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The nuclear landscape
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Many-body system bound by strong interaction!
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Emergence of diverse phenomena 
(Limits of stability, nuclear decay modes, collective motion, …)
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Chiral effective field theory

• Low-energy effective field theory with 
nucleons/pions as degrees of freedom
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• Expansion parameter from separation 
of scales at low-energies
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• High-energy physics captured by few  
low-energy constants (LECs)

• Power counting predicts emergence (!) 
of higher-body operators
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Many-body techniques

• Goal: solution of Schrödinger equation

4
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Many-body techniques

• Goal: solution of Schrödinger equation
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• Idea: write exact many-body solution relative 
to an A-body reference state (leading order)
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• Leading order must qualitatively capture the 
dominant correlations of the system!
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• Idea: write exact many-body solution relative 
to an A-body reference state (leading order)
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• Leading order must qualitatively capture the 
dominant correlations of the system!

• The unknown wave operator encapsulates all 
the complexity of the system
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Quantification of uncertainties

• Ab initio theory allows for rigorous 
quantification of theory uncertainties
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Tichai et al. MBPT for Finite Nuclei

FIGURE 14 | BMBPT systematics along O (left) and Ca (right) isotopic chains using the non-local chiral two- plus three-nucleon interactions at N3LO presented in

Hüther et al. [115]. Top panel: absolute binding energies. Bottom panel: two-neutron separation energies. Plot markers correspond to HFB (●), second-order BMBPT

(!), and third-order BMBPT ( !). All calculations are performed using 15 oscillator shells and an oscillator frequency of h̄ω = 20MeV. The single-particle orbital

angular-momentum quantum number was limited to l ≤ 10. Open and closed symbols correspond to different truncations E3max = 14, 16, respectively.

FIGURE 15 | BMBPT ground-state energies for oxygen and calcium isotopes at third order of the perturbative expansion using consistent non-local chiral two- plus

three-nucleon interactions at N2LO (blue) and N3LO (red). Open symbols show the corresponding HFB ground-state energies. The uncertainty bands represent both,

many-body and interaction uncertainties (see text). All calculations are performed using 15 oscillator shells and an oscillator frequency of h̄ω = 20MeV. The

single-particle orbital angular-momentum quantum number was limited to l ≤ 10.

that the new interactions are indeed less perturbative. One can
thus expect higher orders to contribute non-negligibly.

Focusing now on two-neutron separation energies, the end
results are very satisfactory and of similar or even greater quality
than with the “standard” Hamiltonian. Interestingly, HFB results
are further away in the present case, indicating that not only
absolute values but also the trend with neutron number is
different. Still, second and third order contributions consistently
compensate for this apparent, but in fact fictitious, degrading at

the HFB level. One eventually observes that results are still less
accurate near major shell closures, which is consistent with the
expectation that restoring particle-number symmetry through
PBMBPT [58] will have the largest impact near shell closures.

While the results in oxygen isotopes are virtually identical for
both E3max values, the truncation in E3max plays an increasingly
important role in neutron-rich calcium isotopes, i.e., ground-
state energies beyond A = 50 obtained for E3max = 14 and
16 start deviating more strongly, pointing to the importance

Frontiers in Physics | www.frontiersin.org 25 June 2020 | Volume 8 | Article 164

3rd-order EFT 
4th-order EFT 

Tichai et al., Frontiers in Physics (2020)

• Interaction uncertainties estimated 
from order-by-order calculations

• Many-body uncertainties still based 
on empirical ad-hoc models

2-3% of ground-state energy
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Fig. 4. Ground-state energies (top panels) and point-proton rms radii (bottom panels) obtained in IM-SRG calculations for the NLO (solid gray diamonds), N2LO (blue circles), 
N3LO (red boxes), and N3LO’ (open green boxes) interactions with ! = 450 MeV (left), 500 MeV (center), and 550 MeV (right). The error bands for N2LO (blue) and N3LO
(red) are derived from the order-by-order behavior and include the many-body uncertainties (see text). Experimental data is indicated by black bars [5,37–39].

in a Bayesian framework along the lines of Refs. [43,44], will be 
the subject of future work.

The ground-states energies and point-proton radii of closed-
shell isotopes from oxygen to nickel obtained for the different 
cutoffs and different chiral orders with uncertainty bands indi-
cating the combined interaction and many-body uncertainties are 
presented in Fig. 4. The general picture is remarkable for a num-
ber of reasons: (i) the results at N2LO and N3LO agree extremely 
well, even without considering the uncertainties; (ii) consequently, 
the uncertainty bands are nested and generally shrink systemati-
cally; (iii) at N3LO the interaction and many-body uncertainties are 
comparable, while at N2LO the interaction uncertainties dominate; 
(iv) results are very stable across the different cutoffs and agree 
within uncertainties; (v) ground-state energies and point-proton 
radii agree with experiment within uncertainties for all isotopes 
considered here.

The agreement of energies and radii among the different orders 
and the different cutoffs, and the agreement with experiment, is 
far from trivial. As we discussed earlier, the majority of existing 
chiral interactions are not able to reproduce these systematics. As 
a further cross-check, Fig. 4 also shows the results with the mixed-
order N3LO’ interactions. They also agree with the consistent N2LO
and N3LO interactions within uncertainties, which highlights the 
robustness of this family of interactions.

8. Oxygen isotopes

As an example for applications to open-shell nuclei, we con-
sider the even oxygen isotopes from 14O to 26O as shown in Fig. 5. 
For these calculations we use the IM-NCSM with an Nref

max = 0 ref-
erence state and the same uncertainty quantification protocol as 
for the medium-mass isotopes including interaction and many-
body uncertainties. As before, the ground-state energies and radii 
at N2LO, N3LO, and N3LO’ agree very well with each other and 
with experiment. The dripline at 24O is clearly reproduced with 
all interactions starting from N2LO. We have included both, point-
proton and matter rms radii in order to compare to evaluations 
of the matter rms radii for the neutron-rich oxygen isotopes from 
Ref. [13]. Taking into account the difference between matter radii 
extracted from interaction cross-sections and proton scattering as 
well as the experimental and the theory uncertainties, we find 
good agreement with the available data.

Fig. 5. Ground-state energies, point-proton rms radii, and mass rms radii of even 
oxygen isotopes obtained in the IM-NCSM for the LO (open gray diamonds), NLO
(solid gray diamonds), N2LO (blue circles), N3LO (red boxes), and N3LO’ (open green 
boxes) interactions at ! = 500 MeV. Experimental data is indicated by black bars, 
where two sets of data with error bars are shown for the radii: For proton radii 
experimental data is taken from [38] (left-hand symbols) and [13] (right-hand sym-
bols), for mass radii data extracted from interaction cross-sections (left) and from 
proton scattering (right), discussed in Ref. [13], is shown.

9. Excitation spectra

Going beyond ground-state observables, Fig. 6 presents the ex-
citation spectra for selected p-shell nuclei obtained in NCSM. We 
use the order-by-order behavior of the excitation energies to assess 
the interaction uncertainties in the same scheme discussed before, 
the many-body uncertainties are estimated from the difference of 
results for the two largest values on Nmax. Generally the spectra 
agree very well with experiment within uncertainties. One notable 
exception is the 1

2
−

state in 9Be, which appears 1.5 MeV too high. 
It was shown in Ref. [45] that this state is strongly affected by con-
tinuum degrees of freedom, which are not included here. Another 
interesting case is the second 1+ state in 10B, which appears 1
MeV too high at N2LO and 1 MeV too low at N3LO, however, with 
a very large uncertainty. This state is obviously very sensitive to 
details of the interaction and shows that spectra and spectroscopy 
are the obvious next step for validating this new family of interac-
tions.
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9. Excitation spectra

Going beyond ground-state observables, Fig. 6 presents the ex-
citation spectra for selected p-shell nuclei obtained in NCSM. We 
use the order-by-order behavior of the excitation energies to assess 
the interaction uncertainties in the same scheme discussed before, 
the many-body uncertainties are estimated from the difference of 
results for the two largest values on Nmax. Generally the spectra 
agree very well with experiment within uncertainties. One notable 
exception is the 1

2
−

state in 9Be, which appears 1.5 MeV too high. 
It was shown in Ref. [45] that this state is strongly affected by con-
tinuum degrees of freedom, which are not included here. Another 
interesting case is the second 1+ state in 10B, which appears 1
MeV too high at N2LO and 1 MeV too low at N3LO, however, with 
a very large uncertainty. This state is obviously very sensitive to 
details of the interaction and shows that spectra and spectroscopy 
are the obvious next step for validating this new family of interac-
tions.

Hüther et al., PLB (2020)

• Similar studies of theory uncertainties in 
nuclear-matter simulations

Drischler et al., PRL (2020)
Keller et al., PRL (2023)
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Towards heavy nuclei

• Ab initio simulations are extended 
significantly beyond A=100
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ARTICLESNATURE PHYSICS

implausible LECs that yield model predictions too far from exper-
imental data. For this purpose, we use an implausibility measure 
(Methods) that links our model predictions and experimental 
observations as

z = M(θ) + ε

exp

+ ε

em

+ ε

method

+ ε

model

, (1)

relating the experimental observations z to emulated ab initio pre-
dictions M(θ) via the random variables ε

exp

, εem, εmethod and εmodel 
that represent experimental uncertainties, the emulator precision, 
method approximation errors and the model discrepancy due to the 
EFT truncation at next-to-next-to leading order, respectively. The 
parameter vector θ corresponds to the 17 LECs at this order. The 
method error represents, for example, model space truncations and 
other approximations in the employed ab initio many-body solv-
ers. The model discrepancy εmodel can be specified probabilistically 
since we assume to operate with an order-by-order improvable EFT 
description of the nuclear interaction (see Methods for details).

The final result of the five history-matching waves is a set of 34 
non-implausible samples in the 17-dimensional parameter space 
of the LECs. We then perform ab initio calculations for nuclear 
observables in 48Ca and 208Pb, as well as for properties of infinite 
nuclear matter.

Ab initio computations of 208Pb
We employ the coupled-cluster (CC)12,30,31, in-medium similarity 
renormalization group (IMSRG)32 and many-body perturbation 
theory (MBPT) methods to approximately solve the Schrödinger 
equation and obtain the ground-state energy and nucleon densities 
of 48Ca and 208Pb. We analyse the model space convergence and use 
the differences between the CC, IMSRG and MBPT results to esti-
mate the method approximation errors (Methods and Extended 
Data Figs. 3 and 4). The computational cost of these methods 
scales (only) polynomially with increasing numbers of nucleons 
and single-particle orbitals. The main challenge in computing 
208Pb is the vast number of matrix elements of the three-nucleon 
(3N) force which must be handled. We overcome this limita-
tion by using a recently introduced storage scheme in which we 
only store linear combinations of matrix elements directly enter-
ing the normal-ordered two-body approximation19 (see Methods  
for details).

Our ab initio predictions for finite nuclei are summarized in 
Fig. 2. The statistical approach that leads to these results is com-
posed of three stages. First, history matching identified a set of 
34 non-implausible interaction parameterizations. Second, model 
calibration is performed by weighting these parameterizations—
serving as prior samples—using a likelihood measure according to 
the principles of sampling/importance resampling33. This yields 34 
weighted samples from the LEC posterior probability density func-
tion (Extended Data Fig. 5). Specifically, we assume independent 
EFT and many-body method errors and construct a normally dis-
tributed data likelihood encompassing the ground-state energy per 
nucleon E/A and the point-proton radius Rp for 48Ca, and the energy 
E

2

+ of its first excited 2+ state. Our final predictions are therefore 
conditional on this calibration data.

We have tested the sensitivity of final results to the likelihood 
definition by repeating the calibration with a non-diagonal covari-
ance matrix or a Student t distribution with heavier tails, finding 
small (~1%) differences in the predicted credible regions. The EFT 
truncation errors are quantified by studying ab initio predictions at 
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Fig. 1 | Trend of realistic ab initio computations for the nuclear A-body 
problem. The bars highlight the years of the first realistic computations 
of doubly magic nuclei. The height of each bar corresponds to the mass 
number A divided by the logarithm of the total compute power RTOP500 (in 
flops!s−1) of the pertinent TOP500 list45. This ratio would be approximately 
constant if progress were solely due to exponentially increasing computing 
power. However, algorithms which instead scale polynomially in A have 
greatly increased the reach.
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Fig. 2 | Ab initio posterior predictive distributions for light to heavy nuclei. 
Model checking is indicated by green (blue) distributions, corresponding to 
observables used for history-matching (likelihood calibration), while pure 
predictions are shown as pink distributions. The nuclear observables shown 
are the quadrupole moment Q, point-proton radii Rp, ground-state energies 
E (or energy per nucleon E/A), 2+ excitation energy E

2

+ and electric dipole 
polarizabilities αD. See Extended Data Table 1 for the numerical specification 
of the experimental data (z), errors (σi), medians (white circle) and 68% 
credibility regions (thick bar). The prediction for Rskin(208Pb) in the bottom 
panel is shown on an absolute scale and compared with experimental 
results using electroweak5 (purple), hadronic34,35 (red), electromagnetic4 
(green) and gravitational wave36 (blue) probes (from top to bottom; see 
Extended Data Fig. 7b for details).

NATURE PHYSICS | VOL 18 | OCTOBER 2022 | 1196–1200 | www.nature.com/naturephysics 1197

Hu et al., Nat. Phys. (2022)

• Pioneering ab initio calculations of 
doubly magic 208Pb nucleus

neutron-skin thickness 

• Recent high-precision simulations in 
170-176Yb for new physics searches

Door et al., arXiv:2403.07792

• Exotic drip line nuclei from first-
principles frameworks available

Ab initio complements 
density functional theory!
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New interactions!

• Chiral interaction give decent 
reproduction of ground-state energies

7
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Figure 1. Ground-state energy (top panel) and charge ra-
dius (bottom panel) of 16O as a function of cD for the low-
resolution NN+3N interactions at NN SRG resolution scale
� = 1.8 fm�1. Horizontal grey lines correspond to the exper-
imental values [37, 38]. The solid stars indicate the results
corresponding to the two novel interactions 1.8/2.0 (EM7.5)
and 1.8/2.0 (sim7.5), while the open star corresponds to the
1.8/2.0 (EM) interaction [24].

radius of 16O as a function of cD for the di↵erent low-
resolution NN+3N interactions. In all cases we find a
rather strong sensitivity of the ground-state energy (upper
panel) for negative cD values, whereas for positive cD

the energy is rather insensitive to changes of the LEC.
While the NNLOsim family and EM 500 potential show a
very good agreement with experiment at positive cD, the
EMN family exhibits larger deviations. For the charge
radius (lower panel) we find an almost linear dependence
and increasing radii for larger cD values. In particular,
around cD = 7.5 the SRG-evolved NNLOsim and EM 500
interactions simultaneously reproduce both observables
very well. On the other hand, the EMN interactions
reproduce the experimental charge radius of 16O for a
value of cD ⇠ 0. However, here it is not possible to
reproduce both observables simultaneously. Therefore, we
selected two novel low-resolution interactions based on the
EM 500 and NNLOsim 550 with a 3N LEC cD = 7.5 [39],
that we named 1.8/2.0 (EM7.5) and 1.8/2.0 (sim7.5),
respectively. As can be seen in Fig. 1, both these two
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Figure 2. Ground-state energies per nucleon, charge radii,
and neutron skins for selected doubly closed-shell nuclei from
16O to 208Pb compared with experiment for the two novel
interactions 1.8/2.0 (EM7.5) and 1.8/2.0 (sim7.5) as well as
the 1.8/2.0 (EM) and �NNLOGO interactions. Charge radii
are scaled by A1/3 for legibility. Experimental data for neu-
tron skins was obtained through dipole polarizability (↵D),
parity-violating electron scattering (PVES), and elastic proton
scattering (p elastic). See text for experimental references and
for a discussion of the theoretical uncertainties given.

interactions, indicated by a solid star, predict essentially
the same binding energies as the 1.8/2.0 (EM) interaction
(marked by an open star), but resolve the problem of too
small charge radii. This observation also holds for 40Ca,
see the Supplemental Material.

Ground-state energies, radii, and neutron skins.– Fig-
ure 2 shows the ground-state energy and charge ra-
dius for selected doubly closed-shell nuclei ranging from
16O to 208Pb based on our novel low-resolution interac-
tions as well as the established 1.8/2.0 (EM) [24] and

• Common problem: nuclear charge radii 
are underestimated in medium-mass nuclei

Arthuis et al., arXiv:2401.06675

• Approach: re-fit cD interaction to 
reproduce charge radius of 16O

• Great reproduction of experimental data 
from medium-light to heavy systems

one-pion exchange topology

π
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Concepts of data compression

8

Singular value decomposition (SVD)

=
<latexit sha1_base64="6ZUaV9qRM/rtUtqqCdLeTqO8pWc=">AAACFXicbVDLSsNAFJ34rPVVdekmWARXJRGpLgtuXFa0D2hDmUxv0rEzmTAzKYSQf3An+i/uxK1rf8WV0zYL23pg4HDOvZw7x48ZVdpxvq219Y3Nre3STnl3b//gsHJ03FYikQRaRDAhuz5WwGgELU01g24sAXOfQccf3079zgSkoiJ61GkMHsdhRANKsDZSu/9AQ44HlapTc2awV4lbkCoq0BxUfvpDQRIOkSYMK9VznVh7GZaaEgZ5uZ8oiDEZ4xB6hkaYg/Ky2bW5fW6UoR0IaV6k7Zn6dyPDXKmU+2aSYz1Sy95U/M/rJTq48TIaxYmGiMyDgoTZWtjTr9tDKoFolhqCiaTmVpuMsMREm4IWUkIQHLRM8/JiuIRJbspyl6tZJe3LmluvOfdX1Ua9qK2ETtEZukAuukYNdIeaqIUIekLP6BW9WS/Wu/Vhfc5H16xi5wQtwPr6BZPSn/Q=</latexit>

�
<latexit sha1_base64="1xiYbj+Dp3imTO3RL78iZEQx40o=">AAACEHicbVDLSgMxFM34rPVVdekmWARXZUakuiy4cSO0YB/QDiWT3mlDM8mQZArD0C9wJ/ov7sStf+CvuDJtZ2FbDwQO59zLuTlBzJk2rvvtbGxube/sFvaK+weHR8elk9OWlomi0KSSS9UJiAbOBDQNMxw6sQISBRzawfh+5rcnoDST4smkMfgRGQoWMkqMlRqP/VLZrbhz4HXi5aSMctT7pZ/eQNIkAmEoJ1p3PTc2fkaUYZTDtNhLNMSEjskQupYKEoH2s/mhU3xplQEOpbJPGDxX/25kJNI6jQI7GREz0qveTPzP6yYmvPMzJuLEgKCLoDDh2Eg8+zUeMAXU8NQSQhWzt2I6IopQY7tZShmCjMCodFpcDlcwmdqyvNVq1knruuJVK27jplyr5rUV0Dm6QFfIQ7eohh5QHTURRYCe0St6c16cd+fD+VyMbjj5zhlagvP1C3y4ncI=</latexit>

M
<latexit sha1_base64="jbFtUngN5E/x+RRuaHERuj23yOE="></latexit>

L
<latexit sha1_base64="c6r/FwoQOLnB6JugRkFZt8oHGW8="></latexit>

R†

<latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>· <latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>·

<latexit sha1_base64="ea8H2XJ3pPXJ9VFrpAYCU+Wt5pU=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHgxWNE84BkCbOznWTIzO460xsIId/hTfRfvIlXwV/x5CTZg0ksaCiquqmmgkQKg6777aytb2xubed28rt7+weHhaPjuolTzaHGYxnrZsAMSBFBDQVKaCYamAokNILB7dRvDEEbEUePOErAV6wXia7gDK3kt1HIEGj7QfQU6xSKbsmdga4SLyNFkqHaKfy0w5inCiLkkhnT8twE/THTKLiESb6dGkgYH7AetCyNmALjj2dPT+i5VULajbWdCOlM/XsxZsqYkQrspmLYN8veVPzPa6XYvfHHIkpShIjPg7qppBjTaQM0FBo4ypEljGthf6W8zzTjaHtaSOlBrAD1aJJfDNcwnNiyvOVqVkn9suSVS+79VbFSzmrLkVNyRi6IR65JhdyRKqkRTp7IM3klb86L8+58OJ/z1TUnuzkhC3C+fgH1HqLI</latexit>

�̃
~

Low-rank approximation

<latexit sha1_base64="3Lonq4q1HtXtLG4ZTf2RmLYamVE="></latexit>
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<latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>· <latexit sha1_base64="1e15kR3tb7cMU45YKQPZ+y0D5HQ=">AAACFHicbVC7SgNBFJ31GeMrammzGASrsBtELQM2lhHcJJAsYXZykwyZ2Vlm7gaWJd9gJ/ovdmJr769YOXkUJvHAwOGcezl3TpQIbtDzvp2Nza3tnd3CXnH/4PDouHRy2jAq1QwCpoTSrYgaEDyGADkKaCUaqIwENKPR/dRvjkEbruInzBIIJR3EvM8ZRSsFHdZT2C2VvYo3g7tO/AUpkwXq3dJPp6dYKiFGJqgxbd9LMMypRs4ETIqd1EBC2YgOoG1pTCWYMJ8dO3EvrdJz+0rbF6M7U/9u5FQak8nITkqKQ7PqTcX/vHaK/bsw53GSIsRsHtRPhYvKnf7c7XENDEVmCWWa21tdNqSaMrT9LKUMQElAnU2Ky+EaxhNblr9azTppVCv+TcV7vC7XqovaCuScXJAr4pNbUiMPpE4Cwggnz+SVvDkvzrvz4XzORzecxc4ZWYLz9Qv1CZ+f</latexit>·Removal of 
97% of information!
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Concepts of data compression

8

One can still tell the size of the 
Eiffel tower (observable) from a blurred 

picture (input data)!

Singular value decomposition (SVD)

=
<latexit sha1_base64="6ZUaV9qRM/rtUtqqCdLeTqO8pWc=">AAACFXicbVDLSsNAFJ34rPVVdekmWARXJRGpLgtuXFa0D2hDmUxv0rEzmTAzKYSQf3An+i/uxK1rf8WV0zYL23pg4HDOvZw7x48ZVdpxvq219Y3Nre3STnl3b//gsHJ03FYikQRaRDAhuz5WwGgELU01g24sAXOfQccf3079zgSkoiJ61GkMHsdhRANKsDZSu/9AQ44HlapTc2awV4lbkCoq0BxUfvpDQRIOkSYMK9VznVh7GZaaEgZ5uZ8oiDEZ4xB6hkaYg/Ky2bW5fW6UoR0IaV6k7Zn6dyPDXKmU+2aSYz1Sy95U/M/rJTq48TIaxYmGiMyDgoTZWtjTr9tDKoFolhqCiaTmVpuMsMREm4IWUkIQHLRM8/JiuIRJbspyl6tZJe3LmluvOfdX1Ua9qK2ETtEZukAuukYNdIeaqIUIekLP6BW9WS/Wu/Vhfc5H16xi5wQtwPr6BZPSn/Q=</latexit>

�
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97% of information!
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Low-rank interactions from chiral EFT

9

• Application to partial-wave-decomposed 
three-body matrix elements

• Scalability: novel randomized SVD 
algorithm implemented

Singular spectrum reveals 
pronounced low-rank character!

Singular spectrum of three-body interaction

Tichai et al., arXiv:2307.15572

<latexit sha1_base64="ZpCY8EEOk7ANWP+b78IkGPq24bU="></latexit>
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• Very few SVD components needed

~100 out of 15.000

<latexit sha1_base64="zArWbgvHT898TQbWoOSL5gPvAMU="></latexit>

J �T =
1

2

+ 1

2

(triton)



A. Tichai EMMI Physics Day 2024

Medium-mass nuclei

• Matrix elements from transformation 
of low-rank 3N interactions

10

Ground-state observables for closed-shell nuclei

• Low error on observables from 
different many-body schemes

• Slight increase of decomposition 
error with mass number 

• 1% of singular values yield less than 
keV errors on ground-state energy

99% of singular values can be 
discarded at zero loss in accuracy!

Many-body systems 

Tichai et al., arXiv:2307.15572
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Medium-mass nuclei

• Matrix elements from transformation 
of low-rank 3N interactions

10

Ground-state observables for closed-shell nuclei

• Low error on observables from 
different many-body schemes

• Slight increase of decomposition 
error with mass number 

• 1% of singular values yield less than 
keV errors on ground-state energy

99% of singular values can be 
discarded at zero loss in accuracy!

Many-body systems 

Tichai et al., arXiv:2307.15572

Chiral interaction have low-
rank structures … what about the 

wave function?
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Nuclear tensor networks

• Factorized ansatz of the many-body 
function: matrix-product state (MPS)

11

• Novel many-body solver will solve for the 
factors themselves (       )

mean field 
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Nuclear tensor networks

• Factorized ansatz of the many-body 
function: matrix-product state (MPS)

11

• Novel many-body solver will solve for the 
factors themselves (       )

• Systematically improvable by increasing 
the bond dimension (M)

mean field 
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1  M <� exact

• Method of choice for low-dimensional 
problems in condensed matter

• Density matrix renormalization group: 
variational optimization of MPS

White, PRL (1992)
Schollwöck, Annals of Physics (2011)
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78Ni: Why DMRG?

12

DMRG/CI energies vs. effective dimension of HA

• DMRG: economic representation 
of the many-body wave function

• Slow convergence of the 2+ 
excited state in CI calculations

• Robust convergence of DMRG 
energies at large bond dimension
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Tichai et al., PLB (2023)

• DMRG outscales diagonalization

Taniuchi et al., Nature (2019)

7p7h
6p6h

5p5h

Smaller Hilbert spaces!
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Transitional nuclei at N=50

13

• Onset of nuclear deformation

<latexit sha1_base64="sMUIQNV8pBlg0m3fR5RMSmIyk28="></latexit>

E?rot ⇠ J(J + 1)

• Rapid transition between single-
particle-like and collective excitations

• Qualitative agreement with previous 
shell-model calculations

Spectroscopy of N=50 isotones
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• Spectroscopy: DMRG extended to 
EM transitions strengths

• Challenge: description of excited 
rotational band in 78Ni

Nowacki et al., PRL (2016)
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Emulators

• Challenge: repeated solution of many-body 
problem millions of times (~20 LECs)

14
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HEFT =
X

�
c� V�

• Idea: train a surrogate model to mimic the 
true many-body solution
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{|�trainingi}snapshots basis:

• Eigenvector continuation: re-expand 
solution in basis of training vectors

<latexit sha1_base64="EQO6ZXu9iJzdhZulS0kTKqOapq0="></latexit>

H�j = h�(c�)|H(c�)|�(cj)i
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H~� = �N~�
small-scale generalized eigenvalue problem

Ekström, Hagen, PRL (2019)

Frame et al., PRL (2018)
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exchange, and terms proportional to the pion and nucleon
masses. The analytical form of the NNLO Hamiltonian is
identical to the one of NNLOsat [20], including the
regularization scheme, which means that, for a particular
value α⃗ ¼ α⃗⋆, the Hamiltonian Hðα⃗⋆Þ will reproduce the
binding energy and radius predictions of NNLOsat. The
SPCC Hamiltonian for a target value α⃗ ¼ α⃗⊚ is constructed
by projecting Hðα⃗⊚Þ onto the subspace spanned by CC
wave functions obtained at Nsub different values for α⃗.
SPCC is a controlled approximation to the full-space CC
method, and it allows for rapid and accurate solutions to the
many-nucleon problem necessary for statistical computing.
In this Letter, we use the CC method in the singles and
doubles (CCSD) approximation.
The workhorse of the CC method is the similarity

transformed Hamiltonian H̄ðα⃗Þ ¼ e−Tðα⃗ÞHðα⃗ÞeTðα⃗Þ, where
in the CCSD approximation the cluster operator is trun-
cated at one-particle–one-hole and two-particle–two-hole
excitations, i.e., Tðα⃗Þ ¼ T1ðα⃗Þ þ T2ðα⃗Þ. For clarity, we
have indicated the implicit dependence on α⃗. The CCSD
similarity transformation is nonunitary and renders H̄ðα⃗Þ
non-Hermitian, and we thus introduce Nsub biorthogonal
left and right CC ground states,

hΨ̃j ¼ hΦ0j½1þ Λðα⃗Þ&e−Tðα⃗Þ; jΨi ¼ eTðα⃗ÞjΦ0i: ð1Þ

Here Λðα⃗Þ ¼ Λ1ðα⃗Þ þ Λ2ðα⃗Þ is a linear expansion in one-
particle–one-hole and two-particle–two-hole deexcitation
operators, and we have biorthonormality according to
hΨ̃jΨi ¼ 1. For notational simplicity, we will from here
on omit the explicit α⃗ dependence in the (de)excitation
operators and set Tðα⃗Þ ¼ T and Λðα⃗Þ ¼ Λ, respectively.
The reference state jΦ0i is built from harmonic oscillator
single-particle states, and we solve the CCSD equations in a
model space comprising 11 major oscillator shells with a
frequency ℏΩ ¼ 16 MeV. The matrix elements of the
three-nucleon interaction that enters the Hamiltonian are
truncated by the energy cut E3max ≤ 14. The CCSD result
for 16O with NNLOsat in this model space is −118.76 MeV,
which is within 1 MeVof the converged CCSD value using
a Hartree-Fock basis.
Using the Nsub different CCSD ground-state vectors in

Eq. (1), the matrix elements of the target Hamiltonian in the
subspace and the corresponding norm matrix are given by

hΨ̃0jHðα⃗⊚ÞjΨi ¼ hΦ0jð1þ Λ0Þe−T 0
Hðα⃗⊚ÞeT jΦ0i

¼ hΦ0jð1þ Λ0ÞeXH̄ðα⃗⊚ÞjΦ0i; ð2Þ

hΨ̃0jΨi ¼ hΦ0jð1þ Λ0ÞeXjΦ0i; ð3Þ

respectively. Here we also introduced eX ¼ e−T
0þT , and

H̄ðα⃗⊚Þ is the similarity transformed target Hamiltonian.
The left ground state hΨ̃0j ¼ hΦ0jð1þ Λ0Þe−T 0

is obtained
from Hðα⃗0Þ, and the right ground state eT jΦ0i is obtained
from Hðα⃗Þ. We can now solve the generalized non-
Hermitian Nsub × Nsub eigenvalue problem for the SPCC
target Hamiltonian to obtain the ground-state energy and
wave function in the subspace. With the SPCC wave
function, we can also calculate the expectation value of
any subspace-projected operator with matrix elements
hΨ̃0jOjΨi. Equations (2) and (3) can be evaluated using
Wick’s theorem, and closed form algebraic expressions are
given in the Supplemental Material [37]. Note that in
general the reference states for the Nsub different subspace
CC wave functions in Eq. (1) are nonorthogonal. This is a
nontrivial case and would require the generalized Wick’s
theorem [38,39] in order to evaluate the matrix elements of
the SPCC Hamiltonian and the norm matrix.
Results.—The SPCC predictions for the energy and

charge radius in 16O as a function of the LEC C1S0 in
the Hamiltonian are shown in Fig. 1. Using Nsub ¼ 5 exact
CCSD ground-state vectors, from a small region of C1S0
values, points 1–5 in Fig. 1, the SPCC method extrapolates
to the exact CCSD results across a large C1S0 range. With
Nsub ¼ 3 CCSD vectors, points 1–3 in Fig. 1, the radius
extrapolation deteriorates far away from the exact solu-
tions, while the energy predictions remain more accurate.
We now move to the challenging case where all 16 LECs

at NNLO can vary. In the following, we analyze two SPCC
Hamiltonians based on Nsub ¼ 64 and Nsub ¼ 128 CCSD

FIG. 1. SPCC results for 16O, using three or five subspace
vectors, for different values of the LEC C1S0 . The red diamonds
indicate exact CC calculations at the singles and doubles level
(CCSD). The NNLOsat point is indicated with a dashed
vertical line.
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exchange, and terms proportional to the pion and nucleon
masses. The analytical form of the NNLO Hamiltonian is
identical to the one of NNLOsat [20], including the
regularization scheme, which means that, for a particular
value α⃗ ¼ α⃗⋆, the Hamiltonian Hðα⃗⋆Þ will reproduce the
binding energy and radius predictions of NNLOsat. The
SPCC Hamiltonian for a target value α⃗ ¼ α⃗⊚ is constructed
by projecting Hðα⃗⊚Þ onto the subspace spanned by CC
wave functions obtained at Nsub different values for α⃗.
SPCC is a controlled approximation to the full-space CC
method, and it allows for rapid and accurate solutions to the
many-nucleon problem necessary for statistical computing.
In this Letter, we use the CC method in the singles and
doubles (CCSD) approximation.
The workhorse of the CC method is the similarity

transformed Hamiltonian H̄ðα⃗Þ ¼ e−Tðα⃗ÞHðα⃗ÞeTðα⃗Þ, where
in the CCSD approximation the cluster operator is trun-
cated at one-particle–one-hole and two-particle–two-hole
excitations, i.e., Tðα⃗Þ ¼ T1ðα⃗Þ þ T2ðα⃗Þ. For clarity, we
have indicated the implicit dependence on α⃗. The CCSD
similarity transformation is nonunitary and renders H̄ðα⃗Þ
non-Hermitian, and we thus introduce Nsub biorthogonal
left and right CC ground states,

hΨ̃j ¼ hΦ0j½1þ Λðα⃗Þ&e−Tðα⃗Þ; jΨi ¼ eTðα⃗ÞjΦ0i: ð1Þ

Here Λðα⃗Þ ¼ Λ1ðα⃗Þ þ Λ2ðα⃗Þ is a linear expansion in one-
particle–one-hole and two-particle–two-hole deexcitation
operators, and we have biorthonormality according to
hΨ̃jΨi ¼ 1. For notational simplicity, we will from here
on omit the explicit α⃗ dependence in the (de)excitation
operators and set Tðα⃗Þ ¼ T and Λðα⃗Þ ¼ Λ, respectively.
The reference state jΦ0i is built from harmonic oscillator
single-particle states, and we solve the CCSD equations in a
model space comprising 11 major oscillator shells with a
frequency ℏΩ ¼ 16 MeV. The matrix elements of the
three-nucleon interaction that enters the Hamiltonian are
truncated by the energy cut E3max ≤ 14. The CCSD result
for 16O with NNLOsat in this model space is −118.76 MeV,
which is within 1 MeVof the converged CCSD value using
a Hartree-Fock basis.
Using the Nsub different CCSD ground-state vectors in

Eq. (1), the matrix elements of the target Hamiltonian in the
subspace and the corresponding norm matrix are given by

hΨ̃0jHðα⃗⊚ÞjΨi ¼ hΦ0jð1þ Λ0Þe−T 0
Hðα⃗⊚ÞeT jΦ0i

¼ hΦ0jð1þ Λ0ÞeXH̄ðα⃗⊚ÞjΦ0i; ð2Þ

hΨ̃0jΨi ¼ hΦ0jð1þ Λ0ÞeXjΦ0i; ð3Þ

respectively. Here we also introduced eX ¼ e−T
0þT , and

H̄ðα⃗⊚Þ is the similarity transformed target Hamiltonian.
The left ground state hΨ̃0j ¼ hΦ0jð1þ Λ0Þe−T 0

is obtained
from Hðα⃗0Þ, and the right ground state eT jΦ0i is obtained
from Hðα⃗Þ. We can now solve the generalized non-
Hermitian Nsub × Nsub eigenvalue problem for the SPCC
target Hamiltonian to obtain the ground-state energy and
wave function in the subspace. With the SPCC wave
function, we can also calculate the expectation value of
any subspace-projected operator with matrix elements
hΨ̃0jOjΨi. Equations (2) and (3) can be evaluated using
Wick’s theorem, and closed form algebraic expressions are
given in the Supplemental Material [37]. Note that in
general the reference states for the Nsub different subspace
CC wave functions in Eq. (1) are nonorthogonal. This is a
nontrivial case and would require the generalized Wick’s
theorem [38,39] in order to evaluate the matrix elements of
the SPCC Hamiltonian and the norm matrix.
Results.—The SPCC predictions for the energy and

charge radius in 16O as a function of the LEC C1S0 in
the Hamiltonian are shown in Fig. 1. Using Nsub ¼ 5 exact
CCSD ground-state vectors, from a small region of C1S0
values, points 1–5 in Fig. 1, the SPCC method extrapolates
to the exact CCSD results across a large C1S0 range. With
Nsub ¼ 3 CCSD vectors, points 1–3 in Fig. 1, the radius
extrapolation deteriorates far away from the exact solu-
tions, while the energy predictions remain more accurate.
We now move to the challenging case where all 16 LECs

at NNLO can vary. In the following, we analyze two SPCC
Hamiltonians based on Nsub ¼ 64 and Nsub ¼ 128 CCSD

FIG. 1. SPCC results for 16O, using three or five subspace
vectors, for different values of the LEC C1S0 . The red diamonds
indicate exact CC calculations at the singles and doubles level
(CCSD). The NNLOsat point is indicated with a dashed
vertical line.
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Companys, Tichai et al., PRC (2024) 



A. Tichai EMMI Physics Day 2024

Global sensitivity analysis

15

8

Figure 3. The upper panel (a) shows electric quadrupole transition strengths from the first excited 2+ state to the ground-
state while the lower panel (b) shows energies of the lowest 2+ and 4+ states in the even nuclei 20�34Ne. Theoretical results
are computed using angular-momentum projected coupled-cluster. Point predictions using the interaction 1.8/2.0(EM) [30]
(red diamonds with uncertainty estimates from many-body method and model-space truncations) are shown together with full
posterior predictive distributions using the delta-full NNLO interaction ensemble (�NNLO), including sampling of method and
model errors. For the latter, 68% and 90% credible intervals are shown as a thick and thin vertical bar, respectively, and the
median is marked as a white circle. Experimental data [124] (and Refs. [72, 84] for 32Ne) are shown as black squares with error
bars.

Interaction sensitivity of deformation observables

Sun et al., arXiv:240400058

Interaction uncertainties sampled
 from many-body emulator
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Conclusions

16

• Systematically improvable from power counting

Nuclear interactions from chiral effective field theory

• Extensive exploration of LEC values

Next steps: exploring new interactions in atomic nuclei

Many-body theory from basis expansion methods

• Novel tensor-network approaches for strong correlations

Next steps: global account for nuclear deformation

• Accurate predictions for heavy-mass regime

• Access to interaction uncertainties

• Design of many-body emulators for interaction surveys
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Nuclear deformation: a grand challenge
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Science opportunities

• Exotic nuclei in unexplored territory

• Candidates for BSM physics searches

• Initial conditions in heavy-ion collisions


