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How difficult it is to theoreticaly study a given hadron ab-initio?

strong, EW
R->H;H, Hi H, resonances R
E above several th.
m, +m, H, H,
RS |_|1 |_|2 resonances above one th.

m, +m, H,H,

shallow bound st.

states well below
threshold En(P:O) = m

Sasa Prelovsek Doubly heavy tetraquarks from lattice



How difficult it is to theoreticaly study a given hadron ab-initio?

strong, EW
R->H;H, Hi H, resonances R
E above several th.
m, +m, H, H,
RS |_|1 |_|2 resonances above one th.

m, +m, H,H,

shallow bound st.

states well below
threshold

Sasa Prelovsek Doubly heavy tetraquarks from lattice

Hy ~I R L2 H
q q
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H, % H,(-p)

T(E): scattering amplitude



How difficult it is to theoreticaly study a given hadron ab-initio?

strong, EW

resonances R

above several th.

H, H,

states well below
threshold

} shallow bound st.
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channela: HH,
channelb: H,'H,'

R — H1H>, H{Hé,

a->a a->b
T (E) T,(E
T(E)= aa( ) ab( )
T,(E) T,(E)
) b->a b->b )




Discovered exotic hadrons
contain heavy quarks

Simplistic argument: for a given V:

heavier particles are easier to bind
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example

Tetraquarks

QQqq
QRQq7 — (qQ) (¢Q)

cedis — DD

Tcc

“easier” theoretically

more difficult experimentally

Zc, Zb, X(3872)

QQqq a-ob

QQRIq — (Qq) (7Q)

- (QQ) (q9) 7

cecdu — DD*, J/ym, nep

Zc



QCD: Locp = iGZUGZV + Cj’&"‘m(au + 19, GHT")q — mqqq
Lattice QCD

gs < ]_ at hadronic energy scale
Lectures by Bulava and Jackura

(C)= [DG DgDg Ce "

//
Main quantity extracted: finite-volume eigen-energies E,, I:I|n) = FE,|n)
LY Bt
Eucledian time often “non-precision” studies:
2pt . phy
+ -E,t " single a, my,/q > Moy s Mo > 140 MeV
C,0=(0lg® g’ o) =, (0|g|n) e™(n|g"|0)
n
t, )5 1 t=0, ), I
tE,
D"Q D*G -
@ e b6 O =0(q,G) —
@’ @ —
All results in this talk will be based on E,,.
«  for strongly stable state well below threshold : En(P=O) = m

resonances (Luscher’s relation)

B — T(E™)
E, — V(r)

static potentials:

not covered in this talk
Sasa Prelovsek
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R H;H;, H'H, resonances R

E above several th.
m, +m, H, H,’
R - H,H, resonances above one th.
m, +m, HiH,

shallow bound st.

states well below
threshold

QQ/Q_CY/ well below threshold

E.(P=0) = m
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Doubly bottom tetraquarks

not found in exp, difficult to find

bbdi bbs1i

I=0, JF=1"

bbdu bbs i

O :(’l_L’75b) (J%b) +..= BB*

threshold: _ BB* BBS*

J
—  -50
_ ST
m L
Z o0
R
W _
| _150]
S
~-200}

likely dominant
(B and B* to close
in BB* molecule

with binding ~0.1 GeV)
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[bT1b]5, [ul'2d]3,

from left to right (lattice QCD)

Hudspith, Mohler, 2303.17295

HALQCD, 2306.03565 (cosidering coupling with B*B*)
Leskovec, Meinel, Pflaumer, Wagner, 1904.04197
Junnarkar, Mathur, Padmanth, 1810.12285

Frances, Colquhoun, Hudspith, Maltman (2021 PosLat)
Bicudo, Wagner et al. 1612.02758, static potentials
Brown, Orginost, 1210.1953, static potentials

Hudspith, Mohler, 2303.17295

Meinel, Pflaumer, Wagner, 2205.13982

Junnarkar, Mathur, Padmanth 1810.12285

Frances, Colquhoun, Hudspith, Maltman (2021, PosLat)

there are even more recent results ..



AE[MeV] (mgPhv)

Doubly bottom tetraquarks bbdu. bbsiu =0, JP=1"

lattice: dependence on myand m 4

Colquhoun, Francis, Hudspith, Maltman, Lewis
. 1810.10550, PoS LATTICE2021 (2022) 144
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Mg INCrEAsES  mmmmmmp m,, decreases

Other QQ’'qqd and JP: beqq’, ccqq

Theoretically expected near or above threshold

States near or above threshold have to be identified from scattering T(E): next Section
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R HyH, Hi'H) resonances R
E above several th.
’ ’ ’ ’
m, +m, H1 H2
resonances above one th.

!~/
QQ 44  from one-channel scattering R Hgk
H; H;

m, +m,

shallow bound st.

example
states well below
LHCb 2021: Tcc

threshold
D*+D° D*°p*
60
o |
302— E
of s
O #4100 }f
3.!;7 - 3.88

m(D°D°7 ") GeV
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One-channel scattering : Luscher’s relation between E and 6(E), T(E)

S(E) _ e2i5(E) =14+ 2 %’ T(E)

tz—vl X 1 scattering

P cot (Sl — ’l,p amplitude

6(E) , T(E)

— E

Luscher’s rel.

Luscher’s rel.

coa—[ 1+ FCP,L)-M(P)] =0

]

& (LQ[ }‘ﬁ()r-cl,

z

—  Matrix of known oL Y‘ & )Y,,‘«C ) (h
F(P’ L) . E-LISAPIL) =1 [ > 2 &'z—] 5 20,20, 20y (€- Lyl e Lty rie) \1

geometric functions

lectures by Andrew Jackura

,,,,,,,,,,,

T here is M in Jacura’s talk



One-channel scattering H; H,

H,(p)

H,
Hz('P) >_< Hz

E=ymi +p®+mj +p?

Ve N\ s
&2 ) m  Re(E)
1
] mi+mo ® 31
Virtual bound st. Resonance
p=-i |p|,sheet|l sheet Il
p2<0
7(E) :
T(E 1 E2 —m? +ET
2 (E) o E2 —m?
/ o(E) o |T(E)
o« |T|
| 1 !
\ Hy(p) H, os |
bound st. 0.6 I 1"
forreal E for complex E _— >—< 0.4 |
. H |
T(E) — T(E) 2 R :
\7 A m E(HH,)
analytic contin.
to complex E

Sasa Prelovsek
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Tbc . next exciting beud L 0,00

200F
discovery from exp ?
/ 0 I=0, JP=17 0"
150 F
Alexandrou et al, 2312.02925 PRL
m,, ~ 220MeV Z 100}
=) 3
O ~ (ub)(dc), [bellud] % < | \’\;
B* D D=cu o cu // ;
B D* bcud/ — s
1 or $ B*D‘thr. ¢
k cot og — ik o 21 32
L/a
lines:




Tbc . next exciting beud 40,00

200F
discovery from exp ?
I=0, JF=170"
150+
Alexandrou et al, 2312.02925 PRL
m,, ~ 220MeV Z 100}
lz_‘
O ~ (ab)(dc), [bd][ad] ’ o
B* D D=cu cu //

3
—_ \z\‘\
B D* bcud/ —
or $ B*D‘thr. ¢

0 X B*=ba bd
kcot 0y — ik - E
ColOog — 1 24 32
L/a
Luscher’s rel.
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(ak)? Vs —mp. —mp [MeV]
_ +2.0

mpr—mpx —1Mp — 67 + 24 MeV FR =132+ 32

another study M. Padmanath et al, 2307.1428: also finds a bound state, with deeper binding
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ch from LHCb experiment D* — D mo ~ 135 MeV

cedl I=0, JP=1* (most likely)

The longest lived exotic hadron ever discovered

D*+D° D*D*

60 dm =m — (mp++ +mpo)

50 SMipote = —0.36 £ 0.04 MeV

40 LHCb 2109.01038, 2109.01056, Nature Physics
30

20

fd
(=)

‘lllllllIIIIIIIIIIIIIIIIIIIIIlll

e |
o [TT

7 3.88
m(D'D7) GeV

Mp«+—Mp+ = 140 MeV

C—)——C o
a‘-é”_’;w d ‘Tl-'\'
Sy
U (]
¢ b

Omitting D™ Dﬂ', ch — DD
T.. would be a bound state
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all analyzed in 2402.14715, PRD

TCC from lattice _ ' Collins, Nefediev, Padmanath , SP
all simulations :

My =My > mZ},Ld D* 4 D single lattice spacing

(J. Green et al are exploring

several lattice spacings, lat 2023, unpublished)

(RO e mpi L lensmbles Jret
| L
five values 280 MeV ~ ~2.1,2.8 fm CLS Nfz2+41  our 2402.14715, PRD
me=1.7—2.4 GeV eigenenergies
D_ . .
| me  Impi L |ensembles [ref
m
u/d ~ physical 146 MeV ~ 8 fm Nf=2+1 HALQCD, 2302.04505, PRL
HALQCD potentials
~ physical 280 MeV ~2.1,2.8 fm Nf=2+1,CLS our, 2402.14715, PRD
eigenenergies
~ physical 348 MeV ~2.4fm Nf=2 CLQCD, 2206.06186, PLB
eigenenergies
A~
y i i f
D=cu cu / recent 2405.15741

—_— A /
>w\f )" presented at the end
///

D*:Qa cd A




Interpolators and En [our simulation, CLQCD]

//
D*(p,) = §
ﬁ - ﬁl +ﬁ2 | > ' D(pl)
[P|=0,1

c;0=(0lam g @) =3 (0

E., using GeVP

Sasa Prelovsek Doubly heavy tetraquarks from lattice

aq

) e (nlg

D(p;)  D*(p,)

= (wy50)p, (dvic)p, — (P1 ¢ D2) P12 = T2 2F

(ﬂ'YS'YtC) P1 (J')’i’)’t c)ﬁz

[cc][ud] interloators not employed

[forthcoming paper with Emmanuel Pacheco and Ivan Vujmilovic]

0)
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. . . . . : c
T..: finite-volume eigen-energies = |
c u
1=0 1=0,1 c g
|P|=0 |P|=1 —
~m.prh mp=(mp +3mp )4
165 N ¢ N N p=(mp /)\) )
\
mp~1.864 GeV mp~2.019 GeV mp~2.148 GeV mp~2.269 GeV mp~ 2.48’»,;1 GeV
1.04F & 1+ 1k I \ :
ok — |
1.03 {3+ + 1+ .
=
S 102 - ;[ 1+ .
1.01 | - 3 aln \\‘ |
' =
¢ ¢ # )
1.00 (22 (8 1k AL | o =
) o u—cut v |,_\
lhc e
000l THO) A1) TH(0)  4x(1) 4 TH(0)  Ax(1)  77(0)  Ax(1) f TF(O)  Ax(1) -
2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3 2 3
LIfm]
lines
B = \Jmd 4+ 52+ b + 57
pi = i %F
Collins, Nefediev, Padmanath, SP, 2402.14715, PRD
Sasa Prelovsek 16
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pcot(dy)/ Em

0.1

0.0

o1k

0.1

0.0

o1k

0.1

0.0

o1k

0.1

0.0

—0.1
0.2

0.1

0.0

—0.1

—0. 002 0.000 0. 002 0. 004 0. 006 0. 008 0. 010 0. 012

T..: scattering amplitude

+ + mé; = (mD§+ 37711>x§/4

m

mp=(mp+3mp*)/4

C

1.05 - I - T
\ \
i 1.864 GeV iiipr2.019 GeV fiip2.148\GeV i~ 2.269 GeV 2,484 GeV
1.04F I g 1 ‘\\ 4
b o\ \
1.03 } Jp== . 4+ .
S
K Lo2f 4 . [ .
5
) i \-- \- \-- \\-
[ 3 p
5 5 L - 1 &
= ; 1.00 P2 ® .
mp ~1864GeV |hC ° 50 > o = cut
099 F TF(0)  Ax(1) 4+ T7(0)  Ax(1) - T7(0)  Ax(1) HF T7(0)  Ax(1) 4F T1(0)  Ax(1) -

T
2 3 2 3 2 3 2 3

E

Ecm

DDm

B D*D*

one-channel

mp ~2 269GeV

Luscher’s approach

? DD*

: applicable

- left-hand
cut

(p/Em)?

Sasa Prelovsek

S-wave

Doubly heavy tetraquarks from lattice

T
3 2 3 2 3 2 3 2 3 2 3
L[fm]

A
///‘/
D=cu cu |
S
D*=cd cd

()

D*
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Pion exchange, left-hand cut etc

Heavy meson ChPT

2 —2 2 2
dc q—' Vcent(@ — gc q L gc ( 1 _|_ ,LLW )
U —»
o 12 Fomd A ¥ 12
attraction at slight repulsion
D*(p) X /-l'n' = m (mD‘ o mD)2 short distance  at long distance
lat : 2 >0 2
n(Q) T > Mo —UgT
ph: p2 <0 —63(7) - € H
D(-p) D*
s-wave projection VWS (pap) X /Vw (Cf) dcos, 52 — 2]92(1 — COS 9)
4 2
V.2 (p,p) 1n<1 + M%)

complex p cot & (Luscher’s eq would render it real)

—

b h
Im(z) % bra.mtch p;?rr:tc 4 Im(p?)
poin 2
2=0 p'=—F Ihc slightly below
X DD*, BB*, NN ... th
branch cut Re(z) left-hand cut Re(p?) ’ ) ... th.
(Ihc)
2 2
In(z) Ve(p?), Tr(p?)

18



T analysis based on EFT Collins, Nefediev, Padmanath, SP, 2402.14715, PRD
cc

Cy,, fitted from lat. data

significant short-distance attraction gc

Vor = 2co + 2c3(p* +p'?) 2fn q
D* D D*(p) D(p) D* D

N +  1(q)

|
/

D D* D(-p) (-p) D D*
D*(p) D(p) D* D D*@p). D@ _D¥*p)
T = Vv + Vv T
D(-p) D*(-p) D D* D(p) D*rq) Dip)
T(p,p';E Vipy) - [ vegdenrasn
(p7p7 ) = (p)p) (271-)3 P,9)u\%; P equation
inspired by

Du, Hanhart, Guo, Nefediev, Filin, et al, PRL 2023, 2303.09441

Sasa Prelovsek Doubly heavy tetraquarks from lattice

T=V -VGT
1

T =
V14 G

Limann-Schwinger eq.

Bethe-Salpeter eq.

19



T, : scattering amplitude and pole trajectory ey Tc |

D*=cd w my>~280 MeV

0.2

0.1

0.0 =<t

-0.1
0.2

0.1 - Re(EP) — Ey, [MeV]

0.0 =

-0.1
0.2

0.1

0.0

—0.1
0.2

pcot(dy)/ Ewm

resonance pole
virtual state pole
lhc

arrow: increasing mc

0.1

0.0

—0.1
0.2

0.1

0.0

01k : . . .
—0. 002 0.000 0. 002 0 004 0 006 0. 008 0. 010 0. 012

(p/ Eth)

levels below Ihc omitted from the fit

reassuring: plane-wave method incorporates levels below lhc and gets consistent s- Collins, Nefediev, Padmanath, SP, 2402.14715, PRD
wave amplitude Meng, Baru, Epelbaum et al., 2312.01930, PRD
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T.. :interpretation

cu D

interpretation consistent with

(does not unigely imply)

ed D*

Sasa Prelovsek

Collins, Nefediev, Padmanath , SP, 2402.14715, PRD I C

V(r)=FT V(q) at p~const

my =280 MeV

pa =m; — (mp- —mp)*> >0

long-range due to one-pion exchange

regularized
2
V(r) V(r) B e H=T
L cfmp %9%0% T
0.00002
—0.01 0 0 15 20 r Ifm
[fm]
-0.02 -0.00002 4.0
-0.03 —-0.00004
_ -0.00006
_g'gg -0.00008

V(r) almost independent on mc

v(r)

Doubly heavy tetraquarks from lattice

H=V+

DD*
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TCC Collins, Nefediev, Padmanath , SP, 2402.14715, PRD

0.4 .
|| ma =348 MeV (co, c2) resonance pole virtual state pole
Lé-:’ 03y E pseudo-data (*) Im(E") [M(‘V]
= 02 |
< :
Z 01p i ° 20}
o T~
& 0.0
—0.1t . , , ° 10}
0.000 0.005 0.010 0.015
my ~280 MeV (CO,CZ) -15 -10 -5 m.. ~ 146 MeV
= o
& -10}
% m, =~ 280 MeV
lc
= [ 20}
& m, =~ 348 MeV

0.000 0005 0010 0015

m, ~146 MeV (cy, ¢y)
HALQCD

1
1
1
1
1
1
N
|
S A
"
1
1
1

pc

0.000 ———HH
]

—0.0001 0.0000 0.0001 0.0002 0.0003 —0.
(p/Eth)2

caution: see disclaimers in our paper

errors on pole positions could not be reliably determined

Y

see also: 2407.04649, mﬂ'

Abolnikov, Baru, Epelbaum, Filin, Hanhart, Meng

Sasa Prelovsek Doubly heavy tetraquarks from lattice

V(r)

nMN

sy Re(EP) — Ey, [MeV]

attraction increases
with decreasing mpi

H=V+

p2

2m,

cu D

cd D*
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- channela: HH, R-> H1 HZ,Hl H2 resonances R
R_) H1H27 H1H2”“ channel b: H,'H,' E
above several th.

a->a a->b m]_""mz’ Hl HZ
I,(E) T,(E) R > Hy H,
T,(E) T,,(E) m, +m,

resonances above one th.

SR H, H
2

b->a b->b { shallow bound st.

1
l

in channel space

states well below
A& 1+ FRD-MP) =0 threshold

QQIQ_CY/ from coupled-channel scattering
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Coupled-channel DD*-D

T.. virtual state below DD* threshold (effects from left-hand cut not incorporated)

+

*D* scattering

T.. resonance below D*D* threshold : look for it in experiment !

2 Imy/s / MeV
50 —
Vs = 3971(35) MeV
40 - T ~ 11(13) MeV
30
20
10 N
*‘\\,\‘(. . *“\\l
Vs ~ 3834(31) MeV N 9
0 O—— o : —O ,Rey/s / MeV
3850 3900 3950 4000 4050

Sasa Prelovsek

Doubly heavy tetraquarks from lattice

Yield/ (500 keV/c?)

Hadspec 2405.15741

my. ~ 391 MeV
70: T LR ‘

E i LHCb =33 117
s0F + | ER 1
40F- | g 1(5) e m%iﬁ

- o+ Data ors 3874 3876 ]
30:_ | “ : IEI ggcck_;r]g deﬁ MDOpos+ [GeV/c]—:

L Mo Total
20- ﬁ e N
10/~ Mot +H H J( ﬁ *

o \}H ?HJW #JrH H J: ++%

E P .

3 87 3 88 3.89 39
MDOpO+ [GeV/ C ]
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A resonances R

E

above several th.

. ‘+m. 4+ H, H,
Conclusions LR L, 12
m;+m, + HiH,

} shallow bound
states

states well
™ below threshold
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All presented results are extracted from E,,  (except from HALQCD Tecc)

(C)= [DG DgDg Ce "

often “non-precision” studies:

c;0=(0aw gOp) =3 (0

. hy
-E,t + single a, /g > mz/d , My >140 MeV
Glny =(nley 0
t, )P I t=0, J°, I
4 En
D“@ D*O -
e s, O =0(q,Qq) —

for strongly stable state well below threshold : E,(P=0) = m

resonances (Luscher’s relation)

E" — T(E™)

. . E’n, _> V(T) not covered in this talk
static potentials:
Sasa Prelovsek
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Conclusions concerning doubly-heavy tetraquarks

- L [
Deeply bound bbdu bbsu J5 =1
: : o — 7 P_ 14+ A+
Likely bound, with small binding bcud JE =170
CCUd JP =17t
mc A V(T)
: r
cu D ;
. mgh B ;
= + :\\\c
Cd b consistent with Q‘%‘Q\\T
_— E
(does notuniaelyimely : V more attractive with decreasing m,q
'mfrh mllft Tr;”/T V almost independent on m,

Sasa Prelovsek Doubly heavy tetraquarks from lattice



