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Outline

2

Following SU Chung, Spin formalisms, https://suchung.web.cern.ch/spinfm1.pdf

See also Weinberg, the quantum theory of fields, vol I

https://suchung.web.cern.ch/spinfm1.pdf
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Helicity vs Canonical States

Helicity states

| ⃗p, λ⟩h = R(Ω)Lz(p) | 0⃗, λ⟩ | ⃗p, m⟩z = R(Ω)Lz(p)R−1(Ω) | 0⃗, m⟩

Canonical states

| ⃗p, λ⟩h = R(Ω)Lz(p) R−1(Ω)R(Ω) | 0⃗, λ⟩

= R(Ω)Lz(p) R−1(Ω)∑
m

Ds
m,λ(Ω) | 0⃗, m⟩

Relation between the two quantization methods

| ⃗p, λ⟩h = ∑
m

Ds
m,λ(Ω) | ⃗p, m⟩z
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Intrinsic Parity

Every particle has an intrinsic parity η
Π | 0⃗, m⟩ = η | 0⃗, m⟩

Π | ⃗p⟩ = − | ⃗p⟩

The parity operator changes the sign of all momenta

Parity commutes with rotations

ΠR(Ω) = R(Ω)Π

But it reverses the boost along z
ΠLz(p) = Lz(−p)Π p ≡ | ⃗p |

z
x

y ⃗p

Π ⃗p = − ⃗p

z

⃗p
x

− ⃗p

(θ,0)

Ω− ⃗p = (π − θ, π)
Ω− ⃗p ≠ (π + θ,0)

Relations between angles

Ω ⃗p = (θ, ϕ)

Ω− ⃗p = (π − θ, π ± ϕ)
Sign such that π ± ϕ ∈ [0,2π[
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Parity Operator on States

Every particle has an intrinsic parity η
Π | 0⃗, m⟩ = η | 0⃗, m⟩
ΠR(Ω) = R(Ω)Π

ΠLz(p) = Lz(−p)Π

Π | ⃗p, m⟩z = ΠR(Ω)Lz(p)R−1(Ω) | 0⃗, m⟩z

Apply parity to canonical states

p ≡ | ⃗p |

Π | ⃗p, m⟩z = η | − ⃗p, m⟩z

z
x

y ⃗p

Π ⃗p = − ⃗p

= R(Ω)Lz(−p)R−1(Ω)Π | 0⃗, m⟩z
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Intrinsic Parity

Parity acting on canonical states

Relation with helicity state

Π | ⃗p, m⟩z = η | − ⃗p, m⟩z

| ⃗p, λ⟩h = ∑
m

Ds
m,λ(Ω) | ⃗p, m⟩z

Π | ⃗p, λ⟩h = η∑
m

Ds
m,λ(Ω) | − ⃗p, m⟩z

= η(−1)s ∑
m

Ds
m,−λ(Ω̄) | − ⃗p, m⟩z

Ds
m,λ(Ω) = (−1)sDs

m,−λ(Ω)
(Only for boson, )s ∈ N

z
x

y ⃗p

− ⃗p

Ω = (θ, ϕ)

Ω = (π − θ, π ± ϕ)

Π | ⃗p, λ⟩h = η(−1)s | − ⃗p, − λ⟩h
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Two-Particle States (Canonical)

z
x

y ⃗p

− ⃗p

We want a 2-particle state with good spin

First boost the 2 particles back-to-back

| ⃗p, m1, m2⟩z = | ⃗p, m1⟩z ⊗ | − ⃗p, m2⟩z

= Bc( ⃗p ← 0⃗) | 0⃗, m1⟩z ⊗ Bc(− ⃗p ← 0⃗) | 0⃗, m2⟩z

Bc( ⃗p ← 0⃗) = R(Ω)Lz(p)R−1(Ω)

Bc(− ⃗p ← 0⃗) = R(Ω)Lz(−p)R−1(Ω)

Couple the spins and add angular momentum

| ⃗p, Sms⟩ = ∑
m1,m2

CSms
s1m1;s2m2

| ⃗p, m1, m2⟩z

|LmL, Sms⟩ = ∫ dΩ YL
mL

(Ω) | ⃗p, S, mS⟩

|JMLS⟩ = ∑
mL,mS

CJM
LmL;SmS

|LmL; SmS⟩

Coupling  and L S

Π |JMLS⟩ = η1η2(−1)L |JMLS⟩
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Two-Particle States (Helicity)

z
x

y ⃗p

− ⃗p

We want a 2-particle state with good spin

First boost the 2 particles back-to-back

| ⃗p, λ1, λ2⟩h = | ⃗p, λ1⟩h ⊗ | − ⃗p, λ2⟩h

= Bh( ⃗p ← 0⃗) | 0⃗, λ1⟩z ⊗ Bh(− ⃗p ← 0⃗) | 0⃗, λ2⟩h

Bh( ⃗p ← 0⃗) = R(Ω)Lz(p)

Bh(− ⃗p ← 0⃗) = (−1)s−λ2R(Ω)Lz(−p)

Good total spin state

|JMλ1λ2⟩ = ( 2J + 1
4π )

1
2

∫ dΩ DJ*
M,λ1−λ2

(Ω) | ⃗pλ1, λ2⟩

It transforms like a irreps of spin J

R(Ω) |JMλ1λ2⟩ = ∑
M′ 

DJ*
M′ ,M(Ω) |JM′ λ1λ2⟩
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Parity on Two-Particle States

z
x

y ⃗p

− ⃗p

Good total spin state

|JMλ1λ2⟩ = ( 2J + 1
4π )

1
2

∫ dΩ DJ*
M,λ1−λ2

(Ω) | ⃗pλ1, λ2⟩

Π | ⃗p, λ⟩h = η(−1)s | − ⃗p, − λ⟩h

Parity on a single state

Parity on a two-body state

Π | ⃗p, λ1, λ2⟩h = η1η2(−1)s1+s2 | − ⃗p, −λ1, −λ2⟩h

Parity on a Wigner function DJ
m,λ(Ω) = (−1)JDJ

m,−λ(Ω)

Parity on a two-body state with good spin

Π |JMλ1λ2⟩ = η1η2(−1)J+s1+s2 |JM −λ1 −λ2⟩
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Applications
Parity on a two-body state with good spin

Π |JMλ1λ2⟩ = η1η2(−1)J+s1+s2 |JM −λ1 −λ2⟩

Two pseudoscalar only couples to natural mesons

Π |JM00⟩ = (−1)(−1)(−1)J+0+0 |JM00⟩

= (−1)J |JM00⟩

Natural mesons have P(−1)J = + 1 0+,1−,2+,3−, …

Unnatural mesons have P(−1)J = − 1 0−,1+,2−,3+, …

zθJ
1

2
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Helicity vs Canonical States

Relation between helicity and canonical states

| ⃗p, λ⟩h = ∑
m

Ds
m,λ(Ω) | ⃗p, m⟩z

Relation between the two quantization methods

|JMλ1λ2⟩ = ∑
ℓs

( 2ℓ + 1
2J + 1 )

1
2

CJλ
ℓ0;sλC

sλ
s1λ1;s2−λ2

|JMℓs⟩

|JMℓs⟩ = ∑
λ1,λ2

( 2ℓ + 1
2J + 1 )

1
2

CJλ
ℓ0;sλC

sλ
s1λ1;s2−λ2

|JMλ1λ2⟩

z
x

y ⃗p

− ⃗p

Bh(− ⃗p ← 0⃗) = (−1)s−λ2R(Ω)Lz(−p)

Valid only with  
the second particle convention
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Two-Body Decay

zθJ
1

2
AM;λ1,λ2

= ⟨ ⃗pλ1, λ2 |A |JM⟩

= ⟨ ⃗pλ1, λ2 |JMλ1λ2⟩⟨JMλ1λ2 |A |JM⟩

= aJ
λ1,λ2

DJ*
M,λ1−λ2

(Ω)

M is quantized along the  axisz

Γ = 1
2J + 1

1
8π

p1
M2 ∑

M;λ1,λ2
∫ |AM;λ1,λ2

|2 × dΩ
4π

The width is given by

 are the angles of particle 1Ω
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Two-Body Decay

zθJ
1

2AM;λ1,λ2
= aJ

λ1,λ2
DJ*

M,λ1−λ2
(Ω)

Γ = 1
2J + 1

1
8π

p
M2 ∑

M,λ1,λ2
∫ |AM;λ1,λ2

|2 × dΩ
4π

M is quantized along the  axisz

The width is given by

∫ ∑
M;λ1,λ2

|AM,λ1,λ2
|2 dΩ = 4π ∑

λ1,λ2

|aJ
λ1,λ2

|2

We first compute 

∫ |DJ
M,λ1,λ2

(Ω) |2 dΩ = 4π
2J + 1

Wigner function normalization

Γ = 1
2J + 1

1
8π2

p
M2 ∑

λ1,λ2

|aλ1,λ2
|2

The width becomes
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Two-Particle States (Helicity)

⟨Ωλ1λ2 |T(s) |00λaλb⟩ = ∑
JM

⟨Ωλ1λ2 |JMλ1λ2⟩ ⟨JMλ1λ2 |T(s) |JMλaλb⟩ ⟨JMλaλb |00λaλb⟩
Consider the matrix element

NJDJ*
M,λ1λ2

(Ω) NJDJ*
M,λaλb

(0,0,0)tJ
λ1,λ2,λa,λb

(s)

N2
J = 2J + 1

4π

Aλ1λ2,λa,λb
(s, Ω) = ∑

J

2J + 1
4π

tJ
λ1,λ2,λa,λb

(s) DJ*
λa−λb,λ1−λ2

(Ω)

We obtain the partial wave expansion

zCM

xCM
yCM

θa
b

1

2Normalization

∫ |Aλ1λ2,λa,λb
(s, Ω) |2 dΩ = ∑

J
| tJ

λ1,λ2,λa,λb
(s) |2

It includes both parity states!
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Two-Particle States (Helicity)

Aλ1λ2,λa,λb
(s, Ω) = ∑

J

2J + 1
4π

tJ
λ1,λ2,λa,λb

(s) DJ*
λa−λb,λ1−λ2

(Ω)

We obtain the partial wave expansion

zCM

xCM
yCM

θ*a
b

1

2
Normalization

∫ |A(s, cos θ*) |2 dΩ = ∑
J

| tJ(s) |2

For (pseudo-)scalar scattering

A(s, cos θ) = 1
4π ∑ (2J + 1) tJ(s) PJ(cos θ)
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Examples
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The model

I = |A |2

A12 = ∑ amYm
2 (Ω1)

s − m2a2 + ima2Γa2

× s0.5+0.9u3

A = A12 + A23 + A31

pp

γ
η

π0

a2

pp

γ η
π0

Δ+

pp

γ
η
π0

N*

1 ≡ η; 2 ≡ π0; 3 ≡ p

A23 = ∑ bmYm
1 (Ω2)

s − m2
Δ + imΔΓΔ

× s0.5+0.9t1

A31 = c0
s − m2

N* + imN*ΓN*
× s1.08+0.2t2

a−2 = 0.00
a0 = 3.5 a1 = 4.0

a−1 = 0.5

a2 = 2.5

c0 = 0.25

b1 = 0.5b0 = 4.0
b−1 = − 1.5
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The model

I = |A |2 A = A12 + A23 + A31

≃ ∑
m

bmYm
1 (Ω2)

|A |2 ≃ |∑
m

bmYm
1 (Ω2) |2

A23 = ∑ bmYm
1 (Ω2)

s − m2
Δ + imΔΓΔ

× s0.5+0.9t1

= 3
8π [2a2

0 cos2 θ + 2a0(a−1 − a1)sin 2θ cos ϕ + (a1 + a−1)sin2 θ − 2a1a−1 sin2 θ cos2 ϕ]

= ∑
m,m′ 

ρm,m′ 
Ym

1 (Ω2)Ym′ *
1 (Ω2)
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The model

I = |A |2

A12 = ∑ amYm
2 (Ω1)

s − m2a2 + ima2Γa2

× s0.5+0.9u3

A = A12 + A23 + A31

≃ ∑ amYm
2 (Ω1)

|A |2 ≃ |∑ amYm
2 (Ω1) |2 = | ∑

m,m′ 

ρm,m′ 
Ym

2 (Ω1)Ym′ *
2 (Ω1)


