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The problem




The problem

Y
ij = 116592059(22) x 1011 &
asM = 116591810(43) x 107!
5.1 o difference QED
K g

k? Brookhaven il

National Laboratory Y

# Fermilab HVP HLbL

Hadronic vacuum Hadronic light-by-light
polarisation scattering



What is actually g-2?

Magnetic moment of the lepton
e
2m

g; - gyromagnetic ratio

Vz=81 A

Anomalous part: deviation from
Dirac’s value

If only we could measure it precisely
on experiment to test our theoretical
understanding...

It turns out we can!

Dirac, 1928:

g=72

Schwinger, 1948:
04

e=2_71'

but there is more!

a



Why muons?

+ The most precise measurements ~ 0.24 ppb

— SM calculation is sensitive to the measured value of o
Aa,=—1.76,—2.50,+ 1.60

— Less sensitive to weak and strong interactions contributions

+ Effects of new physics: alNP ~ mlz/A2

— Short life time, poor accuracy of experiment

(mﬂ/ me)2 ~ 4 % 10* more sensitive to BSM than electron

Enhanced hadronic sector contribution compared to electron

Less sensitive to inconsistencies in measurements of o

+ + + +

Excellent experimental precision ~ 0.20 ppm



Modern high precision experiments

Polarised muons are injected into magnetic
storage ring, where they circulate at the
cyclotron frequency

. eB

W, =——

C
nmy

Muon spin precession frequency

. geﬁ eB
- - (1 =y)—
2m ny

\)

Anomalous precession frequency

— = — eE’
W, = 03— O, = —a——
m,

a, can be extracted by measuring w ,and B




History of achieved experimental accuracy
oa,la
o_p{ooi Nevis, 1960 BNL: big and powerful magnet

Fermilab: ultra-intense muon beam, 20 times
more muons

0010
: CERN I, 1965

(LOOIS
i CERN Il, 1974

10_4§

CERN 1ll, 1978

lllustration by Sandbox Studio, Chicago

BNL, 2006

FNAL Run-1, 2021
Run-2/3, 2023

10_65

Fermilab precision goal




Standard model

Anomalous magnetic moment is determined from the sum of all sectors of the SM

CZSM — aQED + Cl/fW-F a/l;{VP_I_ aﬁI;ILbL

H H

Y
& 8
M charm gluon
\)
QED
strange photon
Y
muon W boson
() !
e neutrino u neutrino 7 neutrino Z boson
HVP HLbL
Hadronic vacuum Hadronic light-by-
polarisation light



Standard model: QED

oa,la, QED provides >99.99% of the total value: includes all photonics and
0.100 27 leptonic loops
| 2 3 5 5
| a a Q Q a
al=C1 +C2 — +C3 — +C4 — +C5 — + ...
T T T T

0.010

0.001

a
— ~0.00116 = 11614097 x 10~V

T

Q
|

Nevis, 1960

10




Standard model: QED

5aﬂ/a” N

0.100 27
0.010
f / diagrams
0.001
e,

10_4

107 =——+G, <3> = (11614097 + 41322) x 10~1°
T

Peterman, Sommerfield (1957)

10_6

CERN I, 1974
CERN 1ll, 1978

Nevis, 1960
CERN I, 1965

BNL

1077




Standard model: QED

5aﬂ/a” N

0.100 27
0.010
0.001
10~

10_5

:

a a
— ___"F (:2 (:__C) 'F (:3 (}“

T

(11

614097 + 41322 +3014) x 10710

10_6

Mignaco, Remiddi (1969)
Aldins, Kinoshita, Brodsky, Dufner (1969)

CERN I, 1974
CERN 1ll, 1978

Nevis, 1960
CERN I, 1965

1077
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Standard model: QED

oa,la, N a :
0.100 27 *\z
+
, 2
a “o
0.010 (;) 12672 diagrams

0.001

3 2 3 4 5
“ a a a a a
<:ﬂ;> (ZM = — 4+ (:2 — + (73 — + (:4 — + (:5 —
27T T T T T

107 = (11614097 +41322+3014+38+0.5) x 10710

= 116584718.931(104) x 107!

Kinoshita et al. (2012)

Calculated numerically,

10_6§ .
: error is well under control

CERN 1ll, 1978

o
©
>
=
%]

>

®
Z

CERN I, 1965
CERN I, 1974

1077
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Standard model: electroweak

oa, la

S EW contributions contain at least one of electroweak gauge bosons
0.100 27
; 2
o m, 9
Suppressed by at least a factor of ——— ~ 4 X 10
T mg
0.010
| y y
0.001 ? 4+
I W W
>
o 0 LA 0N
Weak sensitivity
107 3
ay" =153.6(1.0) x 10~
O
tadl 3 | ©
2N I Czarnecki et al. (1998, 2005)
N Gnendiger et al. (2013)
2| £
>
=N o | w
U > | O
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Standard model: QCD contributions

oa, la

L N 1
/4
0100 27 Hadronic vacuum polarisation
0.010 al'""' = 6845(40) x 107"
U
0.001 )3
| f Hadronic light-by-light
scattering
10~
3 HLbL __ ~11
a = 92(18) X 10
<2> + Hadronic K (18)
10—5 T /’t >
o 5
= o <—> + Hadronic + Weak
107 @) |2 T
m v
il © | w sa*? ~ 16 x 107!
1=z | O H
15




eory vs experiment

Fermilab
uncertainty goal

FERMILAB-PUB-20-207-T CERN-TH-2020-075 ‘
INT-PUB-20-021 IFT-UAM/CSIC-20-74 || 1 BNL 2006
KEK Preprint 2020-5 LMU-ASC 18/20 ‘ | O
MITP/20-028 LTH1234 || ‘
LU TP 20-20
MAN/HEP/2020/003 ||
PSI-PR-20-06 |
UWThPh 2020-14 ‘ Run-1 202 1
ZU-TH 18/20 ‘ I < i
The anomalous magnetic moment of the muon in the Standard Model Ruln'Z/.?’ 20| 23 FNAL
‘ T. Aoyama'?3, N. Asmussen*, M. Benayoun®, J. Bijnens®, T. Blum’#, M. Bruno®, I. Caprini'?, Run_ 1 —|—Run-2 / 3
‘ C. M. Carloni Calame'!, M. C¢*'%!3, G. Colangelo’ "%, E. Curciarello'>'¢, H. Czyz'7, . Danilkin'?, M. Davier''8,
C. T. H. Davies'?, M. Della Morte??, S. I. Eidelman’2!-22, A. X. El-Khadra'2*?*, A. Gérardin®, D. Giusti26?7, |
M. Golterman®®, Steven Gottlieb?®, V. Giilpers®’, F. Hagelstein'#, M. Hayakawa*!?, G. Herdoiza*?, D. W. Hertzog®?, | 0
A. Hoecker*, M. Hoferichter' 4 B.-L. Hoid*, R. J. Hudspith'>"3, F. Ignatov?!, T. Izubuchi*"*$, F. Jegerlehner®, ‘ Standard MOdel Experlmental
L. Jin™8, A. Keshavarzi*?, T. Kinoshita**#!, B. Kubis*, A. Kupich®', A. Kup§¢*>#3, L. Laub'4, C. Lehner'26%7, | ‘” Thi
L. Lellouch®, 1. Logashenko?!, B. Malaescu®, K. Maltman**#>, M. K. Marinkovi¢*®*7, P, Masjuan*+, | hlte Paper 202 O averag S 2 02 3
A. S. Meyer’’, H. B. Meyer'>!3, T. Mibe'!, K. Miura'>!33, S. E. Miiller’®, M. Nio>*!, D. Nomura®>33, I PY | —e—

A. Nyffeler''2, V. Pascalutsa'?, M. Passera®*, E. Perez del Rio*, S. Peris*®*°, A. Portelli*’, M. Procura®,

C. F. Redmer'?, B. L. Roberts™>’, P. Sinchez-Puertas®, S. Serednyakov?!, B. Shwartz?!, S. Simula?’,
D. Stockinger>®, H. Stockinger-Kim*®, P. Stoffer™®, T. Teubner'®, R. Van de Water?*, M. Vanderhaeghen'>!3,
G. Venanzoni®', G. von Hippel'2, H. Wittig!>'?, Z. Zhang'®,
M. N. Achasov?!, A. Bashir®?, N. Cardoso*’, B. Chakraborty®3, E.-H. Chao'?, J. Charles®>, A. Crivellin%65,

0. Deineka'?, A. Denig'>'?, C. DeTar®, C. A. Dominguez®’, A. E. Dorokhov®®, V. P. Druzhinin?', G. Eichmann®®#7, L L L L L . . . L . L L L I L ! !

1 | 1
M. Fael™, C. S. Fischer’!, E. Gdmiz’?, Z. Gelzer®, J. R. Green®, S. Guellati-Khelifa’?, D. Hatton'®,
N. Hermansson-Truedsson'4, S. Holz*, B. Hérz™#, M. Knecht®, J. Koponen', A. S. Kronfeld®*, J. Laiho™, ! O 100 200 300
S. Leupold*?, P. B. Mackenzie?*, W. J. Marciano®’, C. McNeile™, D. Mohler'?!3, J. Monnard'#, E. T. Neil”’, g WP 11
A. V. Nesterenko®, K. Ottnad'2, V. Pauk'2, A. E. Radzhabov’®, E. de Rafael®, K. Raya”, A. Risch'2, ‘ (a —a ) X 1 O
A. Rodriguez-Sanchez®, P. Roig®, T. San José'>'3, E. P. Solodov?!, R. Sugar®!, K. Yu. Todyshev?', A. Vainshtein®?,
A. Vaquero Avilés-Casco®, E. Weil’!, J. Wilhelm'2, R. Williams’!, A. S. Zhevlakov’®

e Uncertainties are dominated by hadronic
contributions

* Two main principles to evaluate hadronic
contributions: data-driven and lattice QCD
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Hadronic vacuum polarisation

Data-driven approaches are using e ¢~ — hadrons data as input into dispersion
relations (based on analyticity and unitarity)

Photon self-energy

[#(q) = (¢”8" — q"q")11(g")

A Analyticity in s = q2 plane allows to write a
@ dispersion integral (Cauchy’s theorem)

s ro Im T1(s")

H
[I(s) — I1(0) = — ds’

T J g2 s'(s"— )

Unitarity (optical theorem)

Im I1(s) ~ o, (eTe™ — anything)

Obtain the hadronic contribution if restrict “anything” to hadrons

17



Hadronic vacuum polarisation
known kernel function
2
4 L HVP.LO _ 1 <ﬁ>
: 3\”x
Strong weight at the low-energy part

* K
J ds (5) R(s)
@ >70% from 77~ [p(770)] channel

m2 S

0f ,+,—
R(s) = o (eTe” = hadrons(+7)) hadronic R-ratio

4o/ (3s)

100 [ T T T T T I I ! |Full hadronic R ratio
.

0.1

N

o 0.01 i

ny .

0.001 i

0.0001 |-

1e-05 Keshavarzi et al. (2018)

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

\s [GeV] N pQCD

18



Hadronic vacuum polarisation

NLO and NNLO are determined from similar dispersion integrals and kernel functions

all;IVP — CI;IVP’LO + a/flVP,NLO 4+ a//IlLIVP,NNLO — 6845(40) % 10—11

Uncertainty is dominated by the total cross section of ete™ — ztz~ channel

a™ ™ = 5060(34) x 107!

2
SNDO06 %
. —_ — CMD-2 %
Tensions for o(ete™ — n77n7) data
BaBar =
* Tensions between BaBar and KLOE” o
KLOE BESII
* Discrepancies between CMD-3 | combination g - 4
and all previous experiments SND20 g
CMD-3

No conceptual problems with dispersive approach, need to understand the tensions

19



Hadronic vacuum polarisation

HVP contribution can be calculated
from lattice QCD

No reliance on experimental data

known kernel
function

2 foo
a/l:]VP,LO= <ﬁ> J dtk(t)G(t)
T

0

correlator of
electromagnetic
current

G(1) = (J,(1J,(0))

* Need more independent checks of
BMWoc results

* Need to understand the tension with
the data driven evaluations of HVP

0.90

BMW 2024
BMW 2020
BNL 2006
Standard Model FNAL 2023
White Paper 2020 I S
Experimental
average 2023
® —eo—]
< 5.1c >
0o 100 200 300

al""O =7116(184) x 10~ (WP)

al""0 =7141(33) x 107! (BMWo)

al"" = 6845(40) x 10~ (WP DR)



Hadronic light-by-light scattering

a

HLbL contribution is suppressed by a factor of <—> compared to HVP
T

Larger relative uncertainty than HVP (~20%, needs to be <10% to meet the FNAL goal)

gy %=aq+%+4d . Light-by-light tensor II***(q,, ¢,, g3) is

much more complicated compared to HVP

Ng

* The unitarity relation and data-driven

4>
approach is also more complicated

3

Hadronic light-by-light tensor can be decomposed

138 vari 24
auge invariance
H/,w/la _ Z L,uz//'tav;. gaugd > H,uvﬂa — 2 : TfuMGHi
= ! ' no kinematic singularities i1 l
= -
Bardeen, Tung (1968, 1971) Colangelo et. al (2015)

Tarrach (1975)

21



Hadronic light-by-light scattering

) 3 o0 o0 1 12 B
a;’LbL=iJ dQIJ sz[ dr\/1 - 720}03 ) T(0,. 0y, D1(Q,, Q5. 7)
-1 i=1

2
3= J 0
2 _ .2 M2 _ N2 249 L
Qi =~ 4 Q3 — Ql + Q2 + TQle known kernel combinations
functions of the scalar
functions 11,

pion/kaon box rescattering contribution

22



Experimental input

Y g°> > 0 timelike y*:
* Dalitz decay Mfﬁ

e Radiative production

g° < 0 spacelike y*

e Two-photon collisions

71' T, T

23



Meson-pole contributions

[

v (%)

0

00 +1
J szj dt
0 —1

X {w(Qy, 0y, DF (07, (O + 0)*)F0(03.,0)
+W2(Qla Qza T)Fn-O(lea Q22)F7z0((Q1 + Qz)zao)}

weight functions suppress

large virtuality contributions

Input: single/double virtual transition form factors (TFF)

0.16

0.14 +

LQCD 2305.04570
BESIII (prelim.)
CLEO
CELLO +—=—
Mainz
Dispersive

0.5 1 1.5 2

0?[GeV?]
24

. 7V TFF is well determined
- 1 — 1’ mixing
- No dispersive analysis available

- Need improvements #, ' TFFs

g™ =pole — 93 8(4.0) x 101!

H



Two pseudoscalar contribution

u
}/]/—3'72'071'0
;;'cggwigmi """"""" . (1270)
150. & Belle
s %
2 100 Jo980)
kO
& %
~ _
B 50 t %
 6/£,(500)
0; 55508523
04 06 08 10 12 14

o (yy—=n'n)[nb]

Important ingredients:
y*v* — nm, i, ...
for spacelike y*

yy — m'n

- CrystalBal R
60} . BESII a,(1320) f

[ m Belle - ]
50¢ ay(980) % &“
i |
305_ . }« * “ f{ 0 i%

: B L:
20- =] i 3

f X { EEP}[;%E{}I -.Ef
10} % } LI}QE . -j
of ; 5

07 08 09 10 11 12 13 14

Vs [GeV]



Two pseudoscalar contribution

Important ingredients:
y*v* — nm, i, ...
for spacelike y*

) 3 00 o0 1 12 B
a,fbeL=iJ dQl[ sz[ dr\/1 - 720}03 ) T(0,. 0. D1(Q,. 0. 7)
0 0 -1 i=1

372

[1. for the rescattering contribution in the S-wave

_ 1 (® 1 _
[17=0 ~ —[ ds’ (f(s')|mh<0> (s") — g(s)Imh¥) (s')>
l )y Al — g3)? R 04
+crossed
helicity amplitudes yEry* — nm
yEyE = piy Y g rr* — KK
Unitarity Im/", . (5) = 1)) ()t (DR) (9) + K37 ()i ()RS, (5)

phase-space factor
26



Dispersion relation

S-wave amplitudes free from kinematic constraints

K0, F Q1M

HO) &) = _ + 2
=127 @ S =~ (@1 £ 0))
Can write a dispersion relation
_ . ds’ Disc hY(s") ® s’ Disc h)(s")
Kl (s) = J — +[ —
o T S =3 . T S =35

th

Coupled-channel unitarity

Disc h'/)(s) = ) 1577(s) py(s) ()
b=1,2
hadronic scattering
amplitude

27



Hadronic input

Unitarity relation for the hadronic amplitude

DiSC 1,(5) = ) 1, ()P ($)E% (s)

Once-subtracted dispersion relation

tap(s) = Upgp(s) + — Z ro T

s'— s

Sthr

Can be solved by means of N/D ansatz contributions from
| the right-hand cuts
a(8) = ) Dl () N,y(s)
C

Chew, Mandelstam (1960)

. _ Luming (1964)
contributions from Johnson, Warnock (1981)

the left-hand cuts

Conformal mapping expansion for hadronic Ihc

Gasparyan, Lutz (2010) U(s) = Z C.(E(s))"

28



Hadronic input

coefficients fitted

Us) = ) C(&(s))"
n=0

to the data
[ B Colangelo 2001  —— PDG 2021)
150 _ : 82]3221_ 12\/([)2r5tjn ol Dispersive estimate _
. . . T et 6/fp(500)
{nr, KK} : fit to the hadronic data/Roy analysis > 00! 5
> [
T T I T T I T T T I T T T I T T T \; _250:_ — i
3000 O NA4S/2 : = | =
- ¢ Grayer et al. Sol. B N = —300¢} '—q—
- A Kaminski et al. LA
250+ @ Garcia—Martin et al. f,‘?b‘;‘,'_t!__,___', -3
: 23R 400 450 500 550
: | |
200+ ¢ % . Re Vs [MeV]
© : T ] SN : Igélrclial—ﬁalrtiﬁ %8”
~ B \ 7 I arcia—Martin ]
© 150 — N/D + Roy %, O:_ f()(980)¢ ﬁéﬁizsazl%% 2011
S N/D + Data R ! - : ® This wor
100! 5 [0aamt : 2 —lot | _
[ WO on i = -
i PIT «» —20¢ ,
50¢ RART ] \> : ! _ !
. r 5 é _30'
gl A= T b ;
04 0.6 0.8 1.0 1.2 _40:_”P|Dg eo2n ]
\/? [GeV] 970 980 990 1000 101
Re Vs [MeV]

{nn, KK}: no hadronic data available, coefficients Cn fitted to the cross-section
dataonyy — 7%, yy — K.K,

29



vy left-hand cuts

1.0¢ | v Ackermann et al.

! m Dally et al.
0.8} T s JLab
It NA7

/K
>
o
4
/K
1.0t a m Dally et al. T
y* /K - T NA7
> 0.8 T s+ JLab

For the S-wave use Born lhc only

The generalization to the case of off-shell
photons require knowledge of
electromagnetic pion/kaon form factors

30



0

0

Yy = n'x vyt o nmn
200l O CrystalBall (1990) e S—wave | 3 =05
L D- I ]
" @ Belle (2009) wave 30} o dicti — 03=025 -

\®)
N

\®}
-

150

or1(yy—-n’z°)[nb]
=
S

orr(y*y*—>n°z°) [nb]
SHRVI

)l
O
—_—

2.0

| 5
0} 0
05 10 15
Vs [GeV]

Prediction for yy* — mm needs to be validated with upcoming BESIII data
For I = 0, the contributions from f,(500) + £,(980):
atL[S.wave, I = 0] ,. = —9.8(1) x 107!

U
al P f3(980)] s, = — 0.2(1) x 107

u
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Preliminary results for a,(930)

vy = 7' vy — KK

e Belle

N
-

Crystal Ball
- ¢ BESIII (prelim.)

(\®)
)

S—wave, unsub.

50 — D-wave I~
— | — S—wave, unsub. = 2 .(0.— Total \
'g [ = I ’ x
= 40L — D-wave = I
= — Total ) : ' \
) i % 1.5 f
¥ 300 X ] |
- 1 \
B 20- s 10
[ S \
10+ _ T \
f 0.5- rt4
N oob——— T
07 08 09 10 11 12 13 14 1.0 1.1 1.2 1.3 1.4
s [GeV] Vs [GeV]

Need BESIll data foryy - KTK~ asan -a/’(Q, 0,
additional input [107! GeV~7]

For I = 1, the contribution from a;(980) 15 0
al""ap(980)],,5. = —0.46(2) x 107"

" 0, [GeV]

32
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Current status of HLbL

al™" =92(19) x 107"

pseudoscalar poles 93.8(4.0)

lon bo —1J.
P § 15.9() well determined
S-wave 77 rescattering —3(1) contributions
kaon box —0.5(1)

Scalars+tensors > 1 GeV ~ — 1(3)

axial vectors ~ 6(6) major source of

short distance ~ 15(10) uncertainty

heavy quarks ~ 3(1)

Lattice: a,"""" =109.6(15.9) x 107"

= 124.7(14.9) x 10711

33



Summary and outlook

% Experiment

R/

** New Fermilab results are expected very soon

R/

% More experiments on the way

% Lattice

R/

% Convincing case for HVP

R/

% Becomes competitive for HLbL

** Theory

R/

% Uncertainties are dominated by hadronic contributions

R/

*%* Need to understand tensions in HVP

N/

% Need to reduce the uncertainty in HLbL



Thank you for attention!




