percent	precision

• Significant	tension	with	results	based	on	the	 -ra$o✻R

✻excluding	the	CMD-3	result

230 235 240

awin
µ ⇥ 1010

Colangelo et al. 22 (R-ratio)

Benton et al. 23 (R-ratio)

RBC/UKQCD 18

Aubin et al. 19

BMW 20

Lehner & Meyer 20

ETMC 21

�QCD 22

Aubin et al. 22

Mainz/CLS 22

ETMC 22

F-H-M 23

RBC/UKQCD 23

200 206 212

awin, ud
µ ⇥ 1010

-ra$o	es$mate:R
<latexit sha1_base64="kmexmZD9xsNbBKXBxzjHXSjMUSg="></latexit>

awin
µ = (229.4 ± 1.4) · 10�10

Lamce	average:

(RBC/UKQCD	23,	ETMC	22,	Mainz/CLS	22,	BMW	20)

<latexit sha1_base64="Y64IpHXcx+huBmitHCp4tAZhEC0="></latexit>

awin
µ = (236.16 ± 1.09) · 10�10

[HW,	arXiv:2306.04165]

• Tension	of	 	in	the	window	observable	evaluated	from	 	data✻	and	four	lamce	calcula$ons3.8σ e+e−
<latexit sha1_base64="M0SjMyBIxjc7g23BT4wTZeslBEg="></latexit>

awin
µ

���hlati � awin
µ

���
e+e� = (6.8 ± 1.8) · 10�10 [3.8�]

<latexit sha1_base64="1EHvDLj6vqP0q7MuSgXKIWkOvaY="></latexit>

aexp
µ � aSM

µ

���win
e+e�! hlati = (18.1 ± 4.8) · 10�10 [3.8�]

• Subtract		 -ra$o	result	 		from	WP	es$mate	and	replace	by	lamce	average	 :R awin
μ |e+e− awin

μ |⟨lat⟩
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Primary	observable	in	lamce	calcula$ons:		vector	correlator	G(t)
<latexit sha1_base64="QKMt7Po/EOxuaMTHxD0JQz06hkM="></latexit>

G(t) ⌘ �a3

3

X

k

X

~x

D
j em
k (~x, t) j em

k (0)
E
=

1
12⇡2

Z 1

m2
⇡0

d(
p

s) R(s)lat s e�
p

st

<latexit sha1_base64="zA5hdtzFDNaC0ovW2u++y7gM1nQ="></latexit>

awin
µ

���
lat > awin

µ

���
e+e� implies	that			 	in	some	interval	of	R(s)lat > R(s)e+e− s

awinμ jmodel ¼ ðahvpμ ÞIDjmodel ¼ 231.9 × 10−10; ðB4Þ

ðahvpμ ÞLDjmodel ¼ 384.8 × 10−10; ðB5Þ

ahvpμ jmodel ¼ 672.7 × 10−10: ðB6Þ

Given the omission of the aforementioned channels, these
values are quite realistic.4 Here we only use the model to
provide the partition of the quantities above into three
commonly used intervals of

ffiffiffi
s

p
, in order to illustrate what

the relative sensitivities of these quantities are to different
energy intervals. These percentage contributions are given
in Table IV, along with the corresponding figures for the
subtracted vacuum polarization:

Π̄ðQ2Þ≡ ΠðQ2Þ − Πð0Þ ¼ Q2

12π2

Z
∞

0
ds

RðsÞ
sðsþQ2Þ

: ðB7Þ

The model yields for this quantity the value 385.5 × 10−4 at
Q2 ¼ 1 GeV2. We expect the fractions in the table to be
reliable with an uncertainty at the 5%–7% level.
The model value for the intermediate window is best

compared to the sum of Eqs. (33) and (34). The difference
is ð1.8% 1.4Þ × 10−10, which represents agreement at the
1.3σ level. The main reason the R-ratio model agrees better
with the lattice result than a state-of-the-art analysis [48] is
that the model does not account for the strong suppression
of the experimentally measured R ratio in the region 1.0 <ffiffiffi
s

p
=GeV < 1.5 relative to the parton-model prediction.

This observation suggests a possible scenario where the
higher lattice value of awinμ as compared to its data-driven
evaluation is explained by a too pronounced dip of the R
ratio just above the ϕ meson mass. In such a scenario,
the relative deviation between the central values of ahvpμ

obtained on the lattice and using eþe− data would be
smaller than for awinμ by a factor of about 1.5, given the
entries in Table IV. Indeed, it has been shown [50] that the

central values of the BMW Collaboration [20] cannot be
explained by a modification of the experimental RðsÞ ratio
below s ¼ 1 GeV2 alone.

2. Model estimate of ð∂=∂m2
KÞa

win;s
μ ðm2

π;m2
KÞ

In Ref. [62], we have used two closely related R-ratio
models for the strangeness correlator and the light-quark
contribution to the isoscalar correlator:

Rl
I¼0ðsÞ ¼

Aω

18
m2

ωδðs −m2
ωÞ þ

Nc

18
θðs − s0Þ

"
1þ αs

π

#
;

ðB8Þ

RsðsÞ ¼
Aϕ

9
m2

ϕδðs −m2
ϕÞ þ

Nc

9
θðs − s1Þ

"
1þ αs

π

#
;

ðB9Þ

with

ffiffiffiffiffi
s0

p ¼ 1.02 GeV;
ffiffiffiffiffi
s1

p ¼ 1.24 GeV; ðB10Þ

mω ¼ 0.78265 GeV, mϕ ¼ 1.01946 GeV and [100]

Aω

18
¼ 9π

α2
ΓeeðωÞ
mω

¼ 7.33ð24Þ
18

; ðB11Þ

Aϕ

9
¼ 9π

α2
ΓeeðϕÞ
mϕ

¼ 5.86ð10Þ
9

: ðB12Þ

The threshold values s0 and s1 have been adjusted to
reproduce the corresponding lattice results for ahvpμ . The
model R ratios of Eqs. (B8) and (B9) were used [62] in
the linear combination ð18Rl

I¼0 − 9RsÞ in order to model
the SUð3Þf -breaking contribution Π08, which enters the
running of the electroweak mixing angle. Our model for
this linear combination also obeys an exact sum rule,R∞
0 dsð18Rl

I¼0 − 9RsÞ ¼ 0, within the statistical uncertain-
ties. We now evaluate the window quantity for the models
of Eqs. (B8) and (B9). For the strangeness contribution, we
have

awin;sμ ¼ ð27.6% 0.3statÞ × 10−10; ðB13Þ

TABLE IV. Fractional contributions in percent from different regions in
ffiffiffi
s

p
to ahvpμ and the partial quantities

ðahvpμ ÞSD;ID;LD, as well as the subtracted vacuum polarization at scale Q2 ¼ 1 GeV2, according to the R-ratio model
given in Ref. [49]. Note that this model includes neither the charm nor final states containing a photon, such as π0γ.

ffiffiffi
s

p
interval ahvpμ ðahvpμ ÞSD ðahvpμ ÞID ðahvpμ ÞLD Π̄ð1 GeV2Þ

Below 0.6 GeV 15.5 1.5 5.5 23.5 8.2
0.6 to 0.9 GeV 58.3 23.1 54.9 65.4 52.6
Above 0.9 GeV 26.2 75.4 39.6 11.1 39.2
Total 100.0 100.0 100.0 100.0 100.0

4For orientation, the charm contribution to ahvpμ is 14.66ð45Þ ×
10−10 [17], and the π0γ channel contributes 4.5ð1Þ × 10−10 [3].
Adding these to Eq. (B6), the total is 691.9 × 10−10, con-
sistent within errors with the White paper evaluation of
693.1ð4.0Þ × 10−10.

WINDOW OBSERVABLE FOR THE HADRONIC VACUUM … PHYS. REV. D 106, 114502 (2022)

114502-19
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[Cè	et	al.,	Phys	Rev	D106	(2022)	114502]

Energy	interval	 	contributes	the	same	frac$on	to	 	and	600 ≤ s ≤ 900 MeV ahvp
μ awin

μ
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<latexit sha1_base64="04fCdWvv8aMULColFv2XdDL6NB4="></latexit>

p
s = 600 � 900 MeV:

R(s)lat

R(s)e+e� = 1 + ✏ )
(ahvp
µ )lat

(ahvp
µ )e+e�

⇡
(awin
µ )lat

(awin
µ )e+e�

= 1 + 0.6✏

[Mainz/CLS,	Cè	et	al.,	Phys	Rev	D	106	(2022)	114502]	• Phenomenological	model	for	 -ra$o	predictsR

<latexit sha1_base64="b6UXUmbEnYAYSS4KpJ3/VrJk5yo="></latexit>

(awin
µ )lat/(awin

µ )e+e� = 1.030(8) )• Lamce	average	vs.	 -ra$o:R

				 	is	enhanced	by	5%	rela$ve	to	 	for		⇒ R(s)lat R(s)e+e−
s = 600 − 900 MeV

• If	confirmed,	it	would	imply	that	BMW’s	es$mate	might	be	too	low….

Similar	conclusions	
• Dispersive	treatment	of	pion	form	factor	

• “Energy-smeared”	 -ra$o	from	lamce	data	R
[Colangelo,	Hoferichter,	Stoffer,	PLB	814	(2021)	136073]

[ETMC,	Alexandrou	et	al.,	PRL	130	(2023)	241901]
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μ = (707.5 ± 2.3 ± 5.0) ⋅ 10−10 [0.8%] 							 				⇒ (714.5 ± 2.2 ± 2.5) ⋅ 10−10 [0.5%]
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Euclidean	momenta

	accessible	in	lamce	QCD	via	the	same	correlator	 	with	a	different	kernel	func$on:Δαhad(−Q2) G(t)
<latexit sha1_base64="o/i2ZsHuTHRaIDn1hToI1yTcBRI="></latexit>
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h
Q2t2 � 4 sin2 � 1

2 Q2t2�i

Hadronic	running	of	electromagne$c	coupling

20

Hadronic	running	at	 -pole:		 				 		key	quan$ty	in	global	electroweak	fitZ Δα(5)
had(M

2
Z) →

<latexit sha1_base64="JzWcbXcnQdxLPdUMi20Irtm74bc="></latexit>
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Correla$on	between	 	and	the	hadronic	running	of		 	:ahvp
μ Δαhad

<latexit sha1_base64="qidbBnQS2Gt9kRuhQNm1jRrBMnU="></latexit>

ahvp
µ =
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◆2 Z 1
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ds
R(s) K̂(s)

s2

Electromagne$c	coupling	is	energy-dependent:
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Adler	func$on	approach,	aka.	“Euclidean	split	technique”
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Figure 2: Compilation of results for �U (5)
had ("

2
/ ). The first two data points (red symbols) are the lattice results

of ref. [7]. Green circles denote results based the data-driven method in, from top to bottom, refs. [1, 16], [2],
and [3]. The estimate based on the Adler function in ref. [3] is shown as a green diamond. Blue symbols
represent the results from global EW fits, published in refs. [17–21]. The upper triangle point from ref. [20]
does not use the Higgs mass. The gray band represents our final result quoted in eq. (8).

4. Conclusions

We presented a computation of the hadronic contribution to the running of the electromagnetic
coupling U. Our result is obtained on the lattice for space-like &2 up to ⇡ 7 GeV2 and it is slightly
larger but still compatible with an earlier calculation by BMWc. However, there is a significant
tension with the predictions based on the data driven method.

Combining our result obtained in the &2 = (5 ± 2) GeV2 range with pQCD, we obtain an
estimate for �U (5)

had("
2
/ ) that does not rely on experimental hadronic cross section data as input. This

result is consistent with and of similar precision as estimates employing the data-driven approach.
Moreover, we observe no significant tensions between our lattice result and global EW fits.

References

[1] A. Keshavarzi, D. Nomura and T. Teubner, Muon 6 � 2 and U("2
/ ): a new data-based

analysis, Phys. Rev. D 97 (2018) 114025 [18�2.�2995].
[2] M. Davier, A. Hoecker, B. Malaescu and Z. Zhang, A new evaluation of the hadronic vacuum

polarisation contributions to the muon anomalous magnetic moment and to U(<2
/ ), Eur. Phys.

J. C 80 (2020) 241 [19�8.��921].
[3] F. Jegerlehner, UQED,e� (B) for precision physics at the FCC-ee/ILC, CERN Yellow Reports:

Monographs 3 (2020) 9.
[4] F. Burger, K. Jansen, M. Petschlies and G. Pientka, Leading hadronic contributions to the

running of the electroweak coupling constants from lattice QCD, JHEP 1511 (2015) 215
[15�5.�3283].

[5] A. Francis, V. Gülpers, G. Herdoíza, H. Horch, B. Jäger, H.B. Meyer et al., Study of the

5

[Mainz/CLS,	Cè	et	al.,	JHEP	08	(2022)	220,	arXiv:2203.08676]

• No	inconsistency	with	global	electroweak	fit!

Standard	Model	can	accommodate	a	larger	value	for	 	without	
contradic$ng	electroweak	precision	data

aμ
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No	straighzorward	theore$cal	interpreta$on	of	the	Fermilab	E989	experiment

✻pre-2023

Discrepant	determina$ons	of	the	HVP	contribu$on:	

• Tensions	between	lamce	QCD	and	 	hadronic	cross	sec$ons✻	

• Tension	in	 channel	between	BaBar	vs.	KLOE	and	CMD-3	vs.	all	other	results

e+e−

π+π−

Analyses	/	re-analyses	of	 	data	in	progress:	BaBar,	BESIII,	CMD-3,	KLOE	

Lamce	QCD	to	produce	more	results	for	HVP	contribu$on	with	sub-percent	precision	

Experimental	measurement	of	the	HVP	contribu$on	by	MUonE	experiment

e+e−

Fermilab	E989	prepares	to	release	result	including	data	from	Runs	4–6	

Update	of	White	Paper	expected	by	 	Dec	2024,	including	new	lamce	results(?)	≈




