Helicity Formalism Part |

Vincent MATHIEU

University of Barcelona

Joint Physics Analysis Center

Exotic Hadron Topical Collaboration E
XOHAD :

EXOTIC HADRONS TOPICAL COLLABORATION

UNIVERSITAT be Horizon2020 Summer School

BARCELONA Salamanca September 2023
M Joint
C(: O i Physics
g I U B . Analysis
Institut de Ciéncies del Cosmos Center



Outline

Following SU Chung, Spin formalisms, https://suchung.web.cern.ch/spinfm1.pdf

See also Weinberg, the quantum theory of fields, vol |
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https://suchung.web.cern.ch/spinfm1.pdf

Helicity vs Canonical States

Helicity states Canonical states

15, A);, = ROQ)L.(p) |0, 2) | B, m). = RQ)L(p)R™1(Q) |0, m)

|5, 4), = RQ)L.(p) R~ (Q)R(Q) |0, A)

= RQ)L(p) R™(Q) ) D3, ()]0, m)

Relation between the two quantization methods

‘]_59/1>h — ZD;;,,{(Q) ‘]_59 m)z

Vincent Mathieu Helicity formalism 3



Intrinsic Parity

- y 7
Every particle has an intrinsic parity # ¥
[1]0,m) = 1|0, m) i
The parity operator changes the sign of all momenta
_ R} [Ip=—-p
[T|p) =—|p)
Parity commutes with rotations Relations between angles A B
[IR(€2) = R(€2)I1
(8= HED % =(0.9) (6,0)
<
But it reverses the boost along 7
— — | n Q_"= ﬂ_e,ﬂi ——)
[1L (p) = L(—p)II p=1p| 5= @) P
Sign suchthat 7 = ¢ € [0,27] Q—j)’ 7 (7 +0,0)
Q_]—; — (71' — 6, 71')
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Parity Operator on States

_ y 7,
Every particle has an intrinsic parity # X
10, m) = 5|0, m) Z
[MR(Q) = R)IT
5 = - p

ML (p) = L(=p)1 p=|p]

Apply parity to canonical states
N _ - H‘ﬁ?’”) =’7‘_ﬁ9m>
I1|p, m), = HR(Q)L(p)R™(Q) |0, m),

= RQ)L(—p)R™/(QIT| 0, m).
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Intrinsic Parity % y Po— 0.0

Parity acting on canonical states

H‘ﬁam>zzrl‘_ﬁ’m>z —p

Relation with helicity state

1. A), = ) D2 (Q)|p,m). D (@) = (=1)'DS, _,(Q)

(Only for boson, s € N)

H‘ﬁ9/1>h — ;/]ZD,;,A(Q)‘ _ﬁ9m>z

=n(=1)" ) DS _(Q)| - p,m).
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S

Two-Particle States (Canonical) % Y

We want a 2-particle state with good spin

First boost the 2 particles back-to-back
—p
B.(p < 0) = RQL(p)R™'(Q)

‘]_59 m19m2>z — ‘]_59 m1>z® ‘ _]_5’ m2>z

= B.(p « 6) | 0, m), ® B.(—p « 6) | 0, M) Sz |
B.(—p < 0) = R(Q)L.(—p)R™(£2)

Couple the spins and add angular momentum Coupling L and §
- Sm - .
p.Smy =) Come | Bomy,my), |JMLS) = ) C{M o | Lmy; Smy)
miy,m, my Mg

| Lm;, Sm.) = Jdﬂ Yy, (Q)|p, S, mg) IT|JMLS) = nyny(—1)"| JMLS)

Vincent Mathieu Helicity formalism 7



S

Two-Particle States (Helicity) % Y

We want a 2-particle state with good spin

First boost the 2 particles back-to-back

‘]_5, /11,/12>h — ‘]_5, /11>h X | —ﬁ, /12>h - N
L L B,(p < 0) = RQ)L(p)
— Bh(p <« O)‘Oa/11>Z®Bh(_p « O)‘Oa/12>h N - Py
B,(—p < 0) = (—=1)"""2R(Q)L(—p)

Good total spin state It transforms like a irreps of spin J

1

2J+1\? ) . ] ,
| M 4,) = ( . ) Jdgz Dy, 1.() [Py, ) R(Q) | IMA ) = ZD]{T,M(Q)\JM M)
-
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Parity on Two-Particle States Y p
X
Good total spin state
<
2J+1\? ) .
‘JM/11/12> = ( A ) J'dg2 Dj\]f,/ll—/lz(g) ‘p}‘19/12> _1—5
Parity on a single state Parity on a two-body state with good spin

I1 \ﬁ,m = n(—1)"] —1_59 — /1>h

Parity on a two-body state
1| p, Ay, L) = mma(= 12| —=p, =4y, —4y),,

Parity on a Wigner function DI:}]’l,/I(Q) = (— 1)JD,;’1’_/1(§)
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Applications

Parity on a two-body state with good spin

1| JMA2n) = nyp(= 12| IM =) —4,)

Two pseudoscalar only couples to natural mesons

I[1|JMO00) = (—1)(—1)(— 1)+ JM00)

= (—=1)"|JMO00)
Natural mesons have P(—1)’ = + 1 0*,17,2%,37, ...
Unnatural mesons have P(—1)) = — 1 0-,17,27,37, ...
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Helicity vs Canonical States

Relation between helicity and canonical states

|]_59 /1>h — ZD;’L,;L(Q) |]_59 m>z

Relation between the two quantization methods

1

20+1\?

[ IMayJy) = ) ( ) Clo. C¥ | IMEs)
=\ 27+ 1 14152742

1
20+ 1\* ., .
| JMCs) = 2 <2J+ 1 ) CKO;MCSMl;Sz_Az|JM/11/12)
Aty

S

—>

—P

Valid only with
the second particle convention

B,(—p « 0) = (= 1) 2R(Q)L.(—p)
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Two-Body Decay

M Is quantized along the 7 axis

Apip g, = (P, 4 | A IM)

= (A1, Ao | IMAy45)(IMA 2y | A | M)

— a/h AzDﬁ A— /12(52) (2 are the angles of particle 1

The width is given by

1 1 p, J' d<)
[ = 0 Ay s [Px =2
2J + 1 8x M? Z ‘ M”ll”b‘ 4

M;A 1,4,
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Two-Body Decay

M Is quantized along the 7 axis

_ J nJ*
AM;ﬂlaAQ o alll,/ﬁ{zDM,/ll—/lz(Q)
The width is given by Wigner function normalization
1 1 p J’ 5 d€ 4
I = [ Apgeg |7 X —— JDJ Q) [2dQ = —=
2J + 1 8x M? M,/IZD% S 4r D, 18D 2J + 1
We first compute The width becomes
2 _ J 2
J D Ay dQ=42) |a] , |
M;A 1,4, A4
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Two-Particle States (Helicity) o]

— J
4r
Consider the matrix element
(QA14, | T(s)| 004 4,) = Z (QA A, | IMA Ay (IMA A | T(s) | IMA A,y (JMA A, | 004 4, )
M \/ \/ \/
N; Dy ;1,82 Bty (S) N;Djy.;,,,(0,0,0)
We obtain the partial wave expansion
2J + 1 )
A/11/129/1a9/1b(s, Q) = Z 471- t}t]lv/lb/laa/lb(S) D/{a_)‘ba/ll_/lz(g) /]‘3 H
J
a
k It includes both parity states! —_—

b
Normalization 2/

Ycm Xcum
2 _ J 2 | ﬁ
J‘Aﬂlﬂzaﬂa»ﬂb(‘y’ Q) |7d€ = Z | t/lla/ba/laa/lb(s) | icM
J
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Two-Particle States (Helicity)

We obtain the partial wave expansion

27+ 1 .
A5 = D, o Tdo® Diyy -2,
J

For (pseudo-)scalar scattering

A(s,cosf) = 4i Z 2J + 1) () P;(cos 0)
4 |

/ %
Normalization d ;
JlA(s, cos %) |2dQ = Y |/(s)| 2/
J
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Examples
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The model

I=|A> A=A24A2 445 l=n2=2%3=p

m
A2 2, 4, Y3'(€)) 5 §0-5+0.9u;
s —mg +im, I,

Z me in(QZ) w ¢0-5+0.91
s — m3x + impl'p

A23 —

431 — 0 5 ¢1.08+0.21,

S — M3y + iyl s
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The model ]
I=A| A:x+x+A31

Y€
A23 >.b,Y] ( ) w 034094 ~ Z b, Y"(Q,)
s —m3 + impl'p ~

AP~ ) B Y = ) pum V()Y (Q)

m,m’

3 _
== 242 cos? 0 +1/2ay(a_, — a;)sin 20 cos ¢ + (a, + a_,)sin> 0 — 2a,a_, sin” O cos® ¢
T L i
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The model
I=]A]> A =A12+X+x

Y a, Y()
s —mg +im, I, Z ml3 (€21)

AP~ ) a,YQ)I =1 ) PV Q)Y (Q))
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