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Crossing Symmetry 2
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Analyticity 3

Im 8 ‘ 0-(8) U(Elab) :Im/dg,’,,/ dteiElab(t—’U'r')f(/r)
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Data

causality: ¢t — vr > (

Analyticity in upper half-plane Im Ej,;, > 0

Re s

Crossing symmetry implies analyticity in lower half-plane

Only allowed singularities are on the real axis
4 Im s S

left hand cut (LHC) right hand cut (RHC)
D —— O

\> Bound state
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Unitarity 4

Conservation of probability SST — 1

| T—T" =iTT"
S=1+1T
PW diagonalizes unitarity te(s+i€) —to(s —ie) = ip(s)te(s + i€)ty(s —i€)  (forreals)
Phase space (for real s) p(s) o< /1 —4m? /s (s — 4m?)
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A(u > 4m? s < 0) ‘ ’ A(s > 4m? t <0)

s+t 4+ u=4m?>

right hand cut (RHC)

Re s
LHC from u-channel unitarity and PW projection \, Bound state




Unitarity S

Conservation of probability SST — 1

| T —T" =iTT"
S=1+4+:T
PW diagonalizes unitarity to(s 4+ 1€) — to(s —1€) = ip(s)tye(s + i€)ty(s — i€)  (forreals)
Exploring sheet Il (s +ie) =t (s —ie) = be(s — ic) — !

1 —ip(s)te(s —ie)  t, ' (s —ie) —ip(s)

There will be pole(s) on sheet |l
Im s ‘ tﬁ(S)

sheet |

Data
S Re s



Unitarity ¢

PW diagonalizes unitarity te(s +i€) — to(s —i€) = ip(s)te(s + i€)te(s —i€)  (forreal s)
On the real axis: Aty(s) = 2ip(s)|te(s)|? Im t, ' (s) = —p(s)
2
te(s xie) = — example _m”—s
roal = K(s)F ip(s) ok with analyticity: K(s) mTI’
_ T, N ml’
on sheet II: i(s) = —5—— io(s)mL

There is no left hand cut



Unitarity

(inelastic) unitarity Imz,(s) = p(s) | 2,(s) |2 + A, p(s)
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Bound on partial waves ~ Imt,(s) < 167

Optical theorem:
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Radius of interaction

Classical picture: ol
cross section means transverse area |

167

o(s) ~ —12, = ﬂpg
S oo

max max

Radius of interaction py(s) =

Partial wave expansion converges
up to the 7-channel singularity Als,2) = Z (2 + Day(s)P(z)
4

2t0 2\/% £

> 1 For which PZ/ﬂ(ZO) ~ ez’ﬂ s = e'oke

Thatis up to Z0=1+ ™
s —4am

_
So the partial waves must behave as a,(s) ~ e 'k

\/E kc klcpo ] ¢



Froissart-Martin bound

Assume that at high energy | A(s, 1) | < sV®

fmax
Unitary tells us that |A(s, 1) | < 16%2 2+ 1)|P2)|
=0
Zmax N
Makes sense up to f = |A(Ss, )| £ C € 0~ 8™
log(Z..,.) + —— = N, log s
rOkc

L ax(S) = —L\/s log s
"0

167
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So the cross section grows max as  o(s) =~ —f ax

x log?(s)

= N(t = 1)

k. =1/s/2



High Energy Physics

Assume constant partial waves

4
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[ a2 = ) 2 + DP ()

=0

Legendre Polynomials interfere,
Except in the forward direction

At high energy, most of the physics
IS concentrated in the forward direction
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Mandelstam plane and variables

All 3 reactions are described by the same complex function A(s, ¢, u)
(1) 7°(3) (1) p2) z~(1)
X { U
p(2) n(4) °(3) n(4) n(4)
There are only 2 independent Mandelstam variables, s + 1+ u = 4m?

All particles have same mass m _ _
1+3 —»2+4

s=(py+p) = (D3 + py)*

t=(p; _P3)2 = (p, —p4)2

u=(p,—py*=(p3— p)*

7°(3)

p(2)




Partial waves decomposition

Consider the s-channel reaction
7~(1) 7°(3)
|
p2) n(4)

Consider the t-channel reaction

n(4)

7~ (1)
{
7(3)

A(s.z) = ) (20 + Daj(s)P(z,)
=0

At,z) = ) (2 + DalnPz,)
=0

4m? —s <1 <0

dm? —1<s <0



Partial waves decomposition

The s-channel reaction at high energies is dominated by the t-channel poles

7= (1) 7°(3) n‘(l)::z:: 7(3)
\) ![
{ p(2) n(4) p(2) n(4)

The t-channel PW expansion doesn’t converge in the s-channel physical region

28
t — 4m?

A(t.z) = ) (2 + DaknP(z,) L=1+
=0

Need to analytically continue A(z, z,) fort < 0,|z,| > 1



Sommerfeld-Watson transformation

Write the sum as a contour integration

21

At z) = Z(2f+ Day()P,(z,) = : ﬂg .df

=0

We need to define a’(Z, t) for complex values of £

Then we will deform the contour

sin

(27 + )a'(Z, )P, (—z,)




Froissard-Gribov Representation

Naive definition of the partial wave

00 1
Atz)= Y @+ DalWPAs)  a'(t.n) = %J At,2)PAz)dz,
=0 —1

The series converges for 1 fixed, if |z,| < 1

A(t, z,) will diverge for s > 4m? and for u > 4m?> 7
‘ [

q D, A(2, 7 ul)
Z =2z




Froissard-Gribov Representation

Dispersive representation of the amplitude for fixed ¢

IJ DA Zls)) 1[ DA = zfu))

A(ta Z) —
t /A 20() Z, + e

/
o T & n

The discontinuities are

|
DAL,z s]) = - [A(t, 2 s + i€]) — A,z [s — ie])

1 (!
Definition of the partial wave a'(Z,f) = 5,[ A(t, z,)P4(z,)dz,
-1

Obtenemos the Froissard-Gribov representation of the partial waves

a'(Z,1) = lj DA, z,[s]) Qx(2) dz’ — lJ D A, — z[u]) O (—z)dZ’

T T

Zo(2) Zo(1)




Signature

| | B
a'(Z,1) = ;J DA(t, z[s]) Qx(2) dz’" — —J D, A, — z[u]) O (—z)dZ’

Zo(2) 7 Zo(1)

The second term causes problem  Q,(—z) = (—=1)’*1Q,(z)

We can only analytically continue the P.W. for either even or either odd ¢

a,(Z,1) = lJ [DSA(t, z,ls]) £ D, A(z, — zt[u])] Q(z)dz’

Zo(1)

T




Trajectory quantum numbers (only mesons)

Isospin / i Vi
_ _ _ 0FF+ | f| 05+09t | 07—~ | f
G-parity G, the parity of the pion number 0t |w| 05+09t |07+ | @
17t | a | 04409 |[17" |a
| | ; 17—+ | p | 05+09t || 1++= | 5
Naturality of the spin, # = P(—1) 0T = [ [ 07t—m2) [ 07T | 7
0-—= | A | 0.7(t—m2) | 0=+ | R
| | ; 17t~ | 7 | 07(t—m2) | 17F | &
Signature of the spin, 7 = (—1) 1+ | b | 0.7(t —m2) | 17+ | b
6 6
5 6
4_ ..................................
3_ ...........................
2_ _
o p
1} 0o
v f
i O a
0O 2 4 6

Table 1: Regge Trajectories




Partial waves decomposition

Consider the t-channel reaction 00
At,z) = ) (26 + Dal(DPy(z,)

a=(1) p(2) #=0
t{ _ _q 28 5 5
71.0(3) n(4) 7 = +t—42 t > 4m dm -t <s <0
Say there is a common pole in every wave
D1 P>
6/ 6
[ — 5 b
pg p4 4t R AN U |
2 3t % ]
a,(t) = 8¢ P
mi;—t € —a(l) ol |
¢ p
1} 0o
v f
_ 10+ _ 1n2 . O a
a(t)y =7 +a'(t —m; 0, : : -




Regge Pole Formula

1

A(t, z,) ﬂE 4z 27 + Da'(¢,H)P(—z,)
s — a s —
“ 21 ) sinnl AT e

Deforming the contour

a'(¢,nd?

A(t, z) = 7[2a(8) + 115(0)—

P(z) + i rOHOO 22+ DP(—2)
sinza(t) 2

£o—ico sin

~  (8/55)*"

imi A(t, z,) = Pt + O(s~ '
Large energy limit (t,2,) ﬂ()sinym(t) (s77)

+1 + e—iﬂa(t)

Restoring the signature factor A(t, z,) = () —

/ a(t)_l_ ) —1/2
> sinracn S0 (57)

For the total cross section ImA(z, z,) = p()(s/ So)a(t)



Legendre Polynomial

Deforming the contour

£ytioo .
At,z) = a[2a(z) + 115() .Pf(zt) L J 2 + D)P(—2)

; a'(Z,nd?
sinza(t) 2i

sin

£o—ico
Large energy limit At z) = A1) ;S;i(::((; + O(s~'")
Defined by (1 - ZZ)P,}’(Z) —272PA2)+ (€ + 1)P,(2) =0
Symmetry ' > —F—1

P_,_1(2) = Py(2)

For |z| > 1, minimum forZ = — 1/2



Regge Pole Formula

+1 + 770
Restoring the signature factor A(s, 1) = p(1) - (s/so)“(’) + O(s~ %)
2 sin (1)

For the total cross section ImA(s, ) = ﬂ(;)(s/so)a(f)

® o(n'p - X)
® o(np-X)

Log;oPab



Finite Energy Sum Rules

+1 4 770 [ 0
How to determine [((7)? A(t, z,) = p(t)—
2 sin wa(t) 50

Write a contour integral with A large Im v v=(s—u)l2

1 [A 1 A
A A 2i

IB( t) Aa(t)+1

ImA®v, Hvfdy = ————
a(t) +k+1

23



Finite Energy Sum Rules

Applied the Regge formula for the circle

,B(Z) Aa(t)+1

ImA(v, H)dv =
a(t) + 1

80|
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Fin ite En e rgy S um R u Ie S PHYSICAL REVIEW D 92, 074004 (2015)

80} ' ' ' ' ]
I5¢ Im A" (v, t=0)
10} '
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Application to photoproduction EPL, 122 (2018) 41001

||||||||||||||||||||||

Determine f(¢) from the low energy solution 1000 yp - 71%p |

100+ * ° ¢

From known leading trajectory a(f) = 0.9¢ + 0.5 c.,

[a—
S
T
L)

~ alt) +k (4
Bi(t) = A(azt)+kA ImAzPWA(Vat)Vk dv,

dé/dt (ub/GeV?)

L]
® 6GeV(x10°) ¢
0.01¢ 2
® 9GeV (x109)
® 12GeV (x10%)
L

0.001- g 15GeV (x10°

Make prediction for the high energy region

Ai(v,t) = |i+tan Za(t)| Bi(t) v

2
da 3
dat -~ 32m [‘Al‘ _t'A‘*” g
2c(t)—2 <}
v S

=~ [1—|—tan 5 ()] [E%(t)—t54(t)]




Application to exotic reaction

No resonances in the s-channel

Tt Tt
Average of low energy = average of high energy
P+, —
L=p = background =P+f,—p
T Tt

Two component duality:
average of Pomeron = average of background
average of Regge = average of resonance

No resonance implies equality of Regge trajectories and residues

‘
ﬂ;””(t)sap(’) = ,szm(t)safz( ) Valid for some s, for all ¢

B = B And (1) = ap(0)

Repeat for kaons and get

By = pEE@) = pEE® = R0 And () = ap (1) = a, () = a, ()




Total cross sections

1
o(s) = — [Asl'o8 + BSO°5]
\)
Exch. P f 0 w a
pip. | 593 21.88 2.67 851  2.60
wtax~ | 3.65 9.78  5.37 - -
KTK~ | 3.17 4.58 2.62 3.01 4.34

o (mb)

Plab (GeV)

Plab (GeV)

Table 2: Regge exchanges for elastic scatterings

™=p | P+ f=£p

m=n | P+ fFp

K*fp |P+f+p+tatw

K*n |P+fFp-atw

pp P+ f+p+a+w (+ unnat)
pp P+ f—p+a—w (+ unnat)
pn P+ f—p—a+w (+ unnat)
pn P+ f+p—a—w (4 unnat)
60 60 |

> pp = pn
p pbar | @ pbarn

551
50r
45}

351 ..“liz__. s

10 10 10

Plab (GeV) Plab (GeV)



The p trajectory

do/dt (u b/GeV?)

——20.8 GeV x10° —X
-6 4 TTnsalT
10 |—40.8 GeV x10 o
64.4 GeV x102
1078 100.7 GeV x10°
150.2 GeV x1072
10 199.3 GeV x107*
10 :
0 0.5

-t (GeV?)
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10.4

0.0

—  a=049+094t
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—t(GeV?)
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The a, trajectory

T

do 1
Friale | f(£)s M|

P

$
-

do/dt (u b.GeV?)
o

}
] $
+<f

‘

——20.8GeV x10°
——40.8GeV x10*
1072| —64.4GeV x10°
100.7GeV x102 f
150.2GeV x10°
—a| —199.3GeV x10° . . . , , . ,
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

10

—

do/dt (u b.GeV?)

0 0.2 0.4 0.6 0.8 1



Kaon CEX

EXD implies a,(t) = a, (), ,BPKK(I) = ,Bch(t) and ﬁg”(t) = ﬁgj(r)

AP = B)(1 — e—ina(t))<S/SO>a(t)

A% = B(0)(1 + e™™D)(s/s,)

K* K%/ KY
pra,
nlp pln

Sum and difference are

A@ = Zﬁ(t)(s/so)a(t)

Ala) — Zﬂ(t)<S/SO>a(t) o~ ima(?)

a(1)

do/dt (u b/GeV?)

. K'n — K%
10 l
®
) Q@ @ o
6| 9
§ -]
T
i
2 ? N\_\%
10 R
\\ )
~@— O
) —
\—
10_2%
— 3 GeV x10* ¢
1074 — 4 GeV x102 | —
——6GeV x10°
——8.36 GeV x1072
107 ——12.8 GeV x107*
0 0.5 1

do/dt (u b/GeV?)

-
o

10

10
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-6
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——6GeVx10°
——8.36 GeV x1072
——12.8 GeV x107*

<

0 0.5
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