
Regge Theory

Vincent MATHIEU 

Universitat de Barcelona 

2023-2024 



2Crossing Symmetry

m
<latexit sha1_base64="hgrbGyfUs1b/Mr5+M32Ck4D9zmA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP1tuM9Q==</latexit>

All mesons having masss+ t+ u = 4m2
<latexit sha1_base64="xn3y0JgRtbimhds4w52VtUoTXfM=">AAAB8XicbVBNSwMxEM36WetX1aOXYBGEQtmtBb0IRS8eK9gPbNeSTbNtaJJdklmhLP0XXjwo4tV/481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRjdTv/XEtOGRuodxzHxJBoqHnBKw0oMpQSm5qsrHSq9QdMvuDHiZeBkpogz1XuGr249oIpkCKogxHc +NwU+JBk4Fm+S7iWExoSMyYB1LFZHM+Ons4gk+tUofh5G2pQDP1N8TKZHGjGVgOyWBoVn0puJ/XieB8NJPuYoTYIrOF4WJwBDh6fu4zzWjIMaWEKq5vRXTIdGEgg0pb0PwFl9eJs1K2TsvV+6qxdp1FkcOHaMTdIY8dIFq6BbVUQNRpNAzekVvjnFenHfnY9664mQzR+gPnM8fSW+QAg==</latexit>

A(s, t)
<latexit sha1_base64="It/UewimU3GIjfIbeUp6WtTpuf0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6sVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDv1W09UaSbFgxnH1I/wQLCQEWys1Lwu6zNz2iuW3Io7A1omXkZKkKHeK351+5IkERWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LBY6o9tPZtRN0YpU+CqWyJQyaqb8nUhxpPY4C2xlhM9SL3lT8z+skJrzyUybixFBB5ovChCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMGG4C2+vEya1Yp3XqneX5RqN1kceTiCYyiDB5dQgzuoQwMIPMIzvMKbI50X5935mLfmnGzmEP7A+fwBbHqOXw==</latexit>

⇡0
<latexit sha1_base64="UhlIgb57gK6Dxr/v066kdjbPK6w=">AAAB7HicdVBNS8NAEN34WetX1aOXxSJ4Cps2mHorevFYwbSFNpbNdtMu3WzC7kYoob/BiwdFvPqDvPlv3LQVVPTBwOO9GWbmhSlnSiP0Ya2srq1vbJa2yts7u3v7lYPDtkoySahPEp7IbogV5UxQXzPNaTeVFMchp51wclX4nXsqFUvErZ6mNIjxSLCIEayN5PdTdocGlSqyvTryGi5ENjpv1LyLgrgucjzo2GiOKliiNai894cJyWIqNOFYqZ6DUh3kWGpGOJ2V+5miKSYTPKI9QwWOqQry+bEzeGqUIYwSaUpoOFe/T+Q4Vmoah6YzxnqsfnuF+JfXy3TUCHIm0kxTQRaLooxDncDiczhkkhLNp4ZgIpm5FZIxlphok0/ZhPD1KfyftGu2U7drN261ebmMowSOwQk4Aw7wQBNcgxbwAQEMPIAn8GwJ69F6sV4XrSvWcuYI/ID19gnkro7A</latexit>

⌘
<latexit sha1_base64="XTopKmksOLoqoNrcb5LsP+GOGGs=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4GjLt4NRd0Y3LCvYB7VAyadqGJpkhyQhl6C+4caGIW3/InX9jpq2gogcuHM65l3vviRLOtEHowymsrW9sbhW3Szu7e/sH5cOjto5TRWiLxDxW3QhrypmkLcMMp91EUSwiTjvR9Dr3O/dUaRbLOzNLaCjwWLIRI9jkUp8aPChXkBvUUFD3IXLRRb0aXObE95EXQM9FC1TACs1B+b0/jEkqqDSEY617HkpMmGFlGOF0XuqnmiaYTPGY9iyVWFAdZotb5/DMKkM4ipUtaeBC/T6RYaH1TES2U2Az0b+9XPzL66VmVA8zJpPUUEmWi0YphyaG+eNwyBQlhs8swUQxeyskE6wwMTaekg3h61P4P2lXXa/mVm/9SuNqFUcRnIBTcA48EIAGuAFN0AIETMADeALPjnAenRfnddlacFYzx+AHnLdPefKOiQ==</latexit>

K�
<latexit sha1_base64="EP9n+rBVlXEHnZdaXs6W1DMX2fY=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4cci0g1N3RTeCm4r2Ae1YMmnahmYyQ5IRytBPcONCEbd+kTv/xkxbQUUPXDiccy/33hPEnCmN0IeVW1peWV3Lrxc2Nre2d4q7e00VJZLQBol4JNsBVpQzQRuaaU7bsaQ4DDhtBeOLzG/dU6lYJG71JKZ+iIeCDRjB2kg3V3cnvWIJ2V4FeVUXIhudVsveWUZcFzkedGw0QwksUO8V37v9iCQhFZpwrFTHQbH2Uyw1I5xOC91E0RiTMR7SjqECh1T56ezUKTwySh8OImlKaDhTv0+kOFRqEgamM8R6pH57mfiX10n0oOqnTMSJpoLMFw0SDnUEs79hn0lKNJ8Ygolk5lZIRlhiok06BRPC16fwf9Is207FLl+7pdr5Io48OACH4Bg4wAM1cAnqoAEIGIIH8ASeLW49Wi/W67w1Zy1m9sEPWG+fMJ2Nvw==</latexit>

K+
<latexit sha1_base64="zD0oy06g2+57u2HFa4IvR3uQgLI=">AAAB6nicdVDLSgMxFM3UV62vqks3wSIIwpBpB6fuim4ENxXtA9qxZNK0Dc1khiQjlKGf4MaFIm79Inf+jZm2gooeuHA4517uvSeIOVMaoQ8rt7S8srqWXy9sbG5t7xR395oqSiShDRLxSLYDrChngjY005y2Y0lxGHDaCsYXmd+6p1KxSNzqSUz9EA8FGzCCtZFuru5OesUSsr0K8qouRDY6rZa9s4y4LnI86NhohhJYoN4rvnf7EUlCKjThWKmOg2Ltp1hqRjidFrqJojEmYzykHUMFDqny09mpU3hklD4cRNKU0HCmfp9IcajUJAxMZ4j1SP32MvEvr5PoQdVPmYgTTQWZLxokHOoIZn/DPpOUaD4xBBPJzK2QjLDERJt0CiaEr0/h/6RZtp2KXb52S7XzRRx5cAAOwTFwgAdq4BLUQQMQMAQP4Ak8W9x6tF6s13lrzlrM7IMfsN4+AS2Vjb0=</latexit>

t
<latexit sha1_base64="btWuKJH9/rrCxCKL5tGKBdwWU5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ipp16reRbXWvKzUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4XeM/A==</latexit>

s
<latexit sha1_base64="8r6dWOvdyfgmPOHEanDSQrmgcis=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3/OM+w==</latexit>

⇡0K+ ! K+⌘
<latexit sha1_base64="PaECl6S0S/OhzbD2vMNOftfG6Jk=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyyCIAyZdnDqruhGcFPBPqAzLZk0bUMzD5KMUGoX/oobF4q49Tfc+Tdm2goqeiDkcM693HtPkHAmFUIfxsLi0vLKam4tv76xubVt7uzWZZwKQmsk5rFoBlhSziJaU0xx2kwExWHAaSMYXmR+45YKyeLoRo0S6oe4H7EeI1hpqWPuewlrI3jVPoGeimc/VbhjFpDllpBbdiCy0Gm56J5lxHGQ7ULbQlMUwBzVjvnudWOShjRShGMpWzZKlD/GQjHC6STvpZImmAxxn7Y0jXBIpT+e7j+BR1rpwl4s9IsUnKrfO8Y4lHIUBroyxGogf3uZ+JfXSlWv7I9ZlKSKRmQ2qJdyqC/NwoBdJihRfKQJJoLpXSEZYIGJ0pHldQhfl8L/Sb1o2SWreO0UKufzOHLgAByCY2ADF1TAJaiCGiDgDjyAJ/Bs3BuPxovxOitdMOY9e+AHjLdPpImUmA==</latexit>

⇡0K� ! K�⌘
<latexit sha1_base64="Ph3BxOXXGFC66yWDBzOqXP9uYXA=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyyCG4dMOzh1V3QjuKlgH9CZlkyatqGZB0lGKLULf8WNC0Xc+hvu/BszbQUVPRByOOde7r0nSDiTCqEPY2FxaXllNbeWX9/Y3No2d3brMk4FoTUS81g0AywpZxGtKaY4bSaC4jDgtBEMLzK/cUuFZHF0o0YJ9UPcj1iPEay01DH3vYS1Ebxqn0BPxbOfKtwxC8hyS8gtOxBZ6LRcdM8y4jjIdqFtoSkKYI5qx3z3ujFJQxopwrGULRslyh9joRjhdJL3UkkTTIa4T1uaRjik0h9P95/AI610YS8W+kUKTtXvHWMcSjkKA10ZYjWQv71M/MtrpapX9scsSlJFIzIb1Es51JdmYcAuE5QoPtIEE8H0rpAMsMBE6cjyOoSvS+H/pF607JJVvHYKlfN5HDlwAA7BMbCBCyrgElRBDRBwBx7AE3g27o1H48V4nZUuGPOePfADxtsnqr2UnA==</latexit> ⇡0⌘ ! K�K+

<latexit sha1_base64="z6/f6cSgVuDVUd2gxKmCd00AxTA=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2ARBHHItMWpu6IbwU0F+4DOtGTSTBuaeZBkhFK78FfcuFDErb/hzr8xfQgqeuDC4Zx7ufceP+FMKoQ+jMzC4tLySnY1t7a+sbllbu/UZZwKQmsk5rFo+lhSziJaU0xx2kwExaHPacMfXEz8xi0VksXRjRom1AtxL2IBI1hpqWPuuQlrI+hShaGrYnjVPtF13DHzyHKKyCmXILLQabngnE1IqYRsB9oWmiIP5qh2zHe3G5M0pJEiHEvZslGivBEWihFOxzk3lTTBZIB7tKVphEMqvdH0/jE81EoXBrHQFSk4Vb9PjHAo5TD0dWeIVV/+9ibiX14rVUHZG7EoSRWNyGxRkHKoH52EAbtMUKL4UBNMBNO3QtLHAhOlI8vpEL4+hf+TesGyi1bhupSvnM/jyIJ9cACOgA0cUAGXoApqgIA78ACewLNxbzwaL8brrDVjzGd2wQ8Yb5+tapSa</latexit>

A(s > 4m2, t < 0)
<latexit sha1_base64="SfX7g3UppPrsM8v/eW/10CNZm7o=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQQcpMLehCpOrGZQX7gHYsmTTThiaZIckoZeynuHGhiFu/xJ1/Y9rOQlsPXDiccy/33uNHjCrtON9WZml5ZXUtu57b2Nza3rHzuw0VxhKTOg5ZKFs+UoRRQeqaakZakSSI+4w0/eH1xG8+EKloKO70KCIeR31BA4qRNlLXzl8WFbyAFX5fhscanjtHXbvglJwp4CJxU1IAKWpd+6vTC3HMidCYIaXarhNpL0FSU8zIONeJFYkQHqI+aRsqECfKS6anj+GhUXowCKUpoeFU/T2RIK7UiPumkyM9UPPeRPzPa8c6OPMSKqJYE4Fni4KYQR3CSQ6wRyXBmo0MQVhScyvEAyQR1iatnAnBnX95kTTKJfekVL6tFKpXaRxZsA8OQBG44BRUwQ2ogTrA4BE8g1fwZj1ZL9a79TFrzVjpzB74A+vzByqKkVk=</latexit>

A(s < 0, t > 4m2)
<latexit sha1_base64="r/RCzVXaziJotVNRDsYE6eyer50=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpSkFvQgUvXisYL9gDaWzXbbLt1Nwu6mUEL/iRcPinj1n3jz37htc9DWBwOP92aYmedHnCntON9WZmV1bX0ju5nb2t7Z3bP3D+oqjCWhNRLyUDZ9rChnAa1ppjltRpJi4XPa8Id3U78xolKxMHjU44h6AvcD1mMEayN1bPumoNCVg840ui6Lp9Jpx847RWcGtEzclOQhRbVjf7W7IYkFDTThWKmW60TaS7DUjHA6ybVjRSNMhrhPW4YGWFDlJbPLJ+jEKF3UC6WpQKOZ+nsiwUKpsfBNp8B6oBa9qfif14p179JLWBDFmgZkvqgXc6RDNI0BdZmkRPOxIZhIZm5FZIAlJtqElTMhuIsvL5N6qeieF0sP5XzlNo0jC0dwDAVw4QIqcA9VqAGBETzDK7xZifVivVsf89aMlc4cwh9Ynz/QEpEv</latexit>

A(u > 4m2, s < 0)
<latexit sha1_base64="D76MS5Fe/wVyyKGGOJp02MysCX4=">AAAB+3icbVDLSgNBEOz1GeNrjUcvg0GIIGE3BvQgEvXiMYJ5QLKG2clsMmRmd5mZFcOSX/HiQRGv/og3/8bJ46CJBQ1FVTfdXX7MmdKO820tLa+srq1nNrKbW9s7u/Zerq6iRBJaIxGPZNPHinIW0ppmmtNmLCkWPqcNf3Az9huPVCoWhfd6GFNP4F7IAkawNlLHzl0VEnSJykg8lNCJQhfOccfOO0VnArRI3BnJwwzVjv3V7kYkETTUhGOlWq4Tay/FUjPC6SjbThSNMRngHm0ZGmJBlZdObh+hI6N0URBJU6FGE/X3RIqFUkPhm06BdV/Ne2PxP6+V6ODcS1kYJ5qGZLooSDjSERoHgbpMUqL50BBMJDO3ItLHEhNt4sqaENz5lxdJvVR0T4ulu3K+cj2LIwMHcAgFcOEMKnALVagBgSd4hld4s0bWi/VufUxbl6zZzD78gfX5A4SZkYQ=</latexit>



3

�(s)
<latexit sha1_base64="NGSUTiVcTLKdj/wQpGMcMr7FAqk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySD2YaU1/gkWQhI9hY6bGv2Ujgqj4flCtuzZ0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7wDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhtZ8yGSeGSrJYFCYcmQhl36MhU5QYPrUEE8XsrYiMscLE2IxKNgRv+eVV0q7XvIta/f6y0rjJ4yjCCZxCFTy4ggbcQRNaQEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AT21kAk=</latexit>

Im s
<latexit sha1_base64="SD9Uik03hlSF1oYw6Ug1k/5rCcQ=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoRW8RzAOSJcxOZpMh81hmesWw5DO8eFDEq1/jzb9xkuxBEwsaiqpuuruiRHALvv/trayurW9sFraK2zu7e/ulg8Om1amhrEG10KYdEcsEV6wBHARrJ4YRGQnWikY3U7/1yIzlWj3AOGGhJAPFY04JOKnTBfYE2Z3EE9srlf2KPwNeJkFOyihHvVf66vY1TSVTQAWxthP4CYQZMcCpYJNiN7UsIXREBqzjqCKS2TCbnTzBp07p41gbVwrwTP09kRFp7VhGrlMSGNpFbyr+53VSiK/CjKskBabofFGcCgwaT//HfW4YBTF2hFDD3a2YDokhFFxKRRdCsPjyMmlWK8F5pXp/Ua5d53EU0DE6QWcoQJeohm5RHTUQRRo9o1f05oH34r17H/PWFS+fOUJ/4H3+AF5MkU4=</latexit>

Re s
<latexit sha1_base64="xOLDNjehh2/3OkCK3FGh4NYpz/U=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGK/YA2lM120i7dbMLuRCyhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkY3U7/1CNqIWD3gOAE/YgMlQsEZWqnTRXjC7B7oxPRKZbfizkCXiZeTMslR75W+uv2YpxEo5JIZ0/HcBP2MaRRcwqTYTQ0kjI/YADqWKhaB8bPZyRN6apU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDK/8TKgkRVB8vihMJcWYTv+nfaGBoxxbwrgW9lbKh0wzjjalog3BW3x5mTSrFe+8Ur27KNeu8zgK5JickDPikUtSI7ekThqEk5g8k1fy5qDz4rw7H/PWFSefOSJ/4Hz+AF/ckU8=</latexit>

Data

Analyticity

t� vr > 0
<latexit sha1_base64="xXs8qtBaOFAO1eZCzCZjS26jd2I=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHajoCcJevEYwTwwWcLsZDYZMju7zPQGQshfePGgiFf/xpt/4yTZgyYWNBRV3XR3BYkUBl3321lZXVvf2Mxt5bd3dvf2CweHdROnmvEai2WsmwE1XArFayhQ8maiOY0CyRvB4G7qN4ZcGxGrRxwl3I9oT4lQMIpWesJzMiSa3BC3Uyi6JXcGsky8jBQhQ7VT+Gp3Y5ZGXCGT1JiW5yboj6lGwSSf5Nup4QllA9rjLUsVjbjxx7OLJ+TUKl0SxtqWQjJTf0+MaWTMKApsZ0Sxbxa9qfif10oxvPbHQiUpcsXmi8JUEozJ9H3SFZozlCNLKNPC3kpYn2rK0IaUtyF4iy8vk3q55F2Uyg+XxcptFkcOjuEEzsCDK6jAPVShBgwUPMMrvDnGeXHenY9564qTzRzBHzifP0cej1k=</latexit>

causality:

Im Elab > 0
<latexit sha1_base64="fSgnaH+v9PqPGVX3bqboKWoisLU=">AAACBHicbVDLSsNAFJ34rPUVddnNYCm4KkkVdCVFEXRXwT6gDWEynbRDJw9mbsQSsnDjr7hxoYhbP8Kdf+O0zUJbD1w4c869zL3HiwVXYFnfxtLyyuraemGjuLm1vbNr7u23VJRIypo0EpHseEQxwUPWBA6CdWLJSOAJ1vZGlxO/fc+k4lF4B+OYOQEZhNznlICWXLPUA/YA6U2AM3zlzh6CeBk+x5Zrlq2qNQVeJHZOyihHwzW/ev2IJgELgQqiVNe2YnBSIoFTwbJiL1EsJnREBqyraUgCppx0ekSGK1rpYz+SukLAU/X3REoCpcaBXq0SEBiqeW8i/ud1E/DPnJSHcQIspLOP/ERgiPAkEdznklEQY00IlVzviumQSEJB51bUIdjzJy+SVq1qH1drtyfl+kUeRwGV0CE6QjY6RXV0jRqoiSh6RM/oFb0ZT8aL8W58zFqXjHzmAP2B8fkDl3aXZg==</latexit>

Analyticity in upper half-plane

Crossing symmetry implies analyticity in lower half-plane

Only allowed singularities are on the real axis

s
<latexit sha1_base64="8r6dWOvdyfgmPOHEanDSQrmgcis=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3/OM+w==</latexit>

Bound state

right hand cut (RHC)left hand cut (LHC)

Re s
<latexit sha1_base64="xOLDNjehh2/3OkCK3FGh4NYpz/U=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGK/YA2lM120i7dbMLuRCyhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkY3U7/1CNqIWD3gOAE/YgMlQsEZWqnTRXjC7B7oxPRKZbfizkCXiZeTMslR75W+uv2YpxEo5JIZ0/HcBP2MaRRcwqTYTQ0kjI/YADqWKhaB8bPZyRN6apU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDK/8TKgkRVB8vihMJcWYTv+nfaGBoxxbwrgW9lbKh0wzjjalog3BW3x5mTSrFe+8Ur27KNeu8zgK5JickDPikUtSI7ekThqEk5g8k1fy5qDz4rw7H/PWFSefOSJ/4Hz+AF/ckU8=</latexit>

Im s
<latexit sha1_base64="SD9Uik03hlSF1oYw6Ug1k/5rCcQ=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoRW8RzAOSJcxOZpMh81hmesWw5DO8eFDEq1/jzb9xkuxBEwsaiqpuuruiRHALvv/trayurW9sFraK2zu7e/ulg8Om1amhrEG10KYdEcsEV6wBHARrJ4YRGQnWikY3U7/1yIzlWj3AOGGhJAPFY04JOKnTBfYE2Z3EE9srlf2KPwNeJkFOyihHvVf66vY1TSVTQAWxthP4CYQZMcCpYJNiN7UsIXREBqzjqCKS2TCbnTzBp07p41gbVwrwTP09kRFp7VhGrlMSGNpFbyr+53VSiK/CjKskBabofFGcCgwaT//HfW4YBTF2hFDD3a2YDokhFFxKRRdCsPjyMmlWK8F5pXp/Ua5d53EU0DE6QWcoQJeohm5RHTUQRRo9o1f05oH34r17H/PWFS+fOUJ/4H3+AF5MkU4=</latexit>

�(Elab) = Im

Z
d3r

Z 1

p
r2
dteiElab(t�vr)f(r)

<latexit sha1_base64="Qdjmou7+hQ5DoTP0pFHoNFQoDmw="></latexit>
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SS† = 1
S = 1 + iT

Conservation of probability
T � T † = iTT †

<latexit sha1_base64="MyaLBwZeT/iR3lHOeFLYJ+ikV1c=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWwY0lqYJuhKIblxXSC7SxTCaTdujkwsxEqKH4Km5cKOLW93Dn2zhts9DWHwY+/nMO58zvJZxJZVnfRmFpeWV1rbhe2tjc2t4xd/eaMk4FoQ0S81i0PSwpZxFtKKY4bSeC4tDjtOUNbyb11gMVksWRo0YJdUPcj1jACFba6pkHzqlz3/VxH10hhpwZ98yyVbGmQotg51CGXPWe+dX1Y5KGNFKEYyk7tpUoN8NCMcLpuNRNJU0wGeI+7WiMcEilm02vH6Nj7fgoiIV+kUJT9/dEhkMpR6GnO0OsBnK+NjH/q3VSFVy6GYuSVNGIzBYFKUcqRpMokM8EJYqPNGAimL4VkQEWmCgdWEmHYM9/eRGa1Yp9VqnenZdr13kcRTiEIzgBGy6gBrdQhwYQeIRneIU348l4Md6Nj1lrwchn9uGPjM8fMoqTxg==</latexit>

Unitarity

Im s
<latexit sha1_base64="SD9Uik03hlSF1oYw6Ug1k/5rCcQ=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoRW8RzAOSJcxOZpMh81hmesWw5DO8eFDEq1/jzb9xkuxBEwsaiqpuuruiRHALvv/trayurW9sFraK2zu7e/ulg8Om1amhrEG10KYdEcsEV6wBHARrJ4YRGQnWikY3U7/1yIzlWj3AOGGhJAPFY04JOKnTBfYE2Z3EE9srlf2KPwNeJkFOyihHvVf66vY1TSVTQAWxthP4CYQZMcCpYJNiN7UsIXREBqzjqCKS2TCbnTzBp07p41gbVwrwTP09kRFp7VhGrlMSGNpFbyr+53VSiK/CjKskBabofFGcCgwaT//HfW4YBTF2hFDD3a2YDokhFFxKRRdCsPjyMmlWK8F5pXp/Ua5d53EU0DE6QWcoQJeohm5RHTUQRRo9o1f05oH34r17H/PWFS+fOUJ/4H3+AF5MkU4=</latexit>

Re s
<latexit sha1_base64="xOLDNjehh2/3OkCK3FGh4NYpz/U=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGK/YA2lM120i7dbMLuRCyhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkY3U7/1CNqIWD3gOAE/YgMlQsEZWqnTRXjC7B7oxPRKZbfizkCXiZeTMslR75W+uv2YpxEo5JIZ0/HcBP2MaRRcwqTYTQ0kjI/YADqWKhaB8bPZyRN6apU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDK/8TKgkRVB8vihMJcWYTv+nfaGBoxxbwrgW9lbKh0wzjjalog3BW3x5mTSrFe+8Ur27KNeu8zgK5JickDPikUtSI7ekThqEk5g8k1fy5qDz4rw7H/PWFSefOSJ/4Hz+AF/ckU8=</latexit>

Data

t`(s)
<latexit sha1_base64="b8Xb3SBEAbfpuWgnR1KqtTvyRuQ=">AAAB8HicbVDLSgNBEJyNrxhfUY9eFoMQL2E3CnoMevEYwTwkWcLspDcZMjO7zPQKIeQrvHhQxKuf482/cZLsQRMLGoqqbrq7wkRwg5737eTW1jc2t/LbhZ3dvf2D4uFR08SpZtBgsYh1O6QGBFfQQI4C2okGKkMBrXB0O/NbT6ANj9UDjhMIJB0oHnFG0UqP2OuCEGVz3iuWvIo3h7tK/IyUSIZ6r/jV7ccslaCQCWpMx/cSDCZUI2cCpoVuaiChbEQH0LFUUQkmmMwPnrpnVum7UaxtKXTn6u+JCZXGjGVoOyXFoVn2ZuJ/XifF6DqYcJWkCIotFkWpcDF2Z9+7fa6BoRhbQpnm9laXDammDG1GBRuCv/zyKmlWK/5FpXp/WardZHHkyQk5JWXikytSI3ekThqEEUmeySt5c7Tz4rw7H4vWnJPNHJM/cD5/ADwqkAg=</latexit>

PW diagonalizes unitarity

Phase space (for real s)

(for real s)

⇢(s) /
p
1� 4m2/s ✓(s� 4m2)

t`(s+ i✏)� t`(s� i✏) = i⇢(s)t`(s+ i✏)t`(s� i✏)
<latexit sha1_base64="TbBG+KPkY+OBmOkb0IFl42sNKDQ=">AAACR3icbZBLSwMxFIUz9VXrq+rSTbAILdIyUwXdCEU3LivYB3RqyaS3NjSTDElGKKX/zo1bd/4FNy4UcWn6ELXthcDhO/eQ5AQRZ9q47ouTWFpeWV1Lrqc2Nre2d9K7e1UtY0WhQiWXqh4QDZwJqBhmONQjBSQMONSC3tXIrz2A0kyKW9OPoBmSe8E6jBJjUSt9Z1o+cJ7Vx8yHSDMuRS6Pf2D+F2J8gRn2VVdmdQ4vSC0MtdIZt+COB88LbyoyaDrlVvrZb0sahyAM5UTrhudGpjkgyjDKYZjyYw0RoT1yDw0rBQlBNwfjHob4yJI27khljzB4TP8mBiTUuh8GdjMkpqtnvRFc5DVi0zlvDpiIYgOCTi7qxBwbiUel4jZTQA3vW0GoYvatmHaJItTY6lO2BG/2y/OiWix4J4XizWmmdDmtI4kO0CHKIg+doRK6RmVUQRQ9olf0jj6cJ+fN+XS+JqsJZ5rZR/8m4XwDsZuwBA==</latexit>

s
<latexit sha1_base64="8r6dWOvdyfgmPOHEanDSQrmgcis=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3/OM+w==</latexit>

Bound state

right hand cut (RHC)left hand cut (LHC)

Re s
<latexit sha1_base64="xOLDNjehh2/3OkCK3FGh4NYpz/U=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGK/YA2lM120i7dbMLuRCyhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkY3U7/1CNqIWD3gOAE/YgMlQsEZWqnTRXjC7B7oxPRKZbfizkCXiZeTMslR75W+uv2YpxEo5JIZ0/HcBP2MaRRcwqTYTQ0kjI/YADqWKhaB8bPZyRN6apU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDK/8TKgkRVB8vihMJcWYTv+nfaGBoxxbwrgW9lbKh0wzjjalog3BW3x5mTSrFe+8Ur27KNeu8zgK5JickDPikUtSI7ekThqEk5g8k1fy5qDz4rw7H/PWFSefOSJ/4Hz+AF/ckU8=</latexit>

Im s
<latexit sha1_base64="SD9Uik03hlSF1oYw6Ug1k/5rCcQ=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoRW8RzAOSJcxOZpMh81hmesWw5DO8eFDEq1/jzb9xkuxBEwsaiqpuuruiRHALvv/trayurW9sFraK2zu7e/ulg8Om1amhrEG10KYdEcsEV6wBHARrJ4YRGQnWikY3U7/1yIzlWj3AOGGhJAPFY04JOKnTBfYE2Z3EE9srlf2KPwNeJkFOyihHvVf66vY1TSVTQAWxthP4CYQZMcCpYJNiN7UsIXREBqzjqCKS2TCbnTzBp07p41gbVwrwTP09kRFp7VhGrlMSGNpFbyr+53VSiK/CjKskBabofFGcCgwaT//HfW4YBTF2hFDD3a2YDokhFFxKRRdCsPjyMmlWK8F5pXp/Ua5d53EU0DE6QWcoQJeohm5RHTUQRRo9o1f05oH34r17H/PWFS+fOUJ/4H3+AF5MkU4=</latexit>

⇡0K+ ! K+⌘
<latexit sha1_base64="PaECl6S0S/OhzbD2vMNOftfG6Jk=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyyCIAyZdnDqruhGcFPBPqAzLZk0bUMzD5KMUGoX/oobF4q49Tfc+Tdm2goqeiDkcM693HtPkHAmFUIfxsLi0vLKam4tv76xubVt7uzWZZwKQmsk5rFoBlhSziJaU0xx2kwExWHAaSMYXmR+45YKyeLoRo0S6oe4H7EeI1hpqWPuewlrI3jVPoGeimc/VbhjFpDllpBbdiCy0Gm56J5lxHGQ7ULbQlMUwBzVjvnudWOShjRShGMpWzZKlD/GQjHC6STvpZImmAxxn7Y0jXBIpT+e7j+BR1rpwl4s9IsUnKrfO8Y4lHIUBroyxGogf3uZ+JfXSlWv7I9ZlKSKRmQ2qJdyqC/NwoBdJihRfKQJJoLpXSEZYIGJ0pHldQhfl8L/Sb1o2SWreO0UKufzOHLgAByCY2ADF1TAJaiCGiDgDjyAJ/Bs3BuPxovxOitdMOY9e+AHjLdPpImUmA==</latexit>

⇡0K� ! K�⌘
<latexit sha1_base64="Ph3BxOXXGFC66yWDBzOqXP9uYXA=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyyCG4dMOzh1V3QjuKlgH9CZlkyatqGZB0lGKLULf8WNC0Xc+hvu/BszbQUVPRByOOde7r0nSDiTCqEPY2FxaXllNbeWX9/Y3No2d3brMk4FoTUS81g0AywpZxGtKaY4bSaC4jDgtBEMLzK/cUuFZHF0o0YJ9UPcj1iPEay01DH3vYS1Ebxqn0BPxbOfKtwxC8hyS8gtOxBZ6LRcdM8y4jjIdqFtoSkKYI5qx3z3ujFJQxopwrGULRslyh9joRjhdJL3UkkTTIa4T1uaRjik0h9P95/AI610YS8W+kUKTtXvHWMcSjkKA10ZYjWQv71M/MtrpapX9scsSlJFIzIb1Es51JdmYcAuE5QoPtIEE8H0rpAMsMBE6cjyOoSvS+H/pF607JJVvHYKlfN5HDlwAA7BMbCBCyrgElRBDRBwBx7AE3g27o1H48V4nZUuGPOePfADxtsnqr2UnA==</latexit> ⇡0⌘ ! K�K+

<latexit sha1_base64="z6/f6cSgVuDVUd2gxKmCd00AxTA=">AAAB/3icdVDLSgMxFM3UV62vUcGNm2ARBHHItMWpu6IbwU0F+4DOtGTSTBuaeZBkhFK78FfcuFDErb/hzr8xfQgqeuDC4Zx7ufceP+FMKoQ+jMzC4tLySnY1t7a+sbllbu/UZZwKQmsk5rFo+lhSziJaU0xx2kwExaHPacMfXEz8xi0VksXRjRom1AtxL2IBI1hpqWPuuQlrI+hShaGrYnjVPtF13DHzyHKKyCmXILLQabngnE1IqYRsB9oWmiIP5qh2zHe3G5M0pJEiHEvZslGivBEWihFOxzk3lTTBZIB7tKVphEMqvdH0/jE81EoXBrHQFSk4Vb9PjHAo5TD0dWeIVV/+9ibiX14rVUHZG7EoSRWNyGxRkHKoH52EAbtMUKL4UBNMBNO3QtLHAhOlI8vpEL4+hf+TesGyi1bhupSvnM/jyIJ9cACOgA0cUAGXoApqgIA78ACewLNxbzwaL8brrDVjzGd2wQ8Yb5+tapSa</latexit>

A(s > 4m2, t < 0)
<latexit sha1_base64="SfX7g3UppPrsM8v/eW/10CNZm7o=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQQcpMLehCpOrGZQX7gHYsmTTThiaZIckoZeynuHGhiFu/xJ1/Y9rOQlsPXDiccy/33uNHjCrtON9WZml5ZXUtu57b2Nza3rHzuw0VxhKTOg5ZKFs+UoRRQeqaakZakSSI+4w0/eH1xG8+EKloKO70KCIeR31BA4qRNlLXzl8WFbyAFX5fhscanjtHXbvglJwp4CJxU1IAKWpd+6vTC3HMidCYIaXarhNpL0FSU8zIONeJFYkQHqI+aRsqECfKS6anj+GhUXowCKUpoeFU/T2RIK7UiPumkyM9UPPeRPzPa8c6OPMSKqJYE4Fni4KYQR3CSQ6wRyXBmo0MQVhScyvEAyQR1iatnAnBnX95kTTKJfekVL6tFKpXaRxZsA8OQBG44BRUwQ2ogTrA4BE8g1fwZj1ZL9a79TFrzVjpzB74A+vzByqKkVk=</latexit>

A(s < 0, t > 4m2)
<latexit sha1_base64="r/RCzVXaziJotVNRDsYE6eyer50=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpSkFvQgUvXisYL9gDaWzXbbLt1Nwu6mUEL/iRcPinj1n3jz37htc9DWBwOP92aYmedHnCntON9WZmV1bX0ju5nb2t7Z3bP3D+oqjCWhNRLyUDZ9rChnAa1ppjltRpJi4XPa8Id3U78xolKxMHjU44h6AvcD1mMEayN1bPumoNCVg840ui6Lp9Jpx847RWcGtEzclOQhRbVjf7W7IYkFDTThWKmW60TaS7DUjHA6ybVjRSNMhrhPW4YGWFDlJbPLJ+jEKF3UC6WpQKOZ+nsiwUKpsfBNp8B6oBa9qfif14p179JLWBDFmgZkvqgXc6RDNI0BdZmkRPOxIZhIZm5FZIAlJtqElTMhuIsvL5N6qeieF0sP5XzlNo0jC0dwDAVw4QIqcA9VqAGBETzDK7xZifVivVsf89aMlc4cwh9Ynz/QEpEv</latexit>

A(u > 4m2, s < 0)
<latexit sha1_base64="D76MS5Fe/wVyyKGGOJp02MysCX4=">AAAB+3icbVDLSgNBEOz1GeNrjUcvg0GIIGE3BvQgEvXiMYJ5QLKG2clsMmRmd5mZFcOSX/HiQRGv/og3/8bJ46CJBQ1FVTfdXX7MmdKO820tLa+srq1nNrKbW9s7u/Zerq6iRBJaIxGPZNPHinIW0ppmmtNmLCkWPqcNf3Az9huPVCoWhfd6GFNP4F7IAkawNlLHzl0VEnSJykg8lNCJQhfOccfOO0VnArRI3BnJwwzVjv3V7kYkETTUhGOlWq4Tay/FUjPC6SjbThSNMRngHm0ZGmJBlZdObh+hI6N0URBJU6FGE/X3RIqFUkPhm06BdV/Ne2PxP6+V6ODcS1kYJ5qGZLooSDjSERoHgbpMUqL50BBMJDO3ItLHEhNt4sqaENz5lxdJvVR0T4ulu3K+cj2LIwMHcAgFcOEMKnALVagBgSd4hld4s0bWi/VufUxbl6zZzD78gfX5A4SZkYQ=</latexit>

s+ t+ u = 4m2
<latexit sha1_base64="xn3y0JgRtbimhds4w52VtUoTXfM=">AAAB8XicbVBNSwMxEM36WetX1aOXYBGEQtmtBb0IRS8eK9gPbNeSTbNtaJJdklmhLP0XXjwo4tV/481/Y9ruQVsfDDzem2FmXhALbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DRRoilr0EhEuh0QwwRXrAEcBGvHmhEZCNYKRjdTv/XEtOGRuodxzHxJBoqHnBKw0oMpQSm5qsrHSq9QdMvuDHiZeBkpogz1XuGr249oIpkCKogxHc+NwU+JBk4Fm+S7iWExoSMyYB1LFZHM+Ons4gk+tUofh5G2pQDP1N8TKZHGjGVgOyWBoVn0puJ/XieB8NJPuYoTYIrOF4WJwBDh6fu4zzWjIMaWEKq5vRXTIdGEgg0pb0PwFl9eJs1K2TsvV+6qxdp1FkcOHaMTdIY8dIFq6BbVUQNRpNAzekVvjnFenHfnY9664mQzR+gPnM8fSW+QAg==</latexit>

LHC from u-channel unitarity and PW projection
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SS† = 1
S = 1 + iT

Conservation of probability
T � T † = iTT †

<latexit sha1_base64="MyaLBwZeT/iR3lHOeFLYJ+ikV1c=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWwY0lqYJuhKIblxXSC7SxTCaTdujkwsxEqKH4Km5cKOLW93Dn2zhts9DWHwY+/nMO58zvJZxJZVnfRmFpeWV1rbhe2tjc2t4xd/eaMk4FoQ0S81i0PSwpZxFtKKY4bSeC4tDjtOUNbyb11gMVksWRo0YJdUPcj1jACFba6pkHzqlz3/VxH10hhpwZ98yyVbGmQotg51CGXPWe+dX1Y5KGNFKEYyk7tpUoN8NCMcLpuNRNJU0wGeI+7WiMcEilm02vH6Nj7fgoiIV+kUJT9/dEhkMpR6GnO0OsBnK+NjH/q3VSFVy6GYuSVNGIzBYFKUcqRpMokM8EJYqPNGAimL4VkQEWmCgdWEmHYM9/eRGa1Yp9VqnenZdr13kcRTiEIzgBGy6gBrdQhwYQeIRneIU348l4Md6Nj1lrwchn9uGPjM8fMoqTxg==</latexit>

Unitarity

Im s
<latexit sha1_base64="SD9Uik03hlSF1oYw6Ug1k/5rCcQ=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoRW8RzAOSJcxOZpMh81hmesWw5DO8eFDEq1/jzb9xkuxBEwsaiqpuuruiRHALvv/trayurW9sFraK2zu7e/ulg8Om1amhrEG10KYdEcsEV6wBHARrJ4YRGQnWikY3U7/1yIzlWj3AOGGhJAPFY04JOKnTBfYE2Z3EE9srlf2KPwNeJkFOyihHvVf66vY1TSVTQAWxthP4CYQZMcCpYJNiN7UsIXREBqzjqCKS2TCbnTzBp07p41gbVwrwTP09kRFp7VhGrlMSGNpFbyr+53VSiK/CjKskBabofFGcCgwaT//HfW4YBTF2hFDD3a2YDokhFFxKRRdCsPjyMmlWK8F5pXp/Ua5d53EU0DE6QWcoQJeohm5RHTUQRRo9o1f05oH34r17H/PWFS+fOUJ/4H3+AF5MkU4=</latexit>

Re s
<latexit sha1_base64="xOLDNjehh2/3OkCK3FGh4NYpz/U=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGK/YA2lM120i7dbMLuRCyhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkY3U7/1CNqIWD3gOAE/YgMlQsEZWqnTRXjC7B7oxPRKZbfizkCXiZeTMslR75W+uv2YpxEo5JIZ0/HcBP2MaRRcwqTYTQ0kjI/YADqWKhaB8bPZyRN6apU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDK/8TKgkRVB8vihMJcWYTv+nfaGBoxxbwrgW9lbKh0wzjjalog3BW3x5mTSrFe+8Ur27KNeu8zgK5JickDPikUtSI7ekThqEk5g8k1fy5qDz4rw7H/PWFSefOSJ/4Hz+AF/ckU8=</latexit>

Data

t`(s)
<latexit sha1_base64="b8Xb3SBEAbfpuWgnR1KqtTvyRuQ=">AAAB8HicbVDLSgNBEJyNrxhfUY9eFoMQL2E3CnoMevEYwTwkWcLspDcZMjO7zPQKIeQrvHhQxKuf482/cZLsQRMLGoqqbrq7wkRwg5737eTW1jc2t/LbhZ3dvf2D4uFR08SpZtBgsYh1O6QGBFfQQI4C2okGKkMBrXB0O/NbT6ANj9UDjhMIJB0oHnFG0UqP2OuCEGVz3iuWvIo3h7tK/IyUSIZ6r/jV7ccslaCQCWpMx/cSDCZUI2cCpoVuaiChbEQH0LFUUQkmmMwPnrpnVum7UaxtKXTn6u+JCZXGjGVoOyXFoVn2ZuJ/XifF6DqYcJWkCIotFkWpcDF2Z9+7fa6BoRhbQpnm9laXDammDG1GBRuCv/zyKmlWK/5FpXp/WardZHHkyQk5JWXikytSI3ekThqEEUmeySt5c7Tz4rw7H4vWnJPNHJM/cD5/ADwqkAg=</latexit>

Exploring sheet II

sheet II

sheet I

There will be pole(s) on sheet II

tII` (s+ i✏) =
t`(s� i✏)

1� i⇢(s)t`(s� i✏)
=

1

t�1
` (s� i✏)� i⇢(s)

<latexit sha1_base64="fDVYNPEUyxUmFmQ7ByipZtnhFx0="></latexit>

PW diagonalizes unitarity (for real s)t`(s+ i✏)� t`(s� i✏) = i⇢(s)t`(s+ i✏)t`(s� i✏)
<latexit sha1_base64="TbBG+KPkY+OBmOkb0IFl42sNKDQ=">AAACR3icbZBLSwMxFIUz9VXrq+rSTbAILdIyUwXdCEU3LivYB3RqyaS3NjSTDElGKKX/zo1bd/4FNy4UcWn6ELXthcDhO/eQ5AQRZ9q47ouTWFpeWV1Lrqc2Nre2d9K7e1UtY0WhQiWXqh4QDZwJqBhmONQjBSQMONSC3tXIrz2A0kyKW9OPoBmSe8E6jBJjUSt9Z1o+cJ7Vx8yHSDMuRS6Pf2D+F2J8gRn2VVdmdQ4vSC0MtdIZt+COB88LbyoyaDrlVvrZb0sahyAM5UTrhudGpjkgyjDKYZjyYw0RoT1yDw0rBQlBNwfjHob4yJI27khljzB4TP8mBiTUuh8GdjMkpqtnvRFc5DVi0zlvDpiIYgOCTi7qxBwbiUel4jZTQA3vW0GoYvatmHaJItTY6lO2BG/2y/OiWix4J4XizWmmdDmtI4kO0CHKIg+doRK6RmVUQRQ9olf0jj6cJ+fN+XS+JqsJZ5rZR/8m4XwDsZuwBA==</latexit>

tI(s+ i✏) = tII(s� i✏) =
<latexit sha1_base64="sMn22YlKhXLslM8s1HUNm/d2FC4=">AAACEnicbVDJSgNBEO2JW4zbqEcvjUFIEMNMFPQSCHoxtwhmgWz0dDpJk56eobtGCEO+wYu/4sWDIl49efNv7CyHGH1Q8Hiviqp6Xii4Bsf5thIrq2vrG8nN1Nb2zu6evX9Q1UGkKKvQQASq7hHNBJesAhwEq4eKEd8TrOYNbyZ+7YEpzQN5D6OQtXzSl7zHKQEjdewstEsZfcpxk4Wai0BmcQFDOy6Vxhl9tiAXOnbayTlT4L/EnZM0mqPcsb+a3YBGPpNABdG64TohtGKigFPBxqlmpFlI6JD0WcNQSXymW/H0pTE+MUoX9wJlSgKeqosTMfG1Hvme6fQJDPSyNxH/8xoR9K5aMZdhBEzS2aJeJDAEeJIP7nLFKIiRIYQqbm7FdEAUoWBSTJkQ3OWX/5JqPuee5/J3F+ni9TyOJDpCxyiDXHSJiugWlVEFUfSIntErerOerBfr3fqYtSas+cwh+gXr8wd3rJwY</latexit>



Im s
<latexit sha1_base64="SD9Uik03hlSF1oYw6Ug1k/5rCcQ=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoRW8RzAOSJcxOZpMh81hmesWw5DO8eFDEq1/jzb9xkuxBEwsaiqpuuruiRHALvv/trayurW9sFraK2zu7e/ulg8Om1amhrEG10KYdEcsEV6wBHARrJ4YRGQnWikY3U7/1yIzlWj3AOGGhJAPFY04JOKnTBfYE2Z3EE9srlf2KPwNeJkFOyihHvVf66vY1TSVTQAWxthP4CYQZMcCpYJNiN7UsIXREBqzjqCKS2TCbnTzBp07p41gbVwrwTP09kRFp7VhGrlMSGNpFbyr+53VSiK/CjKskBabofFGcCgwaT//HfW4YBTF2hFDD3a2YDokhFFxKRRdCsPjyMmlWK8F5pXp/Ua5d53EU0DE6QWcoQJeohm5RHTUQRRo9o1f05oH34r17H/PWFS+fOUJ/4H3+AF5MkU4=</latexit>

Re s
<latexit sha1_base64="xOLDNjehh2/3OkCK3FGh4NYpz/U=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGK/YA2lM120i7dbMLuRCyhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkY3U7/1CNqIWD3gOAE/YgMlQsEZWqnTRXjC7B7oxPRKZbfizkCXiZeTMslR75W+uv2YpxEo5JIZ0/HcBP2MaRRcwqTYTQ0kjI/YADqWKhaB8bPZyRN6apU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDK/8TKgkRVB8vihMJcWYTv+nfaGBoxxbwrgW9lbKh0wzjjalog3BW3x5mTSrFe+8Ur27KNeu8zgK5JickDPikUtSI7ekThqEk5g8k1fy5qDz4rw7H/PWFSefOSJ/4Hz+AF/ckU8=</latexit>

t`(s)
<latexit sha1_base64="b8Xb3SBEAbfpuWgnR1KqtTvyRuQ=">AAAB8HicbVDLSgNBEJyNrxhfUY9eFoMQL2E3CnoMevEYwTwkWcLspDcZMjO7zPQKIeQrvHhQxKuf482/cZLsQRMLGoqqbrq7wkRwg5737eTW1jc2t/LbhZ3dvf2D4uFR08SpZtBgsYh1O6QGBFfQQI4C2okGKkMBrXB0O/NbT6ANj9UDjhMIJB0oHnFG0UqP2OuCEGVz3iuWvIo3h7tK/IyUSIZ6r/jV7ccslaCQCWpMx/cSDCZUI2cCpoVuaiChbEQH0LFUUQkmmMwPnrpnVum7UaxtKXTn6u+JCZXGjGVoOyXFoVn2ZuJ/XifF6DqYcJWkCIotFkWpcDF2Z9+7fa6BoRhbQpnm9laXDammDG1GBRuCv/zyKmlWK/5FpXp/WardZHHkyQk5JWXikytSI3ekThqEEUmeySt5c7Tz4rw7H4vWnJPNHJM/cD5/ADwqkAg=</latexit>
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There is no left hand cut

Unitarity
PW diagonalizes unitarity

�t`(s) = 2i⇢(s)|t`(s)|2 Im t�1
` (s) = �⇢(s)

real

t`(s± i✏) =
1

K(s)⌥ i⇢(s)

On the real axis:

(for real s)t`(s+ i✏)� t`(s� i✏) = i⇢(s)t`(s+ i✏)t`(s� i✏)
<latexit sha1_base64="TbBG+KPkY+OBmOkb0IFl42sNKDQ=">AAACR3icbZBLSwMxFIUz9VXrq+rSTbAILdIyUwXdCEU3LivYB3RqyaS3NjSTDElGKKX/zo1bd/4FNy4UcWn6ELXthcDhO/eQ5AQRZ9q47ouTWFpeWV1Lrqc2Nre2d9K7e1UtY0WhQiWXqh4QDZwJqBhmONQjBSQMONSC3tXIrz2A0kyKW9OPoBmSe8E6jBJjUSt9Z1o+cJ7Vx8yHSDMuRS6Pf2D+F2J8gRn2VVdmdQ4vSC0MtdIZt+COB88LbyoyaDrlVvrZb0sahyAM5UTrhudGpjkgyjDKYZjyYw0RoT1yDw0rBQlBNwfjHob4yJI27khljzB4TP8mBiTUuh8GdjMkpqtnvRFc5DVi0zlvDpiIYgOCTi7qxBwbiUel4jZTQA3vW0GoYvatmHaJItTY6lO2BG/2y/OiWix4J4XizWmmdDmtI4kO0CHKIg+doRK6RmVUQRQ9olf0jj6cJ+fN+XS+JqsJZ5rZR/8m4XwDsZuwBA==</latexit>

K(s) =
m2 � s

m�
example  
ok with analyticity:

on sheet II: tII(s) =
m�

m2 � s� i⇢(s)m�
<latexit sha1_base64="L3hdseRQfiPHVOHwuWIEjD2p5xk=">AAACHnicbVDNSgMxGMzWv1r/Vj16CRahHlp2q6IXoehBe6tgW6G7Ldk024Ymu0uSFcrSJ/Hiq3jxoIjgSd/GbFtEWwcCw8x8fPnGixiVyrK+jMzC4tLySnY1t7a+sbllbu80ZBgLTOo4ZKG485AkjAakrqhi5C4SBHGPkaY3uEz95j0RkobBrRpGxOWoF1CfYqS01DFPVDupVkcFeQjPoeMLhBMOnSvEORolvF0uyiKFjuiHaeLH6Zh5q2SNAeeJPSV5MEWtY3443RDHnAQKMyRly7Yi5SZIKIoZGeWcWJII4QHqkZamAeJEusn4vBE80EoX+qHQL1BwrP6eSBCXcsg9neRI9eWsl4r/ea1Y+WduQoMoViTAk0V+zKAKYdoV7FJBsGJDTRAWVP8V4j7SHSndaE6XYM+ePE8a5ZJ9VCrfHOcrF9M6smAP7IMCsMEpqIBrUAN1gMEDeAIv4NV4NJ6NN+N9Es0Y05ld8AfG5zdIkaC6</latexit>

sheet II

sheet I

tII` (s) =
1

K(s)� i⇢(s)
<latexit sha1_base64="dq4YgKMUIhNX0+Dbmj8yz0OEHHs="></latexit>

t`(s) =
1

K(s) + i⇢(s)
<latexit sha1_base64="yxzlI7YK9wEAqvanK1iyKEcZtQk="></latexit>

t`(s) =
1

K(s)� i⇢(s)
<latexit sha1_base64="aFHnCMghZbmyLgLaDBWTITxe2O8="></latexit>



7Unitarity

(inelastic) unitarity ρ(s) =
1

16π
2q

s
≃

1
16π

Im tℓ(s) = ρ(s) | tℓ(s) |2 + Δℓ

Im tℓ(s) ≥
1

16π
| tℓ(s) |2 ≥

1
16π

| Im tℓ(s) |2

Optical theorem:

σtot(s) ≃
1
s

Im A(s, t = 0)

≃
1
s ∑

ℓ

(2ℓ + 1)Im tℓ(s)Pℓ(1)

≤
8π
s ∑

ℓ

(2ℓ + 1) ≃
16π

s
ℓ2

max

Im tℓ(s) ≤ 16πBound on partial waves
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σ(s) ≃
16π

s
ℓ2

max ≡ πρ2
0

Classical picture:  
cross section means transverse area

Radius of interaction ρ0(s) ≃
2ℓmax

s
=

ℓmax

kc

Radius of interac3on

Partial wave expansion converges 
up to the -channel singularityt A(s, z) = ∑

ℓ

(2ℓ + 1)aℓ(s)Pℓ(z)

That is up to z0 = 1 +
2t0

s − 4m2
> 1 For which Pℓ(z0) ∼ eℓ

2 t0
s = e

ℓ
r0kc

So the partial waves must behave as aℓ(s) ∼ e− ℓ
r0kc
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Froissart-Mar3n bound

Assume that at high energy |A(s, t) | ≤ sN(t)

Unitary tells us that |A(s, t) | ≤ 16π
ℓmax

∑
ℓ=0

(2ℓ + 1) |Pℓ(z) |

Makes sense up to t = t0 |A(s, t) | ≤ ℓmaxe
ℓmax
r0kc ≃ sN1 N1 = N(t = t0)

σ(s) ≃
16π

s
ℓ2

max ∝ log2(s)So the cross section grows max as

log(ℓmax) +
ℓmax

r0kc
= N1 log s

ℓmax(s) ≃
N1

r0
s log s kc = s /2
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f(ℓmax, z) =
ℓmax

∑
ℓ=0

(2ℓ + 1)Pℓ(z)

ℓmax = 2,3,4,5

High Energy Physics

Assume constant partial waves

Legendre Polynomials interfere,  
Except in the forward direction

ℓmax = 6,7,8,9,10
At high energy, most of the physics 
is concentrated in the forward direction



11

Mandelstam plane and variables

s = (p1 + p2)2 = (p3 + p4)2

t = (p1 − p3)2 = (p2 − p4)2

u = (p1 − p4)2 = (p3 − p2)2

All 3 reactions are described by the same complex function A(s, t, u)

π−(1) π0(3)

p̄(2̄)n̄(4̄)

π−(1) π0(3)

n(4)p(2)
s{ t ↓ t ↓

π−(1) p̄(2̄)

n(4)π0(3̄)
s ↓t{ u{

There are only 2 independent Mandelstam variables, s + t + u = 4m2

All particles have same mass m
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Par3al waves decomposi3on

π−(1) π0(3)

n(4)p(2)
s{ t ↓

Consider the s-channel reaction
A(s, zs) =

∞

∑
ℓ=0

(2ℓ + 1)as
ℓ(s)Pℓ(zs)

zs = 1 +
2t

s − 4m2 s ≥ 4m2 4m2 − s ≤ t ≤ 0

Consider the t-channel reaction
A(t, zt) =

∞

∑
ℓ=0

(2ℓ + 1)at
ℓ(t)Pℓ(zt)

zt = 1 +
2s

t − 4m2 t ≥ 4m2 4m2 − t ≤ s ≤ 0

π−(1) p̄(2̄)

n(4)π0(3̄)
s ↓t{
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Par3al waves decomposi3on

π−(1) π0(3)

n(4)p(2)
s{ t ↓

The s-channel reaction at high energies is dominated by the t-channel poles

π−(1) π0(3)

n(4)p(2)

A(t, zt) =
∞

∑
ℓ=0

(2ℓ + 1)at
ℓ(t)Pℓ(zt)

The t-channel PW expansion doesn’t converge in the s-channel physical region

zt = 1 +
2s

t − 4m2

Need to analytically continue  for A(t, zt) t < 0, |zt | > 1
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Sommerfeld-Watson transforma3on

A(t, zt) =
∞

∑
ℓ=0

(2ℓ + 1)at
ℓ(t)Pℓ(zt) =

1
2i ∮

dℓ
sin πℓ

(2ℓ + 1)at(ℓ, t)Pℓ(−zt)

Write the sum as a contour integration

We need to define  for complex values of at(ℓ, t) ℓ

Then we will deform the contour
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Froissard-Gribov Representa3on

A(t, zt) =
∞

∑
ℓ=0

(2ℓ + 1)at
ℓ(t)Pℓ(zt)

Naive definition of the partial wave

at(ℓ, t) =
1
2 ∫

1

−1
A(t, zt)Pℓ(zt)dzt

 will diverge for  and for A(t, zt) s > 4m2 u > 4m2

zt = 1 +
2s

t − 4m2

The series converges for  fixed, if t |zt | < 1

= − 1 −
2u

t − 4m2

zt

−1 +1
z0(t) = 1 +

8m2

t − 4m2
−z0(t)

A(t, zt) =
1
π ∫

∞

z0(t)
dz′ 

DsA(t, zt[s])
z′ − zt

+
1
π ∫

−z0(t)

−∞
dz′ 

DuA(t, zt[u])
z′ − zt
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Froissard-Gribov Representa3on

Definition of the partial wave at(ℓ, t) =
1
2 ∫

1

−1
A(t, zt)Pℓ(zt)dzt

A(t, zt) =
1
π ∫

∞

z0(t)

DsA(t, zt[s])
z′ − zt

dz′ +
1
π ∫

∞

z0(t)

DuA(t, − zt[u])
z′ + zt

dz′ 

Dispersive representation of the amplitude for fixed t

Obtenemos the Froissard-Gribov representation of the partial waves

at(ℓ, t) =
1
π ∫

∞

z0(t)
DsA(t, zt[s]) Qℓ(z′ ) dz′ −

1
π ∫

∞

z0(t)
DuA(t, − zt[u]) Qℓ(−z′ ) dz′ 

The discontinuities are

DsA(t, zt[s]) =
1
2i [A(t, zt[s + iϵ]) − A(t, zt[s − iϵ])]

Qℓ(z) =
1
2 ∫

1

−1

Pℓ(z′ )
z′ − z

dz
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Signature

at(ℓ, t) =
1
π ∫

∞

z0(t)
DsA(t, zt[s]) Qℓ(z′ ) dz′ −

1
π ∫

∞

z0(t)
DuA(t, − zt[u]) Qℓ(−z′ ) dz′ 

Qℓ(−z) = (−1)ℓ+1Qℓ(z)The second term causes problem

We can only analytically continue the P.W. for either even or either odd ℓ

at
±(ℓ, t) =

1
π ∫

∞

z0(t)
[DsA(t, zt[s]) ± DuA(t, − zt[u])] Qℓ(z′ ) dz′ 

a b

ab
VE

a a

bb
VD

a a

bb
= +V

V = VD + (−1)ℓVE
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Trajectory quantum numbers (only mesons)

Isospin I

G-parity , the parity of the pion numberG

Naturality of the spin, η = P(−1)J

Signature of the spin, τ = (−1)J
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Par3al waves decomposi3on

p1

p3̄

p2̄

p4

t

at
ℓ(t) =

g2
ℓ

m2
ℓ − t

≡
β

ℓ − α(t)

α(t) = ℓ + α′ (t − m2
ℓ)

Say there is a common pole in every wave

Consider the t-channel reaction
A(t, zt) =

∞

∑
ℓ=0

(2ℓ + 1)at
ℓ(t)Pℓ(zt)

zt = 1 +
2s

t − 42 t ≥ 4m2 4m2 − t ≤ s ≤ 0

π−(1) p̄(2̄)

n(4)π0(3̄)
s ↓t{
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A(t, zt) =
1
2i ∮

dℓ
sin πℓ

(2ℓ + 1)at(ℓ, t)Pℓ(−zt)

Regge Pole Formula

at
ℓ(t) =

β
ℓ − α(t)

zt = 1 +
2s

t − 4m2

A(t, zt) = β(t)
±1 + e−iπα(t)

2 sin πα(t)
(s/s0)α(t) + 𝒪(s−1/2)Restoring the signature factor

A(t, zt) = π[2α(t) + 1]β(t)
Pℓ(zt)

sin πα(t)
+

1
2i ∫

ℓ0+i∞

ℓ0−i∞

(2ℓ + 1)Pℓ(−z)
sin πℓ

at(ℓ, t)dℓ

Deforming the contour

A(t, zt) = β̃(t)
(s/s0)α(t)

sin πα(t)
+ 𝒪(s−1/2)Large energy limit

For the total cross section ImA(t, zt) = β(t)(s/s0)α(t)
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Legendre Polynomial

A(t, zt) = π[2α(t) + 1]β(t)
Pℓ(zt)

sin πα(t)
+

1
2i ∫

ℓ0+i∞

ℓ0−i∞

(2ℓ + 1)Pℓ(−z)
sin πℓ

at(ℓ, t)dℓ

Deforming the contour

A(t, zt) = β̃(t)
(s/s0)α(t)

sin πα(t)
+ 𝒪(s−1/2)Large energy limit

(1 − z2)P′ ′ ℓ(z) − 2zP′ ℓ(z) + ℓ(ℓ + 1)Pℓ(z) = 0Defined by

ℓ → − ℓ − 1Symmetry

P−ℓ−1(z) = Pℓ(z)

For , minimum for |z | > 1 ℓ = − 1/2
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Regge Pole Formula

A(s, t) = β(t)
±1 + e−iπα(t)

2 sin πα(t)
(s/s0)α(t) + 𝒪(s−1/2)Restoring the signature factor

For the total cross section ImA(s, t) = β(t)(s/s0)α(t)
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A(t, zt) = β(t)
±1 + e−iπα(t)

2 sin πα(t) ( s
s0 )

α(t)

Finite Energy Sum Rules

How to determine ?β(t)

ν = (s − u)/2

1
Λk ∫

Λ

0
ImA(ν, t)νkdν = −

1
Λk ∮CΛ

A(s, t)νk dν
2i

Write a contour integral with  largeΛ

1
Λk ∫

Λ

0
ImA(ν, t)νkdν =

β(t)Λα(t)+1

α(t) + k + 1

Applied the Regge formula for the circle 
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∫
Λ

0
ImA(ν, t)dν =

β(t)Λα(t)+1

α(t) + 1

Applied the Regge formula for the circle 

k = 0

Finite Energy Sum Rules
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Finite Energy Sum Rules
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Applica3on to photoproduc3on

Determine  from the low energy solutionβ(t)

Make prediction for the high energy region

From known leading trajectory α(t) = 0.9t + 0.5
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Applica3on to exo3c reac3on
No resonances in the s-channel

Average of low energy = average of high energy

= background = P + f2 − ρ

Two component duality:  
average of Pomeron = average of background  
average of Regge = average of resonance 

π+ π+

π+π+
ℙ + f2 − ρ

No resonance implies equality of Regge trajectories and residues

βππ
ρ (t)sαρ(t) = βππ

f2
(t)sαf2

(t)
Valid for some , for all s t

βππ
ρ (t) = βππ

f2
(t) And αρ(t) = αf2(t)

Repeat for kaons and get

βKK
ρ (t) = βKK

f2
(t) = βKK

a2
(t) = βKK

ω (t) And αρ(t) = αf2(t) = αω(t) = αa2
(t)
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Total cross sec3ons

σ(s) =
1
s [As1.08 + Bs0.5]
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The  trajectoryρ

π−
π0

np
ρ

dσ
dt

=
1
p2

L
|β(t)sα(t) |2

α(t) =
1
2

log
p2

L
dσ
dt

|a

p2
L

dσ
dt

|b

/log
sa

sb
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15 GeV

20 GeV

40 GeV

π−p → ηn

The  trajectorya2

π− η

np
a2

dσ
dt

=
1
s

|β(t)sα(t) |2
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K± K0/K̄0

p/nn /p
ρ ± a2

Aρ = β(t)(1 − e−iπα(t))(s/s0)α(t)

Kaon CEX

Aa2 = β(t)(1 + e−iπα(t))(s/s0)α(t)

EXD implies ,  and αρ(t) = αa2
(t) βKK

ρ (t) = βKK
a2

(t) βpn
ρ (t) = βpn

a2
(t)

Sum and difference are

A(a) = 2β(t)(s/s0)α(t)

A(a) = 2β(t)(s/s0)α(t) e−iπα(t)


