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Derivation/Detour

... You may take a nap
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Why hadron physics ??

®Bridge to particle physics (standard model and beyond)

®Confinement
®Dynamical mass generation

®Properties of baryons, mesons, exotics, ...

®Bridge from fundamental physics to effective nuclear forces
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Overview

| .Bound states in the quark model
® Construction
® Assets, shortcomings and how to do better

2.Properties of QCD and correlation functions
® Dynamical chiral symmetry breaking

® Correlation functions and Dyson-Schwinger equations (DSEs)
® The quark DSE

3.Mesons
® The pion Bethe-Salpeter equation (BSE): Goldstone bosons, GMOR and all that...
® Spectra: light and charm

4.Exotic mesons
® Confinement and glueballs
® Four-quark states

5.Baryons
® Spectra: light and strange

6.Form factors
® Meson form factors
® Baryon form factors
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Nonpert. QCD: Complementary approaches

(Quarks and gluons J [Hadrons J
® Lattice simulations ® Effective theories (XPT,...)
e Ab initio ® Models

* Gauge invariant > physical dof

® Functional approaches (DSE, FRG):

* Space-time continuum

* Chiral symmetry: light quarks and mesons
 Multi-scale problems feasible

* Chemical potential: no sign problem

e Access to structural information
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Nonpert. QCD: Complementary approaches

(Quarks and gluons J [Hadrons J
® Lattice simulations ® Effective theories (XPT,...)
e Ab initio ® Models

* Gauge invariant > physical dof

® Functional approaches (DSE, FRG):

* Space-time continuum

* Chiral symmetry: light quarks and mesons
 Multi-scale problems feasible

* Chemical potential: no sign problem

e Access to structural information

Phenomenological tool: Quark-model
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Bound states in QED and QCD

Proton-electron-system:

1 > o >
o F(’r‘) ~ ) §
r Y
® Hydrogen can be ionised... N
p
Quark-Antiquark-System q
® ['(r)~ const. ‘)
® Confinement q < <

Similarities: bound states of two spin |/2 particles...
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QED: electron-proton interaction

® hydrogen: Coulomb potential
_ I=172 spin-orbit coupling (LS): fine splitting
g =32 l;ff | spin-spin coupling (SS): hyperfine splitting
n= 2,"‘Pg - g
g =12 = B , . L .
: L=l ¢ Calculation e.g. via Schrodinger equation
5 ¢ and perturbation theory
-
_1.5 = F=1 -
n=1, 1/2 Fe 0 [ z
o am 1 1 8T
® field theory: Vrermi—preit = — — + —-0(r) [m2 + m—%] + Zmom, SeSp0(1)
(87
e - o e + oo [3(Ser)(S,r) — SeSy)
o [ScL.  S,L, . S,L.—S.L,
/Y i r3 [2mg 2m2 i 2m,me ]
L (pop, + TP (P
P - —»- P 2mempr \© r2

Donoghue, Golowich, Holstein, Dynamics of the Standard Model , Cambridge University Presse, ChapterV
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Derivation: Fermi-Breit force _

We start with the formula for the scattering amplitude in momentum space

M = 20, (D) (Pe) 5 9 (Pt (1) (1)

with generic spinors in non-relativistic approximation

(T 4) - (-2 (2) e

Using this and 0,0, = 0;; + %€;;,0, We obtain

v E(,_Petpe\(, _Pptpy
g2\ 8m2 B 8m2 8

PpP), + 10 (P, X P .p. +io(p. X pe
[X};(l—l- pFp (p p)>Xle<1_|_PP (P Pe) e

2
4mp

pp + P, —toq +p. —io
+ Pp p XXTpe Pe qu]

(&

Donoghue, Golowich, Holstein, Dynamics of the Standard Model , Cambridge University Presse, ChapterV
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Derivation: Fermi-Breit force

Reminding ourselves that scattering amplitude and potential are connected
via a Fourier-transformation

V(I‘)Z/(igge—iqrM (1)

we obtain the familiar Coulomb potential from the leading term

d>q - —e? o)
Ve oulom — e — 2
Contoms(1) = [ gz = = &)
and with S = /2 as well as L = r X p we obtain the LS-coupling term
d’q e?io(p., X pe) _,
Ve = — e —iqr 3
b _/ 2r)dq®  4mZ 2
e’ o(r X pe) o)
— — LS 4
em?  4mrs 2m?2rs3 (4)

Donoghue, Golowich, Holstein, Dynamics of the Standard Model , Cambridge University Presse, ChapterV
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Derivation: Fermi-Breit force

The other terms of order p?/m? combine to the Darwin-term

d°q¢ _eP:+PF —2pep. am
Vi — —iqr e e e _ 5 1
D / (2%)36 8m? 2m2 (r), ()

whereas terms of order p/m. can be interpreted as spin-spin interactions be-
tween proton and electron

VSS — Vhyp + ‘/tensor (2)
g
Viyp = SeS 5(1') (3)
L T
87
‘/tensor — mempTS (S(Ser)(Spr) T SBSP) . (4)

This is what makes the hyperfine structure of the hydrogen atom !
Finally the remaining term denotes the LL interaction and can be written as

Vip = —— (pepp+ <fpp2§rpe>) (5)

2Memy,r

Donoghue, Golowich, Holstein, Dynamics of the Standard Model , Cambridge University Presse, ChapterV
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(Non-relativistic) Quark model

Basic ideas:

® Consider heavy quarks (charm, bottom): non-relativistic

® Bound states of two spin |/2 particles:
similar forces than QED ?

® Quarks are pointlike (=contituents) with mass m

® simplest assumption: interaction dominated by one-gluon exchange
(vector-vector type of interaction) —> Fermi-Breit

® replace Qqep with as and Coulomb- by Cornell-potential

e’ S
VCoulomb — _; — VCO’r‘nell = br ”

® introduce parameters to play with strength of different contributions

Christian S. Fischer (University of Gie3en, HFHF) Hadron physics with functional methods 12/ 104



Spectrum of ground state charmonia

4.4

4.2

4.0

3.8

3.6

Mass [ GeV/c?]

3.4

3.2

3.0

he(1'Py)

Jp(188;)

17e(1'Sp)

Do we understand

Xe1 (13P5)

xc2(13P2)

xco(13Po)

level ordering !

1+-

0++

1++

O++

Wolfgang Gradl, BESIII, St Goar 2015
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Quantum numbers (quark model)

Coupling a quark and an antiquark:

Spectrum for L=1 states
S:1/2®1/2—=041

Pi(—l)L ! dominant LS-coupling:
C ;(—1)L+S Se+l=3/2 ... s=I =2 3P,
}s=0,| =1 3P, 1P,
S|L|J" P Setl=112 .
0JoJ]o T s=I J=0 3P
10|17~ '
o117 P
++ 3P .
L (1)++ 3P(|) dominant SS-coupling:
+ 3P 5 I = P
2 : =1 . i=| 3P,
: = 3Po
JPC or QS—I_lLJ >0 J=1 P,
Note:‘exotic’ quantum numbers such as 077,07~,177,277 ... etc. not possible !
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Spectrum of states in the charmonia region

4.4

-2 dominant LS-coupling:

4.0 Setl=3/2 ... S=1 =2 3P,
NQ 3.8 }S=O’| J=1 3Py 1P
B L [Sc+L=1/2
?  8.6F
CECQ he(11P:) (P xc2(19P2)

3.4 xc0(12Po)

i dominant SS-coupling:

— S=1 .. tz §P2

3.0 1c(1"Sg) = P |

J=0 3P,
S=0 y
JPC 0t 4= A+ QFt g+t o+ )= IP,
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Spectrum of states in the charmonia region

4.4

4.2

4.0

3.8

3.6

Mass [ GeV/c?]

3.4

3.2

3.0

nc(4'So) | | p(a®sy)
X2 (3%P,)
hc(31p1) Xco(33P0) Xc1(33p‘l) 2
$(2°Dy)
7750 | [[yias,)
1 3
hc(2 P1) Xc0(23po) Xet (2 P1) m(zspz)
" (13D;)
e e — = == e e e
¥'(2%Sy) "pb
17:(2'So)
13pP,
he(1'P1) Xe1 (18P5) el )
xc0(12Po)
JIg(138;)
7:(1"Sg) : )
predicted, discovered
predicted
0o-+ 1-— 1+— O+tt 1++  o++
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Spectrum of states in the charmonia region

P(43S.)

Y (4360)

he(3'Py)

Mass [GeV/c?]

30 [ ’ic(11so) i

3
o1 (3P1) Xc2(3°P2)

Xe2(2°P,)

not predicted, discovered

predicted, discovered

predicted, undiscovered

o++ 1++  o++

® many new states, not
predicted by quark model

® some of these are charged... :
candidates for tetraquarks

® but also: hybrids ? glueballs ?

Experiments: Belle (Il), BaBAR,
BES lll, LHCDb,
GlueX/JLAB, PANDA/FAIR

Christian S. Fischer (University of Gie3en, HFHF)
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Baryons: quark model

2500 — —
—— |E= 3 A exp -
= |- —B =S == [
; .-
9
2
=3 T S — T
p=
1500 — —-
Ro nnl
resonance
1000 —
In 52+

® ‘missing resonances’ !!
® |evel ordering between channels with opposite parity ??

Christian S. Fischer (University of Gie3en, HFHF)

diquarks ??

Hadron physics with functional methods

Loring, Metsch, Petry, EPJA 10 (2001) 395
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Shortcomings of quark model

® Concept of constituent quarks ? see later...

® Use of potentials justified for light quarks ! No !

® Use of potentials justified even for bottom/charm ? NRQCD
® Relation of (phenomenological) potential to QCD ? unclear...
® Different parameters for different problems (mesons-baryons)
® Exotic states ? (tetraquarks, hybrids...) not well developed

® Many unsolved problems: Roper ...

Still: quark model provides base line calculation

. which allows us to formulate many useful questions ! }
S. Capstick and W. Roberts,

Quark models of baryon masses and decays,
Prog. Part. Nucl. Phys. 45 (2000) S241
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Overview

| .Bound states in the quark model
® Construction
® Assets, shortcomings and how to do better

2.Properties of QCD and correlation functions
® Dynamical chiral symmetry breaking

® Correlation functions and Dyson-Schwinger equations (DSEs)
® The quark DSE

3.Mesons
® The pion Bethe-Salpeter equation (BSE): Goldstone bosons, GMOR and all that...
® Spectra: light and charm

4.Exotic mesons
® Confinement and glueballs
® Four-quark states

5.Baryons
® Spectra: light and strange

6.Form factors
® Meson form factors
® Baryon form factors
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The QCD generating functional

ZQCD:/D[\IJ,A] exp{—/d%(@(m—m)xp

_ i (F )2 + gauge ﬁxing) >

—1+£+w1+m£% +:§%i>

SQCD — /d4:13 (

® Euclidean space

a a a abc b Ac
o I, = 0, A7, — 8VAM —qgf AMA,/
® D, =0,+igt"4)
® Landau gauge: 0, 4;, =0
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QCD correlation functions

Z = / D[A, U, 0] e~ (YD¥+Svar)

L (0) = / DIA, U, T] O ¢~ (¥D¥+Sva0)

Examples:
© <\IJ\I1> — /D[A,\P,\If] AV 6_(@D\IJ+SYM)
S| wuwd) = [ DA, ) vIUT e PPy

® can be gauge invariant or gauge dependent
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Extracting spectra from QCD-correlators

. P? = —mipg
functional: G —>

Lattice: G
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Extracting spectra from QCD-correlators

—
functional: G
—
Lattice: G
——

exact BSE:

[
r
A~
./

Christian S. Fischer (University of GieBen, HFHF)
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Properties of QCD: Dynamical mass generation

mpmton — 938 MeV Francois Englert, Peter Higgs
Nobel prize 2013

Dynamical quark masses via weak force

quarks u d S C b t
Muwea [MeV] 3 5 80 | 1200 | 4500 | 176000
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Properties of QCD: Dynamical mass generation

®®
@

Mproton = 938 MeV Francois Englert, Peter Higgs Yoichiro Nambu,
Nobel prize 2013 Nobel prize 2008

Dynamical quark masses via weak force and strong force:

quarks u d S C b t

Mueak [MeV. 3 5 80 | 1200 | 4500 | 176000
Mstrong MeV 350 350 350 350 350 350
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Properties of QCD: Dynamical mass generation

®®
@

Mproton = 938 MeV Francois Englert, Peter Higgs Yoichiro Nambu,
Nobel prize 2013 Nobel prize 2008

Dynamical quark masses via weak force and strong force:

quarks u d S C b t

Mueak [MeV. 3 5 80 | 1200 | 4500 | 176000
Mstrong MeV 350 350 350 350 350 350
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Hadron physics with functional methods
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Dynamische Massenerzeugung
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Derivation of DSEs |

Graphical: start with perturbation theory and resum

0 Y Wi

% o
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Derivation of DSEs |

Graphical: start with perturbation theory and resum

0 Y Wi

% o
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Derivation of DSEs |

Graphical: start with perturbation theory and resum

L& €D &

% @‘%

()
U

O
|
I

S~ (p) = ip A(p®) + B(p?) Sy H(p) = ip +m
S™H(p) = lip + M(p°)]/Zs(p°)
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Derivation of DSEs I

Start from generating functional:
Z[j] = / DI@] exp{—S(®)+ j®}  with jd— / 0 () ()

The integral of a total derivative vanishes:

S . 5S(®) .
0= 5@@)2[3]—/@[@ ( 5y lj(y)) exp {—5(®) +j}

|
05(®) . >
- < so(y) T
After a further derivative we set j=0 and obtain the DSE for the
propagator:

o= 0 Zm=< ii((i))@()> 5y — 2)

Christian S. Fischer (University of Gie3en, HFHF) Hadron physics with functional methods 25/ 104



The quark DSE

For the DSE of the quark propagator we obtain:

So_l(p)+92/

d4q

4
S
||

ty,. S(q) Dy (g — p) T7 (g, p)

(2m)*

O
|

® Tower of DSEs for Euclidean n-point functions
® Similar tower from functional renormalization group (FRG):
different structure but similar content !

FRG: H. Gies, "Introduction to the functional RG and applications to gauge theories," hep-ph/061 | 146.
J.M.Pawlowski, " Aspects of the functional renormalisation group,” Annals Phys. 322 (2007) 2831 [hep-th/0512261].
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Dynamical chiral symmetry breaking |

-1

S:Mpeﬁ GXQ,CMVI&,I

oyt PG )

Y

_-\-u\&e, Euv\c,{leuow 1
aude Levre o[ukcarh- KQMou-veJk&: v/”(\("?): ;d;/
. _ L ¢
S = SI(p) + §G[ax, 530 st
Vo=l 4
| ik G=77 73
S(G) = Bl 3p)
S.o‘ (Y’) = "ffr‘" ol —? ijecx ouk\o (&{VOC \ga'vuc‘urq
2 - 4 1 I 5.&(‘[‘)
Blypf)= v 3 3 \(%T.})H W o!‘ﬂ"(c,‘)'ri"(*,‘)
=l = + L,"-'—- &q ._L- ﬁ(clz — --—u—tfﬁ’.ﬁ(ﬁ.jjl.
P\Lv} \cl 3 '@_u—;l)‘-l ke c[‘AL(‘{‘)FJL(CI‘)X r‘- _2'0'- -Z\o“al‘}
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Dynamical chiral symmetry breaking I
1\& ouvr &’wr‘& Gxuw(’& A=A, Racun

BC\()‘\ = W o+ gb H1a __'_ IR (q?
% 3 @r)"' \kL h)_ L ,_)
9 + B (q
Tvcmxiorw\ lc&qﬁ ;u lA7KeYS (lheh'cc.e Cgor&/uuéfj CLUCQ

F@V&WW‘ OLQULQCW lfu*(\“}vo& O;MOLQ] }\'co()@ (0(-= E‘Z/Tr):

2 _ft__(: @(C[L) f; ¢ @(CIL)
+ x| Q{L_'_Bl(?c.)
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Dynamical chiral symmetry breaking Il
C@ux“oler Cl)s'\\fc..f Eyuu fJ‘ m =0

| f )
) - g 14° ‘t ;é(cr - ( de T

BL(‘]) Q{t'rBL(C{)

P(_
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Dynamical chiral symmetry breaking Il
C@u&‘;cler CL'\\/c.f C)yuu f& m =0

3
Bl = = (47 ffff‘iqc,) N;« 1 q,?,.(;’lc,)

Turee (olulvout

() B = — i€ Sa/wwe\\“c/: (A:\Clmer-w"]e

(23) Q) =+ — il tqumetry broleu:

Nciwnbu - G oCdutouns
C\P. ‘&‘O ﬁ,&(c\\ve,(zoa\(u\vge ‘a Leanlor uuadebs

UA=O waF O
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C § we&mwﬁz

(02\5\ QMGQ, Q) )
N | \ / (3)

S
@) @) & @) @
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QCD with DSE

propagators vertices

O
!
I
!
|

+ perm.

;;ﬁZ B
/”O\\\
/; Y\ _2 +
ey il e
\\~O*’/

+ + Q'l \O
T.0,...

CFAlkofer, PRD67 (2003) 094020
Williams, CF, Heupel, PRD93 (2016) 034026
Huber, PRD 101 (2020) 114009

¢
;

Review: Eichmann, Sanchis-Alepuz, Williams, Alkofer, CF, PPNP 91, 1-100 [1606.09602]
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QCD with DSE

propagators vertices

] . .
o— = ——— - ﬁ = + -2 & q
~1 ~1 99' O - Q@
O 2 + +
/ \ — €rrn.
+ m IQ,Q,Q + ﬂ{i}ﬂ P
\\‘O”/

’

CFAlkofer, PRD67 (2003) 094020
Williams, CF, Heupel, PRD93 (2016) 034026
Huber, PRD 101 (2020) 114009

Review: Eichmann, Sanchis-Alepuz, Williams, Alkofer, CF, PPNP 91, 1-100 [1606.09602]
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QCD with DSE

propagators vertices

“rainbow-ladder” (RL) :
model for gluon+vertex

O
|

PPNt

CF Alkofer, PRD67 (2003) 094020
Williams, CF, Heupel, PRD93 (2016) 034026

Review: Eichmann, Sanchis-Alepuz, Williams, Alkofer, CF, PPNP 91, 1-100 [1606.09602] Huber, PRD 101 (2020) I 14009
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QCD with DSE

propagators vertices

“rainbow-ladder” (RL) :
model for gluon+vertex

O
|

g - —
for different BRL approaches see e.g. work of % ﬁb\
Aguilar, Alkofer, Binosi, Blum, Chang, Cyrol, Eichmann, Fister,

Gao, Huber, Maas, Mitter, Pawlowski, Roberts, Smekal,

Strodthoff, Vujinovic,Watson,Williams. .. 67 (2003) 094020
lew: Ei i lli pel, PRD93 (2016) 034026
Review: Eichmann, Sanchis-Alepuz, Williams, Alk drem—errrr—r—rr—r—ry—r—ree—pro~ere—r——=r FO5S—PRO-TOT (2020) 114009
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Rainbow-ladder model for quark-gluon interaction

Combine gluon with quark-gluon vertex:

M (pk) = 3 7o, k)T

i=1,12
~ v 7 (k?) “approximation” !
y o kPEYN Z(K2)
D™ (k) = <5M L2 > L2
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Rainbow-ladder model for quark-gluon interaction

15

@)
|

|
Y

O
Ny

Combine gluon with quark-gluon vertex:

0 . 0.5 . 'll . 15 . 2
effective coupling k? [GeV?]

k? *(55) .
2\ 7 —N"\ -5 9 Maris, Roberts, Tandy, PRC 56 (1997), PRC 60 (1999)
a(k®) = mn <F e £+ agy (K7)

® scale A from f; masses my=md, ms from mq Mg
® ayv from perturbation theory
® parameter 7):results almost independent

® qualitatively similar to explicit calc.  winmsensi cos 55

Sanchis-Alepuz, Williams, PLB 749 (2015) 592;
Mitter, Pawlowski and Strodthoff, PRD 91 (2015) 054035
Williams, CF, Heupel, PRD93 (2016) 034026, and refs. therein
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Quark mass: flavor dependence

Typical solution:

_ —ipAQp®) + B(p®)
)= R + B

>
(<P)
<
"o
=
=10 F =
S -
2 ~= L
_Z(Z)_Z]b_FM(p) E i |
— 4P p2 e M2 (pZ) = 10°F Bottom quark -
% | |—— Charm quark
= 10°F|— Strange quark .
=< - |—— Up/Down quark
S  t|—— Chiral limit
010-4:_ | | I|||||| | | ||||||| | 1 1111 | | | O
107 10" 10 10" 10° 10°
p’ [GeV]

® M(p%): momentum dependent!

® Dynamical mass: Mstrong=350 MeV
® Flavour dependence because of mweak

® Chiral condensate: - (TW) ~ (250 MeV)? —(W¥) = Z2ZmNCLTTS(p)
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Quark mass: flavor dependence

Typical solution:

_ —ip A(p?) + B(p?) 10_
Y R B T

. 2 _Z]b +M(p2) -2:_

= Z5(p°) P2 1 M2(p?) 10

L 2 ¢ p/Down quark

Quark Mass Function: M(pz) [GeV]

45 —— Chiral Iimit
10 E o vl v il m E
10” 10" 10° 10' 10° 10
[GeV’]
® M(p%): momentum dependent!
® Dynamical mass: Mstrong=350 MeV
® Flavour dependence because of myeak
® Chiral condensate: - (TW) ~ (250 MeV)? —(VV) = 222 N

cé

TrS(p)

Christian S. Fischer (University of Gie3en, HFHF)
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Quark dressing - comparison with lattice

Be)’O n d rai n bOW' I a-d d er. DSE: CF, Nickel, Williams, EP] C 60 (2009) 47

Lattice: P. O. Bowman, et al PRD 71 (2005) 054507

| T T T T | T T T T N T T T T T T T T T T T T T T | T T T T

= Lattice: quenched
« Lattice: unquenched (N=2+1)

— - DSE: quenched
— DSE: unquenched (Nf=2)
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<
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= |
S |
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|

‘constituent quark’: ‘current quark’:

large mass; very composite - small mass; nhon-composite
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QED: electron

® >

time-like M = m, space-like

Alkofer, Detmold, CF, Maris, PRD 70 (2004) 014014
Eichmann, Sanchis-Alepuz, Williams, Alkofer, CF, PPNP 91, [-100 [1606.09602]
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What about time-like momenta?
QED: electron

physical particle:

photon cloud electron+photon cloud
>

time-like M = m, space-like

Alkofer, Detmold, CF, Maris, PRD 70 (2004) 014014
Eichmann, Sanchis-Alepuz, Williams, Alkofer, CF, PPNP 91, [-100 [1606.09602]
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What about time-like momenta?

QED: electron

2
A p . .
physical particle:
photon cloud electron+photon cloud
time-like M = m, space-like
QCD: quark )
A p
o — >
time-like 044‘5& T qued space-like
0NN [ ok et 04
g 0.2 f
o8

N B
1.0

p [GeV]

5030 40 Alkofer, Detmold, CF, Maris, PRD 70 (2004) 014014
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physical particle:
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time-like M = m, space-like

QCD: quark )

o
M M T i i i i T T T T T T T T T T >
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Bits and pieces to remember from Lecture |

® non-relativistic quark model

* source for classification of ‘exotic quantum numbers’
—> absent in quark-model but possible in relativistic theory
» works with non-relativistic structure for forces (+rel. corr.)
—> ¢p with exp. spectrum: LS dominates over SS

® functional methods: DSEs and BSEs (and FRGs)

* derived exactly from QCD path integral

 quark-DSE displays mechanism for dynamical mass generation
—> already visible at simplest possible approximation
—> not present in perturbation theory

Z(p)

M(p) [GeV]
=3

O
|
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QCD with DSE

propagators vertices

O
!
I
!
|

+ perm.

;;ﬁZ B
/”O\\\
/; Y\ _2 +
ey il e
\\~O*’/

+ + Q'l \O
T.0,...

CFAlkofer, PRD67 (2003) 094020
Williams, CF, Heupel, PRD93 (2016) 034026
Huber, PRD 101 (2020) 114009

¢
;

Review: Eichmann, Sanchis-Alepuz, Williams, Alkofer, CF, PPNP 91, 1-100 [1606.09602]
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QCD with DSE

propagators vertices

] . .
o— = ——— - ﬁ = + -2 & q
~1 ~1 99' O - Q@
O 2 + +
/ \ — €rrn.
+ m IQ,Q,Q + ﬂ{i}ﬂ P
\\‘O”/

’

CFAlkofer, PRD67 (2003) 094020
Williams, CF, Heupel, PRD93 (2016) 034026
Huber, PRD 101 (2020) 114009

Review: Eichmann, Sanchis-Alepuz, Williams, Alkofer, CF, PPNP 91, 1-100 [1606.09602]
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QCD with DSE

propagators vertices

“rainbow-ladder” (RL) :
model for gluon+vertex

O
|

PPNt

CF Alkofer, PRD67 (2003) 094020
Williams, CF, Heupel, PRD93 (2016) 034026

Review: Eichmann, Sanchis-Alepuz, Williams, Alkofer, CF, PPNP 91, 1-100 [1606.09602] Huber, PRD 101 (2020) I 14009
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QCD with DSE

propagators vertices

“rainbow-ladder” (RL) :
model for gluon+vertex

O
|

g - —
for different BRL approaches see e.g. work of % ﬁb\
Aguilar, Alkofer, Binosi, Blum, Chang, Cyrol, Eichmann, Fister,

Gao, Huber, Maas, Mitter, Pawlowski, Roberts, Smekal,

Strodthoff, Vujinovic,Watson,Williams. .. 67 (2003) 094020
lew: Ei i lli pel, PRD93 (2016) 034026
Review: Eichmann, Sanchis-Alepuz, Williams, Alk drem—errrr—r—rr—r—ry—r—ree—pro~ere—r——=r FO5S—PRO-TOT (2020) 114009
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Overview

| .Bound states in the quark model
® Construction
® Assets, shortcomings and how to do better

2.Properties of QCD and correlation functions
® Dynamical chiral symmetry breaking

® Correlation functions and Dyson-Schwinger equations (DSEs)
® The quark DSE

3.Mesons
® The pion Bethe-Salpeter equation (BSE): Goldstone bosons, GMOR and all that...
® Spectra: light and charm

4.Exotic mesons
® Confinement and glueballs
® Four-quark states

5.Baryons
® Spectra: light and strange

6.Form factors
® Meson form factors
® Baryon form factors

Christian S. Fischer (University of Gie3en, HFHF) Hadron physics with functional methods 38/ 104



Experimental light meson spectrum

Light meson spectrum
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Experimental light meson spectrum

Light meson spectrum

091 — 7| Expectation based
e on naive quark model
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Experimental light meson spectrum

Light meson spectrum

091 — 7| Expectation based
e on naive quark model

M [GeV]
|
-
|

03 : —
02— TIT : |

00 | | | ; | | |

0 (ww)\ 0 @s)| [07(Gs) 1 () 1 (us) 1 (ss)
| |

(pseudo-) Goldstone bosons
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Experimental light meson spectrum

Light meson spectrum

1.0 —

09| 1| Expectation based

08 - on naive quark model

0.7 —

[GeV]

0.6 -
= 05 —
0.4 f

03 ,
02 TT : —
o1l ; _
00 | \ | | : - | _ | _ |

0w\ 0 s)| [0Fss) 1@ 1T(us) 17 (ss) \
| |

(pseudo-) Goldstone bosons QCD-anomaly
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Extracting spectra from QCD-correlators

. P? = —mipg
functional: G —>

Lattice: G
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Extracting spectra from QCD-correlators

—
functional: G
—
Lattice: G
——

exact BSE:

[
r
A~
./

Christian S. Fischer (University of GieBen, HFHF)

Hadron physics with functional methods 40/ 104



Bound states and Bethe-Salpeter equations

— ——
—>— —>—
_(_ _(_
+ +
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Bound states and Bethe-Salpeter equations

—] —— —— —— —€—
G | = + T
—»—] —»>— —— —» —»>—
—— —— < < W —< | —0O ——
T = K + K T
—»— —»— @ > > —»— —(O— —»—

Bound states appear as poles in T:

—— —— —<ﬂ ——
T P2:_—£712BS ) _________ <
1
— — — ] P2+ mg >
— — O
BSE: > ----- = K > -----
—>— —»— —O—
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Bound states and Bethe-Salpeter equations

0
|
4+
—

—»—] —»>— —— —» —»>—
—— —— < < W —< | —0O ——
T = K + K T
—»— —»— @ > > —»— —(O— —»—

Bound states appear as poles in T:

— —— —<ﬁ ——
> 9 BS-wave functions =
P — mBS
T —> | T residue of bound state pole
1
—> > —> P? + mip >
—— —— @,
—» — _O_
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Bound states and Bethe-Salpeter equations

D-ID-AD  D-ADAD
-

Eigenvalue equations: masses and wave functions

71
N

2,
o’

It
o’
OH|
o’

171
o’
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DSEs and Bethe-Salpeter equation

Kernel K uniquely related to quark-DSE via
axialvector Ward- Takahashi-ldentity (axWVTI):

_i/(K’ya’)S— +KS—|-’V5) — /‘/Y,U/S—FD,UJ/FV/Y5_|_//Y5/Y,UJS—D,UJ/FV

—Pion is bound state and Goldstone boson

Maris, Roberts, Tandy, PLB 420 (1998) 267
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DSEs and Bethe-Salpeter equation

O
|

RL: QED-structure
of binding force

Kernel K uniquely related to quark-DSE via
axialvector Ward- Takahashi-ldentity (axWVTI):

_i/(K’V5S— +KS—|-’75) — /‘/Y,U/S—FD,UJ/FV/Y5_|_//Y5/Y,UJS—D,UJ/FV

—Pion is bound state and Goldstone boson

Maris, Roberts, Tandy, PLB 420 (1998) 267
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Pion-BSE

—— —— O
_____ —_ 2 __ 2
)= K| ) -

—— —— —0O—

1 x EV = operator x EV

® Structure: eigenvalue equation

® Eigenvector is ‘Bethe-Salpeter wave function’:
L (P,p)]a,8,4,8,a0 =175 [L1(Pp) + F2(P.p) i

+ F5(P,p)pPip + Fy(P,p) (P, Pl }a.s
0ARB

X — X Ty

\/§ Llewelyn-Smith 1965

(pseudo-) scalar: 4 Dirac tensor structures
(axial-)vector: 8
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Bethe-Salpeter wave function

[FW(P7 p)]Z,B,A,B,a,b :{75 [Fl (Pv p) T FZ(P7 p) ZF

E5(P,p)pPip + Fu(P,p) [P, P }a,s
0AB

X — X Ty

V3

® why four tensor structures !

quark legs > Dirac-structure
pseudoscalar —— no Lorenz-index, overall 75

two independent momenta P, p, Vu

® comparison with quark model:

same flavor and color part of wave function
relativistic: spin and spatial wave function combined !!
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Quantum numbers: non-relativistic vs relativistic

non-relativistic qq relativistic qq
' (P,p) =v( (P, p) s-wave
> L JPC : __F2(P7p)ﬁ)
0|0 | 0T
1101 17— F3 <P7 p) p p-wave
0 1] 1+ + Fu(P,p) p,P]) ¢

Pauli-Lubanski-vector

Llewelyn-Smith 1965

® mesons: ’exotic’ quantum numbers possible:

0-—,0t—,17F, 27 ...
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Pions as Goldstone bosons

® Gell-Mann-Oakes-Renner: ‘mZ = —2m(TW)
® Pion BS-amplitude: fLr(P?=0,p) = B(p*)vs

Pion decay constant does not vanish in chiral limit !

Excited states: no GB, decay constant must vanish in chiral limit!
Hoell, Krassnigg, Roberts, PRC 70 (2004)
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Chiral symmetry |

Noether Theorem:
Consider field ¥ with £(V,0V) and unitary transformation with generators \*:

U — exp(—i O AU =~ U + 0,V

then we find a conserved current with

0,J%(x) =0 with J¢= 8(2{11)%11
7

For conserved currents, the related charge

Q' = [ a3

is conserved if

aQa_ BaJ(C)L_ /3 a __
Y —/da:(%— d°xVJ® =0

If J* does not vanish at infinity we say that the corresponding symmetry is bro-
ken and one can show that there are associated massless bosons, the (Goldstone
bosons.
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Chiral symmetry Il - QCD with Nf=3

With U1 =

(u, d, s) the QCD flavour symmetry is given by

[Uv(g) X UA(g) — Uv(l) X SUv(S) X UA(l) X SUA(S)j

transform L inv. iff current JL(LGJ charge @)
Uy (1) for all M J, = Ur, U baryon number
e'® Oud, =
SUy(3) | my = mg = mg J =Wy, X0 isospin
@ A" OuJy = 1WA, M]¥ hypercharge
Ua(1) M =0 J5 = Uy, 75 ¥ broken, no GB
- P J5 =2iUmys W
e'®7s ° e e CD anomal
— g%/ (167°)eapys FC 5 F s Q y)
SU4(3) M=0 I = Uy, s AW broken, GB
O =iW{A\", M}T
et A s udp =1 J (QED-anomaly)

— 6436 /(321 )eapys Py D

M = diag(mqy, mg, my)
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Proof of Goldstone theorem

We start by parametrising the matrix elements between the vacuum and
bound states A of the axial and pseudoscalar current (P? = —m3 fixed):

(078 () [A) = —iP" fae™™™ 0, (0] js(2) [A) = —irye ™" (1)

The first quantity encodes the transition from a pseudoscalar meson to an ax-
ialvector current and thereby defines its electroweak decay constant f. The
pseudoscalar analogue r) is not associated with a measurable quantity.

Using now the PCAC-relation (see above)

—i0, 3ty = Zei {m ta} 15— 2myg js.a, (2)
where Z, = Zy Z,, and js o(2) = Z49(2) iy5 ta 1(2) is the pseudoscalar density,
we arrive at s i gnn oo

(3)

which is valid for all flavour n—sintseclar mesons (in the singlet case
there would be an additional term from the axial anomaly).
We proceed with the axial vector Ward takahashi identity (axWTI)

2
f)xm)\ — qurka 3

Q"TE (k, Q) +2mD5(k, q) = S~ (k4 )ivs +iv55 " (k-) (4)

with momenta kL = k + /2, the incoming total momentum () and the aver-
age quark momentum k. A derivation of the vector identity can be found e.g.
in Peskin and Schroeder, Introduction to Quantum Field Theory, chapter 7.4.,
from which the axW'TT follows by analogy.
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Proof of Goldstone theorem

The pseudoscalar and axialvector vertices each contain pole contributions
from bound states (similar to the rho-meson contribution to the vector vertex):

21 21T
F§=Q“ZQ I FA+F ZQ - FA+F5 )  see later!

Here the quantities with tilde are regular objects and I'y are the Bethe-Salpeter
amplitudes of the respective bound states.
Plugging now Eq.(5) into Eq.(4) and using (3) we arrive at

QVTE +2m Ts = 2ifsTx+ Q T +2myTs = S (ky) ins +iv5 S (k).

(6)
Observe that all hadronic poles contained in the vertices have disappeared,
which is consistent because the right-hand side of the axial WTI does not exhibit

any such poles. In the chlral hmlt mq — 0 and for Q“ — 0 this becomes

The sum goes over all pseudoscalar 0~+ mesons with identical flavour quantum
numbers, i.e., ground states and radial excitations.

In the chiral limit, B(k?) is only nonzero if chiral symmetry is spontaneously
broken. Then there is at least one mode with f) # 0. From (3) we must have
mx — 0 in that case, i.e. a massless Goldstone boson.
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Proof of GMOR

For excited states with m) # 0 the decay constants have to vanish in the
chiral limit because of Eq. (3). Therefore the sum in Eq. (7) breaks down and
we arrive at

f7r Fw(ka 0) — B(k2)75 - (8)

Now we multiply on both sides with S(k)v5S5(k), take the trace and integrate
over momentum k. We then find

(if A+ B)ys(if A+ B)vs
fo [ {880 (1,0)} = /B { S
furn = - (10

and substituting this back into Eq. (3) we arrive at the Gell-Mann-Oakes-Renner
relation

(11)

see Eichmann, Sanchis-Alepuz, Williams, Alkofer, CF PPNP 91, 1-100 [1606.09602], sections 3.4 and 4.2
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Rainbow-ladder: light meson spectrum

m[GeV]

1.5 |
1.0 [

05 |

00 =

(1300)

O—+

p

1——

7,(1600)
0(1450 —
p1450)  dol )b1(1235) a;(1260)
7,(1400)
—
— CF, Kubrak,Williams, EPJA (2014) 126
—
— Bl PoG  Experiment
ot+ 1t— 1+t o-— ot— 1t JPC

® good channels (ground state): 0-*, |-
® acceptable channels (ground state) : 2+*, 3--,...
® clear deficiencies in other channels and excited states
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Rainbow-ladder: light meson spectrum

m [GeV] 7,(1600)
p(1450) ao(1450) R i
m(1300) b:(1235) a,(1260) —
1.5 L m,(1400)
| N\
| 88 -
| N ‘
10 F A\
[ p
_ Bl PG Experiment
Y 3PI-3L
05
_ pra | OUr results
T
Williams, CF, Heupel, PRD93 (2016) 034026
00 b
o-t 1—— oft 1t— 1tt 0-— ot~ 1~* JPC

® good agreement with experiment in most channels
® special channels:
pseudoscalar 0~ :(pseudo-) Goldstone bosons
scalar 0"t : complicated channel...
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Rainbow-ladder: heavy meson spectrum

f o
4] X(3.918) X(3.927) &
- X80 o
3.8 % ) © S & <& Contour border
] Yy .
| nesRe e & &
;.3.6‘_ h(3.52)y,(3.51 Xc2(%-55) S
SR (3.41) S
=34 L ©
i O O
3.2
_ Jw,09)
3] _Ne(2.98) - PDG
_ & o DSE/
O—+ 1= O+ 14— 14+ 24+ 2—— 2—+ 3—— 34— 3++ 0—— O+— 1—+
JPC CF, Kubrak, Williams, EPJA 51 (2015)

Hilger et al. PRD 91 (2015)

® good channels: |-,2**, 3—,...: prediction for tensor state
® acceptable channels : 0-*, 1 *+,...
® deficiencies in other channels: 'imbalance’ of spin-structure
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Rainbow-ladder: heavy meson spectrum

10.4- v(3S)(10.35)
| 0 €25) Xo2(10.26) o o
_ Xbo(10%23) Xp1(18225) Xp21U.
e S v(1D)(10.16) &> &
| & O
nb(1o.oy(23)(§302)
3 10 Y o(9.89) ¥1(9.89) X33
9 _ Xb0(9.85) Xp1(J. +
] 98_ B O O e OTROUT DOTAT
9.6
: nb(%O)Y(1&S) 46) —
. o DSE/BSE

o—+ 1— O0++ 1+- 1++ 24+ 22— 22—+ 33— 3+- 3++
JPC CF, Kubrak, Williams, EPJA 51 (2015)
Hilger et al. PRD 91 (2015)

® good channels: |-,2**, 3—,...: prediction for tensor state
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Overview

| .Bound states in the quark model
® Construction
® Assets, shortcomings and how to do better

2.Properties of QCD and correlation functions
® Dynamical chiral symmetry breaking

® Correlation functions and Dyson-Schwinger equations (DSEs)
® The quark DSE

3.Mesons
® The pion Bethe-Salpeter equation (BSE): Goldstone bosons, GMOR and all that...
® Spectra: light and charm

4.Exotic mesons
® Confinement and glueballs
® Four-quark states

5.Baryons
® Spectra: light and strange

6.Form factors
® Meson form factors
® Baryon form factors
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Confinement: linearly rising potential
QCD:

0.2
: =J

& 02t
; 9 Ty
o ,
= 04 r

0.6

state [1>
-0.8 i 1 1 1 1 1 Stla.te II2> | 1 | N N

2 4 6 8 10 12 14 16 18
T/a

Bali et al. [SESAM Collaboration], PRD 71 (2005) 114513
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Confinement: linearly rising potential

Qch: (gering breaking)

0

T 0.2 |
S
(aV
= 04
L,

0.6 |

state [1> ——<—
08 I state [2> —e— |

2 4 6 8 10 12 14 16 18
T/a

Bali et al. [SESAM Collaboration], PRD 71 (2005) 114513
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Confinement: linearly rising potential

QCD: | Guringbreaking)

/

-0.2

0.4 |

[E(r) - 2 mgla

-0.6

state [1>

08 I state [2> —e— |

2 4 6 8 1/012141618
r/a
Bali et al. [SESAM Collaboration], PRD 71 (2005) 114513

® String breaking by dynamical charges in fundamental representation of SU(N.)
® Bound states do not see string breaking scale
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Confinement: linearly rising potential

ecb: ~  (string bre@

0

T 02|
£
(aV
= 04 r
L,

-0.6

state [1> <
08 I state [2> —e— |

2 4 6 8 1/012141618
r/a
Bali et al. [SESAM Collaboration], PRD 71 (2005) 114513

® String breaking by dynamical charges in fundamental representation of SU(N.)
® Bound states do not see string breaking scale

(provides some justification for quark model potential)
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Confinement, positivity violation and mass gap

H ; ?{phys
indefinite metric positive definite metric,

physical subspace of QCD

® If we know that a particle lives not in H s , it is confined.
4 . . )
Axiomatic QFT (Osterwalder-Schrader):

physical particle —> D(¢,p) > 0

- J

® Hphysneeds to have a mass gap!

® related: Kugo-Ojima confinement, IR-behaviour of ghost and

glue .o summary: CF J. Phys. G 32 (2006) R253 [hep-ph/0605173]
more details: CF Maas, Pawlowski, Annals Phys. 324 (2009) 2408

Christian S. Fischer (University of Gie3en, HFHF) Hadron physics with functional methods

57 1104



Dyson-Schwinger equations

Zocp = '/D[\IJ,A] exp{—/d‘laz (\I! (4

propagators 5 vertices

\

+ perm.

A AN
A

CF, Alkofer, PRD67 (2003) 094020
Williams, CF, Heupel, PRD93 (2016) 034026
Huber, PRD 101 (2020) 114009
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Dyson-Schwinger equations “quenched”

Zocp = /D[\I!,A] exp{—/d% (xif ©

CF, Alkofer, PRD67 (2003) 094020
Williams, CF, Heupel, PRD93 (2016) 034026
Huber, PRD 101 (2020) 114009
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Dyson-Schwinger equations
pure YM-Theory

vertices

i
A

E 0N
~ ’
~ ’
~ ’
~ ’
~ ’

|
vl

e
-
=

I
o=
l\Dlr—\

CF, Alkofer, PRD67 (2003) 094020
Williams, CF, Heupel, PRD93 (2016) 034026
Huber, PRD 101 (2020) 114009
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Landau gauge gluon propagator

® spacelike momenta:
good agreement with lattice N

® fully dressed gluon appears massive

Cornwall PRD 26 (1982);

Cucchieri, Mendes PoS Lat2007 297

Aguilar, Binosi, Papavassiliou, PRD 78, 025010 (2008);
Boucaud et al. JHEP 0806 (2008) 099;

CF, Maas, Pawlowski, Annals Phys. 324 (2009) 2408

® time-like momenta: work in progress

p|GeV]

DSE:  Huber, PRD 101 (2020) I14009, arXiv:2003.13703
Lattice: Sternbeck, Muller-Preussker, PLB 726 (2013)

CF, Huber, PRD 102 (2020) 094005, arXiv:2007.1 1505
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Landau gauge gluon propagator

T T | T | T | T | T | T
. o N=0, Sternbeck et al (2005)
| ﬂhif%\ . N=2+1, Bowman et al (2004)
£ X -
4 -- Nf=0
2 o — Nf=2+1 y
C\IA ? fes
& i If & i
® spacelike momenta: N :
good agreement with lattice I =
1
® fully dressed gluon appears massive _ _
)
Cornwall PRD 26 (1982); I
il Binosh Papavassiou, PRD 76, 025010 (2008 o4H——trrrV
Boucaud et L JHEP 0806 (2008) 099 0 12 3 4 5 6 7
CF, Maas, Pawlowski, Annals Phys. 324 (2009) 2408 p [GCV]

® time-like momenta: work in progress
Hopfer, CF and Alkofer, JHEP 1411 (2014) 035

CF, Huber, PRD 102 (2020) 094005, arXiv:2007.1 1505
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Landau gauge gluon propagator

® fully dressed gluon appears massive p|GeV]
Cornwall PRD 26 (1982); DSE:  Huber, PRD 101 (2020) |14009, arXiv:2003.13703
Lattice: Sternbeck, Muller-Preussker, PLB 726 (2013)

Cucchieri, Mendes PoS Lat2007 297

Aguilar, Binosi, Papavassiliou, PRD 78, 025010 (2008);
Boucaud et al. JHEP 0806 (2008) 099;

CF, Maas, Pawlowski, Annals Phys. 324 (2009) 2408
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Positivity violations

2
Schwinger function: A, (%) :/@e’itpo (Z(p ))

IAg(t)I

Alkofer, Detmold, CF, Maris,

10 L A S S N T T TR T A SO N SN SR N TR S N PRD 70 (2004) 0 I 40 I 4
0 5 10 15 20 25

t [1/GeV]

® Violation of positivity: color screening

[ Gluons cannot exist as asymptotic states J
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Positivity violations

2
Schwinger function: A, (%) :/%e’itpo (Z(p ))

IAg(t)I

@ scale:IE

Alkofer, Detmold, CF, Maris,

10 L A S S N T T TR T A SO N SN SR N TR S N PRD 70 (2004) 0 I 40 I 4
0 5 10 15 20 25

t [1/GeV]

® Violation of positivity: color screening

[ Gluons cannot exist as asymptotic states J
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Glueballs from DSE/BSEs

® Mixing of two-gluon amplitudes with ghost-antighost

Meyers, Swanson, PRD 87 (2013) 3, 036009

® eXx IO ratoryv: Si m Ie mod els Sanchis-Alepuz, CF, Kellermann and von Smekal, PRD 92 (2015) 3, 03400
p y:simp

Souza et al., EPJA 56 (2020) no.l, 25

® new: hlgh quallty inPUt frOm 3P| truncation Huber, PRD 101 (2020) 114009
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Glueballs: results

JPC glueballs
6 L
®
5 L
§ |
=~ 4 o ¢ 0l § % @
¥ |
O, ®n N % r "
= ]
3 . m
& em o °
) " .BSE
I . » lattice [Morningstar, Peardon, 1999]
mass gap | = lattice [Athenodorou, Teper, 2020]
O++ O—+ 2++ 2—+ 3++ 3—+ 4++ 4—+

® confirmation of results from lattice YM-theory
® predictions for some channels  gus S nen 268 G0 e e

To do:
chart the mixing of glueballs with conventional meson states...
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Glueballs: results

JPC glueballs
6f
®
5f
- -
> 4r 5 - ¢ ° :
O, 2n - § - - .
= n
=8 )"
4 pem " _BSE
800 MeV 1 ol | |
© - » lattice [Morningstar, Peardon, 1999]
mass gap | = lattice [Athenodorou, Teper, 2020]
O++ O—+ 2++ 2—+ 3++ 3—+ 4++ 4—+

® confirmation of results from lattice YM-theory
® predictions for some channels  gus S nen 268 G0 e e

To do:
chart the mixing of glueballs with conventional meson states...
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Overview

| .Bound states in the quark model
® Construction
® Assets, shortcomings and how to do better

2.Properties of QCD and correlation functions
® Dynamical chiral symmetry breaking

® Correlation functions and Dyson-Schwinger equations (DSEs)
® The quark DSE

3.Mesons
® The pion Bethe-Salpeter equation (BSE): Goldstone bosons, GMOR and all that...
® Spectra: light and charm

4.Exotic mesons
® Confinement and glueballs
® Four-quark states

5.Baryons
® Spectra: light and strange

6.Form factors
® Meson form factors
® Baryon form factors
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Light (conventional) meson spectrum

N

m [GeV] glueball
p(1450) ao(1450)
m(1300)
1.5 — [ ]
N
1.0 F &
P
05 F
T
00 *
0—t 17 ot+

,(1600)

R
b,(1235) a;(1260) S T
7,(1400)

N

N -
oo
N 3PI-3L
2PI-3L
1++ 0~ 0t+t— 11—

Williams, CF, Heupel, PRD93 (2016) 034026
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Light (conventional) meson

m [GeV]

1.5

1.0

0.5

0.0

glueball

p(1450) ao(1450)

(1300) b;(1235) a;(1260)
—
N
NS
Q N\
N\

what about the fo(500)?

spectrum

m1(1600)

m BXXXNX
m:(1400)

S

Bl roG
N 3PI-3L
2PI-3L

O+— 1—+

Williams, CF, Heupel, PRD93 (2016) 034026
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Hadron physics with functional methods

65/ 104



Four-quark states in the light meson sector

Pentaquark Tetraquark
© J

@
Glueball Hybrid

K.A. Olive et al. (Particle Data Group), Chin. Phys. C38,090001 (2014) (URL: http://pdg.Ibl.gov)
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Four-quark states in the light meson sector

Light meson sector: scalars!

[d3] [u8]
\ x°(800) kT (800)
Pentaquark Tetraquark i /dd]
) a(980) .
C@ % (950) £0(980)  £o(500) (%0
l: [d] 53] [uii/dd] [ud]
Glueball Hybrid =~ (800) R(800)
[su] [sd]
| f5(980) U1 | 16UPC =0t t ) | ap(980) U/ | 16(JPCY =17(0+ )
Mass m = 990 & 20 MeV Mass m = 980 + 20 MeV
Full width T = 40 to 100 MeV Full width I = 50 to 100 MeV
fo(980) DECAY MODES Fraction (I';/T) p (MeV/c) a(980) DECAY MODES Fraction (I';/T) p (MeV/c)
T dominant 476 nm_ dominant 319
KK seen 36 KK seen 1
Yy seen 495 Yy seen 490

K.A. Olive et al. (Particle Data Group), Chin. Phys. C38,090001 (2014) (URL: http://pdg.Ibl.gov)
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Four-quark states in the light meson sector

Light meson sector: scalars!

[d5u ] [usdd]
\ K°(800) KT (800)
Pentaquark Tetraquark [wii/dds35]
ag (980) @0(980) at(980)
@) o fo(980) £o(500) e
|dass] wii/ddss] [udda] [udss]

. — ~0
Glueball Hybrid K~ (800) R°(800)
[sudd] [sdut]
| f5(980) U1 | 16UPC =0t t ) | ap(980) U/ | 16(JPCY =17(0+ )
Mass m = 990 & 20 MeV Mass m = 980 + 20 MeV
Full width T = 40 to 100 MeV Full width I = 50 to 100 MeV
fp(980) DECAY MODES Fraction (I';/T) p (MeV/c) ag(980) DECAY MODES Fraction (I';/T) p (MeV/c)
T dominant 476 nm_ dominant 319
KK seen 36 KK seen 1
Yy seen 495 Yy seen 490

K.A. Olive et al. (Particle Data Group), Chin. Phys. C38,090001 (2014) (URL: http://pdg.Ibl.gov)
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Exotic hadrons at Belle, BABAR, BES, LHCb,...

4750

4500

4250

4000

3750

3500

3250

3000

Four-quark states:

TX(6900) m cc ®  ccqq m cCqs ® ccqq m ccéé ® cCqqq
i Xc0(4700)
T w(4660)
¥(4415) _ T===TP4440) Ty
e Y (4.390) - s -PoA A 38 Q- === Em oo
4360 R A
- _l_)__D_l_ ______________________________ v _( _______ ) Xc(4274) R:o(4240)----- (4312) 5.D
w(4160) — Z/(42000
D*D Z_(4050) Z-(4020) D" D;
o (3015 f1A040) T Gesey T == Zes(8000)
DD* Tec _— X(3872) e ” Z.(3900)  Zcs(3985) 5o
—————————— —————————————_——-————————-—————-———————-—-———————-———_——wz-(—3~8 —3)——————-———————-———————-———————-—_—————
Xc0(3860) (3770) ity
DD —
i I T
Xc
hc Xc1 =
I Xco
j/t,u_ Albaladejo et al. [JPAC], PPNP 127 (2022), 103981
| Nc
77 0-F 0TF 1 - 1-F 1+- 1*F 2-- 2+* 7?77 0~ 1~ Z. P.
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Exotic hadrons at Belle, BABAR, BES, LHCb,...

TX(6900) m cc ®  ccqq m cCqs ® ccqq m ccéé ®  ccqqq
4750r Xco(4700)
T w(4660)
4500+ M50034415) Z.(4430) P.(4457) 5D
v — - =
———Y(4390) ___”;}ﬁgg},__________Z_C__L?__.
4250 :__‘?_’_3_1_ ______________________________ p(a3eo) . Xa(4274) Reo(4240) —;2 (#312)y
w(4160)  — Z/(42000
D*D — 2(4050) Z,.(4020) D*D}
4000 X(3915f(A040) T Goso; T T s 240000
DD* Tee — X(3872) X2 Z.(3900)  Zes(3985)
““““““ T 860) ya7r0y B
3750 20 0
he Xcl X_c2
3500¢ Xeo E—
3250r
j/w— Albaladejo et al. [JPAC], PPNP 127 (2022), 103981
3000¢ .

7!?7 O—l+ O-ll+ 1—|— 1—l+ 1-11—

Four-quark states:

compact diquark meson
tetraquark  anti-diquark molecule

hadro charmonium

i Related to details of underlying QCD forces]
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Tetraquarks from the four-body interaction

Exact equation:

o - . — ——0—
- = o o]

Two-body interactions Three- and four-body
Interactions

299

I

Kvinikhidze & Khvedelidze, Theor. Math. Phys. 90 (1992)
Heupel, Eichman, CF, PLB 718 (2012) 545-549

Eichman, CF, Heupel, PLB 753 (2016) 282-287

® Basic idea:
solve four-body equation without any assumption on
internal clustering

® Key elements: quark propagator and interaction kernels
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Solving the four-body equation

w
I

+ perm.

® Input: Non-perturbative quark, quark-gluon interaction

3 % a(k?) = 7 (/k\_z) () 4 apy (k%)

O
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Structure of the amplitude

Scalar tetraquark:

| -] Bl P
P _ || <l qd o _ k _
_+I bl
I'(P,p,q,k) Zf,,, 31, ey S9) X T (P p,q, k) X color x flavor

7
9 Lorentz scalars 256 tensor 3®3,6®6 or

(built from Pp,q,k) structures  1®1,8®8
(scalar tetra)

® good approximation: keep s-waves only; |6 tensor structures
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Four-body equation: permutations

® Singlet:  So = (p* +¢° +k%)/4 p, q, k : relative momenta
® Doublet: D, ~ p? + ¢ — 2%2
Dy ~ q° — p°
¢ diquark pole
q —»—
Z : | D,

k=0

C —=1_

N / hadrocharmonium

heavy-light mesons
meson poles

71 /104
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® Singlet:  So = (p* +¢* + k%) /4
® Doublet: D, ~ p? + ¢ — 2%2
Dy ~ q° — p°

+
+

diquark pog

O KR Q) O

-¢
-

® model independent:

D, q, k : relative momenta

heavy-light meson poles
more important than
diquark poles
(color factor !)

heavy-light mesons

meson poles

C —=1_

hadrocharmonium

Christian S. Fischer (University of Gie3en, HFHF) Hadron physics with functional methods
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Bound state vs resonance: scalar four-quark states

without Tt-clustering
0 1200

yTetra (MeV]

Bound state of
four massive quarks

Eichmann, CF, Heupel, PLB 753 (2016) 282-287
Santowsky, CF, PRD 105 (2022) 4,313
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Bound state vs resonance: scalar four-quark states

T s

without Tt-clustering
0 300-400 1200

yTetra (MeV]

with Tt-clustering Bound state of

Two-pion resonance four massive quarks

Eichmann, CF, Heupel, PLB 753 (2016) 282-287
Santowsky, CF, PRD 105 (2022) 4,313
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Bound state vs resonance: scalar four-quark states

T s

without Tt-clustering
0 300-400 1200

yTetra (MeV]

with Tt-clustering Bound state of

Two-pion resonance four massive quarks

— identify with fo(500) (‘O-meson’)

Eichmann, CF, Heupel, PLB 753 (2016) 282-287
Santowsky, CF, PRD 105 (2022) 4,313
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Bound state vs resonance: scalar four-quark states

- -> I(So. 5. ....)

without Tt-clustering

0 300-400 1200
! | : yTetra[Mev]
I | 1
with Tt-clustering Bound state of
Two-pion resonance four massive quarks
— identify with fo(500) (‘O-meson’)
with strange quarks: m(ao, fo) & 1GeV  fommcramnets o we
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Bound state vs resonance: scalar four-quark states

T s

without Tt-clustering
0 300-400 1200

yTetra (MeV]

with Tt-clustering Bound state of

Two-pion resonance four massive quarks

— identify with fo(500) (‘O-meson’)

with strange quarks: m(ao, fo) = 1GeV  Gomndenemig =

Meson-meson components dominate over diquarks !
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Bound state vs resonance: scalar four-quark states

T s

without Tt-clustering

0 300-400 1200
! | : yTetra[Mev]
I | |
with Tt-clustering Bound state of
Two-pion resonance four massive quarks
— identify with fo(500) (‘O-meson’)
with strange quarks: m(ao, fo) & 1GeV  fommcramnets o we

Meson-meson components dominate over diquarks !

MiXing Wlth qu Sma” effeCt Santowsky, Eichmann, CF, Wallbott and Williams, PRD 102 (2020) no.5, 056014

Santowsky, CF. PRD 105 (2022) 4,313
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The complex P2-plane

..... = |K A(P)=I

— +_O_

A
timelike spacelike P2
generic situation

Williams, PLB 798 (2019) 134943, [arXiv:1804.11161]

Santowsky, Eichmann, CF, Wallbott and Williams,
PRD 102 (2020) no.5, 056014, arXiv:2007.06495.

Santowsky, CF, PRD 105 (2022) 4,313; arXiv:2109.00755
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The complex P2-plane

..... = K A(P2)=

— +_O_

A
timelike spacelike P2
extrapolation to bound state

Williams, PLB 798 (2019) 134943, [arXiv:1804.11161]

Santowsky, Eichmann, CF, Wallbott and Williams,
PRD 102 (2020) no.5, 056014, arXiv:2007.06495.

Santowsky, CF, PRD 105 (2022) 4,313; arXiv:2109.00755
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The complex P2-plane

..... = |K A(P)=I

— +_O_

A
timelike spacelike P2
extrapolation to pole in 2nd Riemann sheet

p— T O

o — T

Williams, PLB 798 (2019) 134943, [arXiv:1804.11161]

Santowsky, Eichmann, CF, Wallbott and Williams,
PRD 102 (2020) no.5, 056014, arXiv:2007.06495.

Santowsky, CF, PRD 105 (2022) 4,313; arXiv:2109.00755
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The complex P2-plane

- K | ) A(P2)=

— +_O_

A
timelike spacelike P2
extrapolation to pole in 2nd Riemann sheet

p— T O

o — T

Williams, PLB 798 (2019) 134943, [arXiv:1804.11161]

Santowsky, Eichmann, CF, Wallbott and Williams,
PRD 102 (2020) no.5, 056014, arXiv:2007.06495.

Santowsky, CF, PRD 105 (2022) 4,313; arXiv:2109.00755
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The complex P2-plane

- K | ) A(P2)=

— +_O_

A
timelike spacelike P2
extrapolation to pole in 2nd Riemann sheet

p— T O

o — T

Williams, PLB 798 (2019) 134943, [arXiv:1804.11161]

Santowsky, Eichmann, CF, Wallbott and Williams,
PRD 102 (2020) no.5, 056014, arXiv:2007.06495.

Santowsky, CF, PRD 105 (2022) 4,313; arXiv:2109.00755
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The complex P2-plane
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o — T
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The complex P2-plane

- K | ) A(P2)=

— +_O_

A
timelike spacelike P2
extrapolation to pole in 2nd Riemann sheet

p— T O
i
i

0 0
O — T 0 i

Williams, PLB 798 (2019) 134943, [arXiv:1804.11161]

Santowsky, Eichmann, CF, Wallbott and Williams,
PRD 102 (2020) no.5, 056014, arXiv:2007.06495.

Santowsky, CF, PRD 105 (2022) 4,313; arXiv:2109.00755

Christian S. Fischer (University of Gie3en, HFHF) Hadron physics with functional methods 73/ 104



The complex P2-plane

..... = K A(P2)=

— +_O_

A
timelike spacelike P2
extrapolation to pole in 2nd Riemann sheet

p— T ®
111
O — T 1 1 1

cEqq, ccqq
& since close
Williams, PLB 798 (2019) 134943, [arXiv:1804.11161] qc_l’qqqq to th I"eShOId

Santowsky, Eichmann, CF, Wallbott and Williams,
PRD 102 (2020) no.5, 056014, arXiv:2007.06495.

Santowsky, CF, PRD 105 (2022) 4,313; arXiv:2109.00755
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Mass evolution of four-quark state

800 900 1000 1100

300 400 500 600 600 700 800 900 1100 1300

mg, = 3.8 MeV mg = 20.0 MeV mg, = 50.0 MeV mg = 85.5 MeV

® mixed state becomes qg-dominated for large mq
® dynamical decision !

Santowsky, CF, PRD 105 (2022) 4,313;arXiv:2109.00755

Christian S. Fischer (University of GieBen, HFHF) Hadron physics with functional methods 74/ 104



Structure of the amplitude: open heavy flavour

Scalar tetraquark:

d |

PPP?Q) Zfz 517

9 Lorentz scalars 256 tensor 3®3,6®6 or

p—]:I q:_[E]E k

—

7

)

(built from Pp,q,k) structures

(scalar)

Bl

=
-
—

I1®1,83&®8

P

so) X 7;(P,p,q, k) x color x flavor

75/ 104
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Structure of the amplitude: open heavy flavour

Scalar tef=~—
- I(JY) Physical components
1®1 3®3 8R® 8 66
D :_ fo f1 f2 I3 fa I5 P
0(1t)bban|| BB* B*B*| AwS | BB* B*B*| SyuA
bein|| BD* B*D | AwS | BD* B*D | SpcA
['(P,p,q ccin|| DD* D*D*| A.S | DD* D*D*| S..A lavor
bbss || BsB:  — | AwAss | BsBy — -
bess || BsD: BiD, | SheAss | BsD: BiDs | ApeSes |
ccsSs || Ds D — AccAss | Ds D3 — —
1(17)bban|| BB*  — AwA | BB  — —
beiii|| BD* B*D | Sy.A | BD* B*D | Ap.S
L - DD*  — -

DD*”

AccA

Junnarkar, Mathur, Padmanath, PRD99, 034507 (2019)
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|dentifying leading structures...

:D :D+ :®+ :?
- B B D

meson-meson meson-meson diquark-antidiquark

f07f3 f17f4 f27f5

® norm contributions
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Spectrum of open heavy-flavour states (prelim.!

I(J%) Physical components

M [GeV] bbqq M [GeV] bcq_q M [GeV] chq 191 393 8®8 66
4.8 foo Al B | s fi | f
1 y 0(1+)bb’ﬁﬁ BB* B*B*| ApS BB* B*B*| Sp,A
2.5 9.0 4.6 % benn|| BD* B*D | ApS | BD* B*D | Sp.A
7.
Z cciii|| DD* D*D*| A.S | DD* D*D*| Se.A
' % bb3s || B.B:  — | AwAss | BsBX - -
7 sDsg s
12.01 8.5 44y “ % bess | BoD: BiD, | SeeAss | BaD: BID, | ApeSes
% cc35 || Ds D% - AccAss | Ds D3 - —
4.9 - 1(1%)bban|| BB*  — AwA | BB*  — —
[1.5- % 3.0- ' benfi|| BD* B*D | SyeA | BD* B*D | Ay.S
Z % ' DD ] ccanl| DD*  — | A.A | DD*  — -
% 4.0 1 . :
1101 7 B.B" . - attractive repulsive
1 2 ''''''''''''''' I 7.5 _B: D,s- | —— T ]
BBl _—_ _ _._ N e 1 3.81
pp 7722
105_ Iin_II; i
. - 7.0 - 3.6 - -
0(17) 1(17) 0(17) 0(17) 1(17)

n € {u,d}
QQ'cc excited 771 QQ'55 excited 777 QQ'nn excited
QQ'cc ground [ QQ'ss ground [ QQ'nn ground

Hoffer, Eichmann, CF, in preparation
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Spectrum of open heavy-flavour states (prelim.!

M [GeV] bbqq
12.5-
12.0 -
11.5-
7

11.01 & BB
BB* _._._._.2 _______ — ..
10.5 - IiT,j,;

0(1*) 1(1%)

M [GeV] beqq
9.0
8.9
8.0
roy
o P22 |
7.0 -
0(17)
1(J")

4.8

4.6 1

4.4 1

4.2 1

4.0 1

DD~

3.81

3.0

M [GeV] ccqq

I

\

DN

0(1*) 1(1%)

n € {u,d}

QQ'cc excited 771 QQ'55 excited 777 QQ'nn excited
QQ'cc ground [ QQ'ss ground [ QQ'nn ground

® decided dynamically !
® flavour and spin dependent...

Hoffer, Eichmann, CF, in preparation

bbcc
bbss
bbnn
beee
bcss
benn
CCSS

cenn

I(J%) Physical components
101 3®3 8®8 66
Jo Ji J2 f3 fa f5
0(1+)bb’ﬁ,ﬁ BB* B*B*| ApS BB* B*B*| Sp,A
benn|| BD* B*D | Ap.S | BD* B*D | S, A
ccnn|| DD* D*D*| A..S | DD* D*D*| S..A
bbss || Bs B} — ApAss | BsB2 — —
bess || BsD: BiDs | SpeAss | BsD: BiDs | ApeSss
cc35 || DsD3% — | AccAss | Ds D3 — —
1(1*)bban|| BB*  — AwA | BB*  — —
benn|| BD* B*D SpcA | BD* B*D | Ap.S
cenn|| DD* — Ac.cA | DD* — —
attractive repulsive
B.B* — A A
M NN @000 e
BB — Ay A
m N
_ AppSan BB* — Ay A
B-B_- 777777 %7_7_ m N 0 ewm_
Bch
BID;
_____ . _
B*D
_____ . .
DsD* — AccA
m N o
DD*
I DD* — AccA
7777777777777 [ | = em—
foofo1fozf fi1f12f13714F22f23f24F33fa4 foofo1foz2fosfoafi1fi2f13/14Ff22Ff23 2433 f
0(1") 1(17)

Christian S. Fischer (University of Gie3en, HFHF)
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Comparison with other approaches
bbnn 0(17)  benn 0(17) cenn 0(17%)

LHCDb Collab. (2022) -
Eichten & Quigg (2017)
Sakai et. al. (2017)
Park et. al. (2018) A
Carames et. al. (2018)
Maiani et. al. (2019) T
Braaten et. al. (2020) -
Mohanta & Basak (2020)
Meng et. al. (2020) -

Noh et. al. (2021) -

Meng et. al. (2021) -
Albaladejo (2021) -

Ke et. al. (2021) -

Ortega et. al. (2022)
Song & Jia (2023) 1
Kucab & Praszalowicz (2024) T
Wang et. al. (2024)
Francis et. al. (2017)
Junnarkar et. al. (2019)
Leskovec et. al. (2019)
Francis et. al. (2019)
Lyu et. al. (2023) -
Hudspith & Mohler(2023)
Aoki et. al. (2023) 1

" " " — seminar by
- - S. Prelovsek

: —o— models
el o lattice QCD

Padmanath et. al. (2023)
Alexandrou et. al. (2023) A
Alexandrou et. al. (2024) 1

Four-quark BSE -

—o— | = |[~—~—  IDSE/BSE

02 —0.1 0.0 0.1 0.0 0.1
EB [GGV]

bbnn 1(17)  benn 1(17)  cenn 1(17)

O O O

Eichten & Quigg (2017)
Park et. al. (2018) 1 O O O
Carames et. al. (2018) O
Braaten et. al. (2020) 1
(2023) 7

Song & Jia (2023
Wang et. al. (2024) T O mOdeIS

Four-quark BSE -t O | | | DS E/BS E
0.0 0.1 0.00 0.25 0.00 0.25
Hoffer, Eichmann, CF, in preparation Ep [GeV]

o
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Overview

| .Bound states in the quark model
® Construction
® Assets, shortcomings and how to do better

2.Properties of QCD and correlation functions
® Dynamical chiral symmetry breaking

® Correlation functions and Dyson-Schwinger equations (DSEs)
® The quark DSE

3.Mesons
® The pion Bethe-Salpeter equation (BSE): Goldstone bosons, GMOR and all that...
® Spectra: light and charm

4.Exotic mesons
® Confinement and glueballs
® Four-quark states

5.Baryons
® Spectra: light and strange

6.Form factors
® Meson form factors
® Baryon form factors
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Light baryon spectrum - quark model

2500 T=t R=
B A exp. ——= ;E :; B A exp — . T
T | = | T ——I =l (=== —l
o | | =
2000 — | == osa| [ — 20 19% ST T
— S ==l === " — 87 |7 = 1s0s n
~ KT Ts ry
i 1710 |—— 1720 A
” I H _ — = 1680 1650 @ 1675
é " teee _E —— L T e
1520
1500 0 - = JEE
RO ouol -
resonance
1000 —
e — 230
In 12+ 32+ 512+ 12+ 912+ 1/2- 3/2- 5/2- 7/2- 9/2-

Loring, Metsch, Petry, EPJA 10 (2001) 395

® ‘missing resonances’ - three-body vs. quark-diquark

® |evel ordering:

Christian S. Fischer (University of Gie3en, HFHF)
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Explaining the Roper (before 2016)

® Quark model: p(2S), but generically too large mass
e.g. Loring, Metsch, Petry, EPJA 10 (2001) 395 and many others...

® Hybrid ? Evidence from lattice to the contrary

® Dynamically generated by coupled channels (no ‘bare’ state)

Dudek, Edwards, PRD 85 (2012) 054016

Krehl, Hanhart, Krewald and Speth, PRC C 62 (2000) 025207
Doring, Hanhart, Huang, Krewald and Meissner, NPA 829 (2009) 170

® Dynamically modified by coupled channels

A(1357,-76)

-100 | /’ oN
7
f\_,/

200 | B(1364,-105)

Im (E) (MeV)

-300 |

C(1820,-248)

ON o=

1400

1600 1800
Re (E) (MeV)

Suzuki, Julia-Diaz, Kamano, Lee, Matsuyama and Sato, PRL 104 (2010) 042302

® ‘bare’ state via DSE/Faddeev (NJL, QCD inspired model)

Wilson, Cloet, Chang and Roberts, PRC 85 (2012) 025205,

Segovia, El-Bennich, Rojas, Cloet, Roberts, Xu and Zong, PRL 115 (2015) 17
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Extracting spectra from correlators

02 , X3 —a—] —< V3

—-m,

x; < (G |y, > X2 “_> """""" <_<_ Yz DSE/BSE
X1 -+ Vg X1 —a— —— )

e B , §> .......... (} Lattice

BSE for baryons (derived from equation of motion for G)
__ _/ -
D-20-30+-1D+BD
_ Y | ,,
“mm - -

® exact equation for baryon ‘wave function’
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Diquark-Quark approximation

BSE for baryons (derived from equation of motion for G)
D-.D YD ID- ED
> - - *

Faddeev equation (no three-body forces) Diquark-quark

________________________________________________________________

_________________________________________________________________

® [nput in both cases: quark propagator and interaction
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Diquark-Quark approximation

BSE for baryons (derived from equation of motion for G)
D-.D YD ID- ED
> - - *

Faddeev equation (no three-body forces) Diquark-quark

________________________________________________________________

_________________________________________________________________

_______________________________________________________________________

® [nput in both cases: quark propagator and interaction
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Diquark-Quark approximation

BSE for baryons (derived from equation of motion for G)
D-20-3D-JD+BD
> B - P

Faddeev equation (no three-body forces) Diquark-quark

scalar (“good”) ~ 800 MeV
axialvector  (“bad”) ~ 1000 MeV

____________________________

______________________________

® [nput in both cases: quark propagator and interaction
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Diquark-Quark approximation

BSE for baryons (derived from equation of motion for G)
D-20-3D-JD+BD
- B - —

Faddeev equation (no three-body forces) Diquark-quark

The good, the bad... and the vz

scalar (“good”) ~ 800 MeV
axialvector  (“bad”) ~ 1000 MeV
pseudoscalar (“ugly”) ~ 1200 MeV

vector Y ~ | 300 MeV

____________________________

______________________________

® [nput in both cases: quark propagator and interaction
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The DSE for the quark propagator

Approximations:
—1 —1
1) NJL/contact model: o = + @
1) Quark-diquark model: Ansatz for quark prop
(and diquark wave function)
lll) Rainbow-ladder: o

IV) Beyond rainbow-ladder: @ solve DSEs for quarks, gluons
CF and Alkofer, PRD 67 (2003) 094020

Williams, EPJA 51 (2015) 5,57. and quark-gluon verteXx

Mitter, Pawlowski and Strodthoff, PRD 91 (2015) 054035
Williams, CF, Heupel, PRD 93 (2016) 034026, and refs. therein
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DSE/BSE/Faddeev landscape (2015)

level of complexity

l) NJL/contact
interaction

D-22D

I1) Quark-diquark
model

| D- 2D XD 1D ED

IIl) DSE (RL)

4

IV) DSE (bRL)

up/down

P=—-|P=+| P=4%4

N, A masses
N,A em. FFs
N — A~

4
4
4

4
4

4

N*, A*masses

YN — N* /A"

SRS EEENEN

N*, A*masses

YN — N*/A*

YRR PPN

strange

ground states
excited states
em. FF
TFFs

<

c/b

Christian S. Fischer (University of Gie3en, HFHF)

ground states

excited states

Cloet, Thomas,
Roberts, Segovia,
Chen, et al.

Oettel, Alkofer,Bloch,

Roberts, Segovia, Chen, et al.

Eichmann, Alkofer,
Krassnigg, Nicmorus,
Sanchis-Alepuz, CF

Eichmann, Alkofer,
Sanchis-Alepuz, CF,
Qin, Roberts

Hadron physics with functional methods

Sanchis-Alepuz,
Williams, CF
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DSE/BSE/Faddeev landscape

level of complexity

g
D-22D | D-.DND 1D ED

) NJL/contact I1) Quark-diquark IIl) DSE (RL) IV) DSE (bRL)
interaction model
§ 4 N, A masses v v v v v
S || N,A em. FFs v v v v
= ~ N JANSY v v v v
+ N, A*masses v v v v
|
~ 7N = N*/A* v v
||| N*, A*masses v v v v
o ground states v v v v
x excited states v v v v
5 em. FF v 4
TFFs v
A ground states v v v
Ky excited states v v

Cloet, Thomas, Oettel. Alkofer Bloch Eichmann, Alkofer, Eichmann, Alkofer, _
Roberts, Segovia, Rob © Z’ (')eéh och, I Krassnigg, Nicmorus,  Sanchis-Alepuz, CF, Sanchis-Alepuz,
Chen, et al. oberts, segovia, -hen, et al. Sanchis-Alepuz, CF Qin, Roberts Williams, CF
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Faddeev - equation

— —o—
Faddeev - o
equation: —

D - IZD =030+ 1D

® relativistic bound state:
® 64 tensor structures for nucleon: s,p,d - wave
* |28 tensor structures for Delta: s, p,d,f - wave

Di75C®DjA+(P)a Di ={
Y5 Divs C ® 5 Dj A(P), A+(P) =%
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Baryon masses

1.9 | I I I I I I I I I

1.8

® first covariant three- Delta:
. 1.7 Sanchis-Alepuz et al.,
body calculations ! PRD 84 (2011)
1.6
® grosso modo: Nucleon:

1.5
Eichmann et al.,

consistent description
PRL 104 (2010),

1.4

of mesons and baryons PRD 84 (2011)

1.3
® wave functions contain
. 1.2
sizable p-wave
. . 1.1 p—mMeson.

contributions Maris & Tandly,
10 PRC 60 (1999)
0.9
0.8

Eichmann, Alkofer, Krassnigg, Nicmorus, PRL 104 (2010) 0.7

Eichmann, PRD 84 (201 1) 0.0

Sanchis-Alepuz ,Eichmann,Villalba-Chavez, Alkofer, PRD (2012)
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Light baryon spectrum:

M [GeV]

2.0 -

1.8 1

1.6 1

1.4 -

1.2 -

1.0

N(1710)

@ N(1650)
[ ] 2% N(1535)
N(1440)
N(940)
1t 1~
2 2

M N(19200)

N(1720)

(\S][oV)

R .

][N}

N(1875)
N(1700)

N(1520)

2.0

1.8

1.6

1.4

1.2 4

1.0

3 parameters + myds
(all fixed in meson sector)

W (1920
E//////’, A(1 91 0) ] / ( )
L] -
7 % A(1700)
A(1620) % A(1600)
T e = A(1232)
o 5 3+ -
2 5 3 ;

Eichmann, CF, Sanchis-Alepuz, PRD 94 (2016) [1607.05748]
Eichmann, CF, Few Body Syst. 60 (2019) no.l, 2

® spectrum in one to one agreement with experiment
® correct level ordering (without coupled channel effects...)
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Light baryon spectrum:

M [GeV]
2.0 1 .
n L] M N(1900)
1.8 4 /
NATI0) o \r50) N(1720)
1.6
| B M N(1535) | |
4 N(1440)
1.2 1
1.0 4
N(940)
1+ 1- 3+ 35—
2 2 2 )

N(1875)
N(1700)

N(1520)

2.0

1.8

1.6

1.4

1.2 4

1.0

3 parameters + myds
(all fixed in meson sector)

]
A(1700)

A(1920)

[ ]
A(1620) %

A(1600)
1 qaq
B g-dq A(1232)
s 5 3+ -
2 5 3 ;

Eichmann, CF, Sanchis-Alepuz, PRD 94 (2016) [1607.05748]
Eichmann, CF, Few Body Syst. 60 (2019) no.l, 2

® spectrum in one to one agreement with experiment
® correct level ordering (without coupled channel effects...)
® three-body agrees with diquark-quark where applicable

Christian S. Fischer (University of Gie3en, HFHF)
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Relativistic baryons

non-relativistic p———

three quarks with spin 1/2: S=1/2 or S=3/2

parity P = (—1)" : L=0or L=2
relativistic 64 components in wave function: 8 s-wave (L=0)
r 36 p-wave (L=1)
P =(-1) 20 d-wave (L=2)

% N N*(1440) A  A*(1600)

S wave 66 15 96 10

p wave 61 40 33

d wave 1 4 3 41

f wave — — < 0.5 16

Eichmann, CF, Sanchis-Alepuz, PRD 94 (2016) [1607.05748]
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Relativistic baryons

non-relativistic p———

three quarks with spin 1/2: S=1/2 or S=3/2
parity P = (—1)" : L=0or L=2

relativistic 64 components in wave function: 8 s-wave (L=0)
36 p-wave (L=1)
20 d-wave (L=2)

Y0 N N7™(1440) A A*(1600)
S wave 66 15 96 10
p wave | 61 40 33
d wave 1 4 3 41
f wave — — < 0.5 16

Eichmann, CF, Sanchis-Alepuz, PRD 94 (2016) [1607.05748]
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Strange baryon spectrum: DSE-RL (preliminary !)

2.0 - 22-
m % A(1890) o
1.8 'J A(1810) "l A(1800) W ! 2.0
' A(1690) i ] o _
. [-l A(1600) ¢ A(1670) - (1690) e ™ -(1820)
L B
i 1.6
1.4 — A(1405) | == =(1530)
: 1.4 1
12- P == £(1320)
= A(1115) ] =
+ 1~ 3+ 3—
1+ 1— : 1 1 3 3
5 5 2 2 2 2
""" 22-I
| | e e 2.8
2.0- L o o i l
R | E 24 B ceinor . o 0(2380)?
8- = = 4- ;
18‘ M ‘e Z(1750) - L} 0(2250)?
77, %(1660) £(1670) :
1.6 P 20-
] — 1 qag
1'4_ == Z(1385) 6. == (1672) = g
PDG **
1.2 === 5(1190) E o s
| = P127 77 PDG **++
1+ 1- 3+ 3~ 1F - 3+ 3”7
2 2 2 2 2 2 2 2

Eichmann, CF, Few Body Syst. 60 (2019) no.l, 2
CF, Eichmann PoS Hadron 2017 (2018) 007
Sanchis-Alepuz, CF, PRD 90 (2014) 096001
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Strange baryon spectrum: DSE-RL (preliminary !)

2.0 2.2
m % A(1890) pm o
1.8 4 'J A(1810) "l A(1800) [ ! 2.0
' A(1690) i = )
o [-l A(1600) A(1670) - (1690) s = (1820
/' m | — A(1520) i ]
1.6 1
47 = (1530)
1.4
12- S = £(1320)
= A(1115) ] =
+ 1~ 3+ 3—
1+ 1— : 1 1 3 3
5 5 2 2 2 2
""" 22-I
| | e e 2.8
2.0 L o o i l
R | E 24 B ceinor . o 0(2380)?
8- = = 4- _
18‘ n ‘e £(1750) - L] 0(2250)?
77, %(1660) £(1670) :
1.6 - L 20
" == £(1385) - 0(1672) =
| PDG **
1.2 === 5(1190) E o s
| = P127 77 PDG **++
1+ 1- 3+ 3~ 1F - 3+ 3”7
2 2 2 2 2 2 2 2

Eichmann, CF, Few Body Syst. 60 (2019) no.l, 2
CF, Eichmann PoS Hadron 2017 (2018) 007
Sanchis-Alepuz, CF, PRD 90 (2014) 096001
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Strange baryon spectrum: DSE-RL (preliminary !)

2.0 - e 2.2-
- % A(1890) gy ]
18 77 A(1810) |.| A(1800) ! 20 =
Wl P e =g Ao, = ez
/' m — A(1520) i
1.6 1
1.4 - - %(1530)
1.4
1.2 S = £(1320)
— A(1115) a2 T
1t 1- 3+ 3~
% + %— %‘ 2 2 2 2
""" 22_"I
2.8 1
200 B4 0 BA WA l
. ¥(1880) = ! £(1940) - l 0(2470)? - — I
. = = Z(1750) = = Q(2250)?
77} 1(1660) £(1670) :
1.6 i 2.04
. = 5135) N Q(1672) E' g
PDG **
1.2 4 R 2(1190) PDG ***
— 1.2 4 777777 PDG ****
. Eichmann, CF, Few Body Syst. 60 (2019) no.l, 2
New states: Bonn-Gatchina (talk of M. Matveev at N*2019) CF. Eichmann PoS Hadron 2017 (2018) 007

Sanchis-Alepuz, CF, PRD 90 (2014) 09600
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Strange baryon spectrum: DSE-RL (preliminary !)

2.2 4

2.0

1.8 4

1.6 -

1.4

1.2 1

...........................................................................................................................................................................................................................

2.0 1

1.8 4

1.6

1.4

1.2

K

. A1890)
7} Ats10) gl aqily / | |
[-l A(1600) . .-
iy — A(1520)

¥(1880) B £(1940)
- =
= ‘e Z(1750) -
7] ¥(1660) £(1670)
== 7(1385)
e £(1190)
—
1t 1~ 3+ 3~
2 2 2 2

2.2

2.0+

1.8

1.6 1

1.4 1

1.2 1

2.8 -

2.4 -

2.0 1

1.6

1.2 -

l 0(2470)?

N =

New states: Bonn-Gatchina (talk of M. Matveev at N*2019)

== 5(1530)

L]
s ()(2250)?

Q(1672)

— 3+
2

N =

L]
= z(1820)

§_
2

= 0(2380)?
[ aqaq
B gdq

PDG **
3
2

Eichmann, CF, Few Body Syst. 60 (2019) no.l, 2
CF, Eichmann PoS Hadron 2017 (2018) 007
Sanchis-Alepuz, CF, PRD 90 (2014) 096001
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Strange baryon spectrum: DSE-RL (preliminary !)

2.2 4

2.0

1.8 4

1.6 -

1.4

1.2 1

2.0 1

1.8 4

1.6

1.4

1.2

2.2
7 A(1810) |.| A(1RG ™ 20 -
A(1 E m
l-l A(1600) - - (1690) 1.8 - == £(1820)
4 — A(1520) |
1.6 1
== =(1530)
1.4
P = £(1320)
= A(1115) a2
+ 1~ 3+ 3—
1+ 1~ 3— 1 1 3 3
5 5 ) 2 2 2 2
2.8- l I
(1ga0) B 2090909 [ >
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Strange baryon spectrum: DSE-RL (preliminary !)
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Strange baryon spectrum: DSE-RL (preliminary !)
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Strange baryon spectrum: DSE-RL (preliminary !)
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Overview

| .Bound states in the quark model
® Construction
® Assets, shortcomings and how to do better

2.Properties of QCD and correlation functions
® Dynamical chiral symmetry breaking

® Correlation functions and Dyson-Schwinger equations (DSEs)
® The quark DSE

3.Mesons
® The pion Bethe-Salpeter equation (BSE): Goldstone bosons, GMOR and all that...
® Spectra: light and charm

4.Exotic mesons
® Confinement and glueballs
® Four-quark states

5.Baryons
® Spectra: light and strange

6.Form factors
® Meson form factors
® Baryon form factors
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Extracting spectra from correlators

02 , X3 —a—] —< V3

—-m,

x; < (G |y, > X2 “_> """""" <_<_ Yz DSE/BSE
X1 -+ Vg X1 —a— —— )

e B , §> .......... (} Lattice

BSE for baryons (derived from equation of motion for G)
__ _/ -
D-20-30+-1D+BD
_ Y | ,,
“mm - -

® exact equation for baryon ‘wave function’
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Extracting form factors from correlators

2
x3 — —= y3 2 ’ x3 — Z — = y3
Pi —F—miz
x; = (4 —< )2 > X2 -<—>"" ""<_“ Y2 DSE/BSE

e D, i x§>---<§.f-<}y Lattice

Form factor from BSEs (derived from equation of motion for G and ‘gauging’)

- @D CZD - CD - CED

® exact equation for baryon form factors
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Physics from form factors |

4 F(Q)
timelike: not spacelike:
ete” — NN accessible e"N —e N
o

charge,
magnetic moment,...

_ e
—4M2 O B Q2
e e
e 3 @
M
et < Di pf
Q = (0,0,0,2/¢% + M?) Q = (0,0,4,0)
p’L:(O7O7Q7_\/q2—|—M2) pz: (0707 _q/27 \/q2_|_M2)
ps = (0,0,q,/q% + M?2) py = (0,0,q/2,v/q? + M?)
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Physics from form factors |l

o Example plon electromagnetlc form factor
,« ju (pz;pf) (p’t _I_ pf)uF(Q ) Charge radius

with F(QZ) = F(0) — %QQ 4.

electric charge

® Example: nucleon electromagnetic form factor

QQ + ... electric charge

FZ(QQ) _ FQ(O) 1 QQ T charge radii

anomalous magnetic moment

Christian S. Fischer (University of Gie3en, HFHF) Hadron physics with functional methods 96 / 104



Currents coupling to quarks

Exact equation for any vertex in QCD coupling a colorless current
to a quark-antiquark pair:

-

® ‘inhomogenuous’ Bethe-Salpeter equation
® contains meson poles for on-shell total momenta Q° = —m%g
® physics content determined by quantum numbers

e.g. vector-quark-antiquark vertex contains vector meson poles
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Quark-photon vertex and dynamical vector mesons

Basis:

9= 3+ (6 > e e 1e.k.ek)

—> |2 elements

TH(k, Q) =T (k,Q) + = > ALY+ Y T

i=1,4 i=1,8
gauge part
‘Ball-Chiu’
Ball and Chiu, PRD 22 (1980) 2542.
WTIL: QTH(k,Q) =S ' (k+Q/2) — S~ (k- Q/2) v
dynamically generated v
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Quark-photon vertex and pion form factors

Pion form factor:
L B

Q2 '
Ball-Chiu
_AM?2 0 + transverse Q 2

Amendolis et al,
Ackermann ecal.
Brauel et al,
Tudevosyun et al.
Hom et al.
Barkov et al.
—— DSE calculaton

000000

| cf. proof of
. Goldstone |
i theorem |

IE Q)
|

]0' —

Krassnigg, Schladming 201 |; Maris, Tandy NPPS 161, 2006

Vector meson poles dynamically generated!
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Quark-photon vertex and pion form factors

Pion form factor:
L B

Q2 '
Ball-Chiu
_AM?2 0 + transverse Q 2

L} I L I LI I LI L l rr 7 I rr Tt I LI |

excluded region Amendolia et al.
Ackermann ecal.
Brauel et al,
Tudevosyun et al.
Hom et al.
Barkov et al.
—— DSE calculaton

000000

| cf. proof of
. Goldstone |
i theorem |

IE Q)
|

]0' —

Krassnigg, Schladming 201 |; Maris, Tandy NPPS 161, 2006

Vector meson poles dynamically generated!
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Nucleon form factors and magnetic moments

1.0 ' ' ' ' ' ' ' ' ' I ' 0.10
P 2 ¥ Crawford n 2 ¥ Geis
08 r GE (Q ) 3 Ron n 0.08 GE (Q ) 4 Passchier, Herberg,
I \ E Zhan | I Zhu, Bermuth, Warren
\ % Paolone I Glazier
06 r | T 0.06 4 Plaster/Madey

\ 74 P j b.
i A\ LE it | | %ﬁ}§ 1 Riordan
04 - 0.04 ¢ E

0.2 + 002 | A
00 L—t 000 bt e
0 1 2 3 0 1 2 3 4 5 6
Q?/M? Q2 / M?
3 2
I n ¥ Anderson
|G (@) A
2 % Lachniet
4 Lung
1 + Rock
1
0 - 0 -
0 1 2 3 0 1 2 3
QZ/MZ QZ/MZ
o missing pion cloud effects Eichmann, PRD 84 (201 1)
® similar for axial form factors Eichmann and CF, EP] A48 (2012) 9
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Magnetic moments

Magnetic moments (p, n):

4

® missing pion cloud effects in isovector moment KY
® no pion cloud effects in isoscalar moment Ks

Eichmann, PRD 84 (201 1)

Christian S. Fischer (University of Gie3en, HFHF)

mz [GeV?]

Isovector (p-n), isoscalar (p+n):

5

4

3

Hadron physics with functional methods

mz [GeV?]

101/ 104



A-form factors

1.2 ; I ' I ' 4.0 : I ; I
1.0 - | ]
DSE/BSE Lattice
| Geo(Q?) a0 Gum1(Q%) —
08 | 1 - ] B qaq my [MeV]
06 . 20 - I . [ ] g-dq 4 691
_ . _ - | $ 509
04 |- x . - . I I % 384
I . ] ok i
$ 353
02 F & ¢ - i .
0.0 , L R Kl 0.0 1 1 Tt G gt gt g
0.0 0.5 1.0 1.5 0.0 0.5 1.0 15
Q*/Mj Q*/Mj
0.5 ; — ; ; 0.8 - : ; l : 5 - —
4t | -
) i “—
= T 371 Gm1(0) | T
[
4 \ 2 _: : -
k ! ‘
‘ T S
_ L Gms(0) |
1.5 o 2 | | ' 2 0 3 Ge2(0) |
-15 F * L _ | | ‘ ‘
GEZ(Q ) | _ GM3(Q ) i 1k E2 ‘ —
L | |
_2.0 N | : 1 . _0.8 L 1 N | . _2 | L 1 N 1 s 1 N 1 PR | .
0.0 0.5 1.0 1.5 0.0 0.5 1.0 15 0.0 0.1 0.2 0.3 0.4 0.5 0.6
Q*/Mj Q*/Mj m,Z [GeV?]

® may serve to distinguish between qqq and g-dq !

Sanchis-Alepuz, Williams, Alkofer, PRD87 (201 3)
Nicmorus, Eichmann, Alkofer, PRD82 (2010)
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Decays: prutand ANTT

10 7
" . 9pnn
8 | -]
‘A v
6 - f T \ 4 ; _____—La
® Goeckeler 08 | |
4 v Feng 09 _
¥ Feng "10
W Aoki ‘10
A Frison 10
2+ ¢ Lang 11 N
% Physical Point |
0 I I L | 1 | 1 | 1 0 . I | 1 \ 1
0 0.05 0.1 0.15 0.2 0.0 0.1 0.2 0.3

m7 [GeV?] mz [GeV?]
Mader, Eichmann, Blank, Krassnigg PRD84 (201 I)

® Decay constants approx. correct in rainbow-ladder
(although bound states have no width)

® Good agreement with lattice and experiment
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Decays: prutand ANTT
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o ETMC (Feng 11) :
0 | | | | 0 'n ! !
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2 2
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Mader, Eichmann, Blank, Krassnigg PRD84 (201 I)

® Decay constants approx. correct in rainbow-ladder
(although bound states have no width)

® Good agreement with lattice and experiment
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Summary: Hadron physics with functional methods

Main goals:

® one framework for all areas of hadron physics:
mesons, baryons, ‘exotic states’, form factors,
hadronic contributions to standard model

® access to DXSB, confinement,...

Main challenge:

® systematic control over error budget:
intrinsic + cp to other methods like lattice QCD

Main results:

® NOT high precision physics
® BUT competitive contributions in many areas of hadron physics
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